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1 IntrodutionThere is a onsensus among eonomists that the most e�etive way to sell government seuritiesis through an aution. There is not a onsensus on the best aution mehanism, however. Thetheoretial literature on multiunit autions does not provide a de�nitive reommendation whetherthe ultimate goal is either revenue maximization or e�ieny of the alloation. In pratie, there is alear preferene between the two most widely employed mehanisms. Bartolini and Cottarelli (1997)report that 39 out of the 42 ountries surveyed use the disriminatory aution mehanism (�pay yourown bid�), and only 3 ountries use a uniform prie aution mehanism. In this paper I ontribute tothe debate on the optimal aution mehanism by providing a method that allows a hoie betweendi�erent aution mehanisms based on data on individual bids, while making as few assumptionsas possible. An essential part of my model is that the equilibrium strategies are step funtions,whih is a restrition that has important impliations, but has not been reognized expliitely inthe literature.In both disriminatory and uniform prie autions bidders may submit multiple prie-quantitypairs as their bids. These points trae out a bid funtion. The autioneer then aggregates these bidfuntions. The market learing prie is the point at whih the aggregate bid funtion intersets thesupply quantity, whih is usually preannouned. The seurities are then alloated to the bidders forthose units for whih their bids were higher than the market learing prie. The payments olletedfrom the bidders depend on the aution mehanism. In the disriminatory aution, also known as apay-your-bid or multiple-prie aution, the bidders pay their full bid for all seurities that they arealloated. In the uniform prie aution, eah bidder pays the market learing prie for every unitwon. The autioneer's revenue in the disriminatory aution is therefore the area under the aggregatebid funtion up to the supply quantity. In the uniform prie aution, the revenue is the produtof the market learing prie and the quantity supplied. It might be tempting to onlude that thedisriminatory aution must therefore lead to a higher revenue, just as a perfetly disriminatingmonopolist is able to earn more than if she annot disriminate. This intuition is misleading sinethe mehanism hoie a�ets bidders' strategi behavior and thus the loation and shape of theaggregate bid funtion. Results from single unit aution settings are also misleading. For example,one might onlude from the similarity between a seond prie aution and a uniform prie aution,or between the �rst prie aution and a disriminatory aution, that the revenue should be the sameif the values are private, bidders risk neutral and signals independent. This intuition is misleadingsine the revenue equivalene theorem requires that the mehanisms be alloationally equivalent,whih is typially not the ase in a multi-unit environment.The strategi onsiderations are quite di�erent in the two aution formats. In a disriminatoryaution a rational bidder would not bid his full marginal valuation for any unit that might be a-epted, beause he wants to retain some surplus. In a uniform prie aution, a bidder may not worryabout losing surplus by bidding his marginal valuation, sine he pays the market learing prie for2



all units won. On the other hand, he should shade his bid below his marginal valuation at quantitiesthat might be pivotal and might therefore determine the market learing prie. A lower marketlearing prie inreases his surplus on inframarginal units. Hene, in both aution mehanisms,bidders will not always bid their true marginal valuations. Ausubel and Cramton (2002) show thatthe omparison of the uniform and disriminatory aution formats, in terms of both e�ieny andrevenue, is an empirial question. Either format an be better than the other, under either riterion,under some irumstanes.Most of the previous empirial literature that ompares these two aution mehanisms fouseson �natural experiments� in whih di�erent aution formats have been used in di�erent time periods.Those papers examine the di�erene between the market learing aution prie and the resale orforward prie of the seurity (Umlauf (1993), Simon (1994), Nyborg and Sundaresan (1996)). Adrawbak of this approah is that the researher has to maintain strong assumptions on the informa-tion struture aross the autions, espeially those involving di�erent aution formats. In partiular,observed di�erenes that annot be explained by observable ontrol variables are attributed solelyto the aution format.My paper instead belongs to a small set of reent papers, disussed in more detail in setion 6,that employ strutural eonometri modeling to ompare the alternative aution mehanisms ina divisible1 good setting.2 These papers use a bidder's optimality ondition to reover struturalparameters and, in partiular, the distribution of the marginal valuations, as proposed in Guerre,Perrigne and Vuong (2000) in the single unit setting. This approah avoids problems with omparingrealizations of di�erent formats, and it is also amenable to answering ounterfatual poliy questions.My paper di�ers from these reent papers in two ways. First, some of these papers use parametriassumptions to irumvent the problem of multiple equilibria (for example by restriting attentionto equilibrium strategies that are linear in private signals as in Fevrier, Preget and Visser(2002)).My approah will instead be non-parametri. Seond, and more signi�antly, most of these papersfous on equilibria in stritly downward-sloping ontinuous bid funtions. In the data, however,we instead typially observe step bid funtions. This ours both beause bidders are in realitylimited in the number of bidpoints they are allowed to submit, and beause they hoose to submiteven fewer bids than the allowed number. For example, in my dataset the bidders are restrited tosubmit at most 10 bidpoints, yet the average number of submitted bidpoints is less than 3 and themaximum number of submitted bidpoints is 9. I expliitely model this feature of the data and Iwill show that it has important impliations for empirial analysis.The main ontributions of the paper an be lassi�ed into two groups. On the theory side, inSetions 2 and 3 I introdue a model of a divisible good aution with private information in whihthe bidders may be restrited in number of bids they are allowed to submit and thus submit step1A divisible good aution is also known as a share aution.2Leading examples are Armantier and Sbai (2004), Chapman, MAdams and Paarsh (2006), Hortaçsu (2002)and Wolak (2003). 3



bid funtions. I haraterize neessary onditions for equilibrium bidding in this model. Theseneessary onditions di�er from those in the di�erentiable downward sloping bid funtions ase.3These onditions, whih relate the primitives of the model to the observables, serve as the basis forthe empirial work later in the paper. They also are useful for understanding equilibrium behaviorin multiunit autions of indivisible goods, in whih ase the observed bid is a disrete vetor, sinea model with a divisible good an be viewed as the limiting ase of suh a lass of models. Myharaterization theorem reveals the lose relationship between the optimal behavior of a bidder ina uniform prie aution and that of an oligopolist faing unertain demand.4 I also demonstratethat when bidders are restrited in the number of bids they an submit, they may submit bidshigher than their marginal value for some units. This suggests, for example, that important reentempirial work omparing uniform and disriminatory autions by Hortaçsu (2002) may provide anunderestimate of the potential (ex post) revenue arising from the uniform prie aution.Setions 4 and 5 turn to the empirial side of the paper. In Setion 4 I provide onditions underwhih the primitives of the model an be identi�ed non-parametrially and propose an estimationmethod using a generalization of the resampling approah introdued into the literature by Hor-taçsu (2002). In Setion 5 I desribe my data and apply my estimation method to obtain informationabout bidders' marginal valuations in uniform prie treasury autions of the Czeh government. Ishow that in a non-negligible share of these autions, the atual realized revenue exeeds the rev-enue that would have been obtained had the bidders bid their true marginal valuation shedules ina hypothetial uniform prie aution. I propose a new method for evaluating the performane ofthe aution mehanism using these estimates and �nd that the uniform prie aution performs quitewell, both in terms of e�ieny and revenue. On average, the employed mehanism implementsan alloation that ahieves almost all of the e�ient surplus. Moreover, the estimated maximumtotal expeted surplus (in terms of the annual yield of T-bills) left to the bidders does not exeed4 basis points. I also use my estimates to bound the expeted surplus that the bidders forego byusing less bid points than allowed. Similarly to a reent empirial work by Chapman, MAdamsand Paarsh (2006) I �nd that this loss of surplus is very small relative to the magnitudes involved.In addition, I relate my results to the existing literature on strutural estimation of divisiblegood autions in Setion 6, while Setion 7 onludes the paper. All proofs are relegated to theappendix.3In a related working paper (Kastl (2008)) I show that these neessary onditions for equilibrium onverge to theirounterpart in the model with di�erentiable downward sloping bid funtions as the number of submitted bidpointsgoes to in�nity.4Similarity between aution theory in the single unit environment and a monopolist engaging in third-degree priedisrimination has been pointed out in Bulow and Roberts (1989) and further similarities between oligopoly theoryand autions have been dsribed in Bulow and Klemperer (1996).
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2 ModelWe will start with the basi uniform prie share aution framework of Wilson (1979) with privateinformation, in whih both quantity and prie are assumed to be ontinuous. There are N (potential)bidders, who are bidding for a share of a perfetly divisible good. Eah bidder reeives a private real-valued signal, si, whih is the only private information about the underlying value of the autionedgoods. The joint distribution of the signals will be denoted by F (s). The one-dimensionality ofprivate information is essential neither for any of the theoretial results, nor for the estimationtehnique. It is useful, however, for some of the empirial tests.Assumption 1 Bidder i's signal si is drawn from a ommon support [0, 1] aording to an atomlessmarginal d.f. Fi (si) with stritly positive density fi (si).Winning q units of the seurity is valued aording to a marginal valuation funtion vi (q, si, s−i).For most of this paper we will deal with the speial ase of independent private values (IPV). Wewill disuss the robustness of our estimation method with respet to this assumption and theappropriateness of the private value paradigm in the ontext of our appliation later. In the aseof private values, bidders' valuations do not depend on private information of other bidders, i.e.,
v (q, si, s−i) = v (q, si). At the estimation stage we will not impose symmetry, sine we will allow fordi�erent groups, within whih the bidders share the same marginal valuation funtion and the samedistribution of private signals. We will impose the following assumptions on the marginal valuationfuntion v (·, ·, ·):Assumption 2 vi (q, si) is measurable and bounded, stritly inreasing in si ∀q and weakly dereas-ing and ontinuous in q ∀si.We will denote by V (q, si) the gross utility: V (q, si) =

∫ q

0 vi (u, si) du.Bidders' pure strategies are mappings from private signals to bid funtions: σi : Si → Y, wherethe set Y inludes all possible funtions y : R+ → [0, 1]. A bid funtion for type si an thus besummarized by a funtion, yi (·|si) , whih spei�es for eah prie p, how big a share yi (p|si) of theseurities o�ered in the aution (type si of) bidder i demands. Q will denote the amount of T-billsfor sale, i.e., the good to be divided between the bidders. Q might itself be a random variable ifit is not announed by the autioneer ex ante, or if the autioneer has the right to augment orrestrit the supply after he ollets the bids. In either ase, we will assume that the distribution of
Q is ommon knowledge among the bidders. Furthermore, the number of bidders partiipating inan aution, denoted by N , is also ommonly known. The natural solution onept to apply in thissetting is Bayesian Nash Equilibrium. The expeted utility of type si of bidder i who employs astrategy yi (·|si) in a uniform prie aution given that other bidders are using {yj (·|·)}j 6=i an be5



written as:
EUi (si) = EQ,s−i|si

u (si, s−i)

= EQ,s−i|si

[

∫ qc
i (Q,s,y(·|s))

0
vi (u, si) du − pc (Q, s,y (·|s)) qc

i (Q, s,y (·|s))

]where qc
i (Q, s,y (·|s)) is the (market learing) quantity bidder i obtains if the state (bidders' privateinformation and the supply quantity) is (Q, s) and bidders bid aording to strategies spei�ed inthe vetor y (·|s) = [y1 (·|s1) , ..., yN (·|sN )], and similarly pc (Q, s,y (·|s)) is the market learing prieassoiated with state (Q, s). A Bayesian Nash Equilibrium in this setting is thus a olletion offuntions suh that almost every type si of bidder i is hoosing his bid funtion so as to maximizehis expeted utility: yi (·|si) ∈ arg maxEUi (si) for a.e. si and all bidders i.In most of the previous literature, starting with Wilson (1979), the set Y of admissible strategiesis restrited to ontinuously di�erentiable funtions so that alulus of variations tehniques an beapplied. These tehniques enable us to show that in an IPV model, and within this restrited lassof strategies, a symmetri BNE y (·|·) has to satisfy the following neessary ondition for all (p, si):

v (y (p|si) , si) = p − y (p|si)
Hy (p, y (p|si))

Hp (p, y (p|si))
(1)where H (p, x) is the probability distribution of the market learing prie when x units are demandedby bidder i and all other bidders j 6= i submit the equilibrium bid funtions, i.e., H (p, x) ≡

Pr (pc ≤ p|x) = Pr
(

x ≤ Q −
∑

j 6=i y (p, sj)
) (Hp and Hy are the derivatives of H (·, ·) with respetto the �rst and seond argument respetively). As Wilson points out, the aution game might havemultiple equilibria, some of whih lead to low revenue for the autioneer. Suh equilibria, whileahieved in a non-ooperative way, are usually alled "seemingly ollusive" and several authors (e.g.,LiCalzi and Pavan (2005) and MAdams (2007)) show how the autioneer would eliminate at leastsome of these undesirable equilibria.Beause of the restrited set of strategies, it is an essential feature of a andidate equilibrium thatthe equilibrium strategies are stritly downward-sloping di�erentiable funtions. One impliationof this fat is that the rationing rule does not matter for equilibrium behavior, sine rationing doesnot our in equilibrium.5 In other words, we always have qc

i (Q, s,y (p|s)) = yi (p
c (Q, s,y (·|s)) |si).While Wilson's model provides useful insights, and illuminates some of the trade-o�s bidders faein share autions, it annot aount for several features of the data in most atual share autions.In the next setion, we will introdue a onept of a K-step equilibrium, in whih we addressdiretly a entral feature of most real-world share autions: bid funtions are step funtions, andhene not ontinuously di�erentiable. We will argue that aounting for these features has important5Beause individual bid funtions are stritly downward sloping, residual supply is always stritly upward slopingand thus the market always lears exatly. 6



impliations for both the theoretial model and empirial inferene in these autions.3 K-step equilibriumWhy do bidders submit step funtions in these autions? The main reason is institutional. Inthe vast majority of atual share autions, the autioneer imposes an upper bound on the numberof bidpoints that the bidders an submit, whih restrits the bidders' strategy spae and makessubmitting a ontinuous funtion impossible. In this setion we develop a model that inorporatesthese features, haraterize its equilibrium and demonstrate that bidders may submit bids that arehigher than their marginal values. The most important features of the model are (i) bidders ansubmit only �nitely many bidpoints, and (ii) the prie and quantity in eah bidpoint are ontinuoushoie variables.While most of the previous literature restrits bid funtions to be ontinuously di�erentiable,our goal is for them to be step funtions. With this possibility, we annot apply the formulas fromthe alulus of variations diretly to haraterize equilibrium strategies. Sine for a �nite K̄ bidderssubmit left-ontinuous step funtions, we an summarize bidder i's ation as a Ki−dimensionalvetor of bidpoints (bi, qi), where the kth point denotes the prie (the height of urrent step) andquantity (stritly speaking, the share of total quantity) at whih this step ends (its length). Wewill also assume that there is an upper bound on the maximal bid, whih for example in the ase oftreasury bills ould be the fae value. In general, any bid above the value of the �rst in�nitesimalunit is weakly dominated by bidding this value, and thus this upper bound is v (0, s̄) where s̄ is thehighest possible signal. To summarize:Assumption 3 Eah player i = 1, ..., N has an ation set:
Ai =

{

(

~b, ~q,K
)

: dim
(

~b
)

= dim (~q) = K ∈
{

0, ..., K̄
}

,

bik ∈ B =
[

0, b̄
]

, qik ∈ Q = [0, 1] , bik ≥ bik+1, qik ≤ qik+1

}In what follows when more onvenient I use the shorthand vetor notation (bi, qi) to desribethe step funtion y (·|si, ti) of type (si, ti) of bidder i.It is also apparent that beause eah bidder's bid funtion is a step funtion, the residual supplywill be a step funtion, and therefore but for knife-edge ases any equilibrium will involve rationingwith probability one. Rationing ours whenever there is exess demand at the market learing prie,while at all higher pries there is exess supply. On suh oasions the autioneer will determine arationing oe�ient, by whih demand is adjusted to equal supply. While the theoretial literaturehas onsidered a few alternative rationing rules, in our analysis we will onsider only the rationingrule that is employed in all uniform prie autions in pratie, rationing pro-rata on-the-margin.
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Assumption 4 Rationing rule is pro-rata -on-the-margin, under whih the rationing oe�ient,
R (pc), satis�es

R (pc) =
Q − TD+ (pc)

TD (pc) − TD+ (pc)where TD (pc) denote total demand at prie pc, and TD+ (pc) = limp↓pc TD (p). Only the bidsexatly at the market learing prie are adjusted.Under this rule all bids above the market learing prie are given priority, and only after all suhbids are satis�ed, the remaining marginal demands at exatly prie pc are redued proportionallyby the rationing oe�ient so that their sum exatly equals the remaining supply. An alternativerationing rule would, for example, not give bids at higher pries priority. Kremer and Nyborg(2004) show that, in a omplete information framework, this alternative rationing rule enouragesompetition and may thus be preferred. Notie, however, that this alternative rationing rule mayhave an adverse e�et on alloative e�ieny. Assumptions 1-4 are assumed throughout the analysis.De�nition 1 A K-step equilibrium is a olletion of funtions suh that for eah bidder i and almostevery type (si), yi (·|si) solves
yi (·|si) ∈ arg max

yi(·|si)∈Ai

EU (si)Charaterization of equilibriumEven though the urrent problem involves many di�ulties due to the lak of di�erentiability, we anprovide the equivalent of a �rst-order neessary ondition by working diretly with limit arguments.Before stating the main haraterization result, let us �rst disuss ties, and state a lemma, whihensures that a tie is a zero probability event in equilibrium for all bidder types and their submittedbidpoints, suh that the orresponding bid does not exeed their marginal valuation for the last unitrequested at that step. A tie ours, for example, when the market lears at pc = $10 and bidders1 and 2 both submitted a bid with a step at $10 and their joint marginal demand at $10 exeedsthe available supply. Formally, a tie ours whenever there are at least two marginal bidders at themarket learing prie, i.e., for some types si and sj of bidders i and j, and some steps k and l intheir bid funtions, and some state (Q, s) we have bik (si) = bjl (sj) = pc (Q, s,σ), where σ is thevetor of employed (potentially mixed) strategies.Lemma 1 Under assumptions 1-4, for a.e. type si of any bidder i, ties at the market learing priesuh that v (qk, si) > bik (si) = pc (Q, s,σ) have zero probability in equilibrium.The intuitive argument behind Lemma 1 goes as follows. Suppose that for some type of bidder iat a ertain step, say k̂, there is a positive probability of tying with another bidder. Then submittinga bid b′
k̂

= b
k̂

+ ε for quantity q′
k̂

= q
k̂
, where ε is su�iently small, will yield a strit inrease in8



expeted payo�. The inremental value of an inrease in alloation on gross surplus by avoiding thetie is stritly positive as the marginal value of the last in�nitesimal unit is above his bid for thatunit. The inrease in expeted payment is arbitrarily small by piking a small enough ε. Henebidding so that tying another bidder at the market learing prie has a positive probability is nota best response. The ruial assumption delivering this important result is that the spae of priebids is ontinuous.Notie that the argument behind the last lemma uses the rationing rule, private values and thefat the marginal value of the last unit exeeds the bid. With a ommon value omponent, thepresene of the winner's urse ould make suh a deviation upwards unpro�table. This would bethe ase, for example, if bidder i ties only with bidder j, eah requesting 51% of the quantity, andall other bids muh lower. In this ase, it is likely that the ommon value lies below the marketlearing prie set by the tying bids, and hene the above desribed deviation would no longer bestritly pro�table, i.e., in this ase, being in a tie is "bad news". Similarly, if the bid exeededmarginal valuation of the last in�nitesimal unit requested, bidder i would prefer not to win thisunit, and thus might again prefer to tie even with private values.The next proposition haraterizes a neessary ondition for a K-step equilibrium in a privatevalues model. This result an also be viewed as a haraterization of an equilibrium of a limit of amultiunit aution as the units beome arbitrarily small, and it reveals the lose relationship betweenthe behavior of a bidder in a uniform prie aution and that of an oligopolist faing unertain demand(as in Klemperer and Meyer (1989)).Proposition 1 (Charaterization) Under assumptions 1-4, in any Bayesian Nash Equilibrium, foralmost every si, every step k in the Ki-step funtion yi (·|si) in the support of i's equilibrium strategyhas to satisfyFor bk < v (qk, si) :

Pr (bk > p
c

> bk+1)
ˆ

v (qk, si) − EQ,s−i|si
(pc|bk > p

c
> bk+1)

˜

= qk

∂EQ,s−i|si
(pc; bk ≥ pc ≥ bk+1)

∂qk

(2)For bk ≥ v (qk, si) :

Pr (bk > p
c

> bk+1)
ˆ

v (qk, si) − EQ,s−i|si
(pc|bk > p

c
> bk+1)

˜

+Pr (bk = p
c ∧ T ie) EQ,s−i|si

»

(v (qc
i (Q, s,y (·|s)) , si) − bk)

∂qc
i (Q, s,y (·|s))

∂qk

|pc = bk ∧ T ie

–

+Pr (bk+1 = p
c ∧ T ie) EQ,s−i|si

»

(v (qc
i (Q, s,y (·|s)) , si) − bk+1)

∂qc
i (Q, s,y (·|s))

∂qk

|pc = bk+1 ∧ T ie

–

= qk

∂EQ,s−i|si
(pc; bk ≥ pc ≥ bk+1)

∂qk

(3)9



where EQ,s−i|si
(pc; bk ≥ pc ≥ bk+1) ≡ EQ,s−i|si

(pcI (bk ≥ pc ≥ bk+1)).6The intuition for the result is the following. Consider the �rst ondition, whih rules out prof-itable loal perturbations of qk. It is this equation that reveals the parallel between the behaviorof a bidder in a multiunit uniform-prie aution and an oligopolist faing unertain demand. SineLemma 1 ensures that a tie (multiple bids at the market learing prie) ours with probabilityzero for a bidder with marginal value higher than his bid, the only states at whih suh bidder ana�et his payo� by varying the quantity demanded, qk, are those in whih the residual supply utsthe vertial piee of his bid funtion, i.e., between his adjaent bids bk > pc > bk+1. In all statessuh that the market learing prie is between the two steps of bidder i, he obtains his full quantityrequest, and the expeted marginal ost of quantity shading aptured on the LHS is thus the di�er-ene between his marginal utility and the expeted prie. Sine in all states that he is rationed he isthe only marginal bidder with probability one, there is no ost of quantity shading in those states.On the other hand, the marginal bene�t of quantity shading is saving money on the inframarginalunits, and this is aptured on the RHS. Therefore, the bidder faing random residual supply atsin the same way as a monopolist faing random demand. Notie that (2) an be rewritten as
v (qk, si) = E (p|bk > pc > bk+1) +

qk

Pr (bk > pc > bk+1)

∂E (pc; bk ≥ pc ≥ bk+1)

∂qk

(4)whih is very lose to MC = MR, i.e., to an oligopolist's optimality ondition in a setting wherethe oligopolist faes unertain demand in the spirit of Klemperer and Meyer (1989).In the appendix, I also present a seond set of neessary onditions given by (A-4), whih ensurethat a loal perturbation of bk is not optimal.7 Bidder i has to balane the hange in the expetedpries in the steps above and below the kth one. She also needs to take into aount the payo�e�et of the perturbation if she is rationed at bk, whih inludes the indiret e�et on the expetedquantity reeived after rationing. It is this ondition that we would regularly obtain in a multiunitaution with disrete units, but ontinuous bid spae. Equation (2) would beome a system ofinequalities in that setting.Bidding above marginal valuesEquation (2) immediately gives us the following important orollary.Corollary 2 Under the hypotheses of Proposition 1, when bidders are restrited to submit stepfuntions, they may optimally bid above their marginal valuation shedules in a uniform prieaution.6The ontinuity and di�erentiability of this objet are examined in Lemmas 3-5 in the Appendix.7Sine these onditions will not be used in the empirial exerise, I do not present them here in the sake of brevity.10



To see why this orollary holds, it is su�ient to onsider one very small bidder, so that she is a"prie taker," a ontinuous non-degenerate distribution of the market learing prie and let Ki = 1.8In this ase, (3) ollapses to (2) as ties at any bid have zero probability, and the RHS of (2) vanishesbeause of the bidder being a prie taker. This bidder thus optimally asks for a quantity suh thather marginal valuation at that quantity is equal to the expeted prie onditional on this priebeing lower than her bid, v (qk, si) = Es−i
(pc|bk > pc). Therefore, whenever there is a positiveprobability of a market learing prie being below her bid, her bid will be higher than her marginalvaluation for that quantity. This important result indiates that the ex post revenue in a uniformprie aution is not neessarily bounded by the revenue of the "best ase" Vikrey aution, in whiheah bidder submits his marginal valuation shedule as his bid without getting any transfer fromthe autioneer. Note that this "best ase" upper bound is valid for revenues from equilibria inontinuously di�erentiable bid funtions sine in that setting a bidder never submits a bid abovehis marginal value suh that this bid is in the support of the distribution of the market learingprie. This result is important for empirial work, sine alulating ounterfatual equilibria and theassoiated revenues under alternative aution regimes is often an intratable task. The researheris thus fored to report estimated revenue losses from the realized aution relative to this "bestase" Vikrey aution (also sometimes alled the "truthful bidding" aution). Corollary 2 reveals,however, that even a uniform prie aution an lead to a higher ex post revenue than the "best ase"Vikrey aution. As we will see later in the empirial setion, this point is not purely theoretial,sine in a non-negligible share of autions in my dataset the realized ex post revenue is higherthan the revenue in an aution in whih the bidders submit bids equal to the estimated upperbound of their marginal valuation shedules. This result also suggests that using the model withontinuously di�erentiable bid funtions might not be a good approximation, at least in situationsin whih bidders submit demand funtions onsisting of just few steps.Another point that will be important in my empirial exerise is that the results of Proposition 1remain valid for all models of the (possibly random) supply Q as long as the appropriate stohastimodel is ommon knowledge among the bidders. In partiular, Q an be both purely random andthus independent of bids, or the autioneer an employ some deterministi rule whih maps theatual bids into Q,. Bidders will simply take this into aount when forming the expetationsinvolved in Proposition 1.The existene of an equilibrium in a model of a uniform prie aution with restrited strategysets is an open question. Kastl (2008) shows that as the restrition on the strategy sets is removed,we obtain existene of a pure strategy equilibrium in the uniform prie aution. He also showsthat with a disriminatory aution, an equilibrium in distributional strategies exists both with andwithout restrition on strategy sets whenever either marginal valuations are stritly dereasing inquantity or signals are independent. One of the building bloks for those results is that ties with8A bidder is a prie taker if no small hange in her bid has any e�et on the distribution of the market learingprie. 11



positive probability are not ompatible with equilibrium. With restrited strategy sets and uniformprie aution, however, two bidders who bid above their marginal valuations for the last unit, mightbe happy to tie with positive probability and reeive only those units for whih their marginalvaluation weakly exeeds the bid. The empirial analysis thus has to be performed onditional onequilibrium existene, or alternatively, assuming that prie spae is disrete, but with a very �negrid, so that the neessary onditions derived above hold approximately.4 Eonometri Model and Identi�ationIn the previous setion we analyzed a model with an equilibrium in step funtions. But the fatthat bidders are restrited to use �nite number of bidpoints is not the whole story. In most autionsthe bidders do not attain this institutionally-set upper bound. Moreover, the number of bidpointsbidders submit is usually very low and di�ers both aross bidders within an aution and even for thesame bidder aross autions. One way to rationalize this variane is that there is some ost of bidsubmission that might di�er aross bidders and/or time and whih leads them to submit di�erentnumber of bids. The presene of suh osts would onstitute an endogenous, eonomi restrition onthe number of bidpoints. Let us suppose that the ost of submitting Ki steps is private informationsummarized by a ost funtion c (Ki, ti) where the parameter ti is private information of bidder i.Assumption 5 A bidder submitting Ki bidpoints inurs non-negative ost c (Ki, ti) where ti isprivate information of bidder i whih is drawn from a distribution funtion Gi (t|si) with the support
[0, 1].Notie that this formulation nests the original model as a speial ase in whih c (Ki, ti) ≡ 0

∀ (Ki, ti). It also inludes the ase in whih there is an exogenous upper bound K̄ on the allowedbidpoints, in whih ase c (Ki, ti) = ∞ for Ki > K̄ and any ti. The expeted utility of a bidder ofa type (si, ti) in a uniform prie aution now beomes:
EU (si, ti) = EQ,s−i,t−i|si,tiu (si, s−i, ti, t−i)

= EQ,s−i,t−i|si,ti

[

∫ qc
i (Q,s,t,y(·|s,t))

0 vi (u, si, s−i) du

−pc (Q, s, t,y (·|s, t)) qc
i (Q, s, t,y (·|s, t)) − c (Ki, ti)

]where Ki is the number of steps of yi (·|si, ti). Inspeting the expression for the expeted utility,we should note that speifying the ost funtion as above allows us to obtain the same equilibriumrelationship between the bid and the marginal value at every step k as derived in the previous setion.The type ti a�ets only the extensive margin, the number of steps Ki, whereas the loation of thesteps (onditional on Ki) is determined by loal optimality onditions given by proposition 1.9 The9The only di�erene is that the strategy depends on type (si, ti), all expetations are over rivals' types andunertain supply (Q, s−i, t−i) onditionally on own type (si, ti) and similarly, the market learing prie and quantityare funtions of the whole vetor of random variables (Q, s, t).12



reason for allowing for more general ost funtions is simply to rationalize the data as the numberof submitted bidpoints varies both aross bidders and even for a given bidder aross autions.10Suppose we have data on all bids from T autions. I will impose the following assumption onthe data generation proess.Assumption 6 Bidders have private values and an be split into G groups within whih the marginalvaluation funtion is symmetri. Private information is identially distributed within groups andindependent aross bidders and autions. The data {

{bit, qit}
Nt

i=1

}T

t=1
is generated by K-step equi-librium behavior, where Nt is the number of (potential) bidders in aution t.The estimation and identi�ation proedure follows the �rst-order ondition approah proposedin La�ont and Vuong (1996) and Guerre, Perrigne and Vuong (2000). In partiular, the prie-quantity pair submitted as the kth out of Ki total bidpoints has to satisfy onditions (2) and (3).However, inspeting (3) reveals that in ase of equilibria in whih ties happen with positive probabil-ity we annot invert for v (qk, si) unless we know E
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.In this setion I will disuss identi�ation of the marginal valuation using the identi�ation equa-tion (4). This optimality equation is valid whenever ties our with zero probability or if biddersignore the e�et of their quantity demand on the quantity they are alloated in the event theytie, whih seems to be the ase aording to my disussions with partiipants in the Czeh trea-sury autions.11 In Appendix B I desribe an alternative approah whih allows for identi�ationtaking into aount the ties under an additional assumption on the marginal valuation urve andboth approahes yield very similar results in my empirial exerise. Notie that even when tiesare ignored, there is still a fundamental di�erene between the identi�ation ondition impliedby the model with ontinuous downward-sloping bids and model with disrete bids. Suppose forthe moment that all (unertain) residual supplies are vertial translations of eah other (i.e., havethe same slope at every q) and all the unertainty is only about their loation. In this ase onean show that the shading fators (implied by a bidder's market power) oinide in both modelsand the di�erene beomes that the model with ontinuous downward-sloping bids implies bid-ding suh that v (qk, s) = bk + Shading Factor whereas the model with disrete bidding requires
v (qk, s) = E (pc|bk > pc > bk+1) + Shading Factor. The model with ontinuous bids would thusoverestimate marginal values implied by bid data by Bias = bk − E (pc|bk > pc > bk+1).The general problem of multiunit autions is that the full marginal valuation funtion mightstill not be identi�ed beause there may be many funtions that are non-inreasing in q and stritlyinreasing in s that go through all the point estimates obtained from the data. Usually we irumventthis problem by imposing some parametri struture, whih ensures unique identi�ation. Let us10Without the ost of bidding or some other frition bidders should always use as many steps as allowed. Yet inthe data the upper bound on the number of steps allowed is never attained.11Hortasu (2002) also reports that Turkish bidders seem to ignore the e�et of their demand on the rationedquantity. 13



disuss �rst the method for obtaining the point estimates of marginal valuations at the submittedquantity-bids non-parametrially. Notie that all objets on the RHS of (4) that are not diretlyobserved, E (pc|bk > pc > bk+1) and ∂E(pc;bk≥pc≥bk+1)
∂qk

, are some funtionals of the distribution ofthe market learing prie. Hortaçsu (2002) shows that this distribution an be non-parametriallyidenti�ed from the data using a resampling method, whih losely follows the usual bootstrappingapproah and whih I will now desribe and adapt to my appliation.Estimating E (pc|bk > pc > bk+1)Under assumption 6, we an perform the following resampling proedure:1) Fix bidder i from group g ∈ G among Ntg bidders in aution t who belong to group g.2) From the sample of Ntg bid vetors in the data set, draw a random sample of Ntg − 1 andfrom all groups h other than g draw Nth for h ∈ G\ {g} with replaement, giving equal probabilityof 1
Ntg

(or 1
Nth

respetively) to eah bid vetor in the original sample.3) Construt the residual supply funtion generated by these resampled bid vetors.4) Interset this residual supply urve with bidder i's bid funtion to �nd the market learingprie.5) Repeat steps 1-4 B (a large number) times for eah bidder and for all bidders in the data set.This proedure generates B market learing pries onditional on the bid vetor (bi,qi) and onean estimate E (pc|bk > pc > bk+1) by looking at the onditional distribution of the market learingpries whih fall in the required interval.For this method to perform reliably we would like to have a large number of bidders in eahgroup in every aution, so that we observe bid vetors re�eting a large number of signal realizationsfrom the group distribution funtion of signals. If that is not the ase, but we are willing to assumethat several autions are repetitions of the same experiment, we an pool the bid vetors fromdi�erent autions. Alternatively, if we have aution-level observables, we an ondut onditionalresampling where the resampling weights are not uniform ( 1
Nth

) as in the ase above, but rather afuntion of the observables as desribed in Hortaçsu and Kastl (2008). In either ase, if we all theestimator obtained by the above proedure the resampling estimator ÊR (pc|bk > pc > bk+1), it anbe shown (Hortasu (2002), Hortaçsu and Kastl (2008)) that it is onsistent for E (pc|bk > pc > bk+1)(it onverges almost surely) as the number of autions goes to in�nity, T → ∞.12Estimating ∂E(pc;bk≥pc≥bk+1)

∂qkTo obtain this piee of equation (4), we an use the same resampling approah desribed earlierwhen estimating E (pc|bk > pc > bk+1) to estimate E (pc|bk ≥ pc ≥ bk+1), whih together with anestimate of Pr (bk ≥ pc ≥ bk+1) and Bayes' rule yields an estimate of E (pc; bk ≥ pc ≥ bk+1). Callthis estimate ER (pc; bk ≥ pc ≥ bk+1). Notie that while obtaining this estimate, we ondition on12It may also be onsistent under other onditions - see Hortaçsu (2002).14



the submitted vetor of bidpoints. The natural way to estimate the derivative of this expetationwith respet to quantity bid at step k is to perturb qk in the submitted bid vetor to some qk − εnand obtain an estimate of ER (pc; bk ≥ pc ≥ bk+1) onditional on the perturbed bid vetor. We anthen onstrut the estimator of the derivative:
∂ER (pc; bk ≥ pc ≥ bk+1)

∂qk

=
ER (pc; bk ≥ pc ≥ bk+1, qk) − ER (pc; bk ≥ pc ≥ bk+1, qk − εn)

εnwhere {εn}
∞
n=1 is a sequene onverging in probability to zero. One di�ulty when estimating theslope of this expetation w.r.t. qk is hoosing the appropriate neighborhood εn so that the numerialderivative is a onsistent estimate. Loosely speaking, this neighborhood should shrink to zero asthe sample size inreases. Pakes and Pollard (1989) establish that with a regularity ondition (onuniformity), suh an estimator is onsistent whenever n− 1

2 ε−1 = Op (1), i.e., whenever ε does notderease too fast as the sample size inreases.Proposition 3 (Consisteny of the resampling estimator)Under assumptions 1-6:(i) If Pr (bk > pc > bk+1) > 0, then ÊR (pc|bk > pc > bk+1) →
a.s. E (pc|bk > pc > bk+1) as T → ∞(ii) If Pr (bk ≥ pc ≥ bk+1) > 0 and T− 1

2 ε−1 = Op (1), then ∂ÊR(pc;bk≥pc≥bk+1)
∂qk

→a.s. ∂E(pc;bk≥pc≥bk+1)
∂qk

as T → ∞.Given onsistent estimates of all the piees of the right hand side of (4), we an obtain the pointestimates of the marginal valuations at the submitted bids, onditional on the �xed unobservedprivate signal. As mentioned above, having these point estimates does not guarantee identi�ationof the entire marginal valuation funtion. In partiular, there ould be many funtions v (·, ·) that:(i) go through the estimated points , (ii) are everywhere non-inreasing in the �rst argument, (iii) areeverywhere stritly inreasing in the seond. We ould potentially also use a seond set of neessaryonditions whih are implied by the bid, bk, being hosen optimally. But as equation (A-4) inthe appendix shows, using these onditions would still not ahieve unique identi�ation, beausethey put restritions on the area below the marginal valuation funtion between eah two bidpoints(by relating the average surplus and the bid), but there is still not enough information to pindown the urvature. In Kastl (2006), I show that more information about marginal valuationfuntion an be obtained by using bidders who submit multiple bidpoints if we are willing tomake stronger assumptions on the data generation proess. Alternatively, we may approah theidenti�ation problem via set identi�ation instead. We may be able to use both neessary onditionsfor bidding (2) and (A-4) and inequalities implied by assumptions on the primitives and by the datato obtain the set of all possible marginal valuation funtions that would rationalize the data, in asimilar way to Haile and Tamer (2003). MAdams (2008) makes a step in this diretion by makinguse of a large number of potential deviations to tighten the identi�ed set. The di�ulty with thisapproah in my setting, however, is that both the neessary ondition (A-4) and inequalities impliedby hoosing qk rather than qk−∆ involve the gross utility V (·, si), whih is an integral of the objetof interest, v (·, si). This researh diretion is urrently left for the future.15



5 Data and Results5.1 Desription of the DataMy dataset onsists of 28 autions of Treasury bills of the Czeh government. The sample periodis 11/25/1999 until 12/14/2000. The autions were onduted by the Czeh National Bank. Thepayment by eah bidder whose order was aepted was determined aording to the uniform prierule; eah bidder paid the market learing prie for all units for whih his bid was at least themarket learing prie. These autions of T-bills were onduted weekly, with the aution planbeing published quarterly. The T-bills that were sold in di�erent autions di�ered in maturities. Iwill onsider only autions of 3-month T-bills, sine they were autioned most often - usually bi-weekly. In the quarterly published aution plan the Bank announes the intentions of the Ministryof Treasury as to how many seurities will be sold on a given week and of whih maturity. Themain purpose of the T-bills is to smooth out the di�erene between tax revenue and expendituresby the government.The bidders who wished to partiipate in an aution of T-bills had to be preregistered by theCzeh National Bank. The only requirement for the registration was that the bidder possesseseither a banking liense or a broker liense in the Czeh Republi or other EU member ountry.The list of registered bidders was publily available and hene the number of potential bidders isknown in every aution. Furthermore, there were limits with whih eah registered bidder had toomply. Eah bidder was obliged to buy at least 3% of the seurities o�ered within a alendar year,and his demand in a given aution ould not exeed 50% of the seurities o�ered for sale. The�rst restrition was usually met by eah bidder early in the alendar year. Moreover, sine bidderswere not given any information about rivals' alloations after any aution, we an safely ignore thisrestrition in our model, sine it is not likely to a�et the strategi behavior.Let us now brie�y disuss the assumption of private values whih is neessary for the identi�a-tion of bidders marginal values outlined in the previous setions. The main motive for the biddersto purhase the treasury bills in the Czeh autions was for their investment portfolios, sine T-billsdo not arry any risk premium and thus unlike other investments do not have to be outweighedby any ash (or other no-risk) reserves. Moreover, many of the banks involved in these autionsare subjet to investment risk regulation for various reasons, and T-bills are one of the few waysto pro�t from their ash reserves, and most banks thus hold the T-bills in their portfolios until thematurity. It is for these reasons that the seondary market for T-bills in the Czeh Republi isvirtually nonexistent. The absene of ative trading on the seondary market suggests that we maynot have to worry about an unknown ommon resale value omponent in the autions.13 On theother hand, how muh bank i valued q units of T-bills depended on its available ash and invest-13Another important point to note is that an ative resale market is also usually aompanied by an ative when-issued (forward) market and hene any private information about the resale value should be already re�eted in thepries on the when-issued market. Therefore the variation in the bids should rather be asribed to other privateinformation than that related to the resale value. 16



ment deisions, whih were likely to be private information.14 Moreover, Hortaçsu and Kastl (2008)develop a formal test for private versus ommon values in the ontext of Canadian T-bill autionsand they fail to rejet private values in the ase of 3-months T-bills, while they rejet private valuesfor 12-months T-bills.15 Taking all of these �ndings together leads me to believe that the privatevalues model might be appropriate for the aution of Czeh 3-months T-bills.Table 1 desribes the summary statistis of the important data omponents. The fae value ofall T-bills is 1,000,000 Czeh Korunas (approximately $26,300). The range of bids in annual yieldis 66 basis points, while the range of the market learing yield is 32 basis points. Notie that ourunit of observation is the whole bid funtion (haraterized by prie-quantity pairs), and hene therelatively low variation in the bids does not imply low variation in the data. Indeed, the variation inthe quantity demands is muh higher. This point also highlights why using a share aution model,in whih identi�ation of marginal valuations omes from the neessary onditions for the hoie ofquantity, seems to be more appropriate than an alternative model, in whih identi�ation is basedon the optimality of prie-bids.Bidders submitted bids for as little as 0.05% of total quantity supplied and for as muh as 50%whih is the maximal amount they an demand in an aution. Bidders are allowed to submit upto 10 bidpoints (prie-quantity pairs) in any given aution. Yet the average number of bidpointssubmitted by a bidder in an aution is less than 3 and the maximal number of submitted bidpointsis 9.16 For eah aution I observe all individual bids (inluding the nonompetitive ones plaed onbehalf of the government, whih will be desribed below), the preannouned supply quantity, andthe market learing prie. I also observe the �nal alloation. My dataset inludes 16 unique bidderidentities. 7 of these bidders an be lassi�ed as belonging to the �small bidder� group, sine theyrequest less than 5% of the total quantity in any given aution and also submit fewer bidpoints onaverage than their larger opponents. The remaining 9 bidders will be treated as belonging to the�large bidder� group. The lassi�ation of bidders into groups applies aross all autions. Table 2o�ers a split of summary statistis between these groups.17An important feature of many treasury autions of government seurities is the possibility of�nonompetitive bids�. These bids speify a quantity whih the bidder would like to obtain at themarket learing prie no matter what this prie will be. Therefore, in terms of modeling, these bidssimply derease the available supply of T-bills in a given aution. While the rules of the autionallow for suh bids to be submitted by regular bidders, they rarely use this possibility. In mydataset, none of the bidders submits a nonompetitive bid in any aution. On the other hand, the14Even though publily traded ompanies are required to dislose their �nanial statements at least one a year,the autions are muh more frequent and hene the struture of the balane sheet at any given aution should beprivate information of eah bank.15This test is unfortunately not appliable in my urrent data sine it relies on a partiular feature of the Canadianautions whih is here absent.16In the autions in my data there is no detetable time trend in the number of bid points used.17Note that assuming multiple bidder groups in ase that all bidders are symmetri does not a�et the onsistenyof the estimates, but only results in e�ieny loss. 17



autioneer himself, as instruted by the Treasury, an submit suh a bid even after observing thebids of regular bidders. In fat, in eah announement about an upoming aution, whih inludesthe details suh as the number of T-bills to be autioned o�, there is a dislaimer that, �The issuerof the seurity reserves the right to inlude part or all of the emission in his own portfolio.� Thispossibility then serves as an insurane devie against low market learing pries. Table 1 shows thatthe autioneer withdrew as muh as 77% of the supply. No supply was withdrawn in 6 autionsand hene there is signi�ant unertainty with respet to the atual quantity for sale on the partof the bidders.18 Further notie that the referene interest rate that the banks use for transationsamong themselves has all desriptive statistis only slightly higher than the orresponding statistisof the market learing yield of T-bills, whih suggests that it might be a fator in the autioneer'sdeision how muh supply to withdraw. Based on the data we an readily rejet the possibilitythat the government is using the ex post adjustment of supply to maximize revenue. From mydisussion with the insiders it is apparent that the Treasury is using the nonompetitive bids tokeep the market learing yield within some fairly narrow band around the referene interest rate.In terms of empirial implementation I onsider two alternative models of the nonompetitive bidsof the government:In model M1 I treat government as a separate bidder group and thus resample from the observed(nonompetitive) bids in the same way as I resampled from the other two groups. In partiular,I resample the government bid independently of the resampled bids of regular bidders. The ideawhy this approah might yield a good approximation is that for estimating a bidder's marginalvalue at step k, the distribution of the market learing prie matters only in the interval [bk+1, bk].Therefore if the independent draw of the government bid would ause a big hange in the marketlearing prie (e.g., due to too big a withdrawal of supply), this realization would not matter forthe estimate of v̂ (qk, si).In model M2 I postulate the following rule for government bid whih is motivated by my dis-ussion with the insiders: Withdraw supply to make sure that the market learing yield is within6 basis points of the referene interest rate. In terms of estimation, I �rst resample the residualsupply, and if the resulting market learing prie were to fall outside of this 6 basis points band, Iadjust the supply so that it does not fall out. We will see in the results I report below that usingM1 or M2 results in very similar estimates of marginal values, but slightly di�erent estimates ofbidders' interim pro�ts due to di�erent market learing pries. This rule ensures that the marketlearing prie does not exhibit large variation over time that would be re�eted in the eonomy-wideinterest rate.19 Perhaps even more importantly it rules out a situation with an undersubsribedT-bill emission and thus a zero market learing prie.18This also suggests that a model whih fouses on the optimality of the hoie of quantity-bid rather than prie-bidmight be more appropriate for treasury bills.19Notie that this rule is equivalent to setting a reserve prie at 6 basis points below the referene interest rate.18



5.2 Results5.2.1 Estimating marginal valuationsI �rst illustrate the resampling proedure, desribed in Setion 4, that I use to estimate the distribu-tion of the market learing prie, and thus the onditional expetation and its derivative. Considera partiular aution labeled as Aution 52 in my data. There are 13 bidders (8 large and 5 small)who atually submitted a bid and there is 15 potential bidders (8 large and 7 small) that wereregistered with the autioneer before the aution. For the purposes of resampling, this is not a largenumber and I therefore pool 4 neighboring autions, in whih T-bills of the same maturity wereo�ered, and onsider these autions to be independent repetitions of the same experiment. In otherwords, I assume that the eonomi environment that these 4 autions take plae in is not hanging.20Therefore, I split my sample of 28 autions into 7 groups with 4 autions in eah. Sine the numberof preregistered bidders virtually does not hange aross autions I assume that the lassi�ationof bidders into bidder groups remains the same and also that the number of potential bidders isthe same with one exeption. In partiular, I assume that there is 7 potential small bidders and 8potential large bidders.21 The reason for assuming there is 8 potential large bidders even thoughthere is 9 bidder identities that I lassify as large is that one large bidder starts bidding �rst inautions later in the sample and another large bidder at that point stops bidding and never submitsa bid again during the sample period. Bids of those two bidders overlap only in two autions, andtherefore for the group of four autions in whih these two partiular autions belong I assume thatthere are 9 potential large bidders rather than 8. I assume that any bidder for whom I do notobserve a bid in a given aution submitted a losing bid (a bid of zero for any quantity) and I inludesuh a bid funtion in the sample from whih I resample.Grouping four autions together might be problemati, sine as I argued above the privateinformation driving the marginal valuation of eah bidder is assumed to ome from the urrentstate of its ash reserves and alternative investment opportunities, both of whih ould be a�etedby the outome of previous autions, or be orrelated aross autions. Therefore in Appendix C Iprovide a robustness hek against this possibility by testing whether winning larger quantities inearlier autions results in lower levels of private signals for the later autions. I deided to pool 4neighboring autions for two reasons. For resampling I want to inlude bid funtions from autionsfrom as short a time-span as possible in order to be more on�dent about the eonomi environmentnot hanging. On the other hand I need a larger number of bid funtions so that resampling generatesenough variation, beause the heart of the onsisteny argument is that the observed data should inthe limit as the number of autions goes to in�nity inlude the equilibrium bid for every type andwith the appropriate population frequeny of that type. Given that there are 15 potential bidders in20In priniple with enough data one ould also perform onditional resampling by introduing ovariates whihwould ontrol for the eonomi environment. One possible implementation is desribed later in the text.21I also estimated the model assuming that the number of potential bidders di�ers aross the groups of autionsand is equal to the largest number of ative bidders within an aution in that group. The results were similar.19



an aution pooling 4 autions together yields 60 bid funtions for the purposes of resampling whihshould be enough to generate enough variation. Eah four neighboring autions I pool together wereonduted in a time frame of two months, and the maroeonomi variables suh as the onsumerprie index or the interest rate were stable aross this period. In priniple, with riher data oneould modify the resampling method in order to allow for some aution ovariates Z. Instead ofresampling with replaement with equal probability 1
N

on all bid funtions, we ould instead usea probability distribution Γ (Z,N), for example using a normal kernel. Suh proedure has beendeveloped in detail and implemented in Hortaçsu and Kastl (2008).In the �rst three autions, there are 5 ative small bidders and 8 ative large bidders. In thefourth aution, there are 6 ative small bidders and 8 ative large bidders. Under the assumptions offull symmetry and onstant number of potential bidders (7 small and 8 large bidders), pooling thesefour autions results in 60 ex ante symmetri bidders, who di�er ex post beause of their privateinformation. Alternatively, with two groups, this results in 28 ex ante symmetri small bidders and32 large bidders. Let us �x bidder 1's bid funtion and generate the di�erent residual supply urveshe might fae by the above desribed resampling proedure. Figure 1 shows the proedure with 15di�erent realizations of the residual supply urves using M1 as the model of government's supplywithdrawal.This proess generates a distribution of market learing pries. The distribution generated by5000 residual supply draws under M1 is depited in Figure 2.With the distribution of the market learing prie, we an reover the marginal valuations forthe bidder by using our optimality equation (4). Figure 3 shows using squares point estimates ofmarginal valuation of bidder 1 at quantities for whih he submitted a bid. Open irles depit theonditional expetation of the market learing prie E [pc|bk > pc > bk+1]. The distane betweenthese two points is the amount of shading that the bidder exeutes, whih is a diret measure ofbidder's market power. Notie that, as a possibility suggested in Corollary 2, the atual bid ofbidder 1 is above the estimated marginal valuation for the �rst bidpoint. The fat that it oursat the �rst bidpoint is not a oinidene, sine the inentives to shade inrease in the quantitydemanded. Thus, it is more likely that for smaller quantities the marginal valuation will be loser(given market power) to the onditional expetation of the market learing prie and thus belowthe atual bid.Similarly, Figure 4 shows the results of the estimation for bidder 4. At smaller quantities, thebid again exeeds the estimated marginal value.Repeating the same proedure for eah bidder in the aution, we obtain point estimates of themarginal valuation funtion v (q, s) at the (observed) quantities that the bidders request and at the(unobserved) signal levels s. As desribed in the working paper version of this paper, we ould useinformation from bidders who submit at least two bidpoints to estimate v (q, s) nonparametrially,as long as in the limit, as the number of data points inreases, the whole domain of v (., .) would beovered. Even if the latter ondition were satis�ed, however, this exerise would not be useful for20



empirial estimation with little data, sine it involves a three-dimensional kernel regression.5.2.2 Standard ErrorsObtaining the asymptoti variane of the estimated marginal valuations is umbersome, sine ourmarginal valuation estimator is a nonlinear funtion of the distribution of the market learing prie,whih is also estimated. For this reason I employ bootstrap methods22 to ompute the standarderrors of my estimates. The reported standard errors are from the sample of 500 estimates generatedby repetitions of the estimation proedure with a new bootstrap sample of bid funtions at eahround. The argument that bootstrap an be used for estimates based on the distribution of themarket learing prie is based on Theorem 2 of Bikel and Freedman (1981) whih proves validityof bootstrap for U-statisti.235.2.3 Step funtions versus ontinuous downward sloping bidsOne might wonder what di�erene it makes to assume that bidders submit step funtions strate-gially, rather than treating the observed bidpoints as some seletion from a downward slopingontinuous funtion. Equation (1) reveals that in the ontinuous bid funtions setting the observedbids should equal marginal valuations less a markup assoiated with that bidder's market power. Inother words, it is neessarily the ase that within suh a model the marginal valuations are stritlyabove the observed bids (as long as these bids are within the support of the distribution of themarket learing prie), unless the bidder is a prie-taker, in whih ase the two values oinide. Toillustrate the di�erene between using the optimality onditions for the model with step funtionsfrom the one with ontinuously di�erentiable bids, we an think of the estimates of marginal valuesin the latter model as adding the estimated shading fator24 from the model with step funtions tothe observed bid rather than to the onditional expetation of prie.25 The di�erene is statistiallysigni�ant whenever bk −E [pc|bk > pc > bk+1] is statistially di�erent from zero, whih has to holdsimply by de�nition of the onditional expetation. Sine using the neessary onditions from themodel with ontinuously di�erentiable bid funtions would overestimate marginal valuations, usingthese biased estimates for ounterfatual exerises would result in upward biased ounterfatualrevenues from a disriminatory aution. Figures 3 and 4 show that the model used for estimationan matter, espeially when estimating marginal valuations at low quantities, where bidders do nothave a lot of market power. But notie that these inframarginal marginal values are quite importantwhen omputing the unextrated revenues! As I will present later, in my data using the model with22For an introdution to bootstrap see Efron and Tibshiranim (1993).23The resampling estimator is basially a V-statisti and by Lehmann (1999, Theorem 6.2.2, p.388) the asymptotidistribution of this V-statisti is idential to that of the U-statisti.24Reall that the shading fator is the di�erene between the onditional expetation of prie and the estimatedmarginal value.25As mentioned in setion 4 this approximation would be exat if the residual supplies were just vertial translationsof eah other and the unertainty would thus be only over their loation.21



ontinuously di�erentiable bids for estimation would result in approximately 25-32% overestimateof bidder's surplus.I onjeture that in appliations with more unertainty about the market learing prie the dif-ferene between estimates from a model that takes into aount the disreteness of bids and thosefrom a model that ignores the disreteness will be even more pronouned. In my appliation thisunertainty is redued by allowing the ex-post supply adjustment whih thus brings the marketlearing interest rate lose to the publily known referene interest rate. In absene of this institu-tion, bidders might have to submit �steeper� bid funtions, i.e., with steps further apart, and thedi�erene between the bid and the expetation of the market learing prie onditional on it beingbetween the two steps, bk − E [pc|bk > pc > bk+1], might thus be larger.Furthermore, I will now show that in a non-negligible number of the autions, the atual ex postrevenue exeeded the revenue that would have been realized had all bidders bid the upper bound oftheir estimated marginal valuation funtions. As pointed out earlier, this result would not obtainif we ignored the disreteness of bids.5.2.4 Counterfatual: Truthful BiddingIn my �rst ounterfatual analysis, I ompare the atual revenue to the revenue from a best ase Vik-rey aution, in other words a uniform prie aution in whih bidders truthfully bid their marginalvaluation shedules without atually reeiving any payments. To perform this experiment exatly,we need to know the full funtional form of v (q, s). Instead, I onstrut an upper and lower envelopeof marginal valuations by using step funtions that have steps at the estimated marginal valuations.Unfortunately, we do not have enough information to onstrut the upper bound on the marginalvaluation to the left of the �rst step. Similarly we an only bound the marginal valuation to theright of the last step from below by zero and from above by the last estimated marginal value. Itherefore assume that the estimated �rst marginal valuation is also equal to the highest possiblemarginal valuation. This assumption should not be too in�uential, sine for the important (large)bidders whose demands are essential for market learing, the market usually lears at one of their"interior" steps, and we use the appropriate bounds for those. Nevertheless, to test the robustnessof the results with respet to this assumption, I also tried using the �rst step plus a mark-up asthe maximum marginal valuation for smaller quantities, and obtained qualitatively similar results.While the upper bound on the marginal valuation for larger quantities than the last observed bid-point is the marginal value estimated at this bidpoint, I annot use suh a bound in my analysis.The reason being that there an be a small bidder who demands just a negligible share of the totalsupply with a high marginal value at his last step, and by bidding suh an upper bound for alllarger quantities she might win the full supply. I will therefore assume that the marginal valuefor larger quantities than the one demanded at the last bidpoint is zero. Using these upper andlower envelopes of marginal valuations, I obtain the market learing prie given the same ex post22



realization of nonompetitive bids as in the atual aution. Tables 3 and 4 report the results interms of the market learing prie. The �rst olumn reports the atual realized market learingprie and the seond and third olumn the market learing prie under bidding truthfully the loweror upper envelope respetively.These tables reveal that the atual market learing pries are not far from those that wouldbe obtained under truthful bidding. This suggests that bidders do not have enough (loal) marketpower around the expeted market learing prie to adversely a�et aution's revenue. In order too�er a better idea about the magnitudes of the di�erenes in revenue, Table 5 reports the sameresults in terms of annual perentage yield of the T-bills.In 6 of the 28 autions, whih are highlighted by an asterisk in the table, the atual ex postrevenue exeeds the revenue from bidding the upper bound of the marginal valuation shedules,whih suggests that the point raised in Corollary 2 is not purely theoretial. These results mayast some doubt on the onlusions that Hortaçsu (2002) reahes in his empirial study of Turkishtreasury autions, whih have a disriminatory format. In partiular, he onludes that sine therevenue generated in a uniform prie aution in whih bidders submit the upper bound26 of theestimated marginal valuations as their bids is lower than the atual revenue, the disriminatoryaution performs better ex post. From the ex ante perspetive, when he draws the bid funtionsrandomly before the aution, he annot rejet the revenue equivalene hypothesis. My resultssuggest that using a model with ontinuously di�erentiable bid funtions as an approximation tothe true model of disrete bidding to ondut any ounterfatual exerises will most likely lead toresults that are biased towards the disriminatory aution beause of overestimated marginal values.5.2.5 E�etiveness of value extrationHow e�etive a mehanism are these uniform prie autions? Could the Czeh government dobetter by using a disriminatory aution? One way to get a handle on these questions is to omparethe performane of the employed mehanism to the ideal mehanism, whih would implement ane�ient alloation and extrat full surplus. We an use the upper envelope of the estimated marginalvaluations together with the estimated distribution of the market learing prie to obtain estimatesof (upper bound of) bidders' expeted (interim) utility per T-bill sold in the aution. If thisexpeted utility is lose to zero for every bidder, and the alloation is e�ient, then the autionmehanism would perform well even from an ex ante perspetive. Under the equilibrium hypothesis,the observed bid funtion of eah bidder should be a best response of his type to the equilibriumstrategies of other bidders. Using the estimated distribution of the market learing prie onditionalon bidder i's bid and setting c (Ki, ti) ≡ 0, I an evaluate i's expeted utility given the submittedbid funtion, i.e., onditional on his type. In equilibrium, this submitted bid funtion should deliverthe highest utility this bidder an obtain (given his type). Therefore this exerise indeed delivers an26Hortaçsu onstruts this upper bound in the same way.23



estimate of the maximal interim utility of eah bidder. The results are reported in Tables 6 and 7.The minimal estimated interim utility is lose to zero, whih suggests that submitted bid fun-tions are individually rational. It also suggests that using the upper envelope of the marginalvaluations may be lose to the true valuation funtions. This should hold at least for bidders withinterim utility very lose to zero, sine a lower marginal valuation urve would result in negativeinterim utility, in whih ase the observed bid funtion would not be individually rational. Allo-ations in all autions appear to be fairly e�ient, sine the loss of surplus due to misalloationamounts to about 4 basis points. Moreover, the sum of expeted surpluses aross all bidders (stritlyspeaking, it is the sum aross their atual realized types) reported in the olumns labeled �Total 1�of Tables 6 and 7 is lose to zero. I onlude that the uniform prie aution mehanism performedwell, in terms of both e�ieny and value extration. The olumns labelled �Total 1� reveal thatin 25 autions we annot rejet the hypothesis that full expeted surplus has been extrated. Onaverage the mehanism failed to extrat less than 4 basis points worth of bidders' surplus27. Per-forming the same exerise with marginal values implied by the model with ontinuous bids resultsin unextrated revenue orresponding to about 5 basis points28 (or alternatively in 2.65 basis pointsif the insigni�ant estimates are set equal to zero) or in relative terms, in overestimation of bidders'surplus by 25-32%.Beause the estimated average total expeted bidders' surplus is a onsistent estimate of thepart of the surplus that the mehanism fails to extrat ex ante, and beause the alloation is nearlye�ient, I onlude that the uniform prie aution exhibits exellent performane. Value extrationmight be even better, sine I onsidered the upper bound on the marginal valuation funtions of eahrealized type when performing the omputations. Beause the uniform prie aution mehanismperformed well in terms of both value extration and alloative e�ieny, swithing to an alternativeaution mehanism is unlikely to result in eonomially signi�ant improvements in either aspet.My omputations appear to be the best way to assess the performane of an aution mehanism,without having to obtain ounterfatual strategies. They are omputationally easy to implement,and they an be implemented for data from both uniform prie and disriminatory aution meha-nisms.5.2.6 Bidding ostsIn equilibrium, the additional ost of submitting one more bidpoint c (Ki + 1, ti) − c (Ki, ti) mustbe weakly higher than the expeted bene�t. Similarly, c (Ki, ti) − c (Ki − 1, ti) must be weaklyless than the expeted bene�t of going from Ki − 1 to Ki bidpoints. This allows us to omputebounds on the implied ost of bidding. In order to obtain valid bounds in our setting of partialidenti�ation of the valuation funtion, we have to also take into aount the e�et of the marginalvaluation funtion on these ost. In partiular, let Vi = {v (q) : vi (qk) = v̂ik ∀k ≤ Ki, vq (q) ≤ 0} be27Notie that if we set the insigni�ant estimates to zero, it would be less than 2 basis points.28See the line �Mean Cont� in table 7. 24



the set of all non-inreasing level urves (at a partiular signal si ) of marginal valuation funtionsthat are onsistent with our estimates v̂ik at all steps k ≤ Ki. Then
∆c (Ki + 1, ti) ≥ inf

v(q)∈Vi

[EU (si|σ
∗ (Ki + 1)) − EU (si|σ

∗ (Ki))]denotes the lower bound on ost of going from Ki to Ki + 1 steps for bidder i and
∆c (Ki, ti) ≤ sup

v(q)∈Vi

[EU (si|σ
∗ (Ki)) − EU (si|σ

∗ (Ki − 1))]the upper bound on going from Ki − 1 to Ki steps for bidder i, where σ∗ (Ki) denotes the optimalbidding strategy onditional on using Ki steps.Unfortunately, searhing over all possible marginal valuation funtions in the set Vi and foreah v ∈ Vi searhing for the optimal bid with K or K + 1 steps is extremely omputationallydemanding and rather infeasible given urrent omputational onstraints. Instead I assume thatbidder i's marginal valuation is the upper envelope of my point estimates as I did when evaluatingthe performane of the mehanism29 and ompute the lower bound on the inremental ost of theseond bidstep for bidders submitting one bidpoint by searhing the whole spae of bid funtions withtwo steps for the optimal one given the distribution of residual supplies obtained in the resamplingproedure. The estimates suggest that the osts of going from 1 to 2 bidpoints an total as littleas $2 and as muh as $147. I use the same proedure for bidders who submitted two bidpointsto obtain an upper bound on ost of the seond bidpoint given this marginal valuation urve. Iestimate that the upper bound on osts of the seond bidpoint is as low as $13 and as high as $360.These �gures are a negligible fration of the expeted surplus that bidders enjoy. Therefore theseomputations suggest that the extra bene�t of �ne-tuning the bid funtion a little more may not bethat high, at least for the assumed shape of the marginal valuation funtion. In a slightly di�erentaution setting and using a di�erent approah based on MAdams (2008), Chapman, MAdams andPaarsh (2006) also found that the additional bene�t of �ner bids is very small.6 Existing Empirial Approahes to Divisible Good AutionsThis paper extends the past literature on strutural estimation of divisible good autions in severaldiretions. Unlike Fevrier, Preget and Visser (2004) who assume a parametri model of a shareaution with pure ommon values, my approah is fully non-parametri and sine the estimationis based on neessary onditions that all equilibria have to satisfy it does not rely on equilibriumseletion. My method does not require expliit solution of equilibrium strategies, and I do not need29Notie that sine the minimal interim utility was slightly negative in virtually all autions, any marginal valuationthat would depart a lot from the upper envelope I onsider would imply that the observed bid violates individualrationality. 25



to rely on approximation tehniques to obtain these as in Armantier and Sbaì (2004) who applyonstrained strategi equilibrium framework developed in Armantier, Florens and Rihard (2002).The most important ontribution to the previous literature is the expliit treatment of stepfuntions bidding. I extend the model and estimation method proposed in Hortaçsu (2002) to ex-pliitely aount for this feature and I �nd that failing to take into aount this disreteness inbidding may result in biased estimates of marginal valuations. Hortaçsu rationalized the disretebids by assuming that they have to lie on a disrete grid of pries and the optimal ontinuous bidfuntion is thus �onstrained� to be de�ned only on the pries on the grid. My analysis insteadfouses on strategi deisions of the bidders where to loate eah step where the loation impliitelydepends on the loation of other steps. Moreover, my analysis shows that in a model with equi-libria in step funtions rather than ontinuous downward sloping bid funtions, the revenue of thehypothetial uniform prie aution in whih bidders bid truthfully their values does not onstitutean upper bound on the ex post revenue of the uniform prie aution. The reason is that biddersmight �nd it optimal to submit bids that are higher than their marginal valuations. In general, themarginal valuation shedule may not be the upper bound on the bid shedule in a uniform prieaution, whenever the bidder is not allowed to submit a separate bid for every unit o�ered for sale.In two reent papers, Wolak (2003, 2005) examines Australian eletriity autions taking intoaount that the bid funtions are step funtions. He develops an alternative eonometri tehniqueto estimate parameters of parametrially spei�ed ost funtions from data on individual bids whihis based on approximation of the non-di�erentiable ex-post pro�t funtions by smooth funtions.Using the moment onditions implied by eah bidder bidding optimally taking into aount theunertainty due to other bidders' bidding behavior and unertain demand for eletriity, he appliesGMM to reover the parameters of interest. As my method, Wolak's approah is based on usingbest-response hypothesis to provide a link between the observed bids and the primitives of the model.However unlike my approah, his method does not make use of expliit properties of best responsesat equilibrium (to analyze ties and rationing issues) and it does not illuminate the possibility ofbidding above one's value. On the other hand one of the advantages of Wolak's approah is thatsine he estimates the model using GMM, he is able to easily obtain standard errors for his estimates.Finally, in a reent paper, Chapman, MAdams and Paarsh (2006) study disriminatory au-tions of Canadian Reeiver-General30. Unlike this paper they are not interested in evaluatingthe performane of the aution mehanism, but rather in investigating whether bidders' behav-ior is onsistent with best-response hypothesis. They build on partial identi�ation results fromMAdams (2008). MAdams (2008) investigates bounds on marginal valuations that are onsistentwith observed bids by onsidering many possible deviations from the observed bids and requir-ing that these be unpro�table given the true marginal valuation shedule. Chapman et al. thusonstrut bounds on best-response violations by onsidering possible pro�table deviations from theobserved strategy when playing against the realized distribution of the residual supplies. While they30These are basially autions of ash. 26



�nd evidene on frequent departures from best-responses, they argue that the deviations are verysmall (similarly to the �ndings about implied osts in this paper) and the equilibrium hypothesismight thus be a good approximation.7 ConlusionIn this paper I analyze a model of a uniform prie aution of a perfetly divisible good with privateinformation. I show that the fat that bidders submit step funtions has important impliations forequilibrium. I haraterize equilibrium strategies in a model in whih bidders submit step funtions.There is a lose relationship between the optimal behavior of an oligopolist faing unertain demandand that of a bidder in a multiunit aution with private information. My results suggest that itis di�ult to make an indiret omparison between a uniform prie and disriminatory aution as,for example, is done in Hortaçsu (2002), as in the uniform prie aution bidders may submit bidsabove their marginal valuation shedule when bid funtions have �nite number of steps. This pointis not purely theoretial. In many of the autions in my empirial analysis, atual revenue exeedsthe revenue that would have been ahieved had the bidders bid their marginal valuation shedules.I propose a new method to evaluate the performane of the employed mehanism, based onestimating the e�etiveness of values extration and the e�ieny of the alloation. In the empirialanalysis of Czeh treasury autions, I examine the performane of the uniform prie aution. Ionlude that the uniform prie aution performed well. The alloation was nearly e�ient, and themehanism extrated almost all of bidders' values. I onjeture that the exellent performane of themehanism studied in this appliation is related to the �exibility of the autioneer to adjust supplyex post. My estimation method also allows me to obtain an estimate of the impliit bidding ostsfaed by bidders in these autions. I �nd that the bidders may not bene�t muh from submittinga �ner bid funtion. I onjeture that in situations in whih these estimated osts are low, disretebidding leads to approximately same outome in expetation (in terms of revenue extration andalloative e�ieny) as ontinuous bids. The important ontribution of my paper is, however, thatwhen trying to obtain estimates of bidders' valuations orresponding to the submitted bids in orderto ondut ounterfatuals, one has to take into aount the disreteness. In partiular, in myappliation, while in the payo� spae the observed disrete bids ome lose to the optimal payo�ahievable by bidding a ontinuous funtion in absene of any ost of bidding (as evidened bylow ost estimates), in the strategy spae for a given valuation the disrete bids are very di�erentthat the optimal ontinuous bid. Therefore, if one were to use the values implied by the optimalityondition for ontinuous bids to ondut ounterfatuals in alternative aution mehanisms, theresults might be qualitatively and quantitatively quite di�erent.31 In partiular, the model withontinuously di�erentiable bid funtions might not be a good approximation, sine the results may31I have not performed suh ounterfatuals, beause we urrently lak the tools for omputing (even numerially)equilibria of share autions, but for a few very speial parametri ases.27



be biased towards the disriminatory aution. In my appliation using this latter model wouldresult in overestimation of the bidders' surplus by 25-32%.For my empirial analysis I used only one of the neessary onditions for equilibrium biddingthat allowed me to obtain point estimates of the marginal value at the submitted quantity bids.Using the other neessary ondition together with the (in�nitely many) inequalities implied by thebid being globally optimal in equilibrium, we may be able to obtain a tighter bound on the marginalvaluation funtion than the upper and lower envelopes of the obtained point estimates used in thispaper. Chapman, MAdams and Paarsh (2006) make the �rst step in this diretion. Improvingidenti�ation of the marginal valuation funtion is a promising diretion of future researh. Fur-thermore, the question of providing methods for omputation of ounterfatual equilibria is of greatinterest. Finally, it would be interesting to see whether a strategi hoie of the maximal numberof bidding steps ould eliminate "bad" equilibria that yield low revenue. Does an upper bound onthe number of bidpoints inrease the lower bound on expeted revenue?Referenes[1℄ Armantier, O., Florens, J-P., and Rihard, J-F., "Nash Equilibrium Approximation in Gamesof Inomplete Information," mimeo, SUNY Stony Brook, 2002[2℄ Armantier, O., and Sbai, E., "Estimation and Comparison of Treasury Aution Formats whenBidders are Asymmetri," Journal of Applied Eonometris, Vol.21, pp. 745-779, 2006[3℄ Athey, S., and Haile,. P., "Nonparametri Approahes to Autions," forthoming in J. Hekmanand E. Leamer, eds., Handbook of Eonometris, Vol. 6, Elsevier, 2005[4℄ Ausubel, L., and Cramton, C., "Demand Redution and Ine�ieny in Multi-Unit Autions,"mimeo 2002[5℄ Bak, K., and Zender, J., "Autions of Divisible Goods: On the Rationale for the TreasuryExperiment," Review of Finanial Studies, Vol. 6., No. 4, pp. 733-764, 1993[6℄ Bartolini, L., and Cottarelli, C., "Treasury Bill Autions: Issues and Uses," in Mario I. Ble-jer and Teresa Ter-Minassian, eds., Maroeonomi Dimensions of Publi Finane: Essays inHonour of Vito Tanzi, London: Routledge, 1997, pp. 267-336[7℄ Bikel, P., and Freedman, D., "Some Asymptoti Theory for the Bootstrap," The Annals ofStatistis, Vol. 9, pp.1196-1217, 1981[8℄ Bulow J., and Roberts, J., �The Simple Eonomis of Optimal Autions,� Journal of PolitialEonomy, Vol. 97, pp. 1060-1090 , 1989 28
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−i ⊆ Ŝ−i (another positive measure subset) andsome steps k and l we have bik (si) = bjl (sj) = pc ((si, s−i) ,b,q). Without loss suppose that thisevent ours at the bid (bik, qik) , and that the quantity alloated to i after rationing is qRAT

i < qik.Let SR
π denote the minimal level of the residual supply in the states leading to rationing at bik.Consider a deviation to a bidpoint b

′

ik = bik + ε and q′ik = qik where ε is su�iently small.This deviation inreases the probability of winning qik − qik−1 units. Most importantly in the30



states that led to rationing under the original bid, type si of bidder i will now obtain q∗ > qRAT
i ,where q∗ ≥ min

{

qik, S
R
π

}. Notie that qik−1 = qRAT
i is ruled out sine the market learing priehas to be the highest prie at whih aggregate demand weakly exeeds aggregate supply and sine

qik−1 = qRAT
i would imply that residual supply was vertial at qRAT

i , the market learing prie ouldnot have been bik. This holds of ourse also for the other bidder who is being rationed. Therefore, inthe states leading to rationing: limp↓bik
SR > qRAT

i = SR (bik) and hene there is indeed room for adeviation. The probabilities of winning other units remain unhanged. Therefore the lower bound onthe inrease in si's expeted gross surplus from suh a deviation is π
(

V (q∗, si) − V
(

qRAT
i , si

))

> 0as v (q∗, si) ≥ v (qk, si) > bik by assumption of the lemma. The inreased bid might also result inan inrease in the market learing prie. This inrease, however, is bounded by ε, sine at prieshigher than bik + ε bidder i's bid funtion stays the same. Sine the most bidder i wins is qi = 1,the maximum hange in the expeted payment is ε. Comparing the upper bound on the hange inexpeted payment with the lower bound on the hange in expeted gross utility, we obtain
ε < π

(

V (q∗, si) − V
(

qRAT
i , si

)) (A-1)Consider a sequene {εn}
∞
n=1 suh that limn→∞ εn = 0 and εn > 0 ∀n. By de�nition of a limitthere must exist n∗ suh that for all n ≥ n∗ we have:

εn < π
(

V (q∗, si) − V
(

qRAT
i , si

))Therefore setting ε = εn∗ , the inequality (A-1) will hold, and thus the proposed deviation wouldindeed be stritly pro�table for the type si. Sine there an be only ountably many pries atwhih bidders may tie with positive probability, there an be only ountably many types si with apro�table deviation otherwise bidder i ould implement this deviation jointly and thus for a.e. type
si ties have zero probability in equilibrium for all bidders i. QEDA.2 Proof of Proposition 1With a slight abuse of notation, I will summarize a state (Q, s−i) by s−i. In order to show (loal)optimality of a bidpoint (bk, qk), we would like to obtain:

lim
q′→qk

Es−i
u (si|qk) − Es−i

u (si|q
′)

qk − q′and show that if this limit equals zero, we get our optimality ondition, sine the bidder does nothave a pro�table loal deviation.
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To begin de�ne the following sets given a vetor of bidpoints (p,q):
θ1k (qk) =

{

s−i : ∃p : bk+1 < p ≤ bk : qk ∈ SR (p, s−i) ∧ ∄q < qk : q ∈ SR (bk, s−i)
}

θ2k (qk) =
{

s−i : ∃q ∈ SR (bk, s−i) : qk−1 < q < qk

}

θ3k (qk) =
{

s−i : ∃q ∈ SR (bk+1, s−i) : qk < q < qk+1 ∧ qk /∈ SR (bk, s−i)
}

θ4k (qk) =
{

s−i : SR (bk, s−i) ≤ qk−1

}

θ5k (qk) =
{

s−i : SR (bk+1, s−i) ≥ qk+1

}The �rst set inludes all vetors s−i suh that there is a market learing prie, whih is in theinterval (bk+1, bk] and bidder i gets his full demand. The seond set inludes all vetors s−i suhthat the market learing prie will be bk and player i will be rationed. The third set inludes all
s−i suh that the market learing prie will be bk+1 and player i will be rationed, in whih ase hispayo� might be a�eted by perturbation of qk in ase of rationing on-the-margin, sine his sharedepends on his marginal demand qk+1 − qk. Notie though that i′s payo� will be a�eted only inthe ase that someone else is being rationed as well, i.e., residual supply is horizontal at bk+1, whihis a zero probability event in equilibrium as shown in Lemma 1 for types suh that v (qk, si) > bk. The fourth set inludes all s−i suh that the market learing prie will be stritly above bk andperturbing qk does not a�et the payo�. The last set inludes all s−i suh that the market learingprie is weakly less than bk+1, and perturbing qk will not a�et the payo�. Further denote S−ias the set of all possible realizations of the vetor of random variables inluding the signals of allplayers other than player i.Notie that ∪5

j=1θjk (qk) = S−i and all sets are pairwise disjoint, i.e., any possible vetor s−ibelongs to exatly one set.To eonomize on spae I will write Pr (θjk (qk)) for Pr (s−i ∈ θjk (qk)). By the law of totalprobability, we an rewrite Es−i
u (si) as:

Es−i
u (si) =

5
∑

j=1

Pr (θjk (qk)) Es−i
[u (si) |θjk (qk)] (A-2)

= Pr
(

∪3
j=1θjk (qk)

)

Es−i

[

u (si) | ∪
3
j=1 θjk (qk)

]

+

+

5
∑

j=4

Pr (θjk (qk)) Es−i
[u (si) |θjk (qk)]Notie that Pr

(

∪3
j=1θjk (qk)

) is onstant for any loal perturbation of qk, sine any suh perturba-tion only auses some reshu�ing of states s−i between θ1k, θ2k, and θ3k. Sine in states in θ4k and
θ5k bidder i atually obtains at most qk−1 or at least qk+1 respetively, perturbing qk will not resultin any hange in (onditional) expeted utility in these states.The main point of the following long derivation is to show that the terms obtained by diret32



di�erentiation of the expeted payment bk
∂Es−i

(q(s−i);p=bk)

∂qk
, bk+1

∂Es−i
(q(s−i);p=bk+1)

∂qkand qk
∂Es−i

(pc(s−i);bk+1<p<bk)

∂qk
an be ombined into one term: qk

∂Es−i
(pc(s−i);bk+1≤p≤bk)

∂qk
and that thisobjet exists in equilibrium for a.e. type si.For easier exposition, onsider now a perturbation of qk down to q′ = qk − ε. Let q′ be theperturbed quantity-bid vetor, i.e., q′m = qm∀m 6= k and q′k 6= qk. De�ne the following subsets of

θ2k and θ3k:
ω1k

(

q′
)

=
{

s−i : s−i ∈ θ2k (qk) ∩ θ1k

(

q′
)}

ω2k

(

q′
)

=
{

s−i : s−i ∈ θ2k (qk) ∩ θ3k

(

q′
)}

ω3k

(

q′
)

=
{

s−i : s−i ∈ θ1k (qk) ∩ θ3k

(

q′
)}These subsets inlude all states that get transferred from one θ to another one. The set ω1k inludesstates in whih bidder i was rationed at prie bk originally, and after perturbing qk down to q′ hegets his full demand. Set ω3k inludes states in whih he originally got qk, but after perturbationthe market is going to lear at bk+1 and bidder i will thus be rationed and obtains a higher quantity.Finally set ω2k inludes states in whih he was rationed at bk and after perturbing his demand qk,he will be rationed at bk+1 instead.Notie that with these sets we an now express the probabilities of sets θjk (q′) as follows:

Pr
(

θ1k

(

q′
))

= Pr (θ1k (qk)) + Pr
(

ω1k

(

q′
))

− Pr
(

ω3k

(

q′
))

Pr
(

θ2k

(

q′
))

= Pr (θ2k (qk)) − Pr
(

ω1k

(

q′
))

− Pr
(

ω2k

(

q′
))

Pr
(

θ3k

(

q′
))

= Pr (θ3k (qk)) + Pr
(

ω3k

(

q′
))

+ Pr
(

ω2k

(

q′
))Now we have all the neessary notation. First some preliminary results and observations. Wehave already shown in Lemma 1 that ties at the market learing prie are zero probability eventsin equilibrium at any step, at whih the bid is lower than the marginal value of the last unit. Inother words this implies that with probability one only one suh player may have a bid exatlyat the market learing prie and thus under rationing pro-rata on-the-margin he is the only onewho is rationed if neessary. Now we will show that in equilibrium for a.e. type si for everystep k (i) Pr (θjk (qk)) is ontinuous at qk and (ii) Es−i

[p|θ1k (qk)] is ontinuous at qk, and hene
Es−i

[p; bk ≥ p ≥ bk+1] is ontinuous at qk, thus loally di�erentiable a.e.First, I begin with a helpful lemma, whih guarantees that in equilibrium the probability ofresidual supply having a ommon vertial segment with i's bid at any qk (si) suh that qk (si) is aquantity bid submitted at kth step by type si of bidder i with positive probability is zero for a.e.type si.
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Lemma 2 In equilibrium,
Pr

{

s−i : ∃pL, pU suh that pL 6= pU , pU ≤ bk (si) and ∀p ∈ [pL, pU ] SR (p, s−i) = q̂
}

= 0for all bidpoints (bk, qk = q̂) that are submitted with positive probability by type si of bidder i, fora.e. si and every step k.Proof. Suppose for ontradition that in equilibrium residual supply an be vertial at qk withprobability π. Reall that pL is the lowest prie suh that SR (p, s−i) = qk and pL < bk (si).Suppose �rst that pU = bk (si). Consider a deviation of type si for whom v (qk, si) > bk (si) for allbid funtions suh that qk (si) is submitted by this type with positive probability at some step to
bk (si) − ε with the same quantity bid qk (si). This deviation dereases the probability of winningunits in (qk−1 (si) , qk (si)), but this derease an be made arbitrarily small by a proper seletionof ε (by the same argument as in the proof of Lemma 1). For any ε this deviation leads to savingin expeted payment of at least πεqk. Therefore for ε su�iently small this deviation is stritlypro�table. Hene, in equilibrium, only zero measure of suh types of bidder i an have suh apro�table deviation.Now onsider a deviation of type si for whom v (qk, si) ≤ bk, and for whom thus a tie at bk ouldbe a positive probability event and hene the above desribed deviation might not be pro�tableas the derease in probability of winning units in (qk−1 (si) , qk (si)) annot be made arbitrarilysmall. Consider instead a deviation to q′k = qk − ε and bk = bk. This deviation results in aderease in the market learing prie to pL in all states in whih the residual supply and i's bidoverlapped under the original strategy and thus in an inrease in surplus from the inframarginal
qk − ε units by (pU − pL) on every suh unit with positive probability π. Deviating bidder is alsolosing surplus E

[

v
(

q̂RAT , si

)

− bk|p
c = bk

] due to being alloated slightly less q̂RAT < qRAT in theevent of possible rationing at bk due to slightly lower marginal demand at bk and also potentiallynot winning units in (qk − ε, qk). Notie that the expeted payo� in the event of rationing at bkis ontinuous in the demand qk: the expeted gross utility is an integral of the marginal valuationfuntion, whih is bounded and measurable by Assumption 2, and sine the produt of qk andthe rationing oe�ient is ontinuous, we get ontinuity by applying the dominated onvergenetheorem to ∫

Iu∈[0,qkR(Q,s)]v (u, si) du where R (Q, s) is the rationing oe�ient in the state of theworld (Q, s). Therefore the loss of surplus resulting from the lower alloation in the event ofrationing an be made arbitrarily small. Beause the residual supply an be vertial only at �nitelymany quantities with positive probability, there must exist an ε small enough, suh that the loss ofexpeted surplus from not winning the units in (qk − ε, qk) is also arbitrarily small. On the otherhand the lower bound on the expeted gain from this deviation is π (qk − ε) (pU − pL). Thereforefor small enough ε suh a deviation would be stritly pro�table. Hene again only zero measure ofsuh types of bidder i an have one of these pro�table deviations.Now suppose that pU < bk. But this implies that the residual supply is horizontal at pU (or34



a neighborhood thereof) with probability π. Therefore there must be some bidder j and positivemeasure subset of his types for whom the residual supply is vertial at his step qm (sj) and pU =

bm (sj). Hene a positive measure subset of all suh types of bidder j would have one of thedeviations desribed above whih would be stritly pro�table. Therefore in order for this to bean equilibrium it must again be that no positive measure of types of bidder i submit a bid at qk(otherwise positive measure of types of bidder j would have a stritly pro�table deviation), whihonludes the proof.For the following lemmas, we will make use of the fat that limq′→qk
ωjk (q′) = 0 ∀j, k whih isa diret orollary to the last lemma.Lemma 3 In equilibrium, Pr (θjk (qk)) is ontinuous at qk (kth omponent of q) ∀k,j for a.e. type

si.Proof. We will show this for θ1k. Pik ε > 0. Then we need to show that ∃δ suh that ∀q′ ∈

[qk − δ, qk + δ], |Pr (θ1k (q′)) − Pr (s−i ∈ θ1k (qk))| ≤ ε, where q′m = qm ∀m 6= k.Let us �rst onsider qk − δ. Using notation de�ned above,
Pr (θ1k (qk − δ)) = Pr (θ1k (qk))+Pr (ω1k (qk − δ))−Pr (ω3k (qk − δ)). Therefore to prove ontinuitywe need to show that |Pr (ω1k (qk − δ)) − Pr (ω3k (qk − δ))| ≤ ε, whih is implied if
max {Pr (ω1k (qk − δ)) ,Pr (ω3k (qk − δ))} ≤ ε.Consider �rst Pr (ω1k (qk − δ)).Consider a dereasing sequene {δn}, suh that lim δn = 0. We have a dereasing sequeneof sets: ω1k (qk − δ1) ⊃ ω1k (qk − δ2) ... ⊃ ω1k (qk). By the elementary theorem from probabilitytheory, the limit of the probabilities of the sets along the sequene is equal to probability of thelimiting set. The limiting set has zero measure by de�nition of θ's and by Lemma 2, and hene
Pr (ω1k (qk − δn)) → 0. By de�nition of a limit, we must have: ∃m : ∀n ≥ m : Pr (ω1k (qk − δn)) −

0 ≤ ε.Now onsider a similar argument for Pr (ω3k (qk − δ)) . The set ω3k (q′) inludes all states thatut the vertial part of i's bid funtion under qk, but ut the horizontal part under q′. By the sameargument as above, this set beomes arbitrarily small as δ → 0, and therefore we an pik δm′ suhthat Pr (ω3k (qk − δm′)) ≤ ε. Choosing δ = min {δm, δm′} onludes the proof sine the ase qk + δis analogous. A similar argument establishes ontinuity of Pr (s−i ∈ θjk|p,q) for j ∈ {2, 3}, and ofourse sine Pr (θjk (qk)) = Pr (θjk (q′)) for j ∈ {4, 5} and ∀q′ ∈ (qk−1, qk+1) ontinuity is satis�edfor these states as well.Lemma 4 In equilibrium, Es−i
[pc (s−i, qk) |θ1k (qk)] is ontinuous at qk ∀k for a.e. type si.Proof. By Lemma 3, Pr (θ1k (qk)) is ontinuous in qk. Reall that the onditional expetation weare interested in is de�ned as:

E (pc|bk > pc > bk+1, qk) =

∫

s−i∈θ1k(qk)
pc (s−i, qk)

dF (s−i)

Pr (θ1k (qk))35



where pc (s−i, qk) solves: supp p s.t. qk ∈ 1 −
∑

j 6=i qj (sj, p). Let's �x ε > 0. Now we want to showthat there is δ > 0, s.t. ∀q ∈ B (qk, δ) : |E (pc|bk > pc > bk+1, qk) − E (pc|bk > pc > bk+1, q)| ≤ ε.Perturbing q will have two e�ets on the onditional expetation: a diret e�et through hanging
pc (s−i, qk) and an indiret e�et through hanging the set θ1k (qk). We want to pik δ suh thatneither of these e�ets is larger than ε

2 .Consider �rst the diret e�et. The hange in the market learing prie for a state s−i anhappen only in the ase that the residual supply orresponding to this state has at least one vertialpiee between q′ and qk, all the set of suh states η1 (q′, qk). But under the BNE hypothesis theprobability measure of a set of states s−i that lead to a vertial residual supply exatly at qk betweenpries bk and bk+1 and must be zero by Lemma 2. η1 (q′, qk) is therefore ontinuous by the sameargument as in Lemma 3 and in a neighborhood su�iently lose to qk the probability measure ofthis set is arbitrarily small. Moreover, sine the new market learing prie still has to fall between
bk (si) and bk+1 (si), the indued diret hange is bounded by |bk (si) − bk+1 (si)|, and therefore wean pik δ1 suh that:

|bk (si) − bk+1 (si)|max [Pr (η1 (qk − δ1, qk)) ,Pr (η1 (qk + δ1, qk))] ≤
ε

2Now onsider the indiret e�et. Changing qk to q′ an result in some states s−i that originallyled to market learing prie between bk (si) and bk+1 (si) to no longer satisfy this restrition. Callthe set of suh states η2 (q′, qk) . On the other hand there might be other states s−i whih originallydid not lead to pries between bk (si) and bk+1 (si), whih now do; all this set η3 (q′, qk). Again bythe same argument as in Lemma 3, as q′ beomes arbitrarily lose to qk the probability measure ofeither of these sets is arbitrarily lose to zero, and it is ontinuous and limiting to 0 as δ → 0 on
[qk − δ, qk] and on [qk + δ, qk]. Sine the hange in expetation annot exeed |bk (si) − bk+1 (si)|,we an pik δ2 and δ3 suh that

|bk (si) − bk+1 (si)|max [Pr (η2 (q − δ2, qk)) , η2 (q + δ2, qk)] ≤
ε

4

|bk (si) − bk+1 (si)|max [Pr (η3 (q − δ3, qk)) , η3 (q + δ3, qk)] ≤
ε

4Therefore we an pik δ = min {δ1, δ2, δ3} onluding the proof.Lemma 5 In equilibrium, Es−i
[pc (s−i, qk) ; θ1k, θ2k, θ3k] = Es−i

[pc (s−i, qk) ; bk ≥ pc ≥ bk+1] is on-tinuous at qk ∀k and thus loally di�erentiable a.e. for a.e. type si.Proof. We have:
Es−i

[

pc (s−i, qk) ;∪3
j=1θjk (qk)

]

= Pr (θ1k (qk)) Es−i
[pc (s−i, qk) |θ1k (qk)]+Pr (θ2k (qk)) bk+Pr (θ3k (qk)) bk+1By Lemma 3, Pr (θjk (qk)) is ontinuous in qk and by Lemma 4 Es−i

[pc (s−i, qk) |θ1k (qk)] is also36



ontinuous. Therefore the objet of interest is a sum and produt of ontinuous funtions, andhene is itself ontinuous.With the preliminaries in hand, we are now ready for the main derivation.Let us fous on Pr
(

∪3
j=1θjk (qk)

)

Es−i

[

u (si) | ∪
3
j=1 θjk (qk)

]. First, Es−i
u (si, ti) an be fur-ther split into two parts: (i) the expeted gross utility Es−i

V (y (s−i, qk) , si) where y (s−i, qk)is either qk in ase of a state in θ1k, the rationed quantity qRAT (s−i, qk − qk−1) in ase of astate in θ2k, or qRAT (s−i, qk+1 − qk) in ase of a state in θ3k; and (ii) the expeted payment
Es−i

[y (s−i, qk) pc (s−i, qk)] where both y (s−i, qk) and pc (s−i, qk) depend on the state: e.g., y (qk) =

qk in θ1k, but pc (s−i, qk) is random, in θ2k on the other hand pc (s−i, qk) = bk, but y (s−i, qk) israndom due to rationing and similarly for θ3k. Reall that
Pr

(

θ1k

(

q′
))

= Pr (θ1k (qk)) + Pr
(

ω1k

(

q′
))

− Pr
(

ω3k

(

q′
))

Pr
(

θ2k

(

q′
))

= Pr (θ2k (qk)) − Pr
(

ω1k

(

q′
))

− Pr
(

ω2k

(

q′
))

Pr
(

θ3k

(

q′
))

= Pr (θ3k (qk)) + Pr
(

ω3k

(

q′
))

+ Pr
(

ω2k

(

q′
))The di�ulty we are faing is that y (s−i, qk) and pc (s−i, qk) are not ontinuous over the ells ofour partition - in partiular they are di�erent funtions at eah ell, and hene the usual Leibnitzrule fails. To illustrate this, onsider Figure 6. y (s−i, qk) and pc (s−i, qk) are the same funtions on

A and A′ evaluated at qk and q′ respetively (for example if the set A is our θ1k, then y (·, x) = x).But in states falling to set C under q′, these funtions would be di�erent under qk. We an, however,always "pretend" that the same ontinuous funtion f that we are integrating on ell A under qkis also valid on ell A under q′ and add to it the integral of the same funtion on ell C under q′.Similarly we an pretend that the same funtion f that we are integrating on B under qk will holdon B under q′ and then subtrat the integral of the same funtion on set C under q′.[ Figure 6 about here.℄Let's onsider �rst the e�et that a perturbation in qk would have on the expeted gross utility.Deriving it indiretly using the limit:
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lim
q′→qk

Es−i
V (y (s−i, q

′) , si) − Es−i
V (y (s−i, qk) , si)

q′ − qk

= lim
q′→qk

∑3
j=1

[

Es−i
[V (y (s−i, q

′) , si) ; θjk (q′)] − Es−i
[V (y (s−i, qk) , si) ; θjk (qk)]

]

q′ − qk

= lim
q′→qk

Es−i
[V (q′, si) − V (qk, si) ; θ1k (qk)] + [Pr (ω1k) − Pr (ω3k)] V (q′, si)

q′ − qk

+ lim
q′→qk

[

Es−i

[

V
(

qRAT (q′ − qk−1, s−i) , si

)

− V
(

qRAT (qk − qk−1, s−i) , si

)

; θ2k (qk)
]

−

Es−i

[

V
(

qRAT (q′ − qk−1, s−i) , si

)

;ω1k

]

− Es−i

[

V
(

qRAT (q′ − qk−1, s−i) , si

)

;ω2k

]

]

q′ − qk

+ lim
q′→qk

[

Es−i

[

V
(

qRAT (qk+1 − q′, s−i) , si

)

− V
(

qRAT (qk+1 − qk, s−i) , si

)

; θ3k (qk)
]

+

Es−i

[

V
(

qRAT (qk+1 − q′, s−i) , si

)

;ω3k

]

+ Es−i

[

V
(

qRAT (qk+1 − q′, s−i) , si

)

;ω2k

]

]

q′ − qkwhere the �rst equality follows by the law of total probability and the fat that on θ4k and θ5kperturbing kth-step qk to q′ does not alter the gross utility and also not their respetive probabil-ities. The seond equality results after plugging in the onditional gross utility before and afterthe perturbation using the approah desribed above - extending the ontinuous funtions to thepartition ells under qk and olleting terms.Now invoking the de�nition of the derivative and noting that limq′→qk

[

qRAT (.) |ωjk

]

= qk and
limq′→qk

Pr (ωjk (q′, q)) = 0 and hene after applying l'Hospital's rule all terms involving ωjk vanishin the limit, we an simplify the last expression above to:
Pr (θ1k (qk)) v (qk, si) +

+ Es−i

[

v
(

qRAT (s−i, qk − qk−1) , si

) ∂qRAT (s−i, qk − qk−1)

∂qk

; θ2k (qk)

]

+

+ Es−i

[

v
(

qRAT (s−i, qk+1 − qk) , si

) ∂qRAT (s−i, qk+1 − qk)

∂qk

; θ3k (qk)

]Now let us move to the key step in the proof - the e�et of the perturbation in qk on the expetedpayment. Again using the limit derivation:
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lim
q′→qk

Es−i

ˆ

y (s−i, q
′) pc (s−i, q

′) ;∪3
j=1θjk (q′)

˜
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ˆ
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˜

q′ − qk
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P3
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Es−i
[y (s−i, q
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˜
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˜

#

q′ − qk

+

+ lim
q′→qk

"

Es−i

ˆ

qRAT (qk+1 − q′, s−i) bk+1; θ1k (qk)
˜

+ Es−i

ˆ

qRAT (qk+1 − q′, s−i) bk+1; ω3k

˜

+Es−i

ˆ

qRAT (qk+1 − q′, s−i) bk+1; ω2k
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#

q′ − qkwhere the seond equality follows by the law of total probability after substituting in for the prob-abilities of the di�erent partition ells after perturbation and extending (or reduing) the funtionsto the old partition ells as desribed earlier.By adding and subtrating Es−i
[qkp

c (s−i, q
′) ; θ1k (qk)], olleting terms and using the de�nitionof a derivative, we an rewrite the last expression as:

lim
q′→qk
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∂qkwhere the �rst equality is the key step: (i) �rst term is obtained by simpli�ation; and (ii) we addand subtrat terms to omplete the funtion qkp
c (s−i, q

′) to full ∪3
j=1θjk. In doing that we make39



use of the following fats:
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(
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(
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]
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(
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′
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= 0Therefore we an multiply all terms by qk and add them to our limit. Final expression followingthe �rst equality obtains by rearranging terms. Finally the last equality then follows by de�nitionof the derivative and beause
lim
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′) ;ω3k] − qkEs−i
[pc (s−i, q

′) ;ω1] + qkEs−i
[pc (s−i, q

′) ;ω3k]

q′ − qk

= lim
q′→qk

∂ Pr (ω1k)
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∂q′
[

q′Es−i

[

pc
(

s−i, q
′
)

|ω3k

]

− qkEs−i

[

pc
(

s−i, q
′
)

|ω3k

]]
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q′→qk

[Pr (ω1k)K1 + Pr (ω3k)K2]

= 0where the �rst equality follows after �rst splitting the expetations, whih an be done beause q′is onstant on ωjk.
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s−i, q
′
)

;ωjk

]

= q′ Pr (ωjk) Es−i

(
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(

s−i, q
′
)

|ωjk

)and applying l'Hospital's rule (note that Pr (ωjk) is a funtion of q′). Finally as we noted earlier
limq′→qk

Es−i
[q′|ωjk] = qk and limq′→qk

Pr (ωjk) = 0, and sine both K1 and K2 are bounded(∂ Pr(ωjk)
∂q′

is also bounded sine roughly speaking this is just an integral of some density of s−iwhih is bounded by assumption), all terms vanish in the limit.The last step is to note that the event {s−i ∈ θ1k} is equivalent to the event {bk > pc > bk+1}and olleting terms our optimality ondition beomes:
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∂qk 40



Finally applying Lemma 1, Pr [bk = pc] = Pr [bk+1 = pc] = 0 for types suh that v (qk, si) > bk, andthus we obtain equations (2) and (3).For ompleteness, we an also derive the set of neessary onditions governing the hoie of thebid at step k, bk. Notie that expeted payment an be written as
Es−i

[pc (s−i) qc (s−i)] =

= Pr (bk < p < bk−1) qk−1Es−i
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[pc (s−i) qc (s−i) ; p ≤ bk+1 ∪ p ≥ bk−1]where the last term does not depend on bk. Taking the derivative w.r.t. bk delivers
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∂Es−i
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+ (A-3)
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∂Es−i
[q (s−i) ; p = bk]

∂bkNotie that doing the same simple exerise w.r.t. qk would not lead diretly to our FOC, sinethe heart of the argument of the proof above involves ombining the terms bk
∂Es−i

(q(s−i);p=bk)

∂qk
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bk+1
∂Es−i
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∂Es−i
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∂qk
into one term: qk

∂Es−i
(pc(s−i);bk+1≤p≤bk)

∂qk
. Com-bining the derivative of the expeted payment w.r.t. bk given by (A-3) with the derivative of thegross utility yields:

∂EQ,s−i|si
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i (Q, s,y (·|s)) , si) ; bk−1 > pc > bk+1]

∂bk

= (A-4)
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∂EQ,s−i|si
(pc; bk > pc > bk+1)

∂bk

+ qk−1

∂EQ,s−i|si
(pc; bk−1 > pc > bk)

∂bkAlso notie that by similar arguments as in Lemmas 2 and 3 we an establish ontinuity andloal di�erentiability a.e. of all expetations involved in (A-4) with respet to the bid bk for typesfor whom v (qk, si) > bk as for those types we annot have ties at bk. On the other hand beause forthe remaining types a tie at bk ould be possible, we annot guarantee that the neessary onditionwith respet to prie is de�ned as an equality in equilibria that involve ties. QED41



A.3 Proof of Proposition 3Proposition 3 is a orollary of Hortaçsu's (2002) Proposition 1 (Part 1).B AppendixIn this appendix, I disuss how to point identify the marginal valuations at those quantities at whihbids were submitted taking into aount that ties an have positive probability at bids that are abovethe marginal value. I will impose the following additional assumption on marginal valuation funtionthat will allow me to obtain identi�ation:Assumption 7 E (v (qc
i (Q, s,y (·|s)) , si) |p

c = bk ∧ T ie) = v (qk, si)Notie that a bidder might prefer to tie at kth step to winning all units he demands only if hismarginal valuation for all q lose to his demand at this step is below his bid. Moreover, sine at thesame time he has to prefer tying to losing, he will prefer to tie only if the average surplus on unitsabove the one he would obtain if losing weakly exeeds his bid. Two e�ets are thus at play. First,the bidder would like to equalize his surplus on the last unit he demands weighted by the probabilityhe wins exatly that many units, with the e�et of demanding this last unit on the market learingprie, and thus on his total payment. The seond e�et, whih ours in the event of a tie, foresthe bidder to set his bid equal to the marginal value for the unit he expets to win after rationing,beause if he is rationed, hanging his demand does not have any e�et on the market learing priein those states. How important this seond e�et is relative to the �rst one depends on the ratioof the probability of a tie at this step, i.e., probability of multiple bidders submitting a bid at thatprie and that prie atually learing the market, to the probability of being alloated all units hedemands at that step. Let λk1 denote this ratio at kth step, i.e., and λk1 = Pr(pc=bk ∧ T ie)
Pr(bk>pc>bk+1)

and λk2 atthe subsequent step, λk2 =
Pr(pc=bk+1 ∧ T ie)
Pr(bk>pc>bk+1)

. Observe that as λki → 0, the two terms (3) involvingties vanish and (3) and (2) thus oinide. As λki → ∞, the e�et of si's demand at kth step on themarket learing prie vanishes, and we obtain E (v (qc
i (Q, s,y (·|s)) , si) |p

c = bk ∧ T ie) = bk. Forintermediate values of λki, under Assumption 7, equation (3) an again be inverted to obtain anestimate of the marginal valuation at the last step v (qK , si) as follows:
v (qK , si) =

E (p; bK > pc) + Pr (bK = pc ∧ T ie) bKE
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∂qK
|bK = pc ∧ T ie

”

+ qK
∂E(pc;bK≥pc)

∂qK

Pr (bK > pc) + Pr (bK = pc ∧ T ie) E
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∂qK
|bK = pc ∧ T ie

” (B-5)The marginal valuations at quantities at other steps an then be obtained reursively using thefollowing relationship.
v (qk, si) =
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Pr (bk > pc > bk+1) + Pr (bk = pc ∧ T ie) E
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i
(Q,s,y(·|s))

∂qk
|bk = pc ∧ T ie

”Thus, if we are able to estimate E (pc|bk > pc > bk+1) and the derivative ∂E(pc;bk≥pc≥bk+1)
∂qk

we anuse (2) if λki is lose to zero or (B-5) for intermediate values of λki to obtain an estimate of the42



marginal valuation at this partiular quantity for a �xed, but unknown, realization of si. Notiealso that the two terms in (B-5) involving ties also inlude the rationing oe�ient ∂qc
i (Q,s,y(·|s))

∂qKand that the e�et of demand at step k on the quantity alloated in ase of rationing is positivefor rationing at bk and negative for rationing at bk+1 as an inrease in qk dereases the marginaldemand at step k + 1, and thus these two terms are likely to at in the opposite diretion.Results when allowing for tiesUsing the resampling proedure we an also estimate the likelihood of ties relative to ob-taining full demand at a given step, λk = Pr(bk=pc ∧ T ie)
Pr(bk>pc>bk+1) , and the expeted rationing oe�ient

E
[

∂qc
i (Q,s,y(·|s))

∂qK
|bk = pc ∧ T ie

]. Sine in the data, the average produt of the estimates of thesetwo terms is 0.16 (average λ̂ being 0.32), the terms involving ties in (3) are lose to zero irrespe-tive of E (v (qc, si) |p = bk, T ie). Moreover, if both terms are present, they will usually have theopposite sign, beause of the opposite e�et of qk on the quantity alloated if rationed at bk andat bk+1. Notie that the terms involving ties ould potentially be present and thus ause a bias inmy estimates for bids both above and below the estimated marginal value. The sign of this bias for
v̂ < bk is negative (the suppressed terms would push the estimate towards bk). On the other hand,
v̂ that is above, but lose to bk ould potentially be overestimated beause if the true v (qk, si) isweakly less than bk the suppressed terms might push v̂ below bk. Beause of the small magnitudeof λkE

[

∂qc
i (Q,s,y(·|s))

∂qK
|bk = pc ∧ T ie

]

, the di�erene [E (v (qc, si) |p
c = bk, T ie) − bk] would have tobe very large in order to have a signi�ant e�et on the estimate. I estimated the model assumingthat marginal valuation funtions are step funtions and allowing for ties. I obtained estimates ofmarginal valuations for eah bidder reursively starting with the last submitted step as desribedabove. The results are qualitatively very similar to the ones reported when ties are ignored - theestimated valuations are only negligibly larger.
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C AppendixC.1 Robustness heksC.1.1 Estimation of the distributions of private signalsUsing the bounds approah desribed above does not lead to estimates of bidders' atual signals, andthus does not permit estimation of the distribution of private signals. Hene I will adopt a parametriassumption for v (·, ·) that allows me to estimate the private signals and their distribution.Parametri ApproahTo obtain the estimates of private signals, I �rst speify a parametri funtional form for themarginal valuation funtion. I an then obtain imputed signals orresponding to submitted bids.For simpliity assume that the marginal valuation funtion is linear in signal and quantity andseparable in its two arguments, v (q, s) = s+β1q. The private information s an thus be interpretedas the marginal utility from the �rst in�nitesimal unit onsumed v (0, s) , and in eonometri termsas a �xed e�et for a given bid urve.This parametri struture allows me to identify β by using bidders who submitted at least twobidpoints. We an invert for the unobservable signal to obtain a relationship:
vi1 − vi2 = β1 (qi1 − qi2)Now we an estimate β by standard regression methods. The estimate of β will be onsistent aslong as the measurement error ontained in vi1−vi2 is unorrelated with qi1− qi2. In this regressionI used all bidders who submitted a bid funtion with at least two steps. While for a bidder withmore than 2 steps any pair of his bidpoints would be a valid observation, we might be worriedthat the error term might be orrelated aross observations in that ase. Therefore for eah suhbidder I used only the �rst two steps. I �rst estimated this regression using a pooled sample of allbidders, and later using the subsamples of small and large bidders separately. The estimates forthe �rst group of autions are reported in Table 8. The results suggest that the marginal valuationof bidders from the small group is delining more steeply in quantity obtained than that of largebidders. An inrease in quantity bought by a small bidder of one perentage point results in dereasein marginal valuation of the last in�nitesimal unit by 356 CZK (a $10), whih is more ten timesthe deline for a large bidder. Results in all other groups of autions were qualitatively similar- the marginal valuation of small bidders delines signi�antly faster than that of large bidders.Using the estimates, we an obtain imputations of signals orresponding to submitted bid funtions(i.e., the bid funtions' �xed e�ets) and thus obtain an estimate of the distribution of the privateinformation as depited in Figure 5 for the �rst group of autions. Sine I annot obtain an estimateof the signal for small bidders that do not submit a serious bid in an aution, the shown densityis that onditional on submitting a serious bid. The estimate shown in the �gure was obtained by44



using a Gaussian kernel with automati bandwidth seletion. The �gure illustrates that small andlarge bidders indeed di�er substantially in the distributions of their private signals.Sine the parametri approah outlined above uses a subsample of bidders with at least twobidpoints to estimate the parameter β, we may worry about a sample seletion problem. Conditionalon the same ost of bidding (type t) a bidder with higher signal s is more likely to submit morethan one bidpoint and hene is more likely to be in the sample. While it is likely that some sampleseletion takes plae, it does not in�uene the onsisteny of the estimate of the slope of the marginalvaluation funtion β as long as this slope does not vary with s. To verify the robustness of thisparametri approah, I also estimated private signals under an alternative senario. I imposed asimplifying assumption that the �rst estimated marginal valuation is equal to the private signalreeived by that partiular bidder. In other words, instead of normalizing the funtion v (·, ·) toequal the private signal at a partiular quantity level q̄, I imposed that v (qi1, si) = si. Notiethat this approah does not su�er from using a seleted subsample of observed bid funtions andit is equivalent to using our bounds on the marginal valuation funtion onstruted above, andevaluating these at q = 0, sine the marginal valuation was assumed to be onstant to the left ofthe �rst bidpoint. The results from both approahes were similar.C.1.2 Robustness heks using estimated signalsI �rst hek whether treating four autions as repetitions of the same experiment is problemati. Aproblem might arise if there is some persistent relationship between quantity won in earlier autionsand valuations in the later autions. For example, if a bidder wins a high quantity in an autionin week 1, his valuation for units o�ered in the aution in week 2 might derease. To test thisdependene I regress the estimates of signals in aution t on the quantity won in aution t− 1. Theresults are reported in Table 9. Under the assumption that the measurement error in the signalestimate from aution t is not orrelated with the quantity won in aution t − 1, the estimatesare onsistent. The data does not reveal a signi�ant relationship between the signal in aution tand quantity won in aution t − 1. I therefore onlude that pooling the four onseutive autionstogether does not onstitute a major problem.Another problem might arise if bidders' signals were a�liated. While a�liation of signals wouldbe a problem on its own for the resampling method, it would also be troublesome beause ofthe presene of the nonompetitive bids by the government. Reall that nonompetitive bids aresubmitted with the knowledge of the bids submitted by regular bidders. Suppose that the objetiveof the autioneer who submits the nonompetitive bid on behalf of the ministry is to maintain aminimal level of the market learing prie, by reduing the supply if neessary. Therefore the supply,even though preannouned, is random from the perspetive of the bidders. Therefore, when bidderssolve their maximization problem, they have to take an expetation with respet to the distributionof supply. If bidders' signals were a�liated, a lower signal would result in a onditional distribution45



of supply that is �rst order stohastially dominated by a onditional distribution obtained aftera high signal draw. In this ase, we would have to adjust the estimation proedure. To test forsignal a�liation, I will employ a nonparametri rank test. I �rst split the sample of estimatedsignals from the four autions from eah estimation round into subsamples. I report the resultsfor four partiular ways of splitting the sample, but alternative splits led to similar results. I thenleave out the signals of bidder 1, and ondut a one-sided Wiloxon Rank Sum test of equality ofdistributions Fs−1|s1
.32 Under the null hypothesis of no a�liation, the two distributions are equal.Table 10 reports the p-values for whih H0 holds for this test. The results suggest that we annotrejet the null that the signals are not a�liated.Table 1: Data SummaryMean Min Max StDevAtive Bidders in an Autiona 13 10 16 1.4Number of Submitted Bidpoints 2.3 1 9 1.55Prie Bids (in CZK)b 986,789 985,919 987,544 252.9Annual yields orresponding to prie bids 5.30 4.99c 5.65 0.10Quantity Bidsd 0.059 0.0005 0.5 0.082Nonompetitive Bide 0.38 0 0.77 0.28Market Clearing Prie 986,747 986,190 986,972 194.2Annual yields orresponding to mkt. l. prie 5.32 5.22 5.54 0.08Referene interest rate 5.39 5.32 5.74 0.10Aution Revenue (in mil USD) 423.1 144.1 598.1 170a Ative bidder is any bidder atually submitting a serious (nonzero) bid.b 1USD is approximately 38CZK over the sample Lowest yield orresponds to highest bidd As a share of total quantity o�ered for sale, aross all stepse As a share of total quantity o�ered for sale

32Doing the same exerise for other bidders yields similar results.46



Table 2: Data Summary - Large vs Small BiddersLarge SmallAtive Bidders in an Aution 7.5 5.5(0.82) (0.90)Number of Submitted Bidpoints 2.45 1.11(1.67) (0.68)Prie Bidsa (in CZK) 986,792 986,781(253) (251)Quantity Bidsa,b 0.075 0.02(0.09) (0.01)a Average taken aross all bidpoints.b As a share of total quantity o�ered for sale. Standard deviations in parentheses
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Table 3: Comparison with truthful bidding - part 1Aution Atual p TruthBidMin1 pa TruthBidMax1 pb TruthBidMax2 pc52 986,190 986,260 986,320 986,360(39.69) (28.60) (7.10)55 986,510 986,450 986,560 986,580(12.08) (6.54) (41.34)56 986,460 986,320 986,540 986,560(34.31) (9.24) (31.53)60 986,800 986,460 986,890 986,830(47.70) (23.33) (34.96)61 986,930 986,900 986,930 986,990(16.83) (12.41) (46.38)64 986,830 986,840 986,840 986,850(6.72) (7.27) (13.05)65 986,800 986,820 986,840 986,850(7.35) (9.05) (17.07)67* 986,900 986,830 986,850 986,820(8.72) (9.05) (11.85)69 986,830 986,830 986,900 986,900(5.47) (6.33) (38.82)72 986,850 986,850 986,900 986,900(8.94) (3.12) (7.07)73 986,900 986,860 986,920 986,940(12.99) (4.49) (17.45)75* 986,900 986,850 986,850 986,870(9.92) (11.55) (16.30)76 986,900 986,850 986,920 986,920(6.22) (5.67) (16.44)81 986,850 986,820 986,860 986,880(7.79) (7.65) (14.45)82 986,800 986,820 986,840 986,850(5.26) (4.00) (7.26)85 986,850 986,840 986,850 986,840(5.28) (6.12) (9.66)Mean (52-108) 986,746 986,709 986,762 986,765* Ex post revenue higher than under truthful biddinga Market learing prie when bidding the lower envelope of marginal valuations (Model 1)b Market learing prie when bidding the upper envelope of marginal valuations (Model 1) Market learing prie when bidding the upper envelope of marginal valuations (Model 2)d Bootstrap std. errors in parentheses
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Table 4: Comparison with truthful bidding - part 2Aution Atual p TruthBidMin1 pa TruthBidMax1 pb TruthBidMax2 pc86* 986,900 986,860 986,860 986,860(9.07) (10.33) (18.00)87 986,830 986,830 986,830 986,830(2.61) (2.66) (8.03)91 987,020 987,030 987,080 987,020(9.03) (13.02) (23.88)92 986,800 986,800 986,840 986,840(0.00) (3.10) (6.99)94* 986,880 986,740 986,740 986,690(42.27) (42.28) (57.36)95* 986,830 986,680 986,680 986,640(21.78) (24.32) (17.53)99 986,630 986,640 986,660 986,670(5.75) (9.33) (16.50)100 986,610 986,610 986,630 986,630(0.00) (2.05) (2.97)103 986,490 986,500 986,540 986,540(5.88) (5.35) (22.43)104* 986,530 986,500 986,500 986,500(3.61) (3.61) (5.67)107 986,510 986,530 986,540 986,540(9.01) (5.39) (42.04)108 986,530 986,530 986,600 986,720(7.24) (17.80) (22.37)Mean (52-108) 986,746 986,709 986,762 986,765* Ex post revenue higher than under truthful bidding under M1a Market learing prie when bidding the lower envelope of marginal valuations (M1)b Market learing prie when bidding the upper envelope of marginal valuations (M1) Market learing prie when bidding the upper envelope of marginal valuations (M2)d Bootstrap std. errors in parentheses
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Table 5: Comparison with truthful bidding - market learing yieldAution Atual yield Highest yield-M1a Lowest yield-M1b Lowest yield-M2c52 5.54 5.51 5.49 5.4755 5.41 5.44 5.39 5.3856 5.43 5.49 5.40 5.3960 5.29 5.43 5.25 5.2861 5.24 5.25 5.24 5.2164 5.28 5.28 5.27 5.2765 5.29 5.28 5.27 5.2767∗ 5.25 5.28 5.27 5.2869 5.28 5.28 5.25 5.2572 5.27 5.27 5.25 5.2573 5.25 5.26 5.24 5.2375∗ 5.25 5.27 5.27 5.2676 5.25 5.27 5.24 5.2481 5.27 5.28 5.27 5.2682 5.29 5.28 5.27 5.2785 5.27 5.28 5.27 5.2786∗ 5.25 5.26 5.26 5.2687 5.28 5.28 5.28 5.2891 5.20 5.20 5.17 5.2092 5.29 5.29 5.27 5.2794∗ 5.26 5.31 5.31 5.3395∗ 5.28 5.34 5.34 5.3599 5.36 5.36 5.35 5.34100 5.37 5.37 5.36 5.36103 5.42 5.42 5.40 5.40104∗ 5.40 5.41 5.41 5.42107 5.41 5.40 5.40 5.40108 5.40 5.40 5.37 5.32Mean 5.31 5.33 5.31 5.30* Ex post revenue higher than under truthful biddinga Ahieved by bidding the lower envelope of marginal valuations (M1)b Ahieved by bidding the upper envelope of marginal valuations (M1) Ahieved by bidding the upper envelope of marginal valuations (M2)
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Table 6: Interim pro�t of bidders per T-bill for sale - part 1Aution Expeted Surplusb and E�ienyAveragec Maximalc Minimalc Total 1c E� 1c,d Total 2e E� 2d,e52 9.05 45.77 -0.01 117.69 4.66 46.43 5.39(5.45) (52.81) (0.10) (70.86) (0.27) (30.26) (0.06)55 5.80 23.75 -0.19 75.42 4.15 103.44 5.13(1.17) (4.83) (0.13) (15.16) (0.55) (49.78) (1.87)56 21.95 99.19 -0.39 285.29 4.60 512.03 7.00(7.99) (76.52) (0.21) (103.88) (0.04) (253.43) (0.36)60 48.51 392.82 -0.25 679.09 11.97 516.65 13.82(24.28) (338.24) (0.18) (339.94) (0.67) (150.90) (1.36)61 16.72 168.75 -0.17 234.03 5.36 326.73 7.65(22.67) (317.03) (0.09) (317.44) (0.66) (113.06) (0.53)64 4.98 39.15 -0.04 59.82 1.72 129.06 1.87(3.98) (46.72) (0.02) (47.76) (0.13) (48.99) (0.23)65 6.36 42.94 -0.07 76.37 1.45 214.96 2.39(8.64) (89.59) (0.05) (103.74) (0.23) (108.82) (0.30)67* 10.12 106.38 -0.38 141.66 38.80 280.24 8.85(9.84) (121.62) (0.17) (137.69) (1.06) (350.53) (3.60)69 8.87 85.04 -0.02 115.29 3.12 269.53 2.89(5.96) (74.26) (0.03) (77.46) (0.11) (224.13) (0.72)72 2.66 20.87 -0.03 42.48 1.96 164.82 2.74(2.22) (28.24) (0.02) (35.59) (0.15) (73.91) (0.32)73 2.48 14.43 -0.08 39.62 1.83 193.60 2.16(2.51) (38.21) (0.05) (40.22) (0.31) (133.48) (0.78)75* 1.78 7.94 -2.30 24.91 1.68 156.07 2.01(1.55) (18.64) (1.74) (21.76) (0.11) (86.57) (0.39)76 11.55 94.41 -0.11 150.11 2.99 325.60 2.72(14.28) (165.41) (0.05) (185.69) (0.07) (322.39) (0.16)81 0.78 7.49 -0.81 10.93 1.46 65.41 1.53(0.31) (2.53) (0.30) (4.38) (0.16) (37.88) (0.40)82 1.37 13.21 -0.67 19.17 1.28 102.40 1.80(1.09) (13.44) (0.28) (15.28) (0.02) (81.09) (0.10)85 0.02 1.84 -2.34 0.21 0.49 51.21 0.54(0.22) (2.32) (0.99) (2.90) (0.06) (40.52) (0.10)Meanf 7.01 54.14 -2.69 93.29 4.02 186.6 6.49Mean Sigg 2.92 1.12 -2.32 39.3 3.98 73.26 6.29* Ex post revenue was higher than under truthful biddinga Standard errors in parenthesesb Using the upper envelope of marginal valuations and expressed in CZK (a 25 CZK amounts to 1 basispoint di�erene in yield) Using estimates from Model 1 (independent supply withdrawal)d E�ieny loss due to misalloation in basis pointse Using estimates from Model 2 (predetermined withdrawal rule based on referene IR)f Aross all autions (52-108)g Aross all autions with statistially non-signi�ant entries set to zero51



Table 7: Interim pro�t of bidders per T-bill for sale - part 2Aution Expeted Surplusb and E�ienyAveragec Maximalc Minimalc Total 1c E� 1c,d Total 2e E� 2d,e86* 1.91 13.65 -0.95 24.82 1.16 114.35 1.03(2.98) (31.88) (0.97) (38.73) (0.20) (60.08) (0.24)87 0.66 4.77 -0.91 7.92 0.43 88.65 0.42(0.50) (4.22) (1.36) (6.05) (0.02) (50.00) (0.04)91 21.25 141.53 0.03 254.97 2.46 334.68 1.20(11.61) (96.84) (0.04) (139.35) (0.56) (197.14) (2.06)92 -0.54 3.72 -10.71 -6.42 0.50 87.75 0.74(0.68) (6.24) (4.45) (8.11) (0.01) (71.49) (0.06)94* 3.88 21.96 -0.65 38.79 5.70 83.61 4.32(1.56) (11.74) (1.18) (15.64) (0.70) (26.08) (1.40)95* -2.83 12.04 -49.81 -28.26 0.55 42.52 0.60(3.33) (25.44) (14.47) (33.28) (0.04) (66.31) (0.01)99 4.56 58.54 -0.08 63.80 4.43 123.84 5.49(5.79) (80.51) (0.09) (81.00) (0.62) (111.79) (1.79)100 0.56 5.25 -0.32 6.13 0.38 67.57 0.50(1.26) (13.51) (0.23) (13.84) (0.01) (60.39) (0.22)103 0.64 4.69 0.00 8.30 1.13 82.47 4.47(1.09) (14.03) (0.00) (14.18) (0.73) (97.03) (2.82)104* 0.84 5.34 -0.27 10.12 0.59 96.90 2.05(0.46) (3.52) (0.20) (5.56) (0.03) (58.26) (0.26)107 0.87 5.17 -0.01 11.33 1.18 157.59 8.77(0.39) (2.71) (0.07) (5.10) (0.09) (214.20) (1.86)108 11.42 75.48 -3.78 148.49 6.50 486.93 83.65(10.53) (89.99) (3.81) (136.91) (0.15) (417.30) (2.73)Meanf 7.01 54.14 -2.69 93.29 4.02 186.6 6.49Mean Sigg 2.92 1.12 -2.32 39.3 3.98 73.26 6.29Mean Conth 9.56 60.21 0.33 125.22 4.02 221.26 6.49* Ex post revenue was higher than under truthful biddinga Standard errors in parenthesesb Using the upper envelope of marginal valuations and expressed in CZK (a 25 CZK amounts to 1 basispoint di�erene in yield) Using estimates from Model 1 (independent supply withdrawal)d E�ieny loss due to misalloation in basis pointse Using estimates from Model 2 (predetermined supply withdrawal rule based on referene IR)f Aross all autions (52-108)g Aross all autions with statistially non-signi�ant entries set to zeroh Means of orresponding estimates implied by a model with ontinuous bids.
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Table 8: Marginal valuation funtion regression(Autions 52-60)Pooled Large bidders Small bidders
β1 -3027∗ -2836∗ -35636∗(782) (588) (11826)
n 37 28 9
R2 0.29 0.46 0.53
∗ Signi�ant at 5%a Std. errors in parentheses

Table 9: Testing dependene of signals and quantities won earlierAutions: {52 − 60} {61 − 67} {69 − 75} {76 − 85} {86 − 92} AllConstant 986,537 986,862 986,921 986,869 986,899 986,769(1273.5) (2598.9) (180.8) (93.2) (462.3) (778.6)
qt−1 57.45 48.6 15.39 14.63 20.99 16.68(542.9) (471.3) (163.4) (262.9) (150.4) (170.1)R2 0.13 0.46 0.03 0.02 0.08 0.07
n 40 38 46 41 36 274a Std. errors in parenthesesb Dependent variable: st Results for Autions 94-108 were qualitatively the same.

Table 10: Wiloxon Rank Sum Test of Equality of Distributions Fs−1|s1Autions | Sample splita {1, 2} , {3, 4} {1} , {2, 3, 4} {1} , {2} {3} , {4}

{52, 55, 56, 60} 0.04 0.01 0.68 0.24
{61, 64, 65, 67} 0.68 0.83 0.67 0.99
{69, 72, 73, 75} 0.30 0.62 0.16 0.16
{76, 81, 82, 85} 0.01 0.10 0.01 0.18
{86, 87, 91, 92} 0.65 0.92 0.69 0.41
{94, 95, 99, 100} 0.16 0.01 0.38 0.69
{103, 104, 107, 108} 0.21 0.02 0.94 0.99a For example splitting the �rst group of autions {52, 55, 56, 60} aording to the split
{1, 2} , {3, 4} means that two samples are reated. First sample onsisting of autions
{52, 55} and seond sample of autions {56, 60}b p-values of H0: Samples are from the same ontinuous distribution.
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Figure 6: Di�erent Cell Partitions
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