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Abstract 

We consider the problem of smoothing a sequence of 
noisy observations using a fixed class of models. Via 
a deterministic analysis, we obtain necessary and suffi- 
cient conditions on the noise sequence and model class 
that ensure that a class of natural estimators gives near 
optimal smoothing. In the case of i.i.d. random noise, 
we show that the accuracy of these estimators depends 
on a measure of complexity of the model class involv- 
ing covering numbers. Our formulation and results are 
quite general and are related to a number of problems 
in learning, prediction, and estimation. As a special 
case, we consider an application to output smoothing 
for certain classes of linear and nonlinear systems. The 
performance of output smoothing is given in terms of 
natural complexity parameters of the model class, such 
as bounds on the order of linear systems, the 11-norm 
of the impulse response of stable linear systems, or the 
memory of a Lipschitz nonlinear system satisfying a 
fading memory condition. 

1 Introduction 

In this paper, we study the problem of smoothing a set 
of noisy observations by using a fixed class of mod- 
els. Specifically, suppose we observe yi = fi + ei 
f9r i 5 1, ...An. Our goal is to obtain an estimate 
f = (fi,. . .,f,) for f = (fi,. . .,f,), that is close to f 
in some sense (made precise in the next section). We 
consider two related formulations. In the first, the true 
f is assumed to belong to some known class F .  In the 
second, we make no assumptions on f, but restrict at- 
tention to estimators f that belong to a known class F .  
In this setting, of course we should be content only in 
producing an estimate for f that is close to the optimal 
g E F .  

We first consider a deterministic/worst-case setting in 
which the ei is a fixed but arbitrary sequence. We ob- 
tain deterministic conditions on the noise sequence e; 
that are necessary and sufficient to allow smoothing in 
terms of the class of models F .  These conditions have 
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a natural interpretation: the correlation between the 
noise and certain “model difference” sequences should 
not be significantly larger than the power of those se- 
quences. This result can be used for stochastic noise 
models by verifying the deterministic conditions on the 
sample paths of the noise process. In particular, we 
treat the case of i.i.d. noise ei, and show that smoothing 
is possible if appropriate covering numbers of the model 
class grow slowly in terms of n - i.e., if a “richness” 
constraint is imposed on the class of models. Finally, 
we consider an application of these results to output 
prediction of linear and nonlinear systems. In these 
problems, it is assumed that the underlying system 
is unknown. An input sequence is applied and noisy 
outputs are observed. Using knowledge of the inputs 
we wish to estimate the outputs almost as accurately 
as the best model in a fixed class. As a special case, 
this gives near-optimal estimation when the system is 
known to belong to the model class. For k-th order lin- 
ear systems, for linear systems of arbitrary order but 
satisfying a constraint on the 11 norm of the impulse 
response, and for nonlinear Lipschitz fading memory 
systems we obtain explicit bounds on how well we can 
smooth in terms of the “complexity” parameters of the 
model classes. 

Our formulation is quite general and is related to a 
number of problems considered in papers on learning, 
prediction, and estimation. In particular, if the fi = 
f(q) for some function f and the points cl, . . . , c, 
are assumed to be known, then the problem consid- 
ered here is related to work in computational learning 
theory (see, for example, [l]). However, most of the 
recent work in computational learning theory consid- 
ers the problem of estimating a target function from 
noise-corrupted values at  a number of randomly and 
independently chosen points, where the measure of ac- 
curacy depends on the probability distribution gener- 
ating the points. In contrast, we make no assump- 
tions about the process generating the examples, but 
the conditions we obtain on the target class that are 
sufficient for the smoothing problem with i.i.d. random 
noise are similar to corresponding conditions for more 
standard learning problems. Our formulation is also re- 
lated to other work on output prediction in a systems 
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context (e.g., see [;!I and references contained therein). 
However, our success criterion is different and, in con- 
trast with previous work, we obtain both necessary and 
sufficient conditions on the noise sequence for general 
model classes. Our results are also similar in flavor to 
some work in identification that uses notions of cov- 
ering numbers and metric dimension to measure the 
complexity of identification (e.g., see [3] and references 
therein), but the specific formulations and results are 
quite different. 

2 Smoothing Problems 

Suppose we observle yi = f i  + ei for i = 1, . . . , n where 
f = ( f 1  ,..., f n )  is an underlying sequence we wish 
to estimate and ei represents measurement noise. For 
convenience, it is useful to assume we see a sequence 
of input points X I ,  . . . , a, chosen from a set X ,  and 
f i  = f ( x i )  for some: unknown target function f ( - ) .  The 
aim is to estimate ,the target function at the points, in 
the sense that 

. n  

is small, where f '  is the target function and g is 
the estimate. We also write this error as 119 - f ' l l f .  
That is, we identif:? the function f' with the sequence 
f * ( x 1 ) ,  f ' ( a z ) ,  . . ., and we define the family of norms 
over real sequences, 

IlYll" = ( ; CYi ,I, .)'"* 

An estimator can be viewed as a mapping from Xn x R" 
to R". 

We will fix a class F offunctions defined on the input 
set X ,  and consider two smoothing problems. In the 
first of the two smoothing problems, we want an esti- 
mator for which, for all target functions f* chosen from 
F ,  the error of the estimate goes to zero as n + 00. 

Definition 1 Le t  x = ( 2 1 , .  . . , a,) E X" be a n  input  
sequence and let e = ( e l , .  . . , e,) E R" be a noise se- 
quence. W e  say t h a t  an estimator €-smooths F with 
respect to x and e i f  it satisfies the following condition. 
For all f' E F ,  wh;en the est imator sees the sequences 
x and y, where yi =I f' ( x i ) + e i ,  it produces a n  est imate 
f n  satisfying 1 1  f ,  - f' 11: 5 E .  

FOT a n  input  sequence x = ( a l , x 2 , .  . .) E X" and 4 

noise sequence e =: ( e l ,  e2 , .  . .) E W", we say that  an 
estimator smooths F with respect to a and e if, f o r  all 
f* E F ,  the  est imate satisfies 

limsupll f n  - f*l ln  = 0. 
"-+a, 

In the second problern, we allow modelling error. In 
this case, for any target function from X to R the esti- 
mate must have error that approaches that of the best 
approximation in F to the target function. In fact, we 
restrict the target functions to those for which the ap- 
proximation error is bounded (otherwise aiming for a 
near-optimal approximation seems pointless). 

Definition 2 Let  a == ( X I , .  . . , a,) E X" be a n  input 
sequence and let e = ( e l , .  . .,e,) E W" be 4 noise  se- 
quence. W e  say tha t  an estimator €-optimizes over F 
with respect to a and E! if it satisfies the following condi- 
t ion.  For all target func t ions  m : X + R, w h e n  the  es- 
t imator  sees the sequences x and y wi th  yi = m ( x j ) + e i ,  
it produces a n  estimal'e f ,  satisfying 

l l f n  - mlli 5 inf 119 - mllz + E .  
s E F  

For a n  input sequence x = ( ~ 1 ~ x 2 ,  ...) E X" and 4 

noise sequence e = ( c l ,  e z , .  . .) E R", we say that  an 
estimator optimizes over F with respect to x and e if, 
f o r  all m : X + R satisfying 

the est imates  { f n }  satisfy 

We will concentrate on empirical estimators. 

Definition 3 For 4 class F of real-valued func t ions  
defined o n  4 set  X ,  an empirical estimator for F i s  
4 mapping from Xn x Rn t o  R". It returns 4 sequence 
f ,  in PI=, the  closure (wi th  respect t o  11 . 11") of 

F l = ,  .... ,=?% = { ( f ( x l ) , . . . , f ( x n ) ) :  f E F ) ,  

tha t  satisfies 1 1  f n  - yll, = inffcp I l f  - ylln. 

3 Deterministic Conditions 

Our first theorem gives conditions on noise sequences 
and sequences of function differences that are necessary 
and sufficient for the success of empirical estimators. 
The conditions can be thought of as a requirement that 
the correlation between the noise and any sequence of 
non-negligible function differences should not exceed 
the power of that sequence. 

Theorem 4 Suppose tha t  F is 4 class of real-valued 
func t ions  defined o n  4 set X ,  and x and e are input  
and noise sequences. 
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1. If some  empirical es t imator f o r  F fai ls  t o  smooth  
F wi th  respect t o  x and e ,  t h e n  there i s  a n  E > 
0, and a n  f *  E F such  that ,  f o r  infinitely m a n y  
values of n E N, there is a n  f in F satisfying 

i=l 

i=l 

2. If some  empirical es t imator f o r  F fai ls  t o  op- 
t imize  over  F wi th  respect t o  x and e ,  t hen  
there is a n  E > 0 and a n  m in Rx (satisfying 
lim supn+oo infgEF 119 - mil, < CO) such  that ,  f o r  
infinitely m a n y  n there is a n  f in F such  tha t  f o r  
f’ in q= satisfying ]If’ -mlln = infgEF I lg-mlln, 

Furthermore,  the  reverse implicat ions are also true in 
both cases if the  noise  satisfies limsup,,, llelln < 00 
and F satisfies the  following property: there is a p > 0 
such  that ,  f o r  all f1, f 2  E F, there are fi, f; E F and 
r E (p ,  1 - p) such  tha t  fi - f; = r(f1 - f2) .  

Notice that the condition on F that suffices for the 
converse results is trivially satisfied if F is convex and 
contains the zero function. 

Proof: 1. If an empirical estimator fails to smooth 
with no modelling error, then there is an E > 0 and 
an f *  in F such that, for infinitely many values of n, 
thereisan f inFwithIlf-(f*+e)ll: 5mingGp,=llg- 
(f * t e ) / [ :  and 1 1  f - f’ 11: 2 E. The second inequality 
is equivalent to the first inequality in (l), and the first 
inequality implies / I f  - (f’ + e)ll: 5 Ilell:, which is 
equivalent to the second inequality in (1). 

To see that the converse is true under the conditions 
on e and F ,  notice that, for any r > 0 the second 
inequality in (I)  is equivalent to 

n n 

i=l i=l 
n 

i=l 

For p < r < 1 - p, this inequality and the first inequal- 
ity in (I) imply 

n n 

i=l i=l 
n 

i=l 

It follows that 
n 

i=l i=l 

Notice also that Cy=’=,(r( fi - f : ) ) 2  2 nr2E 2 np2E. So 
the condition of the theorem implies there is an CY > 0, 
an E > 0, and an f *  in F such that, for infinitely many 
values of n, there is an f in F with 

I l f  - (r + 411: I I l f* - ( f *  + 411: - CY,  

and ) I f  - f’ 11: 2 E .  This implies that 

So some empirical estimator fails. 

2. If an empirical estimator fails to optimize over F ,  
then there is an E > 0 and a function m such that, for 
infinitely many n, if f’ E 3’1- satisfies ]If’ - mlln = 
infgeF 119 - mlln, there is an f in F with 1 1  f - (m + 
mil: + E .  These inequalities imply 
411: = mingEE,= Ils-(m+e)llK, and Ilf -41: 2 I l f* - 

n n n 

i=l i=l 

and ”. 
II 

i=l i= l  

The proof of the converse is similar to the correspond- 
ing proof for the first part of the theorem. H 

4 Smoothing with Random Noise 

In this section we consider the case of random noise se- 
quences e that are realizations of a uniformly bounded 
i.i.d. stochastic process. We show that in this case em- 
pirical estimators can smooth and optimize a uniformly 
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bounded function class F if F has a slowly growing cov- 
ering number. If (k',d) is a metric space, S c Y, and 
E > 0, the €-covering number of Y is the size of the 
smallest subset T of Y for which every point in S is 
within E of some point in T. For a function class F and 
a > 0, let N ( F , n , < a )  denote the maximum over x in 
X" of the a-covering number of qn E R" with respect 
to the metric d(a, a:) = Ila - alln. 

Theorem 5 Suppose tha t  e l , .  . . , e ,  are independent 
zero-mean random variables satisfying lei1 5 M. Sup- 
pose that  F is 4 class of real-valued func t ions  defined 
o n  X satisfying I f ( x ) I  <_ B f o r  all x E X and all 
f E F .  T h e n  f o r  any  input  sequence x E X " ,  and 
any m : X ---f R satisfying Im(xi)l 5 B, the  probability 
of a noise sequence e f o r  which some empirical estima- 
t o r  fails t o  €-opt imize  over  F wi th  respect t o  x and e i s  
n o  more  t h a n  

Clearly, since the second factor in the probability 
bound is exponentially small in n, a sufficient condi- 
tion to force the probability of failure to go to zero is 
that the growth of the covering number be slower than 
exponential in n. For i.i.d. noise, it is possible to show 
that a slowly growing covering number is also necessary 
for vanishing failure probability. 

Proof: 
fails for a given e and m, some f in F has 

From Theorem 4, if some empirical estimator 

where f* minimizes I l f *  -mil,. In that case, choose the 
f in an ~/(4M)-cover of 4- that satisfies l l f  - f l ln  L 
€/(4M). This f^ satisfies 

C(L - f;t)ei = i C(h - + i ~ ( f i  - ~ ) e i  

2 €/2 - IIP- fIInIIeIIn 
2 €/4. 

The probability tha.t the estimator fails is no more than 
the size of the cover times the probability that some 
fixed f will satisfy 

Hoeffding's inequality (see for example [4]) shows that 
this latter probability is no more than 

exp(-2e2n/( B2M2)) ,  

which gives the desired result. w 

In fact, for convex function classes F we can improve 
the rate of convergence in this result. 

Theorem 6 Suppose that F i s  4 convex class of real- 
valued func t ions  defined o n  X satisfying 1 f ( x > [  < B f o r  
all x E X and all f E F .  Let  e E 6%" be 4 realization 
of a n  i.i.d. stochastic process satisfying lei1 M and 
Ee; = 0 .  T h e n  f o r  any input  sequence x E X " ,  and any 
m : X -+ R satisfying Im(xi)l 5 B ,  the  probability of 
a noise sequence e f o r  which some  empirical es t imator 
fails t o  €-opt imize ove:r F wi th  respect t o  x E X" and 
e i s  n o  more  than  

(54(B;nM)J * 
N ( F ,  n, €/(28B + '12M)) exp 

The proof is based on that of the main estimation result 
in [5]. It uses the following consequence of Bernstein's 
inequality (Lemma 8 in [5]), instead of Hoeffding's in- 
equality. 

Lemma 7 ( [ 5 ] )  For i.i.d. random variables VI ,  . . . , V, 
satisfying 1x1 5 K, Elvi >_ 0,  and E X 2  < K2E% f o r  
i = 1,. . . , n wi th  K2 2, 1, we have 

Proof: (of Theorem 6)  If some f in F has 11 f - ylln 
minimized and 11 f - mIIi 2 I l f *  - mil: + E ,  then that 
f also satisfies 

E ( I l f  - YIIK - Ilf* - YllX) 2 

and minimizes 11 f - yl l i  - I l f *  - yIIK. Since this latter 
quantity is zero for f = f * ,  it follows that, for any 
Q > 0, this f has 

E ( I I f  - YllX - Ilf' - Y l l 3  L 
+ a (llf - YII? - Ilf' - YllX) * 

Set Q = 2 and choose an f in an €0-cover of 
that Ilf - 
any y it is easy to show that 

such 
5 EO (€0 will be chosen later). Then for 

I l f  - Y I I i  - W B  + W E 0  I IIP - YIIK L 
[ I f  - y1I2 + (4B + 2M + ~O)EO. 

If we set EO = ~ / ( 2 8 B  + 12M) then, provided E 5 B 2 ,  
we have that 

E (IlP - Yll: - Ilf* - YllK) 2 

€ / 2  + 2 (It? - Y I K  - Ilf* - Yll:) * 

So the probability that an empirical estimator does not 
€-optimize over F is no more than the size of an eo-cover 
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of qa times the probability that some fixed f̂  satisfies 
this inequality. 

Proof: Represent f using parameters y - ” + l , .  . . , yo, 
a l , .  . . , a k ,  bo , .  .., bk-1 so that f ( q , . .  .,U,,) = yn and 

Now consider Lemma 7 with = (A -yi)’  - (f: -y i ) ’ .  
Clearly, K1 = (2B + M) and it  is easy to show that 
we can choose Ka = 16(B + M)’ if the closure of qa 
is convex (see Lemma 14 in [5]). Substituting a = 1/2 
and U = ~ / 2  into Lemma 7 shows that the probability 
that an empirical estimator does not e-optimize over F 
is no more than 

E 
(F’ n’ 28B + 12M 

Clearly, corresponding results for smoothing (with no 
modelling errors) follow as special cases of Theorems 5 
and 6 .  In fact, we can always obtain the improved rate 
of convergence (approximately l / n  rather than 1 / f i  
in this case, even if F is not convex. The proof is 
essentially identical to that of Theorem 6 (except we 
use the fact that m is in F to provide the bound on 
K2). 

5 Systems Applications 

k k - 1  

j = 1  j =O 

for i = 1, . . . , n. Then f is a polynomial of degree 
no more than n in its 3k real parameters. Results of 
Goldberg and Jerrum [6] and Pollard [4] imply that 
the covering number of this class satisfies N ( F ,  n, c )  5 
( B / E ) ~ ~ ’ ~ ~ ”  (Dasgupta and Sontag [7] used a similar 
argument in their study of all-pole scalar systems with 
a thresholded output). Applying Theorem 6 gives the 
desired result. 

Of course, Theorem 8 immediately gives a similar re- 
sult for €-smoothing with respect to the class of linear 
systems of bounded order. In fact, we need not re- 
strict the order of the linear systems. The following 
theorem shows that for stable systems, the 11-norm of 
the impulse response provides an alternative measure 
of complexity. 

Theorem 9 Suppose Fs is the  class of causal t ime-  
invariant  linear sys tems  wi th  impulse response coeffi- 
cients satisfying CEO (h;( 5 S. Suppose that  e E R” 
i s  a realization of a n  i.i.d. stochastic process satisfy- 
ing lei1 < M and Eei = 0 ,  and that  “ 1 , .  . ., U,, and 
ml, . . . , m, are real sequences satisfying I u ; ~  5 B and 
1% I 5 B f o r  all i. Then w i t h  probability 1 - 6 over the 
noise sequence, the output f of a n  empirical es t imator 
satisfies 

We consider discrete-time systems f : BBM + Rm where 

Ilf - 41: i inf 119 - mllX + R” = { ( u ~ , u ’ , .  . .) : ui E Iw, i 2 0) .  We assume these 
systems are causal and time-invariant, so we will write 
f ( u 1 , .  . . , U”) for the initial length n subsequence of 

y1,. . . , yn where yi = m- + e i ,  and chooses an f in 
the model class that minimizes 11 f(u) - y ( ln .  Clearly, 
this includes smoothing as the special case in which 
m = f ( U )  for some f in the model class. 

Theorem 8 Suppose that  e E Rn i s  a realization of a n  
i.i.d. stochastic process satisfying lei1 5 M and E e i  = 
0. Le t  Fk be a subset of the  set  of k - t h  order linear 
systems.  L e t  u1,. . .,U, be a real sequence satisfying 
If (211, . . . , ui)] 5 B f o r  all i 5 n and all f in Fk. Let 
the real numbers  ml, . . . , m, satasfy 1~ I .< B f o r  all i. 
T h e n  with probability 1 - 6 over the noise sequence e ,  
the output f of a n  empiTical es t imator satisfies 

gEFs 

log(2n) 1’3 108(SS+ M)’ 1 
6 

log -. f ( u ) .  As above, an empirical estimator sees a sequence 48(BS + A q 2  (-) + n 

The proof uses ideas from [5] and [SI. It needs the 
following approximation result (which Barron in [9] at- 
tributes to Maurey). 

Lemma 10 (Maurey) Let  p be a probability measure 
o n  X and let F be a class of real-valued func t ions  de- 
fined o n  X satisfying If(.)] 5 1. Then f o p  any se- 
quence w ~ ,  . . . , wn of positive real numbers  that  satisfy 
Ciwi = 1 and any sequence f 1 ,  ..., fn of func t ions  
f r o m  F ,  there are func t ions  f1, . . . , j k  in F f o r  which 

Proof: (of Theorem 9) Fix an input sequence U .  
Let p be the uniform distribution on { (u l ,  u2,. . . , ui) : 

C - 
n 

where c is a universal constant. 
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i = 1, . . . , n}. Then for any f E Fs,  we have 

i-I 
f ( U 1 , ,  ... , u i )=ChjUi - j .  

By Lemma 10, there is some subsequence j,, . . . , jk of 
indices in (1,. . ., ;i} and a sequence a l l . .  . , CYk from 
{-1,1} such that 

j =O 

k 
S 

1=1 

It follows that theice is a BS/&-cover of Fsl. of size 
no more than (") 5 (2n)k. Now, by rescaling F ,  e ,  
and E, we can assume that BS + M = 1. Theorem 6 
shows that if 

E n  282 1 - :> - log(2n) + log -, 
54 -- E2 6 

then with probability 1-6 any empirical estimator will 
€-optimize over F .  For this it suffices if 

Rescaling F ,  e, and E gives the desired result. 

The next theorem (considers output smoothing for non- 
linear systems that satisfy a Lipschitz constraint. For a 
real-valued function f defined on a metric space, define 
IlfllL as 

inf(K > 0 :  If(.) - f ( y ) l  5 Kl la - y11, for all z,Y}, 

and let 11 f l lBL = I l , f l l ~  + 11 f i l m .  We shall consider 21; E 
[-1, 11 and a; = l(u1,. . ., ui), and define 11 1 1 ~  with 
respect to the Euclidean distance on [-1, lIi. 

Theorem 11 Suppose F i s  a class of bounded Lips- 
chitz sys tems  (thud i s ,  there i s  a n  L such that  f o r  all f 
in F ,  llfi - 1 , 1 ~ ~  1 1 ~ ~  5 L,  where fir-l,ll,, i s  the restriction 
off t o  /-I, lIn), and F satisfies the following fading 
m e m o r y  condition: there i s  a sequence q$ -+ 0 such 
that ,  f o r  all n, all (211,. . . , U,) E [-I, l]", and all f in 
Fl 

I f  (211, . . . I  U,) - f (?ln-i+l, * * 1 %)I < d i e  

W e  define +-'(a) = min(i : q5j 5 a for all j < i } .  

Suppose that  e E W" i s  a realization of a n  i.i.d. stochas- 
t i c  process satisfying lei1 5 M and E e i  = 0.  Suppose 
that  the real sequences u1, . . . , U ,  and ml, . . . , m, sat- 
is fy  luil < 1 and I'ql < L f o r  all i. T h e n  with proba- 
bility 1 - 6 over the  noise sequence e ,  the output f of 
a n  empirical estim.ator satisfies 

Proof Sketch: For any a > 0, let 

Fa =(f' : f'(U1. ,...,U,)= f( 'Ll,-k+l, . . . ,U,),  

for some f in F ) ,  

where k = #-'(a), Clearly, Fa forms an a-cover 
of F under the infinity norm, and Fa is a subset of 
bounded Lipschitz functions defined on [-1, ilk. Stan- 
dard bounds on covering numbers with respect to the 
infinity norm for this class imply the result. 

As for the linear case, if the Lipschitz constant, infin- 
ity norm bound, or fading memory property #-'(-) of 
f* are not known in advance, we can consider classes 
defined using estimates of these quantities, and the es- 
timates can be increa;sed as n increases. 
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