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« Transfer functions

Transfer Functions and

Frequency Response

Robert Stengel, Aircraft Flight Dynamics
MAE 331, 2018

Learning Objectives

Frequency domain view of initial condition response
Response of dynamic systems to sinusoidal inputs

Bode plots

Reading:
Flight Dynamics
342-357
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Transforms



http://www.princeton.edu/~stengel/FlightDynamics.html
http://adg.stanford.edu/aa241/AircraftDesign.html

Fourier Transform of a
Scalar Variable

Transformation from “time domain” to “frequency domain”

FAx(t)]= Ax(jo)= ]2 Ax(t)e ™dt, = frequency,rad /s

jo :Imaginary frequency operator,rad/s; j=+-1

Ax(t): real variable
Ax(jw): complex variable

= a(w)+ jb(w)

A: amplitude
@ : phase angle

= A(w)ejcp(w)

Fourier Transform of a
Scalar Variable
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Laplace Transform of
a Scalar Variable

Laplace transformation from “time domain” to
“frequency domain”

L[Ax(t)] = Ax(s) = ]oAx(t)e-”dz

s=0+ jw

= Laplace (complex frequency) operator, rad/s

Ax(t): real variable
Ax(s): complex variable
=a(s)+ jb(s)
- A( S) e/'(P(S)

Laplace Transformation is a
Linear Operation

Sum of Laplace transforms

LAx, )+ Ax, (1) = L] Ax,()]+ L[ Ax, (1)]
= Ax,(s)+ Ax, (s)

Multiplication by a constant

Larx(t)|= aL|Ax(t)] = aAx(s)
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Laplace Transforms of

Vectors and Matrices
Laplace transform of a vector variable

Ax, (s)
L[Ax(t)]=Ax(s)=| Ax,(s)

Laplace transform of a matrix variable

[1(9) fo(s) ..
LIFO]=F©)=| £,(5) fols) ..

Laplace transform of a time-derivative
L[Ax(1)] = sAx(s)— Ax(0)

Laplace Transform of
a Dynamic System

System equation

dim(Ax) = (n x 1)
AX(1) = FAx(t) + GAu(t) + LAw(?) | |dim(aw)=(nx1)

dim(Aw) = (s x 1)

Laplace transform of system equation

sAX(s) — Ax(0) = FAX(s) + GAu(s) + LAw(s)




Laplace Transform of
a Dynamic System

Rearrange Laplace transform of dynamic
equation

F to left, I.C. to right

sAX(s)-FAx(s)=Ax(0)+GAu(s)+LAw(s)

Combine terms

[s1- F]Ax(s) = Ax(0)+ GAu(s) + LAW(s)

Multiply both sides by inverse of (sl — F)
Ax(s) = [sI - F]_1 [AX(O) +GAu(s)+ LAW(S)]

Matrix Inverse

Forward Inverse

y=Ax; x=A"y

dim(x) = dim(y) = (n x 1)
dim(A) = (nx n)

Cofactors are signed

_ Adj(A) _ Adj(A) (nxn) minors of A

Al =
[A] A detA  (Ix1) iit" minor of A is the
CT determinant of A with
= s C=matrix of cofactors the i row and jh
detA column removed

Numerator is a square matrix of cofactor transposes
Denominator is a scalar
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Matrix Inverse Examples

dim(A) = (1x D)|

A=l

A =a;
a
dim(A) = (2x 2)]
T
Ay  —ay ap —ap
a, a —a, 4y —ay 4y
11 12 _
A= L A= -
ay A4y Qy10y; — A0y, Qy10y; — A0y,
11
n
Matrix Inverse Examples
dim(A) = (3% 3)|
ay  4p 4y
A=| a, ay ay
a; 4y 4y
_r
(a22a33 - a23a32) _(a21a33 - a23a31) (azlasz - azzasl)
_(a12a33 - a13a32) (anaas - alSaSI) _(‘111‘132 - a12a31)
A-l (a12a23 - a13a22) _(anaza - a13a21) (anan - alZaZI)
Ay Ay sy + A Ay3Qs, + A3y, A3y — Q305,03 — A0y Ay — Gy 0p3dy)
(a22a33 - azaaaz) —(a12a33 - a13a32) (a12a23 - a13a22)
—(a21a33 - a23a31) (al 1933~ a13a31) _(auazs - a13a21)
(a21a32 - a22a31) _(anasz - alZaSI) (anazz _a12a21)
Ay Ay Qs + A Ay3Qsy T+ Q130 A3y — Q30503 — A0y Ay — Ay Ap3dy) 12




Characteristic Matrix Inverse

Characteristic matrix
(2"-order example)

[sI-F]
Inverse of characteristic matrix

[I-F]"' = Adj(sI-F) _C'(s) (2x2)
|sI-F| AGs)  (1x1)

Denominator is the characteristic polynomial, a scalar
|sI — F| = A(s)

2
=s"+cs+c,

Roots of A(s) are eigenvalues of F 13

Numerator of the Characteristic
Matrix Inverse

Numerator is an (n x n) matrix of polynomials

n(s) ny(s)

Adj(sI—F)z ) )

For example,

n (s)=k(s—2)
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Initial Condition Response of a
2nd-Order System

Ax(s) = [sI-F]" Ax(0)

Time-domain model
ao | [ a s | Ao SN
A || fa S | A0 || An©) |

Frequency-domain model

{ A% (5) }:[SI_F]II A% (0) ]
Ax,(s) Ay (0)

(sl — F)-1 Distributes and Shapes

the Effects of Initial Conditions

= Numerator distributes

= each element of the initial 1 1
condition to n, (s) ) (s)
u 2 2
each element of the state B n (s) ny(s) (2x2)
- - [I-F] =" +es+ (1x1)
Denominator determines the S TESTC

common modes of motion

Ax(s) = nll (S)AXIZ(O) + n;(s)Ax2 0)
s"+cs+c,

Av(s) = nf (s)Ax, (O)+n§ (s)Ax,(0)
2 s2+cs+¢,
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Initial Condition Response of a
Single State Element (Frequency
Domain)

Ax(s)=[sT-F]" Ax(0)
[l () A
n(s) ny(s) - n,(s)

_ ny(s) ny(s) o my,(s) )
Axl(s) A)C](O)
A (s) |_| n,(s) n,(s) ., (s) || Ax, (0)

A(s)

= Ax,(s) | I Ax, (0)

17

Initial Condition Response of a
Single State Element
(Frequency Domain)

Initial condition response of Ax,(S)

sz(s): nZI(S)AX](O)+n22(s)AX72(0)+"°+nz"(S)AX'n(O)

A(s) A(s) A(s)

Ny (s)Ax1(0)+ ny, (s)Ax2(0)+---+n2n (s)Axn(O)
B A(s)

A pz(S)

A(s)
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Partial Fraction Expansion of the
Initial Condition Response

Scalar frequency response can be expressed with n
parts, each containing a single mode

_nil(s)
AX,-(S)—%

=[(Si1111)+(siZZAQ)J’"'(Sil"ln)l’ i in

For each eigenvalue, A, the coefficients are

-5 o005

j=Ln

s=1;

19

Partial Fraction Expansion of the
Initial Condition Response

Time response is the inverse Laplace transform

Ax,(t)= L[ Ax,(s)]
d . d d
(s—ll) (5—2,2) (s—ln)

Ax,(t):(dle)«]t +dzelgt+.“+dnelnt)., l:l,n

1

.

Each element’s time response contains
every mode of the system (although

some coefficients may be negligible)
20
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Historical Factolds
Unusual Aircrafi

'THE WORLD'’S WORST THE WORLD'S STRANGEST

AIRCRAFT  AIRCRAFT

|
]ames Cilbert ‘ A Collm \\\'cird and Wonderful Flying Machines

Michael Taylor

Forssman Tri-Plane (?) Westland P.12 Lysander
21
=]
Multiplanes-1
AEA Cygnet I, Alexander Hargrave quadraplane

Graham Bell, Glenn Curtiss,
1909 (3,393 tetrahedral cells)

(model), 1889

11/20/18
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Multiplanes-2

Phillips, 1904 Phillips, 1907 Vedo Villi, 1911

4

Wight Quadraplane, Pemberton-Billings
1916 Nighthawk, 1916 John Septaplane, 1919

23

Unusual Engine Layouts

Farman 3-engine Jabiru - Tarrant 6-engine Tabor, 1919

Heinkel 5-engine He111Z

11/20/18
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More Unusual Airplanes

Caproni Ca 60, 1920 Miles LibeIIuIa, 1943

Control Response in
Frequency Domain

State Response to Control Input

[ Ax,(s) ]:[SI_F]l G{ Au(s) }
Ax, (s) Auy (s)

Output Response (H, = 0) to Control Input

iyl(s) =H,[sI-F]'G An(s)
,(s) Au,(s)
é%(s)[ A (s) }
Au,(s)

26
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1st-Order Transfer Function
Scalar dynamic system

i(t)= fu(r)+ gul(r)
y(¢)=hx(z)

Scalar transfer function (= first-order lag)

Y) - sy =hls— T o= —18 (nemer=
M(S)—W(S)—h[s f] g_(s—f) (n=m=r=1)

27

2nd-Order Transfer Function

2nd.order system differential equation
SN % (1) _ fu S x (1) 81 8n u, (1)

x()=| = +
xz(l) H [ xz(t) 8u 8n uz(t)

Y (t) hy oy X (Z)
Y(t):! ¥, (1) ]:[ hy 1[ x, (1)

2"d-order system transfer function matrix

T (s)=H, (sI-F) ' (5)G

h21 h22

. (s_fn) flz
:{ by fdjl h (S_f”)]

(rxn)(nxn)(nxm)

=(rxm)=(2><2)

28
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Eigenvalues of a Dynamic System

As)=(s—24,)(s=A)(..)(s=4,)=0

Eigenvalues are real or complex numbers
that can be plotted in the s plane

Real root

A =0,

Complex roots occur in

conjugate pairs

A =0+ jo,

ﬂ’i+1:2‘ i =0,7JO;

|

Imaginary

Stable Unstable

X X

s Plane

Positive real part
indicates instability

Real

29

v, m/s

-w,

o =
oq
Pitch angle, deg
[ )

Pitch rate, deg/s

-

6 - .
4 g
g
2 2
5
o ]
|

20 30

0 10

10 20 30

Aircraft Modes of Motion

0.09

0.08
0.07
0.06

© 0.05

= 0.04
003
002
0,01

100 200 300 0
Time, s

100 200
Time, s

€ 0.06
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Longitudinal and Lateral-Directional
Roots of the Characteristic Equation

+ 12 roots of the characteristic equation
+ Characteristic equation of the system

A(s)=s"+c; s +..4+cs+¢, =0
- (S_ ll)(s_ lz)("')(s_ /112) =0

| Up to 12 modes of motion |

In steady, level flight, longitudinal and lateral-directional
LTI perturbation models are uncoupled

A(s)=A,,, (A, 1, (s)=0

- [(s -4 )(s — A ):|Long [(S —A4 ) ' '(S — 4 ):ILat—Dir

31

Longitudinal Modes of Motion in
Steady, Level Flight

Longitudinal characteristic equation has 6 roots

A, ()= (s—lR)(s—lH)[(s—Z,P)(s—A*P)][(s—;tsp)(s—l*sp)]

Real Real Complex Complex Complex Complex

4 modes of motion (typical)

A, () =[s=(0)[s=(~0)](s’ +2L,0, s+ @, )(s + 200, s+ o], )=0

Range Height Phugoid Short Period

32
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Each Complex Conjugate Pair Forms
One Oscillatory Mode of Motion

Phugoid Roots

(S_/’LP)(S_}'*P):[S_(O-P +jwp):||:s_(0-1° _ij)]

A

=5"=20,5+(c,” +w,’) (s2 +28,0, s+

’wn : Natural frequency, rad/s‘ ’2’; : Damping ratio, -‘

Short Period Roots

(s— ﬂ.sp)(s— }»*SP) = [s —(ogp+ ja)sp):“:s —(0g- ijP):|

,,,,,

33

Lateral-Directional Modes of
Motion in Steady, Level Flight

Lateral-directional characteristic equation has 6 roots

Ap(s)= (S_ACR)(S_lHead)(S_A’S)(S_ZR)I:(S_A’DR)(S_A’*DR):I

5 modes of motion (typical)

A, (8)= I:s—(O):”:s—(O):l(s— ls)(s— )VR)(S2 + ZCDRa)nDRs+ijR ) =0

Crossrange Heading Spiral Roll Dutch Roll

34
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Bode Plot

(Frequency Response of a
Scalar Transfer Function)

35

Scalar (Single-Input/Single-Output)
Frequency Response Function

Substitute: s = jw

T, (jo)y=H_, [sI-F]'G

ow j™column
=) (0-2),-{0=3)
(jo-2)(jo-1,)..(jo-2,)

ij

= a(w)+ jb(w) — AR(w) /"

* Frequency response is a complex function of
input frequency, w
— Real and imaginary parts, or
— >>Amplitude ratio and phase angle << 36

11/20/18
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Pitch Rate
Amplitude, dB

%
S

Pitch Rate
Phase Angle, deg

Bode Plot Portrays Response
to Sinusoidal Control Input

‘ > Express amplitude ratio in decibels
T oasidec \ AR(dB) =

20\dB/d¢c  -20 dB/dec
20log,, [AR (original units)]

‘ # zeros = 1 20 dB = factor of 10

# poles =2
Products in original units are sums
¥ in decibels
10 102[. (Dn 10 10 z= xy
Frequency (rad/sec) 20logz=20logx+20logy

Asymptotes form “skeleton” of response amplitude ratio
Plot AR(dB) vs. 10g1g(winpur)
Plot phase angle, ¢(deg) vs. 10g1o(®jnpur)

37

Bode Plot Portrays Response
to Sinusoidal Control Input

Why Plot Vertical Lines where w = zand w,?

Asymptotes change at frequencies
corresponding to poles and zeros

20

D_J ‘
0 dB/dec ‘
20/ dB/dec  -20 dB/dec

]
# zeros = 1
# poles =2

Pitch Rate
Amplitude, dB
]

Pitch Rate
Phase Angle, deg
8 g

z o
Frequency (rad/sec)

aqGo) _ ki (je-2)
ASE(jo) -’ +20,0, jo+o,

Jois (@)
AR, (0) ) = ;

38

19
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Pole and Zero Effects are Additive for
Amplitude Ratio (dB) and Phase Angle (deg)

aqjo) _ k(o2
ASE(jo) -w’+2{,0, jo+o,

2

JOge(®) _
AR;’E((D) e =

Input frequency, @ =—z, (<0),
kq(ja)_zq)=quq(_j_l)
=—quq(j+1) s

— +45°
B kq|sz|e

Input frequency, @ =@, ({5 >0)
-, +20gjo, +o, =200,
o
20,
-J

2§ spw:y

1 -90°
=—2¢ Frequenc
2
260, 39

Asymptotes and Departures for
1st-Order Bode Plot

10 100 . 100
74 i0)=——||H. i) =
blue (] ) (] + 10) green (.] ) (

Jj®+100)

A, (jo)=——
red(.]a)) (]w+10)

First-Order Lag Bode Plot

N
S

0 dB/dec . !

o o

0 dB/dec

Magnitude (dB)
h b b b L
o8 8 8 8 3

|
i
i
T
@ i
T \ }
A
S s
] |
£ i
|
| 843
-90
107 107 10° 10' 10° 10°
;‘1,2 Ay 40

Frequency (rad/sec)
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Bode Plots of 2"d-Order System
(No Zeros)

Second-Order Lag Bode Plot

T (jo) 10? 20
T g (JO) = : _
i Gy +200)(10)(j@)+107| & o e\
§ ;
.é w0 Effect of i
10° g Damping Ratio | ~40dBldec
I (jo)= S '
e ) o 1 2(04)(10) ) + 10° . | |
0
- 10 s
T (jo)= . e
WO 20707 (10) ) s 107 £ ‘
o 135 [
-180 i
10? 107 10° 5 o e

10
mn
Frequency (rad/sec)

41

Transfer Function Matrix for
Short-Period Approximation

(H,=1,, H,=0)

kqngE(s) Ag(s)

. kg (5) ASE(s)
K= Tt o st 2| Aas)
SP™ ngp nsp
AOE(s)

42
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Components of Approximate
Short-Period Transfer Function
L;:=0
Pitch Rate Transfer Function

Agq(s)

v re(73,)

N Gt

= 2
s°+28 0, 5+,

ASE(s) s2+(—Mq+L“v )S_[Ma[l-%)+MqLav ]
N N N

Angle of Attack Transfer Function

Ao(s)

M

SE

A ka
£ :
s°+20,0, sto,

2

ASE(s) Sz+(_Mq#%N)s-[Ma(l—L/ij*MqL%J

43

Short-Period Frequency Response,
Amplitude Ratio and Phase Angle

A .
s=jo

Pitch-rate frequency response

Aq(jo) k,(jo-z,)

ASE(jo) -0 +2{,0, jo+o,

= AR (@)

2

Angle-of-attack frequency

response
Aa(jo) k,
ASE(jo) -0’ +2{,0, jo+o,’
=AR{X(C())BM“(”)

Pitch Rate
Amplitude, dB

Pitch Rate

Phase Angle, deg

Angle of Attack
Amplitude, dB

Angle of Attack

Phase Angle, deg

/(. /

-20
-40
270
180
%
50
-50
-100
180
0

0

i
Wy

Frequency (rad/sec)

44
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MATLAB Bode Plot with asymp.m

http://www.mathworks.com/matlabcentral/

http://www.mathworks.com/matlabcentral/fileexchange/10183-bode-plot-with-asymptotes

‘ 2nd-QOrder Pitch Rate Frequency Response ‘

Bode Diagram Bode Diagram

Magnitude (dB)
Magnitude (dB)

Phase (deg)

T

Frequency (rad/s)

Phase (deg)

" Frequency (radis)

45

Magnitude (dB)

Asymptotes form Complex Bode Plots for
Transfer Functions

g

4" -order model of Ag(jw)/ASE(jo)

20 ™
g S 10l I
i ° (I ey o W) : :
& -0 L2000
Frequency (rad/sec) 2 20 |  dB/dec ]
Integrator Bode Plot 2 I
. =
.o E
- <
. =3
g 2
- 8
= 102
5=
£ s .
o ()
0 o' @ ©
Frequency (rad/sec) g’
Diferentiator Bode Plot E
. <
" Q
2w 0
- g
£ o
£.
g 1078 1072 107" 10° 10' 102
g" Input Frequency, rad/s 46

Erequency (rad/sec)
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Next Time:
Root Locus Analysis

Reading:
Flight Dynamics
357-361, 465-467, 488-490, 509-
514

Learning Objectives

Effects of system parameter variations on modes of motion
Root locus analysis
Evans’ s rules for construction

Application to longitudinal dynamic models
47

SUPPLEMENTARY
MATERIAL

48

11/20/18
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Matrix Inverse Examples

A=5; A'l=l=0.2

49

Longitudinal Modes of Motion

Eigenvalues determine the damping and natural
frequencies of the linear system’ s modes of motion
+ 6 eigenvalues

— 4 eigenvalues normally appear as 2 complex pairs
— Range and height modes usually inconsequential

Ayan :Tange mode =0
Mg ~height mode =0

(C ps®, ) : phugoid mode

(ZSP 0, ) :short - period mode

50

11/20/18

25



Phugoid (Long-Period) Mode

]

15 15
05 o
. 3 2 05 -
Airspeed § o 2 Flight Path Angle
< S o
® -05 -
2 5
T i 05
-1.5 -1
] 20 40 60 80 100 0 20 40 60 80 100
Time, s Time, s
2 15
B
g’ 1 %‘, 1
s g
Pitch Rate g, < o0s Angle of Attack
[+
a1 < 9
-2 -0.5
0 20 40 60 80 100 0 20 40 60 80 100
Time, s Time, s 51

Short-Period Mode

Note change in time scale ‘

1 15

Airspeed Flight Path Angle

°
@

True Airspeed, mis
°
Fiight Path Angle, deg

Pitch Rate 05 Angle of Attack

Pitch Rate, degls
b L o
Angle of Attack, rad

4 2
Time, s Time, s
52

11/20/18
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Lateral-Directional Modes of Motion

+ 6 eigenvalues
— 2 eigenvalues normally appear as a complex pair
— Crossrange and heading modes usually inconsequential

A, 1crossrange mode =0
Apooa - heading mode =~ 0
A tspiral mode
Ay 1roll mode

(C ')R’wnm) : Dutch roll mode

53
Dutch-Roll Mode
N N
[l \“ \
A 2
U t“rf‘[’:}- ﬁ i MT:}
U U
1 2 1
YawRate £ % . Sideslip Angle
: -0.5 B -0.5
‘0 2 4Tlme' 6 8 10 ‘U 2 4T ‘‘‘‘‘ 6 8 10
54

11/20/18

27



Roll and Spiral Modes

g
Roll Rate &'

14
12
:
E39 Roll Angle
e 04
02
40 OD 10 30 40

TTTTTT

55

Transfer Function Matrix

Frequency-domain effect of all inputs on
all outputs (H, =0)

I (s)=H [sI-F]" G

(rxn

)

n)(nxm)
)

nx
(rxm

56

11/20/18
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Characteristic Polynomial
of a LTI Dynamic System

Response to initial condition, control, and disturbance

Ax(s) =[sI- F|'[ Ax(0) + G Au(s) + LAW(s)]
Inverse of characteristic matrix

-] - Adj(sI-F)

Characteristic polynomial

|SI— F| = det(sI— F) = A(s)

. .n n—1
=s"+c,_ 5" +..+cs5+¢,

57

Eigenvalues (or Roots) of
a Dynamic System

Characteristic equation of the system

A(s)=|sI-F|=s"+c, 5" +..+cs+¢c,=0
=(s=24)(s=4)(-)(s=4,)=0

... Where A; are the eigenvalues of F or the
roots of the characteristic polynomial

58

11/20/18
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Scalar Transfer Function

from Aujto Ay;

+ Just one element of the matrix, H(s)
« Each numerator term is a polynomial with g zeros,

where ¢ varies from term to term and =n -1

T (s)

g

ny(s) k; (sq +b, s +..+bs+ bo)

A(s) (s"+cn_ls”_1+...+ c1s+c0)

Denominator polynomial contains 1 roots

(s=2),(s—2), (s -z, )Z_j

= A=) (5= A)

# zeros = q
# poles =n

59

Control Response of a Single State

Element

Ay, (s) =k nij(s) Auj (s)

T A(s)

60

11/20/18
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Relationship of (sl — F)-1to
State Transition Matrix, ®(,0)

Initial condition response

Time AX([) = (I)(t,O)AX(O)

Domain

Frequency

Domain AX(S) = [SI - F]_l AX(O) =

Ax(s) is the Laplace transform of Ax({)

Ax(s)= L[Ax(1)]|= L] ®(£,0)Ax(0) | = L[ @(,0) |Ax(0)

61

Relationship of (sl — F)-'to
State Transition Matrix, ®(7,0)

Therefore,

[sI-F|" = £[®(1,0)]

= Laplace transform of the state transition matrix

62
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Constant Gain Bode Plot

Constant Gain Bode Plot

y(t) = hu(t) g
A (jo)=1] §
A (jo)=10|
T (jo)=100

-1
107 107 10° 10' 10° 10°
Frequency (rad/sec)

Slope =0 dB/dec, Amplitude Ratio = constant
Phase Angle =0°

63
Integrator Bode Plot
y(f) =h u(l‘)dt . Integrator Bode Plot
i)
T (jo)=— 5
Jo = w0
A (j0) =~ g
o g =
Slope =—-20 dB/dec o
Phase Angle =-90°
64

11/20/18
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Differentiator Bode Plot

du(t)

y(e)=h—

A (jo)= jo

Differentiator Bode Plot

Magnitude (dB)
o 8 &8 8 8

|
8

el

T (j0)=10 jo

8
&

Phase (deg)
g 8

Slope =+20 dB/dec
Phase Angle =+90°

10 10
Frequency (rad/sec)

65

Sign Change

Integral
Slope =—-20 dB/d
A (joy=——| > «
jo Phase Angle =+90°
Derivative
X 5 lope =+20 dB
T (o) =—jo Slope =+20 dB/dec
Phase Angle =-90°

66
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Multiple Integrators and
Differentiators

Double Integral

1 . h Slope = —40 dB/dec
=h dr*| | (jw)=
y(t) {{u(t) t (jo) (o) Phase Angle = —180°

Double Derivative

Slope = +40 dB/dec
Phase Angle =+180°

%‘(ja))zh(jw)z

67

Bode Plots of 1st- and 2"d-Order Lags

1st- and 2nd-Order Lags

a 20
T 10
$ o
3
= 10
c
D20
= -30

-40

-50
i~ [
o
(]
3 -45
Q
g -90
<
o

-135

180

10 10°
A, jm:ﬁ Frequency (rad/sec)
100*
T, (JO)=
e )= T 2(0.1)(100) j) + 100° o
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Numerator and Denominator
of 2nd-Order (sl — F)-!
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2nd-Order Transfer Function,
Scalar Input
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2"d-Order Transfer Function,
Scalar Input

Collect Terms

T (s)=
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Magnitude (dB)

Phase (deg)

Left-Half-Plane Transfer Function

Zero

Zeros are numerator singularities

I (jo)=(jo+10) T (jo) = k(jo-z)(jo-z)..

(jo-1)(jo-21,).(jo-24,)

Negative 1='-Order Zero

plane
* Introduces a +20

K_ dB/dec slope

o

10 1
Frequency (rad/sec)

« Single zero in left half

" Produces phase lead
‘/I in vicinity of zero
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Right-Half-Plane Transfer
Function Zero

T (jo)=—(jo-10)

Positive 1¢-Order Zero
i

+ Single zero in right half ) ; 20 dBldec
plane ] !
*Introduces a +20 dB/dec £ . 5
S|ope == 430148

* Produces phase lag in
vicinity of zero

180 i
N\ |
135

Phase (deg)

10 10
Frequency (rad/sec)

i&
|
|
! 10° 10°

2nd-Order Transfer Function Zero
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+ Complex pair of zeros

i “notch” at its “natural
' frequency”
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Bode Plots of 2"d-Order Lags
(No Zeros)
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Bode Plots of 39-Order Lags
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Bode Plot of a 4th-Order System
with No Zeros
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* Resonant peaks and
large phase shifts at .
each natural frequency

« Additive AR slope shifts
at each natural
frequency
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Longitudinal Transfer
Function Matrix

+ With Hy =1, H, = 0, and assuming
— Elevator produces only a pitching moment
— Throttle affects only the rate of change of velocity
— Flaps produce only lift

S, ()=H, [s1-F,]'G,,

[ Vv \4 Vv 14 1
L0 o0 o ny(s) n,(s) n,(s) n,(s) 0 T, 0
010 0 ny(s) nl(s) nl(s) nl(s) 0 0 Lsg/Vy
0.0 1 0 | ni(s) ni(s) ni(s) ni(s) | Mz O 0
0 0 01 -
ny(s) ny(s) nj(s) ng(s) 0 Lsp IVy
ALon(s)
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Longitudinal Transfer
Function Matrix

+ There are 4 outputs and 3 inputs

nie(s) myp(s)  nie(s)
nip(s) mi(s)  ni(s)
nie(s) ni(s) n(s)

ng(s) g (s) ni(s)

%n(s): (

s +28,0,5+0, " )(s2 +20,0, s+ (Unspz)
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Longitudinal Transfer Function Matrix
Relates All Inputs to All Outputs

+ Input-output relationship

Ay (s)
Aq(s)

L AV(s) |

I Ao(s) .

= A, (5)

. ASE(s) |
AST(s)

ASF(s)
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Transfer Function Matrix for 2nd-
Order Short-Period Approximation

Dynamic Equation

o] 2 5 b [ S 5 b

Transfer Function Matrix (with H, =1, H, = 0)
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(s—M,) -M,

Ay () =1, (sI-F), (5)Gy, = _(1_L%) (s+L%) {_Z%N]
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Transfer Function Matrix for
Short-Period Approximation
Transfer Function Matrix (with H, =1, H, = 0)

Expand Inverse
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Transfer Function Matrix for
Short-Period Approximation

S5 (5) =

‘ Expand Products ‘
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4th-Order Transfer Function

with 2nd-Order Zero
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Elevator-to-

Normal-Velocity |aws) e Ml +2os+al),  (s-2)
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Response to a Control Input

Neglect initial condition and disturbance

State response to control

sAX(s) = FAx(s)+ GAu(s)+ Ax(0), Ax(0)=0

Ax(s)=[sT-F]" G Au(s)

Output response to control

Ay(s)=H Ax(s)+H Au(s)

=H_[sI-F]" G Au(s)+H,Au(s)
={H,[s1-F]" G+H, | Au(s)
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