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Learning Objectives

4th-order dynamics
— Steady-state response to control
— Transfer functions
— Frequency response
— Root locus analysis of parameter variations i K
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Stability-Axis Lateral-Directional
Equations

With idealized aileron and rudder effects (i.e., N5y = Lsg=0)

. N, Ny | N 0
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Ao |_| -1 E| o Vi AB@) | ASA
Ap(t) l N Ap(t) AS6R
. L, Lﬁ L 0
AP(t) g A(1)
0 0 1 0
Ax, Ar Yaw Rate Perturbation
Axv, | | AB | | Sideslip Angle Perturbation Ay, AdA | Aileron Perturbation
Ax, | oap | Roll Rate Perturbation Au, ASR - Rudder Perturbation
Ax, A¢ Roll Angle Perturbation
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Lateral-Directional
Characteristic Equation

Y
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4 3 2
=s +a,s"+a,s +as+ta,=0

Typically factors into real spiral and roll roots
and an oscillatory pair of Dutch roll roots

A, ,(s)= (s - )\.S)(S - )»R)(sz +28w,s + a),f)

DR 3

Business Jet Example of
Lateral-Directional
Characteristic Equation
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Dutch roll X
1

Roll Spiral

-1
Dutch roll X|

A, (s) = (5 -0.00883)(s +1.2)[ s +2(0.08)(1.39)5 +1.39°]

Slightly Stable Lightly damped 4
unstable Spiral Roll Dutch roll
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4th-Order Initial-Condition
Responses of Business Jet
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Initial roll angle and rate have little effect on yaw rate
and sideslip angle responses

Roll angle is slightly divergent (spiral mode)

Initial yaw rate and sideslip angle have large effect on
roll rate and roll angle responses 5

Approximate Roll |
and Spiral Modes e O

* Roll rate is damped by L,
+ Roll angle is a pure integral of roll rate

Ap L, 0 Ap Ls,

| = + ASA
A¢ 1 0 A¢ 0

Characteristic polynomial has real roots

A () =S(S—Lp)

ﬂ, = Neutral stability

A = Generally <0




Approximate Dutch
Roll Mode

N, N N
B N YBR ASR
ag || [ Xeo] Xe |l ap || e

Vy \ Vy

+ Characteristic App(s)=s -(Nr +%,)s+|:Nﬁ(l_%N)+N' %]

polynomial,

natural o, :\/NB(I—Y'V )+N,Y%
frequency, and N v

damping ratio sz_(N'Jrl% )/2 Nﬂ(l_)%’)_'_Nr}%’

+  With negligible w = IN.+N Yﬁ/
side-force B SV
sensitivity to Y./ 1%
yaw rate, Y, ?;DR=—(N,+ S'VN) 2,[N;+N, %/N ;

Effects of Variation
/n Primary Sftability
Derivatives
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Ng Effect on 4th-
Order Roots

+ Group A(s) terms multiplied by N; to

form numerator 15
- Denominator formed from remaining ’
terms of A(s) 1
’ Root Locus Gain = Directional Stability ‘ -~ 05
©
c
App(s)=d(s)+ Nyn(s)=0 2 0
=
ns) Ny(s=2)(s-2) =05
k= —=-1= 2 2
d(s) (s—ll)(s—lz)(s +2{w,s+o, ) p
+ Positive Ng
— Increases Dutch roll natural frequency = 'E1 5 1 -0
— Damping ratio decreases but remains ’ :
stable
— Spiral mode drawn toward origin
— Roll mode unchanged
+ Negative N; destabilizes Dutch roll mode 9

N, Effect on 4th-
Order Roots

’ Root Locus Gain = Yaw Damping ‘ N,<Q Dutch Rffl N:>0

= = Zeroo..
A, (s)=d(s)+N n(s)=0 o e?—o <1 T

PRI N,-(S—Zl)(s2+2‘uv”s+v”2) Roll \%ﬁ;ll'al,':
d(s) (S_ll)(s_ﬂvz)(sz +2CCU"S+CD"2) E Zero —’//

Imaginary
°

. Negative Nr -2 Dutch Roll
— Increases Dutch roll damping .
— Draws spiral and roll modes together ~* ~* 7 ' S

 Positive N, destabilizes Dutch roll mode




’ Root Locus Gain = Roll Damping ‘

A p(s)=d(s)+L,n(s)=0

k@— Lps(s2+2,uvns+vn2)

ds) 1= (s—il)(s—lz)(sz +2§wns+wn2)

* Negative L,

— Roll mode time constant

— Draws spiral mode toward origin
+ Positive L, destabilizes roll mode
* Lp: negligible effect on Dutch roll
mode

+ L,can become positive at high angle
of attack

Imaginary

-1

-15

-2

L, Effect on 4"-

Order Roots

®
Dutch Roll & Zero

L,<0 L,>0

Roll Zero Spiral

Dutch Roll & Zero
[ 3

=2

=1 -0.5 0 0.5 1 15 2

Real

coupling Stability Derivatives
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Dihedral (L;) Effect on 4th-Order Roots

’ Root Locus Gain = Dihedral Effect ‘ ] Bizjet Example ‘
Ap(s)=d(s)+L, ( %N - Np)n(s) =0 S /
1 Dutch Roll
kn(s) 1 Lﬁ(%N_N")(S_ZI) “1 L<0 L;>0
d(s) (s_ﬂ’s)(s_ )’R)(sz +2Cﬂ)nms+(1)jm) Zﬁ ' Roll  Zero Spiral
ALD(S) = e Dutch Roll
(5-0.00883)(s +1.2)[s* +2(0.08)(1.39)s +139°]| ™ b

* Negative L;
— Stabilizes spiral and roll modes but ...
— Destabilizes Dutch roll mode

- Positive L; does the opposite

Stab“lZlng Lateral_ & Solar Impulse
Directional Motions [ st GG

4

* Provide sufficient L; (-) to stabilize the spiral mode
+ Provide sufficient N, (=) to damp the Dutch roll mode

Original Root Locus Increased IN/
2 2 .
‘\ ‘\«
1 '
0 05
H B
) £ 0
£ E
-05 05
o -
-15 e N -15 '»"‘ ﬂ\
s '/'
v .

2 -5 -1 05 0 05 1 15
Real Real

How can Lg and N; be adjusted “artificially”,
i.e., by closed-loop control?




Oscillatory Roll-Spiral Mode

Ags, = (s=25)(s=2,) or (s2 +2¢w, s +a)n2)

RS

The characteristic equation factors into real
or complex roots
Real roots are roll mode and spiral mode when

L,N, <LN,

Complex roots produce roll-spiral oscillation or
“lateral phugoid mode” when

LyN,>L Ny and

N, {(Lﬁ +LY, /VN)/z\/Vi(LﬁNr - LrN,})} <1

N

Roll-Spiral Oscillation of the
M2-F2 Lifting Body Test Vehicle

Circa 1967

12/4/18



4" -Order Frequency
Response

Yaw Rate and Sideslip Angle Frequency
Responses of Business Jet

4t-Order Response to 2nd-Order Response
Aileron and Rudder to Rudder
‘ Ar(jow) Ar(jo) E% . Ar(jo) /\
= ) ~|AdR(jo) i ASR(jo)
ano O §§
o \——— i
A — i1 88(jo) B
" [8B(w) a6 (jo) . ASR(jo)
5| A0A(jo) : ASR(jo) I

3%
~180! Frequency (rad/sec)
-2n 5 5

10 10” 10’ 10°10™ 10 10° 10°
Frequency (rad/sec)

Yawing response to aileron is not negligible
Yaw rate response is poorly characterized by the 2"d-order model below the
Dutch roll natural frequency
Sideslip angle response is adequately characterized by the 2"-order model '8
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Roll Rate and Roll Angle Frequency
Responses of Business Jet

4*-Order Response to 2r-QOrder Response
Aileron and Rudder to Aileron
) g]g(ﬂf’)) e 8 (jw)
S ASA(jo) [ o i g ASA(jo)
I tH
ap, 0 ’: %(:
%A | i
“ | AdA(jo) - ASR(jow) g ASA(jo)
o L= 3
* = " Fve::enny 1::;/-ec> ¥ « ki t ‘ Frequency (rad/sec)

Roll response to rudder is not negligible
Roll rate response is marginally well characterized by the 2nd-order model
Roll angle response is poorly characterized at low frequency by the 2nd-order

model 19
Responses to Aileron Input
[[ar(jo) |[4Bjw) [ap(jo) | [ ag(je)
|A5A(jo) || A0A(jor) [464(jo)| |A6A(jw)
g 50 g 23 7 500
s Yaw Rat 2 40 [ TTESRoll Angle o 6 St
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5 Ny S N £ 4 -7 g
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s 0 o 0.1 & 15 A (t)
g
2 90 Gel 2 Zoos e v
S P H © 45 > g e 4 X
8 -135 ' g £ 0.06 Ed &
3 3 g § A
% -180 %—90 = 2 0.04 H os Roll Angle .7
@ @» P gl > > . "
g2 % £ ot % Boo2 Roll Rate e A Ag(1)
-270 B = I
-315 e = = - ’ -180 :1 = - vy “ = 0 10 20 30 T 0 10 20 30
b I:\(;))ul F:L%uenc;.uraa/s ° = 1ﬁ'\put Flgqueng’), rad/go Timei's Mrme3's
Yaw/sideslip sensitivity in the vicinity Roll rate response is relatively benign
of the Dutch roll natural frequency Ratio of roll angle to sideslip response is
important to the pilot 2o
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Frequency and Step Responses
to Rudder Input

Ar(jo) | | AB(jw)
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Yaw response variability near and below
the Dutch roll natural frequency

Significant roll rate response near the

Side velocity, m/s

Roll and yaw rates, rad/s
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Lightly damped yaw/sideslip response
would be hard to control precisely

Reduction of
Model Order by
Residualization
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Approximate Low-Order
Response

+ Dynamic model order can be reduced when

— One mode is stable and well-damped, and it and is
faster than the other

— The two modes are coupled

. fast

Ax fast Ffast FSIOW Ax fast G fast
< - slow

AX slow Ffast Fslow AX slow Gslow

Au

Express as 2 separate equations

c = f
Ax, = F,Ax, + F/Ax + G Au
Ax, = F;Ax, + FAX  + G Au

23

Approximation for Fast-Mode Response

Assume that fast mode reaches steady state very quickly
compared to slow-mode response

Ax, =0~F,Ax, +F/Ax +G ,Au

Ax =F;Ax, + FAx +G Au

Steady-state solution for Axy,g;
- f
0~F,Ax, +F Ax +G Au
— f
FfAXf =-F/ Ax, — GfAu

Ax, =-F;' (F/Ax, +G Au)

24
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Adjust Slow-Mode Equation
for Fast-Mode Steady State

Substitute quasi-steady Ax;; in differential equation for Axg,,,

A%, =-F;| F,” (F/Ax, + G Au) |+ F,AX, + G, Au

_ so-lapf s—1-1
=|F,-FF,'F/ |Ax +| G, -FF,"'G, |Au
Residualized differential equation for Axg,,,
° ! !
Ax =F' Ax +G' Au
where
(- sl f
F'.=|F,-FJF,F/ |
| sl
G', = [Gs - FF, Gf]

25

Model of the Residualized
Roll-Spiral Mode

Yawing motion is assumed to be instantaneous
compared to rolling motions

Residualized roll/spiral equation

Y | '
b |8
| Nl,(L,V+LBj i 7( Ny —LyN,)
Ap ~ LP_ . Y : y Y, Ap + e
Ad (NB+N,_ﬁj | (NB+N,BJ A¢
Vy ! Vy
- r o o _

26
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Roots of the 2"d-Order
Residualized Roll-Spiral Mode

[rolfs £
01 1 0
L,+LY,/V, L;N,—LN
=sz—{Lp_Np[ i N]:ls+£[7ﬁ ! ﬁ]
N, +N,Y,/V, V| Ny +NY, 1V,
=(s—A)(s— ;) or (sz+2§a}”s+a)”2) =0

RS

For the business jet model
Ags =5 +1.08945-0.0108=0

+(5-0.0098)(s+1.1)F (s— A )(s— 4,)

Slightlyjunstable spiral mode
Similar to ¥"-order roll-spiral results

[sI-F' | = =A

RSpes

A,y (s) =[5 = 0.00883)(s + 1.2)[s* +2(0.08)(1.39)s +1.397]

27

Next:
Flying Qualities

28
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Supplemental
Maferial

29

Bizjet Fourth- and " Swg | [

Fs
7
B
/

Second-Order Models |
W
H D= o=
and Eigenvalues :
Fourth-Order Model
F= G= Eigenvalue Damping  Freq. (rad/s)
-0.1079 1.9011 0.0566 1] 0 -1.1196 | 0.00883 l Unstable
-1 -0.1567 0 0.0958 0 0 =T
0.2501 -2.408 -1.1616 0 2.3106 1] -1.16e-01 + 1.39e+00j 8.32E-02  1.39E+00
0 0 1 0 0 0 -1.16e-01 - 1.39e+00j 8.32E-02  1.39E+00
Dutch Roll Approximation
= G= Eigenvalue Damping Freq. (rad/s)
-0.1079  1.9011 -1.1196 -1.32e-01 + 1.38e+00j 9.55E-02  1.38E+00
-1 -0.1567 0 -1.32e-01 - 1.38e+00j 9.55E-02  1.38E+00
Roll-Spiral Approximation
F= G= Eigenvalue Damping Freq. (rad/s)
-1.1616 0 2.3106 0
1 0 0 -1.16

- 2".grder-model eigenvalues are close to those of the 4"-order model

+ Eigenvalue magnitudes of Dutch roll and roll roots are similar

30
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Roll Acceleration ,
N
Due to Yaw Rate, L,
Moment]
Vs
2
L =C (pVN ij \_D Yaw rate, r
r 21’0( " s
ZS
—c, (Lj(ﬂj5b= q, [P_Vw]sz,z
v, \ 21, a1, .
’ Root Locus Gain = Roll Due to Yaw Rate ‘ e L,<0 L,>0
ALD(s)zd(s)+L,_an(s):0 o P \
kns) ____ LN,(s-z)(s-3) L ERANS I
d(s) (s—l])(s—lz)(sz+2§wns+w”2) :
B B h Real 31
Vo Yaw Acceleration
=7 Due to Roll Rate, N,
" (o2
A
VT_D Yawing Moment NP ~C, p k 21zz J Sb
A WAVEA (Vi) o)
3 , "l o) )
‘ NPX/ i N, <0 ’ Root Locus Gain = Yaw due to Roll Rate ‘
| R rem— Ayy(s)=d(s)+N n(s)=0
- kn(s) _ 1 N/)S(S—Zl)
. /\ ds) (s—/ll)(s—lz)(sz+2§a)ns+wn2)

32
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Steady-Stafe Response

Ax, =-F ' G Aug

33

Equilibrium Response of
2nd.Order Dutch Roll Model

Equilibrium response to constant rudder

Steady yaw rate and sideslip
angle are not zero

34
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Equilibrium Response of 2nd-
Order Roll-Spiral Model

Equilibrium state with constant aileron

s T4 O] [ L |psay
Adyg 1 0 0 *
but 0 0
-1
L, o] _ -1 L,
1 0 0
taken -1
o Aps =—-L7'L,, ASA;

L
Ap; ==L AS A,

P

Ap(r)s =- %A&AS dt
0

14

Roll Angle 40

RollRate 1

05

60

2

5 10 15 2 30 35

20
Time (sec)

Steady roll rate
proportional to aileron

Roll angle, integral of roll
rate, continually increases

35

a0

Equilibrium Response of

4th-QOrder

Model

Equilibrium state with constant aileron and rudder deflection

-1
N NN, 0
Ay Yﬁ ’ ~0 Ny,
ABs |_ | -1 V—‘* 0 Vi 0 0o ASA,
Apy 7 L” 7 0” Ly, ~0 || ASRg
A, o R 0 0
0o 0 1 0
vgN Ly,N, - ‘fN LyNy,
Lan | o,
0 0
AA; (NNM ‘);B]L“ _(LBJrLr YBJN” ASA
s |_L N N | s
aps | E (LN, ~LN,) { ASR; }
gV, — LN
Ay Vi 36

12/4/18

18



Flying Into the Wake

Preliminary readings from American Airlines Flight 587's data recorder show that the
Atrbus A300 lwice ran inlo turbulence. After the second blast, the plane careened sideways
seconds before it crashed. The turbulence apparently was caused by the wake of a Japan
Airlines 747 flying ahead and above, Wake turbulence can last for minules as it slowly
drops and moves with prevailing winds.

Elevation and ground plots of planes based on radar tracks

Japan Aidines  American Airfines

tind shout 12 moh fram the northwest Flight 47  Flight 587
Wind about 12 mph from the northwest TIME: 9:13 m TIME 97445 4 m

9:13:45 ELEVATION: 83 feet

John ¥,
— International Alrpart
7 SiEr o
B, -
L. 22 Pl
e o kS
!
SOURCE: National Transportation Satety Board h—— / 37

BY RICHARD FURND —THE WASHINGTON POST

NTSB Simulation of American
Flight 587

Flight simulation derived from digital flight data recorder (DFDR) tape
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