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Adaptation and optimal chemotactic strategy for E. coli

S. P. Strong,1,* B. Freedman,2,† William Bialek,1 and R. Koberle1,‡
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Extending the classic works of Berg and Purcell on the biophysics of bacterial chemotaxis, we find the
optimal chemotactic strategy for the peritrichous bacteriumE. coli in the high and low signal to noise ratio
limits. The optimal strategy depends on properties of the environment and properties of the individual bacte-
rium, and is therefore highly adaptive. We review experiments relevant to testing both the form of the proposed
strategy and its adaptability, and propose extensions of them which could test the limits of the adaptability in
this simplest sensory processing system.@S1063-651X~98!09104-1#

PACS number~s!: 87.10.1e, 87.22.2q
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I. INTRODUCTION

If placed in an inhomogeneous solution of a chemoattr
tant such asa-methyl-D,L aspartate,E. coli collect visibly
in the regions of high concentration of the attractant@1,2#.
There is a parallel phenomenon that occurs for chemore
lants where the bacteria collect in regions of low repell
concentration. The two phenomena are referred to as che
taxis, and have been known in a variety of bacteria since
1880s@3#. They constitute perhaps the simplest known e
ample of sensory processing dependent behavior in a liv
organism. Actual sensory processing must be involved si
for E. coli, the chemoattractant need not be a substance
the bacterium can metabolize in any way, and it is kno
that the response to the chemoattractant relies on spe
chemoreceptors on the outer membrane of the bacte
which bind chemoattractants and signal their occupancy
the interior of the cell through a phosphorylation casca
@1,4,5#. The manner in which the bacteria use this inform
tion to reach the regions of high chemoattractant concen
tion was first illuminated by Berg and Brown@6#, who built
a special microscope to track the motions of the individ
bacteria. What they saw were stretches of motion at appr
mately 10mm/s with a slowly varying direction of orientatio
~termed ‘‘runs’’! separated by periods when the bacteriu
came to a stop and changed orientation very rapidly~referred
to as ‘‘tumbles’’!, before continuing on in another run. W
now know that both of these characteristic motions ofE.
coli, and ultimately chemotaxis, are due to the rotation of
flagella@7–10#. E. coli typically have several flagella sprea
over their surfaces~this is what is meant by the designatio
‘‘peritrichous’’!, and runs result from counterclockwise rot
tion of all the flagella. For that direction of rotation, th
flagella come together to form a ‘‘bundle,’’ and cooperate
propel the bacterium. Because the flagella are helical,
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opposite sense of rotation has quite a different effect:
flagellar bundle comes apart, the bacterium is not propel
and its orientation varies rapidly, but apparently random
@6#, resulting in a tumble. Chemotaxis results from the co
dination of the tumbling times with the time dependence
the receptor occupancies, so that the bacteria change d
tion less often when they are headed in the direction of
creasing chemoattractant@10–12#. The problem we will dis-
cuss in this work is the optimal strategy for coordinati
these tumbles with the input from the chemoreceptors@13#.

Clearly, for an optimal strategy to exist at all, a proble
must be very highly constrained. The principle constrai
which make this problem solvable are taken largely from
experimental literature on chemotaxis and motility ofE. coli.
First, as pointed out by Berg and Purcell@15# in this context,
and as we will briefly discuss, due to rotational Browni
motion, E. coli cannot maintain an orientation for an e
tended period of time. Second,E. coli make no controlled
changes of direction. It is obvious, given that they can
maintain orientation that, for sensory processing reas
alone, they are incapable of turning in a specific direct
@6,15#; however, a change of direction of a controlled ma
nitude is in principle possible. In practice, there is some e
dence that the length of tumbles is affected by sensory in
under some circumstances@16#; however, this is not believed
to be important for chemotaxis under realistic conditions@6#.
We therefore make the assumption thatE. coli change direc-
tion by entering into ‘‘tumbles’’ which have have no cha
acteristics which depend on sensory input. It seems lik
that, in view of the limited useE. coli could make of steering
capability given its orientation problems, this simple meth
of direction change was evolutionarily preferred because
cost associated with this capability are lower than those
a more developed steering capability would impose. In a
case, we assume here that the tumbles are all identical,
effectively randomize the orientation of the bacteria over
course of a timet tumble;0.15 sec@17#. Finally, we assume
that during runs the bacterium swims with a fixed speedv,
independent of sensory inputs. This is known to be appro
mately true experimentally@6#.

Taken together, these three constraints are sufficien
allow us to determine the optimal chemotactic strategy in
high signal to noise ratio limit for the following definition o

n-
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57 4605ADAPTATION AND OPTIMAL CHEMOTACTIC STRATEGY . . .
optimality: we call a chemotactic strategy optimal if it max

mizes the expectation value of^vW •¹W c& for a static, uniform

gradient. HerevW is the swimming of the bacterium, and th
average is over the time history of the bacterium’s pa
There are alternative definitions of optimality such as tha

maximizing ^c& or ^vW •¹W c& r
2/^vW & r

2 ~here ther subscript de-
notes an average only over the runs@18#!, but we expect
them to result in very similar optimal strategies provid
they do not incorporate directly either~1! game-theoretic
competition between bacteria, or~2! a complex structure o
maxima and minima in the concentration so that gradi
descent approaches, such as we are proposing, be
trapped in local minima. The neglect of the latter possibil
seems very reasonable for realistic environments; howe
considerations like the former may well have played an
portant role in the evolution ofE. coli. For example, the
known pattern forming behaviors ofE. coli and other chemo-
tactic bacteria@14# demonstrate that the problem of chemo
axis has special properties in the presence of a deplet
nutrient and/or large numbers of other bacteria. In fact,
choice of optimality is partly motivated by the considerati
of competition. Maximizinĝ vW •¹W c& for static, uniform gra-
dients chooses the strategy that leads the bacterium to
attractant most rapidly, which is probably evolutionar
preferable to one that leads the bacterium there more slo
but then results in the bacterium staying slightly closer to
region of maximal concentration.

Before discussing the strategy we obtain, let us first m
a general remark on the nature of any optimal strategy: w
the definition of optimality we have chosen, the strate
must consist of a deterministic algorithm for deciding wh
to tumble based on the history of chemoreceptor occupa
For any given history, the bacterium’s expected, future,
eragevW •¹W c is either raised or lowered by initiating a tumb
at that particular moment; if it is raised the bacterium sho
tumble, and if it is lowered it should not. The stochas
nature of observed runs and tumbles should result~for an
optimal strategy! entirely from the stochastic nature of th
inputs~chemoreceptor bindings!, not from any deliberate in-
troduction of ‘‘noise’’ in the decision making on the part o
the bacterium. In practice, a totally deterministic strategy a
fixed input requires an amplifier of arbitrary fidelity and ga
to allow the inputs to drive the decision making apparat
and is not realizable; however, the phosphorylation casc
seems capable, in practice, of providing sufficient gain a
fidelity @4,5# that the tumbling would be effectively dete
ministic. A deterministic strategy is, however, in some co
flict with the two state model proposed in Ref.@16# on ex-
perimental grounds, where the past history of the rece
occupancies is taken to modulate the rates with which
flagellar motors change their direction of rotation. In th
strategy, it is not the states but the the rates for transiti
between the states that are set for each flagellar motor,
they are all set separately, so that the only correlations
tween different flagella are rate-rate correlations. In that c
the strategy is actually stochastic even for fixed inputs to
chemoreceptors. However, in the limit that the rate modu
tions for going from running to tumbling are large~the rate is
either;0 or ;`!, the two state model has a strategy of t
form we propose.
.
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As mentioned above, in practice, a purely ‘‘determin
tic’’ strategy for switching between two states is impossib
and, to approach it, large variations in the rate of the ab
type could be used. The rate model is thus one possibility
a realistic process which approaches the optimal strate
and may representE. coli’s best effort to implement the op
timal strategy. However, it should be noted that the evide
for the modulated rate model is not entirely conclusive.
particular, as we will see in our discussion of run and tum
statistics for the optimal strategies, the exponential ta
present in the durations of run and tumble times arenot
uniquely explained by the rate model, as claimed in R
@16#. Further, there is a pronounced advantage that a de
ministic strategy has when the problem of flagellar coordi
tion is considered@19#.

Free swimmingE. coli in the absence of gradients spen
roughly a tenth of their time tumbling@6# while tethered
bacteria @23# with a single flagellum rotate it clockwise
nearly half of the time. Clearly, if the typical bacterium h
five flagella, there must be significant conflict between
flagella in the absence of any signal. The formation o
coherent flagellar bundle 90% of the time requires some
of coordination. Notice that no coordination can result fro
the signals to the flagella if the signals are independent
the model of Ref.@16# predicts they should be at small sign
to noise ratio, where the above numbers apply. At least
mechanism for the required coordination has been propo
@19#, and it seems clear that some explanation is requi
unless the data from tethered bacteria are taken to be un
resentative. If the flagella are coordinated, then much of
self-induced ‘‘noise’’ implied by the stochastic nature
their individual biases will be eliminated by the pooling
their inputs: an effectively deterministic strategy will resu
In fact, any ‘‘deterministic’’ strategy would have to resu
either from some sort of cooperativity effect~to reduce the
noise inherent in the stochastic nature of the binding a
unbinding of individual internal signaling molecules to r
ceptors! or from sufficient amplification of the input signal t
drive very large variations in the concentration of intern
signaling molecule. Cooperativity is generally a more e
cient and robust solution.

This solution could be supplied by either a coordinati
of the different flagella and a pooling of their signals, coo
erative signaling to the individual flagella, or both. In fac
the protein FliM, which is believed to be responsible f
translating the internal tumble signal@20#, coming from the
phosphorylated form of the protein CheY@21#, is believed to
be present in many~about 100! copies for each flagellar mo
tor @22#. It is not known how many of these copies actua
bind CheY, or how this binding is transduced into a tumb
signal, but there is clearly great potential for cooperativi
For example, if the tumbling and/or running switch we
whether more or less than 50 molecules of phosphoryla
CheY were bound, then the behavior would be nearly de
ministic even for moderate variations in the concentration
phosphorylated CheY.

In view of this, it is not clear that there is much differenc
in practice between a deterministic signal and stochastic
nals to the individual motors or, perhaps, to the many in
vidual CheY binding cites at each motor, since the results
pooling the stochastic signals might be nearly determinis
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4606 57STRONG, FREEDMAN, BIALEK, AND KOBERLE
In so far as there is a difference, the deterministic strat
will lead to better performance, but may be an expens
capacity forE. coli to maintain.

We note that the ‘‘response regulator’’ model proposed
Ref. @24#, in which the tumbles are induced by thresho
crossing some functional of chemoreceptor binding histor
is of the appropriately deterministic type, and our optim
strategy will be a realization of this strategy where w
specify, at a high signal to noise ratio, the correct thresh
~with the functional being somewhat arbitrary!. At a low
signal to noise ratio, both the correct threshold and fu
tional of the receptor histories will be determined, subjec
certain assumptions about the receptor correlations. We
see that the statistics of runs and tumbles resulting in b
cases are not inconsistent with the statistics observed ex
mentally, contrary to the claim of Ref.@16# that threshold
crossing strategies, as opposed to rate modulation strate
disagree with the data.

II. HIGH SIGNAL-TO-NOISE RATIO

Let us now begin with the ‘‘high’’ signal to noise rati
case, defined by the bacterium being able to measure
projection of the gradient of concentration of chemoattr
tant onto its swimming direction in a time much shorter th
any other relevant time scale, in particular the time scale
by rotational diffusion. For an object undergoing rotation
diffusion,

^n̂~ t !•n̂~0!&5exp~22D rott !, ~1!

where D rot is the rotational diffusion constant. ForE. coli
this is known empirically to be about 0.15 rad2/s, implying a
time scale for rotational Brownian motion of about 3 s. Th
is in rough agreement with what one expects for the cas
a sphere of radiusr 51 mm in room-temperature water
There,

D rot;kT/n rot , ~2!

n rot;8phr 3

;2.5 10213 cm2/s, ~3!

D rot;0.16 rad2/s, ~4!

whereT is the temperature,n rot is the rotational drag on the
sphere, andh is the viscosity of water. Note that, since w
are at a low Reynolds number, the rotational diffusion wh
is disorienting the bacterium is Markovian; the bacterium
present orientation embodiesall of its knowledge about the
future and there is no need to keep track of an angular
mentum. Because all of the information about the future
contained in the present orientation, or equivalently the b
terium’s present knowledge ofvW •¹W c obtained from the
chemoreceptor histories, the optimal strategy in the high
nal to noise ratio limit requires only the specification of
single number: a thresholdX, which is the minimum value
of vW •¹W c which the bacterium will tolerate before tumbling
Any processing strategy for the chemoreceptor histories
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allows the determination ofvW •¹W c rapidly compared to othe
time scales is acceptable. This makes this limit particula
simple to discuss.

To solve the high signal to noise ratio limit we need
make the assumption that each tumble is perfectly disori
ing and totally randomizes the bacterium orientation. This
approximately true@6#, and allows a full solution of this
case. Our solution is interesting even though the bacter
may rarely, if ever, encounter a high signal to noise ra
environment because the optimal strategy can be solved
completely, and this gives us an idea what the low signa
noise ratio strategy is evolving toward as the signal to no
ratio is increased. In this limit there is still an interestin
strategy, because the bacterium cannot steer, only reo
itself through stereotyped tumbles, each of which require
finite amount of time. This finite time cost will be very im
portant in determining the optimal strategy, and will result
the bacterium displaying a surprisingly large amount of ‘‘o
timism,’’ by which we mean that bacteria which ‘‘know’
they are not swimming directly up the gradient shou
choose to continue running because of the chance that
tional diffusion will improve their prospects faster than tum
bling would.

Let us consider first the case where the bacterium is
uniform gradient of chemoattractant and therefore has

time to measure the magnitude of¹W c. In this case, it can
translate its knowledge ofvW •¹W c directly into a knowledge of
Q, the angle between its motion and the concentration g
dient, and the strategy consists of an angle at which the b
terium ‘‘decides’’ it is moving sufficiently in the wrong di-
rection that it is worth taking the time and the risk
orienting even further in the wrong direction which a tumb
will involve.

It is clear that the dimensionless numberD rott tumble fixes
Qc , and one would expect that, for small values
D rott tumble, Qc would be small, vanishing like (D rott tumble)

p.
In practice,D rott tumble;(0.15 s21)(0.15 s);0.02, which is
indeed small, and we might expect thatQc would also be

small. However, we will see that this is not the case asp5 1
6

and the prefactor between (D rott tumble)
1/6 and Qc is impor-

tant. The correct value ofQc can be obtained from the fol
lowing argument: the equilibrium distribution of the orient
tion of running E. coli for a specific choice ofQc can be
obtained from solving the heat equation on the surface o
sphere with a perfectly absorbing boundary atQc and a
source term that deposits newE. coli uniformly over the
allowed region at a rate that exactly cancels the current
the boundary atQc . From the distribution, one can compu

^vW •¹W c& by first computing the average over the distributi
of runningE. coli, and then multiplying by the fraction ofE.
coli which are running. The latter is given by the integral
the distribution over the allowed region of the sphere divid
by the current into the boundary of the allowed region tim
the average length of time between runs. The last facto
given by the average length of a tumble times a fact
„12 @(forbidden area)/4p#…21, which reflects the chance fo
a tumble to result in an orientation pastQc , in which case it
will be followed immediately by another tumble. The re
evant heat equation on the sphere reads
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]r

]t
5C1

D rot

sinQ

]

]Q S sinQ
]r

]Q D . ~5!

C can be fixed by the requirement thatr vanish atQc . The
resulting, unnormalized solution is

r~Q!5 lnS cosQ/2

cosQc/2
D , ~6!

C5D rot/2. ~7!

Both C and r can be multiplied by an arbitrary, commo
factor since we have not yet imposed any normalization. T
‘‘current’’ into the boundary is given by

Jloss52pC~12cosQc!, ~8!

while the integral ofr is given by

2pE
0

Qc
d~2cosQ!r~Q!5pFcosQc2124 lnS cos

Qc

2 D G .
~9!

The expectation value ofvW •¹W c is given by

^vW •¹W c&5vu¹W cu
sin4

Qc

2

2D rott tumble22S sin2
Qc

2
12 ln cos

Qc

2 D .

~10!

In general, the maximum can be found numerically, but
the special case ofD rott small, where one expects smallQc ,
one can expand the trigonometric functions to find,
x5Qc/2,

^vW •¹W c&;vu¹W cu
480x4280x616x81¯

15 360D rott tumble1480x41x81¯

.

~11!

Anticipating the result thatD rott tumble}x6, and expanding
again, one finds that the derivative vanishes for

x;A6 6D rott tumble, ~12!

Qc;2A6 6D rott tumble. ~13!

Already for D rott tumble;0.01, Qc is not small ~the above
formula is valid only if it is small and would predict;0.4p
already at this point!. The value ofQc obtained from numeri-
cally finding the value which maximizes the return in d
picted in Fig. 1. It rises very rapidly to the vicinity ofp/2,
where it remains for all reasonable values ofD rott tumble, un-
til ultimately the behavior for very largeD rott tumble is given
by

Qc5p2A2/D rott tumble. ~14!

We see that, under a broad range of circumstances, the
mal strategy is essentially to continue if one is moving in
regions of higher concentrations of attractant, and to reor
if one is moving into regions of lower concentration of a
e

r

r

ti-

nt

tractant. The bacterium should be surprisingly tolerant
moving in the directions that are far from perfectly align
with ¹W c, even if it has perfect information as to how far o
course it is. In fact, the fraction of time the bacterium spen
tumbling, f , is not ;1, as one would naively expect, bu
rather is given by

f 5
t tumbleJloss

S 12
forbidden area

4p D *2pd~2cosQ! r~Q!1t tumbleJloss

~15!

5
2D rott tumble

cosQc2124 lnS cos
Qc

2 D12D rott tumble

~16!

;
5D rott tumble

115D rott tumble
~17!

;0.1, ~18!

where we have usedQc;p/2 and D rott tumble;0.02. High
frequency noise added to the thresholded quantity will m
the bacterium even more tolerant of a signal indicating tha
is swimming the wrong direction.

Before discussing noise, we first mention what strateg
appropriate if the bacterium is, for some reason, such as
ing in a spatially nonuniform gradient, unable to estimate
magnitude of the gradient, and therefore the absolute a
between its present orientation and the gradient. First, n
that, for the appropriate value ofD rott tumble, the critical
angle is close top/2 so that, approximately, only the sign o

vW •¹W c is important and the ignorance aboutu¹W cu is unimpor-
tant. In so far as it is important, the optimal strategy in t

FIG. 1. Plot for the high signal to noise ratio case of the optim
angle at which the bacterium should initiate tumbles as a func
of the product of its rotational diffusion constant,D rot , and the
duration of the disorienting tumbles,t tumble.
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absence of information aboutu¹W cu, depends on thea priori

probabilityP(u¹W cu) and is therefore somewhat nonunivers
depending strongly on the statistics of the bacterium’s en
ronment~it should consequently also be highly adaptive!. In
particular, the optimal strategy is now to choose a value
scritical5vW •¹W c at which to tumble, and the optimal value ca
be chosen by maximizing

^vW •¹W c&;E d~ u¹W cu!P~ u¹W cu!RFQc5arccosS scritical

u¹W cu D G ,

~19!

whereR(Qc) is defined by the right hand side of Eq.~10!.
The quantity to be maximized corresponds to the averag
the previously calculated return over the actual strategies
will result from a given choicescritical . Clearly, asP(u¹W cu)
becomes sharply peaked, this reduces to the case whereu¹W cu
may be taken to be known, in which case, as we have s
scritical;0; when the uncertainty inu¹W cu is large, the bacte-
rium should select an even smallerscritical . The exact details
depend onP(u¹W cu) in the environment to which the bacte
rium is adapted.

Let us now discuss, in the case of a sharply pea
P(u¹W cu), the introduction a small amount of high frequenc
Gaussian noise to the bacterium’s information aboutQ. By
the noise being small we mean that its magnitude is m
less than that of the signalvu¹W cu, and by high frequency we
mean that the characteristic time forvW •¹W c to vary due to
diffusion (;Qc

2/D rot) is much larger than the noise tim
constant,tnoise, defined by

tnoise5A *dv N~v!

*dv v2N~v!
. ~20!

HereN(v) is the two-sided power spectrum of the noise
that the mean-squared magnitude of the noise,^h2&, is given
by

^h2&5E
2`

` dv

2p
N~v!. ~21!

Such noise might arise inside the cell, involving the thre
olding mechanism itself or the phosphorylation cascade, o
might come from the fluctuations in receptor occupancy
the cell does not completely low pass filter the receptor
puts. To compensate for the noise the optimal strategy for
bacterium is to set its threshold,X, on the input,vW •¹W c1h,
whereh is the noise, slightly lower than in the noiseless ca
where without noiseX5v cosQcu¹W cu. To determineX note
that the rate at whichvW •¹W c1h crosses the threshold,X, in
one direction is given by@25#

r ~Q!5
tnoise

21

2p
expS 2

~X2v cosQu¹cu!2

2^h2& D . ~22!

The ideal value ofX can then be computed by converting o
previous heat equation with a perfectly absorbing bound
into one with heat absorption at angleQ given by
,
i-

f

of
at

n,

d
,

h

-
it
f
-
e

e

ry

r(Q)R(Q). For v cosQu¹cu.X, R(Q) is given by r (Q),

and for v cosQu¹W cu,X, by (2ptnoise)
21. Treating the

tumble rate as heat absorption in this way is exact if
tumbling is a modulated Poisson process. This is true in
limit tnoise→0 ~a sensible answer in this limit also require
^h2&→0!, but the treatment is approximate for noise with
finite correlation time. However, we are interested in t
short correlation time limit and the approximation is jus
fied. In this limit, the heat effectively cannot penetrate in
the region where

~v cosQu¹W cu2X!2,2^h2& ln~D rottnoise!; ~23!

equivalently,

Q.arccosS X

vu¹W cu
1A2^h2&u ln~2pD rottnoise!u

v2u¹W cu2 D .

~24!

It is important to realize that, at this point, the tumbling ra
is rapidly increasing because the value of the argument of
exponential,;u ln(2pDrottnoise)u for smalltnoise, is large and
so is its derivative with respect toQ. The point effectively
specifies the location of an absorbing ‘‘wall,’’ and, therefor
we are back to the case where our original analysis app
and the optimal strategy is one which choosesX so thatQ
lies at theQc of the noiseless problem; this can be done
choosing the threshold to be atv cosQcu¹W cu
2A@2^h2&u ln(2pDtnoise)u#. The threshold has been move
further fromvu¹W cu because the noise results in tumbles b
ing triggered prematurely. Thus the bacterium should
even more tolerant of an input signal, which indicates tha
is swimming in the wrong direction than we observed tha
should be in the noiseless case.

At this point it is worth making a few remarks about th
statistics of the runs and tumbles in the high signal to no
ratio case. For simplicity, let us consider the noiseless c
with known u¹W cu. The bacteria emerge from tumbles wi
random orientations, and for some tumbles the orienta
immediately after a tumble is past the critical allowed orie
tation and they immediately tumble again. This will lead to
renormalization of the effective tumble length in this mod
from t tumble to t tumble@2/(12cosQc)#; however, the tumble
durations will continue to be purely exponentially distri
uted, if they were initially exponentially distributed, as the
are found to be experimentally. Meanwhile, if we avera
over all the bacteria which do not immediately tumble to fi
the statistics of run durations, we find these are also roug
exponentially distributed. To see this, recall that the h
equation we solved to getr(Q) is of the form

]r

]t
2L̂r5C, ~25!

where L̂ is a linear operator, and we impose the bound
condition r(Q.Qc)50. This could have been solved b
solving for the orthonormal eigenfunctionsf l(Q) of L̂,
which vanish atQc , then re-expressing the linear sour
term,C, as a sum of these:
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C5(
l

cl f l~Q!, ~26!

cl5CE
0

Qc
d~2cosQ! f l~Q!. ~27!

Then we have

r~Q!5(
l

al f l~Q!, ~28!

al52
cl

l
. ~29!

The distribution of intertumble intervals is then proportion
to (lcle2lt. The eigenfunctions for a generalQc are hyper-
geometric functions 2F1(2n,n11;1;z), where

z5 1
2 (12cosQ) @26#, and solving the boundary condition

in general impossible. However, for the special ca
Qc5p/2, the eigenfunctions are those Legendre polyno
als, Pn(cosQ), which vanish atp/2. The eigenvalues ar
Dn(n11), where all oddn are allowed. The smallest eigen
value is 2D, and the tail is therefore of the forme22Dt. The
next highest eigenvalue is 12D, and the coefficient in front
of it at t50, c12D , is 7

48 of the contribution from then51
term, so the approach to exponential decay of the forme22Dt

is very rapid. This is consistent with the fact that the me
duration of a run is, in general, given b
@cosQc2124 ln cos(Qc/2)#/@D rot(12cosQc)#, which for
Qc5p/2 gives @(2 ln 221)/D#;0.38D21. This is only
slightly smaller than1

2 D21 because of the inclusion of th
higher n terms. Roughly half of the shift is accounted f
already by the inclusion of then53 term.

Although we do not believe that high signal to noise ra
limit applies to the experiments of Refs.@6,11,16#, we should
point out that the exponential tails observed for the run d
tributions are consistent with the statistics of runs a
tumbles observed there. The fact that our procedure for e
ing runs is essentially of the threshold crossing type does
imply that the distributions of run durations have a pow
law tail. This contradicts the claims of Ref.@16#, in which
power law tails were found for the threshold crossingsof a
random walk,and argued to be typical for threshold crossi
processes. A random walk is a very special case, since t
is no finite correlation time for the displacement. Thresh
crossing a variable with a finite correlation time results in
tail for intervals between crossings that is generally expon
tial. The decay constant is roughly given b
tcorrelations

21 u ln(prob. no crossings intcorrelations)u, and only for
divergent or vanishingtcorrelationsshould nonexponential tail
result. Thus there is not, in general, anya priori conflict
between response regulator models and the statistics of
and tumbles.

III. LOW SIGNAL TO NOISE RATIO STRATEGY

How should the bacterium make use of the informat
available to it in a small signal to noise ratio limit? As in th
high signal to noise ratio case, the optimal strategy is a
l

e
i-

n

-
d
d-
ot
r

re
d

n-

ns

e-

terministic algorithm for generating tumbles based on
chemoreceptor binding histories. In this case, however,
bacterium will not tumble at a fixed angle, because it can
determine its orientation with respect to the gradient ac
rately. Instead, it will tumble when the output of some filte
ing of the chemoreceptor histories crosses some thresh
which indicates that it is headed sufficiently in the wro
direction@27#. The problem of the optimal strategy is to d
termine the filterF(t) and the threshold. This problem wi
be soluble for two different assumptions about the nature
the tumbles. First, we will treat the case of completely d
orienting tumbles of finite duration (t tumble), as for the high
signal to noise ratio case, and then the case of instantan
tumbles which do not completely disorient the bacteria.

Let us introduce some notation. In the low signal to no
ratio limit, the filtering should be linear and, we denote t
filtered output byn(t), defined by

n~ t !5E
0

`

dt8F~ t8!ċ~ t2t8!, ~30!

wherec(t) is an instantaneous concentration inferred fro
the fraction of occupied receptors,o” (t). Defining the con-
centration at which half of the chemoreceptors will bind t
attractant asc1/2, we have

c~ t !5
o” ~ t !

12o” ~ t !
c1/2. ~31!

It is convenient to regardċ(t) as the sum of two terms,

ċ~ t !5vW ~ t !•¹W c1ḣ~ t !, ~32!

and denote their contributions ton(t) by

s~ t !5E
0

`

dt8F~ t8!v~ tW !•¹W c, ~33!

n~ t !5E
0

`

dt8F~ t8!ḣ~ t !. ~34!

The h term represents the fluctuations in the chemorece
occupancy associated with the stochastic binding of att
tant molecules to receptors.

Now let us compute the ‘‘return’’̂ vW •¹W c& to be maxi-
mized. For this, we anticipate the result that the character
time constant of the filtered ‘‘noise,’’n(t), is short com-
pared to that of the filtered ‘‘signal,’’s(t) ~see the Appen-
dix!. We take the ‘‘noise’’ to be Gaussian since it is a li
early filtered version of the noise in the chemoreceptors,
is expected to be approximately Gaussian via the cen
limit theorem as there are many~;3000 @15#!, weakly cor-
related~see the Appendix! receptors, each making small con
tributions to the total noise.

In this case, the rate at which the filtered outputf (t)
crosses the thresholdX is given by

r ~s!5
tn

21

2p
expS 2

~X2s!2

2^n&2 D , ~35!

with tn defined by
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tn5A^n2&

^ṅ2&
. ~36!

The trajectory of a bacterium emerging from a tumble
time t50 is therefore weighted by

w~ t,$s%!5e2*0
t dt8r @s~ t8!#. ~37!

The return on the strategy is then given by

^vW •¹W c&5
^*dt8vW ~ t8!•¹W c w~ t8,$s%!&
t tumble1^*dt8w~ t8,$s%!&

, ~38!

where the numerator is the product of the magnitude of
concentration gradient and the mean distance swum up
gradient in a run, and the denominator is the mean t
required for a run.

Let us begin with the computation of the denominat
The typical length of a trajectory is given by

t run5 K E dt8w~ t8,$s%!L . ~39!

This can be computed to lowest order in the signal to no
ratio more or less straightforwardly; the only caveat is t
while s(t) is formally proportional to the gradient of conce
tration, there is the possibility that the coefficient of propo
tionality could diverge if the filterF has a long tail. In fact,
s(t) can be partitioned into two pieces: one coming from
contribution to the integral from times in the not too dista
past, i.e., not much longer ago than the rotational diffus
time @*0

;tdt8F(t8)vW (t2t8)•¹W c, wheret5(2D rot)
21], and

another piece coming from the remainder of the integ

@x[*;t
` dt8F(t8)vW (t2t8)•¹W c#. Only the second piece ca

avoid being small for small concentration gradient, and o
if F(t) decays slowly at long times. In this case, this te
yields a contribution tos(t) which is effectively static, and is
distributed in a Gaussian way since it is essentially the s
of many independent contributions froms(t) stretching far
into the past@recall thatvW (t) decorrelates on a time scale th
is of order (2D rot)

21#. The mean value of this contributio
^x& is zero and

^x2&5
t run

t run1t tumble
K E dt8E dt9F~ t8!F~ t9!

3vW ~ t2t8!•¹W cvW ~ t2t9!•¹W cL ~40!

5
t run

t run1t tumble

2v2u¹W cu2

3g E dt8F2~ t8!,

~41!

where we have assumed that

^vW ~ t !vW ~0!&}e2gutu, ~42!

and also assumed a low signal to noise ratio. For the c
where each tumble completely disorients the bacterium,g is
given at zeroth order in the concentration gradient by
t

e
he
e

.

e
t

-

e
t
n

l

y

m

se

g5t run
2112D rot . ~43!

This second contributionx to s(t) can be thought of as a
contribution to the noise, since it is uncorrelated with t
present orientation of the bacterium. In fact, since it and
occupancy noise are both Gaussian, it can be integrated
Let us therefore switch to usings to refer only to the first
part, since that is the part which actually does contain
signal. Then we find that

^r ~s!&x5second part of s5E dx

A2p^s2&

tn
21

2p
expS 2

x2

2^s2& D
3expS 2

~X2s2x!2

2^n2& D ~44!

5
tn8

21

2p
expS 2

~X2s!2

2^n82& D , ~45!

wheren8 is a new effective noise whose statistics are tho
of the original noisen plus a static contributionx. Thus

^n82&5^n2&1^x2&, ~46!

tn85A^n82&

^ṅ2&
. ~47!

Hereafter, we switch to usingn to refer to the effective noise
rather than usingn8. We are now also in a position to sta
our definition of the signal to noise ratio,RSN:

RSN5
9^svW •¹W c&2

v2u¹W cu2^n2&
. ~48!

The result is implicitly a function of the filtering scheme an
the tumbling rate; however, one generally expects the sig
to noise ratio to be proportional tov2u¹W cu2/^hh&. In fact,
anticipating our results for the optimal filter and tumblin
rate, we find that, in the low signal to noise ratio limit,

RSN5
v2u¹W cu2~11 r̄ t tumble!

N~8D rot14D rotr̄ t tumble2 r̄ 23 r̄ 2t tumble!~2D rot1 r̄ !2
,

~49!

where

^h~ t !h~ t8!&5
N

2tbare
exp~2ut2t8u/tbare! ~50!

;Nd~ t2t8!. ~51!

We now consider the return at lowest order in the signa
noise ratio. To zeroth order in the concentration gradient,r is
constant over a run, and is given by

r̄ 5
tn

21

2p
expS 2

X2

2^n2& D ~52!

and the mean run length is justr̄ 21 and the denominator o
the return expression@Eq. ~38!# is just t tumble1 r̄ 21.
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The numerator of Eq.~38! can also be computed to lowe
order in the signal to noise ratio. The redefinition of t
‘‘signal’’ and the effective noise that we used for calculati
the mean run length is also appropriate here, so we cont
to uses to refer only to the contribution from the recent pa
We expandw appearing in the numerator to lowest order
s, to find

K E dt8vW ~ t8!•¹W c w~ t8,$s%!L
;v2u¹W cu2E

0

`

dt8K cosQ~ t8!
]

]~v¹c!

3expS 2E
0

t8
r ~ t9!dt9D L ~53!

;v2u¹W cu2
] r̄

]X E
0

`

dt8e2 r̄ t8E
0

t8
dt9E

0

t9
dt-F~ t-!

3^cosQ~ t8! cosQ~ t92t-!& ~54!

;
~2X!v2u¹W cu2

3^n2&~2D rot1 r̄ !

3E
0

`

F~ t-!exp@2~2D rot1 r̄ !t-#, ~55!

where we have used

] r̄

]X
52

r̄ X

^n2&
. ~56!

The return is therefore given by

^vW •¹W c&5
r̄ ~2X!v2u¹W cu2

3^n2&~2D rot1 r̄ !~11 r̄ t tumble!

3E
0

`

dt-F~ t-!exp@2~2D rot1 r̄ !t-# ~57!

[2
v2u¹W cu2

3

X

^n2&
f ~ r̄ !

3E
0

`

dt-F~ t-!exp@2~2D rot1 r̄ !t-#. ~58!

To maximize the return we require that]^vW •¹W c&/]X50 and
d^vW •¹W c&/dF(t)50 @28#.

For theX equation, we require

1

X
2

1

^n2&

]^n2&
]X

1S ] ln f ~r !

]r

2
*0

`dt-t-F~ t-!exp@2~2D rot1 r̄ !t-#

*0
`dt-F~ t-!exp@2~2D rot1 r̄ !t-#

D ] r̄

]X
50,

~59!
ue
.

X2

^n2&
5S 2D rot2 r̄ 2t tumble

~11 r̄ t tumble!~2D rot1 r̄ !

2
r̄ *0

`dt-t-F~ t-!exp@2~2D rot1 r̄ !t-#

*0
`dt-F~ t-!exp@2~2D rot1 r̄ !t-#

D 21

,

~60!

where we have neglected subleading terms in the signa
noise ratio.

Now we need to set up the filter equation and solve
two simultaneously. For the filter equation we need to kn

d r̄

dF~ t !
5

1

2
S r̄

^n2&
D S X22^n2&

^n2&

d^n2&
dF~ t !

2tn
2 d^ṅ2&

dF~ t !
D . ~61!

We will also need to knowd^n2&/dF(t) and d^ṅ2&/dF(t),
for which we need to specify the nature of the bare noiseh.
We take^h&50 and

^h~ t !h~ t8!&5
N

2tbare
exp~2ut2t8u/tbare! ~62!

;Nd~ t2t8!, ~63!

since the bare noise time constant is much shorter than
other time scale in the problem~see the Appendix!. In this
case,

d^n2&
dF~ t !

;22NF̈~ t !1
4v2u¹W cu2

3~11 r̄ t tumble!~2D rot1 r̄ !
F~ t !,

~64!

d^ṅ2&
dF~ t !

;2N
]3

]t3 F~ t !, ~65!

where these equations are valid for regions whereF is
slowly varying compared to the bare noise time and to le
ing order in the signal to noise ratio. The filter equation
given by

05S ] ln f ~r !

] r̄

2
*0

`dt-t-F~ t-!exp@2~2D rot1 r̄ !t-#

*0
`dt-F~ t-!exp@2~2D rot1 r̄ !t-#

D d r̄

dF~ t !

2
1

^n2&

d^n2&
dF~ t !

1
exp@2~2D rot1 r̄ !t#

*0
`F~ t-!exp@2~2D rot1 r̄ !t-#

,

~66!

exp@2~2D rot1 r̄ !t#

*0
`F~ t-!exp@2~2D rot1 r̄ !t-#

5
1

^n2&

d^n2&
dF~ t !

2S ^n2&

r̄ X2 D d r̄

dF~ t !
. ~67!
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First, consider the behavior of the filter for times large co
pared to (2D rot1 r̄ )21. In this case the left hand side of E
~67! is negligible. Further, the contribution tod r̄ /dF(t) from
the d^ṅ2&/dF(t) is small, provided thatF is slowly varying
in this region. So the filter equation requires that

d^n2&
dF~ t !

50, ~68!

F̈~ t !5
2v2u¹W cu2

3N~11 r̄ t tumble!~2D rot1 r̄ !
F~ t !. ~69!

The absolute scale of the filter is arbitrary given the defi
tion of X used in Eq.~59!, so we may take

F~ t !;expS 2A 2v2u¹W cu2

3N~11 r̄ t tumble!~2D rot1 r̄ !
t D . ~70!

The filter thus has an extremely long tail determined by
square root of the signal to noise ratio.

The behavior for intermediate times, times of ord
(2D rot1 r̄ )21, is more complicated. Now we must retain th
exponential term in Eq.~67!; however, the term ind r̄ /dF

coming from d^ṅ2&/dF(t) is still negligible, and we may
also neglect the term ind^n2&/dF(t) that vanishes with the
signal to noise ratio. In this case we have

S 1

2^n2&
1

1

2X2D d^n2&
dF~ t !

5
exp@2~2D rot1 r̄ !t#

*0
`dt-F~ t-!exp@2~2D rot1 r̄ !t-#

,

~71!

exp@2~2D rot1 r̄ !t#5S 1

^n2&
1

1

X2DNF̈~ t !E
0

`

dt-F~ t-!

3exp@2~2D rot1 r̄ !t-#. ~72!

This requires that

F~ t !5A1Bt1C exp@2~2D rot1 r̄ !t#. ~73!

Matching the filter onto the result for long times requires th
A51 andB50, while F(0)50 requiresC521, unlessF
were to vary very rapidly in the short time region, which
clearly not optimal because of the additional contribution
the noise that would result. In this case,C521 imposes a
self-consistency condition. Equation~72! requires that

S 1

^n2&
1

1

X2D5
2

N~2D rot1 r̄ !
, ~74!

where we have assumed that the very short time contribu
to *0

`dt-F(t-)exp@2(2Drot1 r̄ )t-# is negligible. The contri-
bution to^n2& from the the intermediate and long time pa
of the filter is@N(2D rot1 r̄ )#/2 so that there must be a sho
time contribution tô n2& given by

^n2&short times5
N2~2D rot1 r̄ !2

4X222N~2D rot1 r̄ !
. ~75!
-

-

e

r

t

n

The short time behavior of the optimal, low signal
noise ratio filter depends on the characteristics of the b
noise. The short time equation for the optimum filter is

2S E
0

`

dt-F~ t-!exp@2~2D rot1 r̄ !t-# D 21

5S 1

X2 1
1

^n2& D d^n2&
dF~ t !

1tn
2 1

X2

d^ṅ2&
dF~ t !

, ~76!

where

d^n2&
dF~ t !

5
2

tbare
F~ t !2

1

tbare
2 E

0

`

dt8F~ t8!exp~2ut2t8u/tbare!,

~77!

d^ṅ2&
dF~ t !

52
2

tbare
3 F~ t !2

2

tbare
F̈~ t !

1
1

tbare
4 E

0

`

dt8F~ t8!exp~2ut2t8u/tbare!. ~78!

For small tbare, we may neglect the left hand side of E
~76!, and the equation is the solution for a filter of the for

F~ t !;A@12exp~2t/tbare!#, ~79!

whereA must be chosen so that

tn5tbareA11
X2

^n2&
. ~80!

This requires

A52tbare~2D rot1 r̄ !
N~2D rot1 r̄ !

2X22N~2D rot1 r̄ !
. ~81!

This choice ofA must also fulfill the self-consistency equa
tion from intermediate times,@Eq. ~72!#. A straightforward
calculation demonstrates that, to leading order in the sig
to noise ratio, both self-consistency requirements are sa
fied by this choice ofA in the limit of smalltbare. We thus
arrive at the final form of the filter:

F~ t !5S 112tbare~2D rot1 r̄ !
N~2D rot1 r̄ !

2X22N~2D rot1 r̄ !
D

3expS 2A 2v2u¹W cu2

3N~11 r̄ t tumble!~2D rot1 r̄ !
t D

22tbare~2D rot1 r̄ !
N~2D rot1 r̄ !

2X22N~2D rot1 r̄ !
expS 2

t

tbare
D

2exp@2~2D rot1 r̄ !t#. ~82!

Notice that, as expected based on Berg and Purce
original arguments@15#, the time scale of the filter is se
primarily by the rotational diffusion time of the bacterium
Our filter is also similar to that found in Ref.@18#, where a
different criterion for optimality was used. However, th
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long time behavior found here is somewhat different fro
that of Ref.@18#, and from that expected based on the arg
ments of Ref.@15#. We find that, in the low signal to nois
ratio limit, a temporal filter extending for significantly longe
than the rotational diffusion time is optimal. For weak sign
strengths some useful information is gained from averag
in measurements made much longer ago than the rotati
diffusion time scale, and thus the optimal filter includes the
times. This is not what one would have naively expec
based on the arguments of Ref.@15#. A similar effect was
found in Ref.@18#, where the tail of of the optimal filter wa
found to extend to infinitely long times; however, that res
was obtained in the strictly zero signal case, rather than
the limit of small signal as for our filter. We find that it hold
only for the case of strictly zero signal to noise ratio~either
for our definition of optimality or that used in Ref.@18#!, and
that, for a finite signal to noise ratio, the optimal filt
involves an additional time scale
A3N(11 r̄ t tumble)(2D rot1 r̄ )/(2v2u¹W cu2), depending on the
rotational diffusion timeand the signal to noise ratio. The
tail of the filter decays on this time scale, which diverg
with the inverse of the square root of the signal to noise ra
but is of the same order as the rotational diffusion time
finite signal strengths~where the calculations considere
here are not strictly valid but should be qualitatively correc!.
Our results therefore unify the conclusions of Refs.@15# and
@18#: for moderate signal strengths, Berg and Purcell’s ar
ment that the filtering time scale will be of the order of t
rotational diffusion time will be correct, but at a low sign
to noise ratio a new, extremely long, averaging time scal
optimal.

To compare Eq.~82! to experimental results on the filte
ing strategies used by the bacteria, we require the equa
which determiner̄ , X, ^n2&, andtn . These are given by Eq
~52!,

X5A^n2&
2~11 r̄ t tumble!~2D rot1 r̄ !

4D rot23 r̄ 25 r̄ 2t tumble

, ~83!

^n2&5S 2

N~2D rot1 r̄ !
2X22D 21

, ~84!

and Eq.~80!, respectively. We can combine Eqs.~83! and
~84! to obtain

X5AN

2
~2D rot1 r̄ !

8D rot14D rotr̄ t tumble2 r̄ 23 r̄ 2t tumble

4D rot23 r̄ 25 r̄ 2t tumble

,

~85!

^n2&5
N

4

8D rot14D rotr̄ t tumble2 r̄ 23 r̄ 2t tumble

11 r̄ t tumble

. ~86!

The remaining equations must be solved numerically, and
the typical values@6#

t tumble;0.15 s, ~87!

2D rot;0.3 s21, ~88!

tbare;1 ms, ~89!
-

l
g
al
e
d

t
in

s
,

r

-

is

ns

or

the resultingr̄ is

r̄ ;0.17 s21 . ~90!

This value depends only very weakly on the poorly know
tbare and the experimentally measurablet tumble @29#. It de-
pends strongly onD rot and also on the assumption that ea
tumble totally disorients the bacterium. For this reason i
worth considering the problem of tumbles which are not p
fectly disorienting.

The low signal to noise ratio is also solvable for tumbl
which do not perfectly disorient the bacterium in the limit
vanishingt tumble. If we define

z512^v̂beforev̂after& ~91!

then we find that the return@Eq. ~10!# becomes

^vW •¹W c&5
v2u¹W cu2

3

X

^n2&

z r̄

2D rot1z r̄

3E
0

`

dt F~ t !exp@2~2D rot1 r̄ !t#. ~92!

In this case, all of the arguments for the case of perfec
disorienting tumbles go through as before except that~1! the
return is scaled byz, ~2! r̄ must be replaced everywhere b
z r̄, and ~3! t tumble is to be set equal to zero everywher
Roughly, the resulting optimal value ofr̄ will be 1/z larger.

Experimentally, it appears thatz; 1
2 @6#, and for this value

we find

r̄ ;0.37 s21 . ~93!

IV. COMPARISON WITH EXPERIMENTS

Many of the features we would expect in the behavior
bacteria implementing the optimal strategy are directly co
parable to the observations of Refs.@6# and @30#, where the
behavior of free swimmingE. coli in spatial and tempora
gradients of various chemoattractants, as well as in the
sence of such gradients, was studied. In Ref.@6#, free swim-
ming E. coli in the absence of gradients were found to ha
a distribution of run times that was approximately expone
tial with a time constant of about 0.85 s. The distribution
run times could be made almost perfectly exponential
rescaling the run times by the mean run times of the in
vidual bacteria. This form for the distribution of run time
for an individual bacterium is in agreement with the form w
find in the low signal to noise ratio limit, the relevant limit i
this case. The fact that the time constant is different for d
ferent bacteria is also a natural for the optimal strategy,
cause the bacteria differ in their rotational diffusion co
stants, and, therefore, different bacteria should cho
different rates for initiating tumbles. It would be very usef
to see if differences in the rotational diffusion constants
individual bacteria correlate with their different tumblin
rates, a question not investigated in Ref.@6#. Assuming that
the disorientation due to tumbling remains fixed, the tu
bling rate from the optimal low signal to noise ratio strate
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should be roughly proportional to the rotational diffusio
constant, if the bacteria are pursuing the optimal, adap
strategy.

Whatever the nature of the correlations between rotatio
diffusion and rates of tumble initiation, the mean rate
tumbling observed,;1.2 s21, is anomalously large. It is a
factor of 3 larger than the rate we would expect even if
take into account the correlation between orientations be
and after tumbles reported in Ref.@6#. It is possible that there
is significant error in either the value ofD rot or of z that we
have used, and it would be of great value to have pre
experimental determinations of these from tracking exp
ments, since they are both experimentally directly meas
able. However, a factor of 3 appears to be too large to be
result of inaccuracies in these values, and Ref.@6# quotes a
mean change in orientation from the beginning to the end
a run of only 23°, implying that the bacteria really do run f
times significantly shorter than the time which disorien
them. In the low signal noise ratio limit this is not optima
however, this behavior may be the result of the experime
involving bacteriain the absence of any chemoattractan,
rather than merely in the absence of gradients. In fact, b
teria in a uniform solution of 1024 molar serine have an
exponential run distribution with a time constant that
roughly three times longer than was found in the absenc
serine@6#. This agrees rather well with the value expected
the optimal strategy, however, it should be noted that a u
form concentration of aspartate, a different chemoattract
was not found to have the same effect. Clearly it would
desirable to have more tracking work done in uniform
nearly uniform solutions of chemoattractant that are as s
lar as possible to the natural environment ofE. coli in order
to settle this question. This would enable us to determ
whether the tumbling rate is really anomalously large co
pared to the optimal. The natural explanation, should
conflict prove genuine, is that the actual tumbling rate rep
sents something more like the optimal tumbling rate in
intermediate signal to noise~SNR! ratio regime, where we
have no solution, and that the bacteria are more or less
manently adapted to this regime because the cost of ada
to low signal to noise ratio outweighs the potential gai
However, note that the optimal tumbling rate in the hi
SNR limit is roughly 2D rot;0.3 s21, similar to what we
have found for the low SNR limit, so it is by no mean
obvious that tumbling rates at some intermediate SNR r
should be as large as;1 s21.

In addition to determining the distribution of run times
the absence of chemoattractant, Ref.@6# also measured som
of the effects of small gradients on this distribution. One
the interesting things found was an indication of a pecu
asymmetry in the response of the bacteria to small gradie
E. coli tumbled less often when swimming up the gradient
the chemoattractant, but not more often when swimm
down the gradient of the chemoattractant. We have seen
at a high signal to noise ratio, bacteria following the optim
strategy will be surprisingly reluctant to tumble because
the finite amount of time required to tumble, and the fact t
there is some chance that rotational diffusion will impro
their prospects. This may explain some of the observed
luctance to tumble if the bacteria are in a medium signa
noise ratio regime. In fact, the asymmetry is only clea
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observed for runs that are longer than 1.5 s, so perha
minimum integration time, and the accompanying boost
signal to noise ratio, is required for the asymmetry. A
detailed attempt to explain the asymmetry would requ
more detailed measurements of the responses ofE. coli than
are currently available for free swimming bacteria, and this
another area where the collection of more data on free sw
ming bacteria would be of great value.

At a low signal to noise ratio, there is a possibility fo
asymmetry in responses other than the cost of tumbles:
expect an exponential, not linear, dependence of the t
bling rate on the sensory input. In fact, Ref.@30# observed
the response of free swimmingE. coli to temporal gradients
of glutamate, and found that their results were best fit by
exponential dependence on the rate of change of rece
occupancies, which in the concentration region treated
plied an exponential sensitivity to gradients in concentrati
They did not, however, claim to have ruled out a linear d
pendence, and further measurements of the response o
tumbling rate in bacteria adapted to a low signal to no
ratio environment would be of great value. It would also
of great value if bacteria could be placed in a range of spa
gradients of the chemoattractant, and then stimulated with
additional temporal gradient to see if the response cros
over from one appropriate for the low signal to noise ra
case to one appropriate for the high signal to noise ratio c
i.e., tumbling at a fixed value of the estimated angle from
concentration gradient.

The predictions we have made for the optimal filter to
used in the low signal to noise ratio limit can be compared
the results of Refs.@11,16,31#, where tethered@23# bacteria
were exposed to impulselike bursts of chemoattractant. If
strategy the bacteria employ involves linearly filtering som
function of sensory inputs, then the response a timet later
under these conditions is related toḞ(t), and so the tempora
properties of the derivative of the filter can be determin
from these experiments. Evidence for the very long tail in
derivative of the filter expected of the optimal strategy fo
low signal to noise ratio was not found in these experimen
However, the filter found there does extend about 4 s into the
past, which is significantly longer than the time scale for t
bacterium to disorient. The improvement in chemotactic p
formance that would result from a longer integration time
very small, while the difficulty of building a faithful, long
term memory is clearly substantial, so the result is not s
prising. The long time behavior of the filter may still b
adaptive, but the limit of a truly small signal to noise rat
appears to be beyond the range~if any! of that adaptation.

At intermediate times the derivative of the optimal filt
contains a term with an exponential decay rate given
2D rot1z r̄;1 s21 ~for the realistic assumptions of sho
tumble times and finite disorientation during tumbles!. A fea-
ture of almost exactly those characteristics is seen in the fi
found in Ref.@11#, and it appears that the optimal filterin
strategy may in fact be rather close to the filtering strate
inferred from the response observed in those experime
However, one should be cautious, since the agreement is
result of using the experimental value forr̄ which is not in
agreement with theoretical expectations~unless our value of
D rot or z is badly off!, and there are worries about the ada
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tive state of tethered bacteria@32#. Also, the tethered experi
ments were interpreted in terms of a linear, but threshold
response in the rate of transitions from running to tumbli
and vice versa; this is not readily reconciled with the p
posed deterministic strategy and the resulting exponentia
pendence of the effective rate of such transitions on the
tered signal.

It is probably not sensible to compare the behavior of
filter at short times~100 ms or shorter! with theoretical ex-
pectations, since responses on this time scale are not pa
larly important for chemotactic performance, while co
straints due to the actual physical signal process
mechanisms of the bacteria are severe on this time scal

In summary, the filter observed has a behavior very si
lar to what is expected for the optimal filter at time scales
the order of a second. On longer time scales it decays fa
than the optimal rate for a low signal to noise ratio, but a
rate that is clearly slower than the natural time scale for
bacterium to disorient, in qualitative agreement with th
characteristic of the optimal filter. There is some question
to the adaptation state of the tethered bacteria, but since
spend most of their time in the complete absence
chemoattractant signals, the most reasonable proposal is
they are adapted to a low signal to noise ratio. The tethe
experiments do not make any attempt to identify an ada
tion to the signal to noise ratio or diffusion constant in t
characteristics of the filter. In fact, they are ill suited to su
a test, since the tethered bacterium experiences such un
ral conditions that its adaptive state is difficult to determin

On the other hand, some experiments suitable for tes
the form of the filter on free swimming bacteria was recen
performed using photoreleased chemoattractant and repe
@33#. In those experiments, bacteria swimming freely in t
absence of spatial gradients were exposed to steplike cha
in concentration by photoreleasing caged chemoattract
and repellants at the location of the bacteria. This form
stimulation provides ad function in the derivative of the
concentration, so that the response a timet later is a measure
of the filter F(t) used in the low signal to noise ratio env
ronment. These experiments find a memory time for the s
tem slightly longer than that of the tethered experimen
around 5 s. This is marginally closer to the long time tail th
is expected for the optimal filter. On the other hand, there
no indication of the intermediate time (;1 s) feature found
in the data of Ref.@31#, although the data in the case of Re
@33# are somewhat noisy and the applied stimulus is so la
inducing a tumble in 100 ms with nearly unit probabilit
that a feature with the expected rise time of;1 s is probably
not excluded.

It would be very useful to have more photorelease-ba
studies of the response of free swimming bacteria aimed
cifically at measuring the properties of the filter on tim
scales of a fraction of a second to several seconds.
would like to know the filter properties as a function of th
spatial gradients to which the bacteria are preadapted, an
possible, one would also like to look for correlations b
tween the time constants of the filter used, the rotatio
diffusion constant of the free swimming bacteria, and th
distribution of run times. Experiments of this type could a
swer the important open questions of the adaptability of
form of the filter and the tumbling criterion directly. Thi
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would be a very important step in determining the extent
which E. coli achieves the optimal chemotactic strategy. W
believe that this would provide interesting and important
formation about the limits of the sophistication of senso
processing in single celled organisms.
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APPENDIX

The correlation time for the chemoreceptors is expecte
be on the order of 1023 s or shorter. This time scale resul
from several considerations. First, the typical binding tim
for a chemoreceptor is about 1024 s @15#. This will set the
correlation time for the chemoreceptor inputs if~1! it is a
much larger time than the time for attractant to diffuse aw
from a receptor, and~2! there is relatively little correlation
between receptors. To see that~1! is satisfied we
approximate the time to diffuse away from the recep
~that is the time to diffuse far enough away to have sm
chance of recapture! as ~the size of the receptor!2/
~diffusion constant of attractant! which is typically
10214 cm2/1025 cm s21;1029 s, vastly smaller than the ro
tational diffusion time, even if we have underestimated
distance out to which recapture is important by a siza
factor. Individual receptors therefore decorrelate on a ti
scale given by the binding time. What about the ensemble
receptors?

To see that the ensemble of receptors decorrelates
time scale comparable to the binding time, recall the ar
ments of Ref.@15# regarding the rate of capture of diffusin
molecules by a large number of small perfectly absorb
sites on the surface of an impermeable sphere. The inbo
current forN patches of linear sizes on a sphere of sizea is
given by

J54pDc`a
Ns

Ns1pa
, ~A1!

wherec` is the concentration of signaling chemical per c
bic centimeter at infinity. In Ref.@15#, it was emphasized tha
this differs from the current to a perfectly absorbing sph
of radius a only by a factor ofNs/(Ns1pa), which can
approach one for reasonable choices ofN, s, anda. Here,
we note that this occurs because the curr
4pDc`a@Ns/(Ns1pa)# differs from that forN indepen-
dent disks only by a factor ofpa/(Ns1pa), which is about
one-half for the parameters of Ref.@15#. Clearly, the reason
for the reduction from the value forN independent receptor
is that some of the molecules absorbed by a given rece
would have contacted others in its absence. In fact, the
erage molecule that contacts an absorbing site would m
contact with another binding site with probabilit
Ns/(Ns1pa). For receptors which bind and releas
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the attractant, this implies that the average molec
which binds to one receptor will bind to
1/„12 @Ns/(Ns1pa)#…5 (Ns1pa)/pa;2 others, so that
defining the number of receptors with attractor bound at ti
t to bex(t), and assuming Poisson statistics

E
0

T

dt^x~ t !x~0!&2T^x&25S Ns1pa

pa D tbind̂ x& ~A2!

;2 tbind̂ x&. ~A3!

If the receptors decorrelated on a time scale,tdecorr, which
was much longer thantbind, then

E
0

T

dt^x~ t !x~0!&2T^x&2;eE
0

T

dt exp~2t/tdecorr!

3^x~tbind!x~0!& ~A4!

;etdecorr̂ x~tbind!x~0!&,
~A5!

implying
n

u.
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nd

oc

rg

al
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le

e

^x~tbind!x~0!&;
2tbind

etdecorr
~A6!

!1, ~A7!

and the correlations among the receptors must be weak
their correlation time is much larger than the binding tim
Conversely, iftdecorr;tbind, then the correlations need no
be weak, but the two time scales are comparable so thattbind
is still the appropriate time scale.

In practice, the time to diffuse far enough away fromall
receptors should be roughly~the size of the bacterium!2/
~diffusion constant of attractant! which is typically
1028 cm2/1025 cm s21;1023 s or ten times as long as th
receptor binding time. In this case, most of the correlatio
among chemoreceptor inputs have decayed by 0.1 ms,
some weak correlation persists out to 1 ms. Both times
still very short compared to the relevant rotational diffusi
time scale, and we can approximate the noise in the bind
of the chemoreceptors to be white on the other time scale
interest.
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