-Econ 502 - Microeconomic Theory - Spring Term 1985, second half

INTZRPERSONAL COMPARISONS AND SOCIAL "7ILFARZ FUNCTIONS

1. INTRODUCTICN

Followingz Arrow's 'impossibility theoren', a large part of the theory of
welfare econoiiics has been concerned with the question of how individual
preferences may be tcombined! to yield social vreferences or choice rules.
Independently, the more application-oriented branches of the subject have
gone on using social welfare functions of the Eergson=3armuelson type, with
individual utilities as their arguments., Sowme recent work has substantially
clarified the confusion and reconciled the two approaches, by paying
explicit attention to alternative forms of interpersonal comparisons,

This is an expository swmiary of such work, based particularly on
d'Aspremont and Gevers (1977) and Roterts (1980Ca).

This is meant to be a brief introductory account, with an eye towards
applications, Therefore some subtle and theoretically important aspects
are neglected, In particular, the followinz limitations should be noted:

(1) The research literature contains several alternative forms for the
basic conditions, and seemingly small differences in these often lead to
large variations in the conscquences, I shall follow only one line of
development, For fuller discussions, see Sen (1970, 1977), Roberts (1980a,b)
and the references cited there,

(2) Rigorous theory of the subjecl supposes that individuals have
complete, reflexive and transitive preference orderings, il.e. relations
of the form 'x is at least as pood as y'; soclal cholee nay have to be
modelled using even more genernl kinds of relations. Economists are used
to circumstances where preference relations ere represented by numerical
functions, i.e. “unctions f such that x is at least zs good as y if and
only if f(x) > f(y). Debreu (1954) discusses the conditlons under vhich
such a representation is possible; an iuportant exception is where the
preferences are lexicographic. For ease of exposition, I shall work with
nuaerically represented preferences., This is not too restrictive for
individual preferences in nost econouiic applications. However, the sanme
is tru@ for social preferences only in particular cases, I shall point
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out the most important instance where this matters.

2. DEFINITIONS AND BASIC FROPERTTIES

The underlying structure of the proolem is as follows: X denotes the
set of social states; its typical eleuwents are denoted by x, y etc. By a
social state is meant a list of all matters pertinent to the problem; in
economic contexts this will typically be all production and consuuption
allocations. With this in mind, I shall develop the exposition taking X to
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contain a continuum of states, but rost of the issues of social choice
arise in a similar way as soon as X has three or more elements,

The set of individuals is N = {1,2,... n} ; its typical elements are
denoted by 1, ctce For geometric illustration I shall sometimes examine
the case of two individuals,

X * N is the set of all pairs (x,i) where x is a social state and i is
an individual. U is the set of all real-valued functions on X % N, i.e. for
uin U, x in X, and 1 in N, a unique real number u(x,i) is defined, For
each i, this can be thought of as a function u( ,i), and interpreted as a
utility function representing a possible pattern of i's preferences over the
social states., As far as individual choice 1s concerned, there is some
arbitrariness in specifying such a representation., The individual's
preferences and choices are not affected if the function is subjected to an
arbitrary monotonic increasing transformation, il.e. the representation is
ordinal, However, in particular contexts of social choice, the problem may
offer us information beyond that contained in individual choice, and we may
wish to use this in making value judeements with interpersonal couparisons.,
Then we rmst choose representations for different individuals so as to
conform to these judegements. Therefore the function u involves two distinct
aspects: Individual preferences and concerns of interpersonal cowuparisons,
To emphasize this dual role, u(x,1) will be called the welfare level of
individual i1 in state x. The function u itself will be called a pattern of
breferences and comparisons, or often rore simply a profile,

S 1s the set of real-valued functions on X; its typical element will be
denoted by s, A function s will be interpreted as a nwierical representation
of a social preference ordering over the set of social states, Here we have
an unavoidable auwblguity: if s represents a particular social preference
relation, so does any monotonic increasing transform of s, We must therefore
regard two such functions as equivalent., lMore precisely, s and s! are
equivalent if, for all x and y in X, s(x) > s(y) if and only if s'(x) > s'(y).

By a soclial welfare functional is meant a function f whose independent
variables range over a domain D contained in U, and whose values lie in S.
Thus, for each profile in the domain, the function associates a social
preference ordering, We must of course regard two such social welafre
functionals f and f! as equivalent if, for all u in the domain, the
outcores s = f(u) and s' = f'(u) are equivalent in the sense defined above,

Social welfare functionals will be required to satisfy certain specified
conditions. These are motivated by considerations of acuiorie reasonableness
or ethical beliefs., Three such conditions are defined, and very briefly
discussed, in this section; others more explicitly concerned with value
Judgenents follow in the next,
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Condition (U): Unrestricted Dowain

This requires D = U, i.e. that the functional should be capable of

assigning a social preference relation to any conceivable pattern of
individual wvrefawensse and interperesnal comparability.

A possible criticism of this condition is that it is too demanding in
requiring a !constitution! that lays down rules for resolving all conflicts
of interest that could ever arise, It may be thought enough to have the
ability to resolve only a liwmited set of issues, given souwe prior agreement
limiting the dowain of discussion, Thls arguient provides one escape route
if the various conditions prove to be rutually incompatible, Since the focus
here is not on such ‘'impossibility theorems?!, unrestricted domain will not
worry us, However, it should be noted that it perwits all manner of external
effects or meddlesomeness: each consumer'!s preferences can depend on all
consuners? allocations in an arbitrary way.

Condition (P): The Pareto Principle

Let x,y be in X, u in U, and s = f(u). Then it is required that ZQ'
(1) u(x,1) > u(y,i) for 211 i implies s(x) > s(y), (ii) u(x,i) > u(y,i) for
2ll 1 iwmplies s(x) > s(y).

A condition like this is very familiar to economists. However, slight
differences in precise statements of it can have important consequences,
The form used here can be described as moderately strong. It could be
strengthened by requiring strict social preference as soon as at least one
individual has a strict preference, l.e. strengthening (ii) to require
s(x) > s(y) when u(x,i) > u(y,i) for all i and u(x,i) > u(y,i) for at least
one i, TFrom the point of view of this exposition, that would cause a
technical problem, Properly speaking, the social preference relation
entailed by such a condition would be lexicographic and not representable
by a numerical function s, This will be pointed out later where it matters,

On the other hand, the condition could be weakened by omitting part (i).
The importance of that part is that it implies social indifference when all
individuals are indifferent, For any one profile and any two states, then,
an agreement of all welfare levels implies social indifference, This goes
some way towsrds fuling out any role for non-welfare characteristics, i.e.
features of the social states or individuals not containcd in the welfare
levels, In fact (i1) alone has alwost as ruch force, Welfare comparisons
cannot be overruled as soon as they are unanirmous. It is only when welfare
unanimity just fails, that non-welfare characteristics can be used for
resolving ties, i.e. their role is at best lexically secondary.

For one particular profile, we may be fortunate and this 1:2y not matter.
But when universal dowmain is allowed, so that any profile could arise, there
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are serious conflicts with other conceivable ethical desiderata such as
liberalisn or justice. See Sen (1970, che6) and a flood of following
literature.

Condition (I): Independence of Irrelevant Alternatives

L

This requirzs that 1¢ two profiles u and u'! agree over a subset
A of X, then the soclal preferences that result from these profiles should
also agree over the same subset, irrespective of any disagreement elsewhere,
More formally, suppose u(x,i) = u?(x,i) for all x in A and all i in N,
Let s = f(u) and s' = £ (), Then the restrictions of s and s' to A should
be equivalent, i.e. for all x,y in A, we should have s(x) > s(y) if and
only if s'(x) > s'(y).

The distinctive feature of this condition is that it involves two
profiles, As a result, it serves to extend the kind of irrelevance of
non-welfare characteristics that the Fareto principle entailed for one
profile, to all profiles in the dowain., Thils consequence is an addition
to the primary role of the condition, namely that of ruling out the
influence of welfare characteristics of states other than those being
compared, In all, this condition constrains the social choice mechanism
to use relatively 1little inferwation, namely that of welfare levels of
the imrediate states,

There is a line of argument that makes this condition the crucial
difference between the approaches of Arrow and Bergson-Samuelson, See
McManus (1975) for an example, and Sen (1977, section §) for a discussion.,

In ny view the aspects of interpersonal comparability are far more important;
I shall comment on this later,

The next task is to make precise how the conjunction of conditions (P)

and (I), together with (U), goes to deny any role to non-welfare characteristies

in the social choice process, The resulting property is cowmsonly called

neutrality; I prefer to adopt Sen's perjorative description as a title:

Condition (W): Welfarisn

Let x,¥,x',y! be in X, and w,u' in U, such that for all i in N,
we have u(x,i) = u*(x',i) and u(y,i) = uw'(y',i)s Then, on writing
s = f(u) and s* = f(u'), we require s(x) > s(y) iff s'(x") > s"(y").

Note how this condition combines aspects of Fareto-indifference and
independence of irrelevant alternatives., It is trivial to verify that
condition (W) implies (I), i.e. if a social welfare functional satisfies
(W), it also satisfies (I). MNore importantly, we have the reverse comnection:

Lemmas Conditions (U), (P) and (I) together inply (W).
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Proof': This essentially consists of checking out the definition., Take

Xy ¥» X'y y' in X, and u, u' in U, satisfying for all i in N, the equations
u(x,1) = ut(x?,1) , u(y,i) = u'(yt,1).
We must distinguish cases depending on how many of the states x,y,x! and y!
are distinct. The simplest arises when they are all different, and serves
to illustrate the line of reasoning and the role of the three conditions. Let
a; = u(x,1) = u'(x*,1) , b, = u(y,1) = ui(y',i)

Define another profile u" as follows., Let u'(x,i) = 0 u'(y,i) = Byy
ul(x?,1) = 3, u'(y',1) = by, lees u" agrees with u on the states x, y
and with u' on the states x', y', Blsewhere, u" can be defined arbitrarily,
By condition (U), this is in the domain of f; let s" = £(u"),

Since u and u" agree on the set {x.y} » by condition (I) we have
s(x) > s(y) if and only if s"(x) > s"(y). S5iwmilarly, since u! and u" agree
on|{x'.y'} » we have s'(x') > s'(y') if and only if s"(x') > s"(y').

Now look at the profile u'" on its own. Since u"(x,1) = u'(x?,i) for
all i, condition (P) yields s'"(x) = s"(x'), Similarly, from u(y,1) =
u'(y*y1), we have s"(y) = s"(y').

Putting these two lines of inferai~c. “cgether, we have s(x) > s(y) if
and only if s'(x') > s'(y'), the desired conclusion.

The reasoning is slightly more couplicated for cases where soue of the
states coincide, and requires more intermediate profiles to be constructed,
For the nost difficult case, see d'Aspremont and Gevers (1977, Lerua 2). B

The implication of condition (W) is that for social choice beiween any
bair of states under any profile, all that matters is the pair of lists or
Vectors of the wrlfare levels, It is then possible to express the mechanism
of social choice directly in terms of a preference relation, or its numerical

representation, over the vectors of welfare levels. This is the content of
the following:

Theoren: If a soclal welfare functional f satisfies conditions (U) and
(W), then we can find a real-valued function W of n real variables with the
following property: For x, y in X and u in U, set s = f(u), and define
vectors a and b with components a% = u(x,i), b; = u(y,1). Then we are to

g =
have s(x) > s(y) if and only if W(a) > W(b).

Proof: This essentially works backwards. Define a preference relation
on the set of n-dimensional vectors as follows. Given two such vectors a
and b, find u in U, and x, y in X, such that a; = u(x,i) and by = u(y,i).
This is always possible by condition (U)e Then a 1s to be preferred to b
if and only if s(x) > s(y) where s = f(u). By condition (W), this definition
1s independent of the particular choice of profile: if uf, x¥ and yt! are
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such that 2y = uf(x?,i) and by = ul(yt,i), we will have s(x) > s(y) if
and only if s'(x') > s!(y'). Thus the preference relation is well-defined,
A numerical representation &f it gives the desired function ¥, R

It is then natural to call W the Bergson-Samuelson social welfare ]
function corresponding to the social welfare functional f, It should be
noted that in order to ensure such a correspondence, we can impose either
conditions (U) and (W) directly as in the theorem, or conditions (U), (P)
and (I) which together imply the two required, The latter will be done in
what follows.

Sometimes, when explieitly mentioned, another requireuent will be imposed
on the social welfare functional, and its corresponding Bergson-sSaimelson
function. The idea is that actual labels borne by individuals should have
no influence on the social decision, i.e. if we permute the labels 1,24+0¢ n
among themselves, the same social preference rule should result, Stated
nore precisely, we have

Condition (A): Anonymity

Let p be a permuation of 1, i.e. a one-to-one function onto N. If
profiles u and u' are related by u(x,i) = u'(x,p(1)) for all x in X and
all 1 in N, then it is required that s = f(u) and s' = f(u') are equivalent,

Let a and a' be vectors with components ay = u(x,i) and a{ = u(xf,i).
Then these vectors in their cowmponent listscedntain the sawe nuibers in
different orders. If social cholce is not to be affected by such a
re-ordering of arguments in the Zergson-Saruelson function U corresponding
to f, that function imust be symmetric in its arguments, Under anonymity,

socicl preference should devend only on the set of welfare levels, and not
on which individual has which level,

3. ALTERNATIVE KINDS OF INTERFERSONAL COIFARISONG

The kinds of interpersonal comparisons we can make in this framework will
depend on how sharpely we can distinguish one numerical representation of an .
Individual's preferences fio.1 another one for his own preferences, or from a
representation’ of another's preferences, These limitations may arise either
because we do not have the nccessry infornmation, or tecauss ethical or
political considerations prevent us from using it.

For each i, a representation is u(x,1) rerarded as a function of x ¥lone.
For fixed i, our information may Le ordinal, i.e. we may be unable to tell
apart this function of x from any monotonically increasine transformation of

it, or cardinal, i.e. we may be unable to distinpguish this function “rom any
increasing linear transforus whide being able to recosnise non-linear ones,



-7 =

This may have to do with the kind of behaviour we can observe (under certainty
or uncertainty) or with our judgement of the relevance of such observations
for the problem of social choice. Or it may be that all we have to go on

1s information concerning individualst income or wealth levels, foreing us

to use these as proxies for welfare levels, Across individuals, we may be
forced to maintadn non-comparability by being unable to tell when different
transforms are applied for different i, as when utility functions are inferred
from behaviour. Or we may have particular kinds of comparability by being
able or willing to insist that the transforms have certain coimion features
across individuals, as when information pertains to income or wealth levels,
and the units may be changed frowm pounds to vence in comuon for all
individuals,

The general way to treat these possibilities is by dividing the totality
of conceivable profiles, or the set U, into equivalence classes, These are
a collection of rutually disjoint subsets of U which together exhaust all
of U, Any pair of profiles which belong to the same equivalence class are
supposed to be rmtually indistinguishable, The implication for social
choice is the requirement that if u and u'! belong to the same equivalence
class, then f(u) and f(u') should be equivalent representations of social
pbreference,

Two points should be noted in this context. First, this requirement
should be clearly distinguished from a condition restricting the domain.
That would allow us to get away with a complete inability to assisn a soeial
preference to some profiles. Here we insist on the ability to evaluate any
profile, but require the outcomes to coincide for certain profiles,

Secondly, the larger the equivalence class, the stronger the requirement
imposed on the social welfare functional. This is because it is asked to
take on equivalent outcomes for a wider collection of profiles. As a
consequence, fewer social welfare functionals will be able to satisfy the
requirement. In other words, the weaker our basis of information and
comparison, the more profiles we will be obliged to regard as indistinguishable,
and the more difficult the problem of finding social choice mechanisms will be,

The equivalence classes are defined by means of a group of transformations.
This needs to be explained a little., Any two profiles in the sawe equivalence
class can be obtained one from the other by applying one of a set of specified
pPermissible transformations, Each transfornation t is really a 1list or vector
With_(tl.tz.... tn) as the component transformations, each cowponent being

a real-valued function of a real argument. Given u in U, then, ut = t(u) is
defined by
u'(x,1i) = ti(u(x,i)) for all x in X, 1 in N.

The set of all transformations to be considered is denoted by Te In order to
be compatible with the notion of equivalence classes, T rust have a structure,
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First, each profile is (trivially) in the sare equivalence class as itself,
therefore the identity transforu which maps each profile u to itself must be
in T. Secondly, the relation of beinz in the same equivalence class is
symmetric between pairs of profiles, therefore the inverse of a transform in
T should itself be in T. Finally, the relation is transitive, i.e. if u, u!
are in the same cguivalence class, and u', u" are in the same one, then

u, u" rust be in the same one. Therefore the cowmposite of two transforms
in T, i.e. the transform obtained by applying the two in succession, rust
itself Le in T, A set with such a structure is called a group.

Different kinds of measurability and comparability of profiles yield
different classifications of U into equivalence classes, corresponding to
different groups of permissible transformations., Some such groups are
described below, and named after the corresponding economic contexts of
Measurablility and comparability,

ONC : Crdinal, non-comparable

Here T consists of all transforus t = (t1 t srees € ) where each ti
is monotonically increasing, Thus each individual's welfare can only be
Ieasured ordinally, and we cannot Jdistincuish between different specifications
of the orderings for different individuals.

OLC : Ordinal, level comparable

This includes all transforus + = (t to,... t ) where t is

tonotonically increasing. Individusl welfares ars still ordinal but we
can choose representations consistently across individuals, and can thus
tell apart cases where different transforms are applied to different ones.

CNC : Cardinzl, non=-comparable

‘The pesruissim™le Lransforus are defined by the component functions

ti(z) =a, + Bi 2

where z 1s used as an all-purpose real variable, and a,, 3, are constants,
Bi being required to be positive, Thus each individualls welfare level is

determined to within a linear transform, but this transforin can Le chosen
differently for different ones,

CUC ¢ Cardinal, unit cowrparable

This has the permissible transforms defined by t, (z) a +5 2,
with § positive. Thus welfare levels for diffepent 1na1v1duals can have

different origing, but mmst have the same scale. If an absolute scale can
be specified, we may set p = 1, but that additional power mekes no difference,

The group of transforms with + (z) = pi z 1s essentially the saue as this one,
since log t (z) = log ﬁ + lo~ z is of the sawe forn,
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CFC : Cardinal, fully comparable

Here we have ti(z) =0 4+ 2z withp positive, i.e. the linear
transform must be the same for all individuals, Now the ability to set

B = 1 does entail a further restrietion, but that case can be handled by
taking logarithus in the next one, and is therefore not examined separately,

CRS : Cardinal, ratio scales

Now ti(z) =5 z with ¢ positive. Thus all origins of welfare

levels are fixed., The scale can be varied, but rmust be cowmon for all
individuals,

PClM : Perfect couparability and measurability

The only permissible transfoim is the identity, so each equivalence
class contains only one profile, In other words, any vrofile can be
distinguished from any other,

Looking throuzh the cases with cardinality, it may appear that the case
of common origins but different scales, i.e. where

t.(z) = a + 8
i i
has been forgotten, In fact this case is ruled out because this class of
transforus is not a group. The inverse of such a transform is defined by

=1
t, " (2) = =(afey) # () =

2

which does not have the desired feature of cowion origins, (Exercise:
verify that the cases defined above do give classes of transforms that
are groups.)

The ultimate ain of the exerclse is to see what kinds of socilal welfare
functiona¥s f are compatible with alternative kinds of measurability and
comparability. This is easier to do by looking at the corresponding Bergson-
Saruelson funetion W, We have the following crucial result:

THEORM: Let W Le compatible with a group of transformations T. Let
a and b be n-dimensional vectors, and for t in T, let a' = t(a), b! = t(b).
Then W(a) = W(b) if and only if W(t(a)) = W(t(b)).

Proof: Let u, x, y be such that a, = u(x,i) and by = u(y,i). This is
possible by condition (U), and values of u elsewhere do not uatter by
condition (I). Write u' = t(u), so that ti(ag) = ut(x,1), ti(bi) = u'(y,i).
Let s = f(u), s' = f(u'). Then we have
W(a) = W(b) if and only if s(x) = s(y) since " represents f
i.e. if and only if s'(x) = s'(y) since u, u' are in one equivalence class
i.e. Af and only if W(t(a)) = W(t(b)) since 'I represents £, [§
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This result can be given a simple geonetric interprctation. The function
W can be depicted by means of its contours (indifference cruves) in an
n-dimensional space, with individual welfare levels shovn on each axis,
The theorem then says that if a and b lie on one contour, then t(a) and t(b)
mish 112 s crother contour, In other words, if we apply one of the group
of permissible transforms to the variables on the axes, the whole indifference
map of W should be carried into itsel®. Zach contour will be moved, but its

new position will coincide with the old position of another contour, and the
overall picture of the conteour map will remain unchonoed,

The theorem helps us in establishing which functions are compatible with
any specified group T. This is done by detectinz which ones are not, and
leaving a siall class which can then Le checked directly for coupatibility.
This is a matter of cunning choice of stransforms that will reveal violations
of the above theoren. Geometrically, this is often easily done by constructing
a permissivle transfori for which a shifted econtour will interseet an original

one, which then contradicts the Pareto principle., This programse is carried
out below for the different cases of mzasurability and comparability

defined earlier. To allow a simple geometric exposition, this is done for
two individuals; some problets of generalisation are stated where they arise.

CRDINAL AND CARDINAL NCN-CONMPARASILITY,

Suppose W(a ,a2) = w(a1+k1,a2+k?). Because of the Fareto principle,
kl and k? cannot be both positive or lLoth negative.

Consider the transform, which is pernmissible under cardinal (and a fortiori
under ordinal) non-comparability:

tl(z)=2(z-a1)+a . tz(z)-_:%(z-az)-b-a2

1
Applying the th 7 find v = 2 3
pplying the theorem, we fin I(al,az) I(a1+/k1 2+2k2). If both kl and

kz are non-zero, this contradicts the Fareto principle.

x:!

The figure shows the case 2's welfare
where kl is positive and kz
negative, The point is that
with the ability to apply
independent transformations to

(altaz)

1
(al+2kl,a2+2k2)

the two axes (vwhether linear
or non=linear), we can twist
the indifference curves and
then have the transformed
contours intersect the original , 1's welfare
ones, which is not permissible.

(i ya e

Thus one of kl and k? mst Le zero, i.e. the contours of "I st be either
vertical or horizontal, In the former case, social preference depends only
on individual 1's preference; in the latter, only on 2's. In other words,
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under non-comparability, social choice is simply dictatorship of one individual,

If we had imposed non-dictatorship as a prior desideratum on the problen,
we would have an impossibility theoreii: no social welfare functlonal would

be compatible with eonditions (U), (P), (I), non-dictatorship and non=-
comparability. In the ordinal case, this is Arrow's theorem; the corresponding

result with cardinality is due to Sen., Anonymity would be even stronger than
non-dictatorship, and would again yield impossibility theorems in these cases.

ORDINAL LEVEL-CCOMPARABILITY

Suppose W(a,a) = W(a+n1,a+k ) with k. > 0 and k, < 0. Consider the
periiissitle transforn, where each individual's welfare is transforwmed by

2(z=a) + a for z > a
t (z) = -{

i(z-a) + 2 for z< a

Applyine the theorew, we hava T —
vi(a,a) = W(3+2k1,a+%k?), which 45
again contracdicts the Fareto
principle as showm in the figure. (a,a)

So onc of kl and k2 rmst be zero. (c+-u1,a+2k )

This differs frow the previous
. (a4l yatk
case in that the reasoning is 1 2
specific to one side of the 45°
line., It could be apprlied

independently to the other side, and a similar conclusion obtainei. But

1's welfare

it is nov possinhle that ko 1s zero on one side and X, on the other, i,e,.
the contours of ' may be vertical or horizoncol thro;ghout, or vertical
on one side of the 450 line and horizontal on the other, The four cases
that can arise are shown in the next figure,

l

/ ]

(1) (i1) (i11) (iv)

The first two cases are those of dictatorship, We can rule them out by
direct asswaption, or by imposing a stronger condition like anonyiity.
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That leaves cases with L-shaped and inverse L-shaped contours, which con be
represented by the nuaerical functions

a_,a min (a_,a for case (1ii)
(a 2,)) (2 2) £
1
Tn case (iii), social concern coincides with that of the individual with
the lower welfare level of the two., This is a kind of dictatorship, but not
that of a particular individual, Rather, it is dictatorship of a position

w(al,az) = mnex (a ,az) for case (iv)

in the ordering of welfare lovels, navely the worst-off. In another light,
Wwe recoznise thls as a case at the extrenme of egalitarian conecern, or on
yvet another basis, as formally similar to Rawls! max-min criterion of
Justice.

Case (iv) is the dictatorship of the best=off, and at the extreme of
inegalitarianism. Adjoining a condition of minimel equity will help us
eliminate this, leaving (iii) as the only case compatible with ordinal
level=-comparability.

With more individuals, matters are sowewhat more couplicated, It remains
true that social welfare coincides with the welfare of one individual, and
which one is chosen depends on the order of welfare levels, An example is
dictatorship of the kth worst-off for some k. A strong equity condition,
or a separability condition coibined with a weaker equity condition, allow
us to eliminate the possibilities other than the max-idn,

Even then, if the worst-off person is indifferent between two states,
we may wish to allow others! prefernces to have a role. The forn of the
Pareto principle used here precludes that and imposes indifference in such
a social choice, If the principle were strencthened by requiring strict
social vreference as soon as one individual has a strict preference, then
we would have to modify the max-min rule to its lexical extension: if the
k worst-off individuals are indifferent, we look at the preference of the
(k+1)st,

Details of all these points can be found in Hamond (1976), d!Aspremont
and Gevers (1977) and Roberts (1520a,b).

CARDINAL UNXIT CCMPARABILITY

Suppose W(al,az) = W(a,+k_,a_+k_). Try the transformation given by

| 1710 %2
tl(z) = kl + 2z, tz(z) = k2 + Z.

Applying the theoremn, we find H(a1+k1,aé+k2) = w(ai+2k1,a?+2k2). Therefore
the welfare contours iust be straicht lines, i
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Next, take any nwaibers b, and b2, and try the transform given by

1
tl(z) =2z 4 b1 =~ By, tZ(Z) =z4+b,=a,.

W(b1'b2> = w(b1+ kl,b2+k2). Therefore the lines are parallel,

a Applying the theorem, we have

The accompanying
figure illustrates
this. Another way to
explain the result is
that the indifference
nap has to translate
into itself when it is
subjected to any vertical
or horizontal shift as
the two welfare origins _ (bl'bz) +2k ,a2+2k2)
are chenged; therefore
it rust consist of a
fanily of parallel
straight lines,

2's welfare

b4k ,b 4k
( 171" 2 2)

The nurerical
representation ¥ can 1's welfare
then be chosen to have

the forn W(a,,a ) = a ;t d a ? .
e forimm  W( 1 2) ¢y 2 *c,a,, where e, and ¢ @re constants, In view

of the Fareto principle, both must Le non-nezative, and at least one positive,

If anonymity is iuposed, we further have c, = ¢, and then both can be set

1 2
equal to one without loss of yenerality, This is the case of sirple or pure

utilitarisaiacii,

CARDINAL FULL CCMNPARABILITY

Suppose W(a,a) = W(a+k1,a+k?), and shift each individual's welfare by
the transforn to(z) = 2(z-2) + a , Applying the theorem,W(a+kl,a+k?) =
W(a+2k1,a+2k?), l.e. the welfare contours are straisht lines. Next, using
to(z) = 2z+4+b=a, wve see 2's welfare
that W(b,b) = Wbtk brk, ), L3°
so the straicht lines aré
parallel, However, the new
feature is that the argument
can be applied independently
to the two sides of the
45° 1ine, so the families of ; 1's welfare

parallel lines can have

different slopes on the two sides, The ficure illustrates this.
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Viith more individuals, similar argunents show that social welfare contours
mist be a family of parallel cones, with all their vertices on the line of
equal welfares.

A numericel representation has been proved by Roberts (1980a), Let

a= (al,az,... a ) be a typlcal vector of welfare le¥els. Vrite the average
n

welfare as a = (a +a?+... a )/n , and let a be the vector of welfare deviatlons
1 2 n _

from the mean, l.e. its components ai = ai — a , Then "'l can be chosen to

have the forn

Wa) = a+ g(a)
where g is a function homoceneous of cegree one,

This can accowmodate several cowmonly used forms, Tor example, g could
depend on any central moments of the distribution of welfare levels, such
as the standard deviation or skewness, Sowe care has to be taken to ensure
homogeneity. lMeasures based on the Gini coefficient can also be cast in
this form., Roberts suggests a class of measures
1in

Wa) = a 4y (ai-E)

This is utilitarian for y = 0, Rawlsian for y = 1, and a weighted average
of the two for interwmediate values of Yy,

CARDINAL RATIO SCALES

Here H(al,az) = w(bl,bz) if and only if U(kal,kaz) = w(kbl,kbz) for

any positive k, Thus the contours of social welfare rmust be scaled
replicas of one another, i.e. homothetic. The numerical representation

is also homothetic, and since only its ordinal form matters, it can be
chosen to be a function homogeneous of degree one. A cowmmon example,
yielding a family of social welfare functions that is quite rich for
purposes of several applications, is the class of functions having a
constant elasticity of substitution between individual welfare levels, i.e.
6 6 & 1/e

1 YA e 2y

This is utilitarian for & = 1, and Rawlsian in the linit as & goes to =o,

T -
h'(a.l.az'... an) = ( a

Values of & below 1 correspond to some egalitarian concern., Those above 1
are actually inegalitarian, the anti=iawlsian linit occuring at infinity.

If our welfare information is limited to incowe or wealth, this may be
thought to be the appropriate basis for social welfare judgeuents. The
measure of inequality of incoie or wealth proposed by Atkinson (1970) fits
naturally into this framewerk., It is based on a C.E.S. welfare function,
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Any attempts to generalise Atkinson's index within the frauwework of ratio
scale comparability must, however, remember the restriction of howmotheticity,

PERFECT MEASURAZILITY AND COPPARABILITE

With no non-trivial transforwmations allowed, no restrictions can be placed,
and any function H(al,az) that is non-decreasing in the two arguments, and

increasing in at least one of thew at each point, is a welfare function
compatible with this class,

This, therefore, appears to be the appropriate framework of inforwation
and comparability for the wmost general theory of welfare economics following
the approach of Rergson and Samuelson. This view finds sowe support in the
early expositions of Sarmelson (1947, Ch.8). He asserts that sccial welfare
is primarily defined over the allocatinns of goods and services, and that if
the numerical representation-of some individual's preferences by a utility
function is altered by any transforumation, the form of the social welfare
function can be altered in a cowpensating way to preserve the basic Jjudgewments,
To do this, of course, he needs to be able to distinguish between any two
profiles, i.e. operate in a world of perfect measurability and couparability,
This view of the Zergson-Saruelson approach is, however, at the opposite
extrene from the one which has since becoi'e cowonly accepted, For example,
Sen (1977,section 9) declares the approach to be '"like Arrow's ... rooted in
ordinal non-comparability",

L, SUMCART AND COLCLUSIONS

As the inforirational basis of mcasurability and couparability of individual
welfares is strencthened, more types of social welfare functions becorme
compatible. We have seen the earliest stages at which some cowron types
become available; each remains open for further stazes, The following diagram
suns up the results:

CNC
Dictatorship \
CNC
I Dictatorship
OLC l
Rawls, anti-rawls

. cuc
\\\\\ Utilitarisnisu

cFC —
NeamtfMinction of deviations

CRS
Howothetic

FCH
Arbitrary Zergson-5Saimuelson
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This is useful in ensuring that, in theoretical as well as applied work,
the type of welfare function being used is cowmpatible with the informational
basis that is available,

It should be emphasized again that the elementary account above merely
begins to tap the existing literature. Sen (1977) and Roberts (1930a,b)
provide several other points of discussion, and references to other work,

¢
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