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Virtual Transitions in Nonadiabatic Condensed-Phase Reactions
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We calculate the rate of a reaction proceeding through a virtual intermediate for arbitrary vibrational potentials
in three electronic states, expressing it in a form amenable to saddle-point approximations. Treating the mode-
specific case, in which a small number of vibrational modes are coupled to the electronic transitions, dissipation
is included by vibrational coupling to a large collection of harmonic oscillators. A semiclassical saddle-point
expansion at large energy denominator allows us !0 identify the criteria for the validity of the two-state
approximation, in which the intermediate state is ignored, aside from generating an effective coupling between
the initial and final states. We discuss the physical meaning of these criteria, which define a high-energy
intermediate. In this case, virtual transfer may dominate over the two-step process. In the limit of a small
energy denominator, we find that the virtual transfer rate is not necessarily negligible compared to the first
step of a two-step transfer. In this case, the rate is found to depend on the damping of the vibrationally coupled

modes over a certain range.

L. Introduction

Electron transfer in a condensed phase is often mediated by
one or several virtual intermediate electronic states, in which
coherence is maintained until arrival in the final state. In many
cases of such virtual transfer (or “superexchange”),!-5 the energies
of the intermediate electronic configurations are much higher
than any energy scale associated with vibrational or polarization
modes, so the vibrational dynamics in the intermediate states can
be ignored. The intermediate states only serve to provide an
effective electronic mixing matrix element between the initial
and finalstates. There are problems, however, in which mediating
electronic states are sufficiently close in energy to the initial and
final states that vibrational coupling in the virtual transition may
play a role in determining the reaction rate. Examples include
certain intramolecular reactions®’ and the primary charge
separation®-!° and recombination reactions? in photosynthetic
reaction centers. In such cases, the effect of the intermediate
state(s) is more complex than generating an effective higher-
order coupling between the initial and final states.572! This leads
us to the general problem of calculating the rate from an initial
state to a final state passing virtually through an intermediate
state. The same physics may also be applicable to concerted
proton transfer?? and energy transfer.

InsectionII.1 and Appendix A, we derive perturbatively in the
electronic matrix elements the general expression for the non-
adiabatic virtual rate. The behavior of a simplified three-state
model suggests that the virtual rate can be perturbative even at
small energy denominator!® and plausibly is for the primary
photosynthetic electron transfer. Hu and Mukamel?3-2 derived
a different form of the general expression for the case of a
macroscopic number of vibrational modes coupled to the electronic
transitions and performed a short-time expansion to obtain useful
approximations. We treat the “mode-specific” case, in which
only a small number of vibrational modes are coupled to the
electronic transitions, and express the virtual rate in a form
amenable to saddle-point approximations that can capture some
of the relevant dynamics at longer times. The treatment of mode-
specific situations requires some form of damping to yield a finite
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rate constant. We use the method of vibrational coupling to a
large collection of harmonic oscillators2-28 to provide dissipation.
Vol'kenshtein and co-workers,?® Kharkats and co-workers,® Lin,3°
Kharkats and Ulstrup,’! and Kuznetsov and Ulstrup?2 considered
examples in different regimes than that we will consider here and
treated damping in different ways. For lightly damped modes,
we find that the virtual rate at small energy denominator depends
on the damping coefficient of the vibronically coupled modes.
The saddle-point approach described here could also be used to
treat coherent recurrence, in which the dephasing rate is lower
than the vibrational frequencies, by including contributions from
further saddle-points.

Within models of three coupled electronic state surfaces, we
seek systematic semiclassical approximations for the virtual rate.
After motivating the approach in section III.1, we use a
combination of saddle-point and short-time approximations for
high-energy intermediates in section II1.2. The leading term is
found to be the rate of a two-state system consisting of the initial
and final states, with an effective electronic matrix element that
has a geometric interpretation in some cases. Physical inter-
pretations can be assigned to the first quantum corrections beyond
the leading term. In the case of low-energy intermediates (i.e.,
small energy denominators), we use the saddle-point approxi-
mation in section II1.3 and find that many saddle-points contribute
to the virtual rate, enhancing it considerably. Summarizing in
section IV, we compare the virtual rate with the first rate of the
two-step process to find that virtual transfer can dominate with
a high-energy intermediate and need not be entirely negligible
in the case of a low-energy intermediate.

II. Preliminary Theoretical Considerations

I1.1. General Nonadiabatic Virtual Rate Expression. In this
section we give a general expression for the virtual rate to go from
the initial electronic state (state 1) to the final state (state 3) by
means of a virtual transition through an intermediate state (state
2) at the lowest nonvanishing order of perturbation theory in the
electronic mixing matrix elements.’’ In the case of electron
transfer from the donor to acceptor through an intermediate site,
state 1 is DIA, state 2 is D*I-A, and state 3 is D*IA-, where D,
I,and A denote the donor, intermediate, and acceptor, respectively.

Note, however, that the calculations presented here apply to any

virtual electronic transition coupled to vibrational degrees of
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freedom. In the case of hole transfer, for example, the same
formalism and approximations hold with the modification that
state 2 is then DI*A-. Likewise, the analysis could apply to
fluorescence or absorption.

Picture three electronic states and some other degrees of
freedom denoted by y, with conjugate momenta p,. We can
write the Hamiltonian for the system as

H=H,+H’ (1)
with

3
Hy=Y 1D UIHGwP,) )
=1

and

H'= V|12 + Vyuyl2) (3] + V5|1 (3] +
hermitian conjugate (3)

For simplicity we have made the Condon approximation, so the
electronic matrix elements ¥),, V33, and Vi; are independent of
all the coordinates and momenta. We assume the y, are initially
in thermal equilibrium in electronic state 1. The presence of
these other degrees of freedom, and their coupling to the electronic
transitions, is necessary for the existence of a well-defined reaction
rate from state 1 to state 3, as without them the populations
would merely oscillate.

The general expression for the perturbative rate k;; from |1)
to [3), derived in Appendix A, is found to be ki3 = ky + k¢ +
kp, where

k, =

;lljf_:d" fomdsl f;dsz[(Hl2(71)H23("'2)H32(7’3)H2|(74)>1 -

(H\y(1))H, (7)) {H3(1) Hyy(13)),] (4)

ke=- ;2—3 Im [ “dr [7ds (Hy(r - ) Hu(MHL(0),  (5)
and

k, = # [ =dr (H,y(n)Hy,0)), 6)

The time-dependent operators are in the interaction picture with
initial values H;(0) = V,{i) (jl. Theangle brackets withsubscripts
denote thermal averages over (y..p.) in the indicated electronic
states. In the absence of direct coupling Vs, the rate k3 reduces
to the virtual rate k. If the intermediate state were not present,
we would be left with a two-state problem, and k,; would reduce
to the rate of direct transfer kp.

IL.2. Choosing a Class of Models. We now specify a class of
three-state models within which we wish to calculate the virtual
rate with the above expression. The simplest form we can take
for the other degrees of freedom is that of a collection of harmonic
oscillators. Asdiscussed inrefs 34 and 21, an effective harmonic
description is valid for a wide variety of nonlinear systems if the
coordinates coupled to the transitions exhibit Jinear response over
the time scales relevant to the reaction dynamics. These time
scales, which will be rigorously identified in the case of
semiclassical dynamics in section III, are often too short for
nonlinearities to develop. Simulations of ferrous—ferric transfer
in solution’*-37 indicate a striking degree of linear response.
Furthermore, the result for harmonic degrees of freedom given
at the end of this section is seen to depend on the potential surfaces
only through two-time correlation functions. This suggests that
a harmonicdescription is valid under more general circumstances,
provided these correlation functions have well-defined spectral
peaks.
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We now specialize to the case of N harmonic modes. To
simplify the discussion and to facilitate our understanding of the
system, we assume there are no frequency shifts or mode
rediagonalization in the transitions.

The model is specified by the Hamiltonian

H=H,+H' )
N Pf 3
Ho = ;7 + ;ll><"V:(Ql’vQN) + Hdamping (8)

1 N
Vi(QQn) =€+ '2'§ “’f(Qr - qir)z 9)
r=1

P N
Hdamping = Z? + EZ“’IZ(XI - ;ChQr)z (10)

H =V, |12+ V,2) (3] + V1) (3| +
hermitian conjugate (11)

This is the three-state analogue of a Hamiltonian that has been
used in studies of the two-state problem.-4! The ¢ are the
electronic-state energies when all the vibrational coordinates Q,
are at their equilibrium positions. There are N vibrational
coordinates (Q,) with frequencies w,, mass-weighted so that the
kinetic energy is just Pf /2. Ineach of the three electronic states,
these coordinates have different equilibrium positions ;. To
ensure a finite rate, we include damping through coupling to a
bath of harmonic oscillators X,.26-28 This has the effect of damping
the vibrational correlation functions and destroying phase
coherence. Appendix A of ref 41 argues that the Langevin
equations for the Q, are approximately decoupled, so we may as
well make the assumption of separate baths for each coordinate;
namely, C,, # 0 for only one . The correlation functions of the
Q. and P, decay with time according to damping coefficients v,
determined by the C;, and w,, We neglect pure dephasing in this
treatment.

The thermal averages appearing in the rate expression can be
computed with the help of a unitary transformation:4042 U =
exp{(i/R)LNX BT i) (ilg,}, where B, = P, + L,C,P.. For

i=1
example, the full four-point correlation function appearing in ky
becomes

(H\y(7 = 5))H,y(1)H3,(0)Hy (=5,)), =
Vf2V§3 explie,(1 -5, + 5,)/h + ieyr/ B} X

N N
(expliY_q12,P,(r-5))/ b} expli)_dsy P, (7)/h} X
r=1

r=]

N N
expli) 3, P(0)/h}expi)_ay P(-s;))/h}) (12)

r=] rel

where ¢; = ¢; - ¢; and the time dependence of P, is now given by
P,(t) = exp(iHt/h)P,(0) exp(~iHyt/h) (13)

with the purely vibrational Hamiltonian

I
HO = EZ]:(Pf + Qf) + Hdamping (14)

The thermal average on the right-hand side is also computed
with respect to H; and can be performed exactly by a second-
order cumulant expansion in the g’s.
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We therefore arrive at the rate kj3 = ky + k¢ + kp, with

ky= (V, Vs A [ dr [ "ds, ["ds,
exp{fy(7.51,5,) [ h}lexplfy(r.s).5,) / B} - 1] (15)
ko= =2V, VysV,s/87) Im [ "dr [7ds explf (r,5.0)/h +
J5(1,5,0)/ R} (16)
kp = (Viy/h%) [ “dr explf (r.00)/h + f(00)/R}  (17)

The functions f, and f; are given by

N
SA(7.8,,8) = dej v +ie (s, -5) + qu',Z[K,('r -5 +5,) -

r=l

N
K (0] + Y ginlK (1) - K(0)] (18)
r=1

N
So(7:8,,8)) = qu.Iqu,ZJ[Kr(T -5)-K.(=5)) + K(7+35,) -

r=}
K,(s)] (19)

where ¢,;; = ¢;, - ;- and
K (7) = (B ()P O)) (20)

is the two-time momentum correlation function.

The correlation function can be calculated by means of the
fluctuation—dissipation theorem*? and expressed*®in terms of the
frequency-dependent friction coefficient?’

(Clrwl)z
7(Q) = —iQ lim Z———— (21)
0" T 0l — (Q + i5)?

We work in the ohmic case where the friction coefficient #, is
independent of frequency for all <« w. and assume the cutoff
frequency w, is much higher than any other frequency in the
problem. Assuming lightly damped modes (9,/2 « w,), we get

- @, —iw, T = iwpT s 1 a=vAT
K(r)= —Z-[e (n,+1)+e"“n)e (22)

where fi, = (eh«//sT—1)-! is the thermal mean number of phonons
inthe rth mode, Tis the temperature, and vy, = n,/2is thedamping
coefficient of the rth mode. The presence of damping actually
causesa shift in the oscillation frequency of the correlation function
from the value w, appearing in the Hamiltonian. From here
onward, w, will refer to the oscillation frequency. Because the
damping oscillator bath has some finite correlation time
~w;1, we have 7,(Q) — 0 as @ — «. This means that the ohmic
limit is only approximate and that the correlation function is
actually an analytic function of the time, allowing contour
distortion in the saddle-point approach that follows.

III. Semiclassical Saddle-Point Expansion

IIL.1. Application to the Two-State Problem. Semiclassical
saddle-point methods (“steepest descent” or “stationary phase™)
have been used successfully in the past toanalyze two-state electron
transfer404445 and the related problem of solid-state polaron
motion.*¢ The saddle-point method is a valid approximation
whenever the transition is coupled to at least one mode with S
=A/hw> 1, even at zero temperature. Here the reorganization
energy is A = ' /,¢1,w?, with ¢, the displacement of a coordinate
between the two vibrational potential surfaces. A brief review
of the method will clarify the subsequent sections.

The two-state rate constant is expressed as an integral of the
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Figure 1. Three-state problem, showing the semiclassical energy
denominator E.

form

2 -
=2 f Zar explery/m) 23)

where ¥V is the electronic matrix element and g(r) is a function
determined by the model parameters. Saddle-points are deter-
mined (usuaily numerically) by the equation g/(r+) = 0, and it
is these points about which g is expanded. When at least one
mode has S >> 1, the saddle-points are well-separated compared
to their widths and the approximation is valid. This situation is
referred to as the “semiclassical regime” (often called the “strong
coupling case™); the more classical regime with kg7 > hw for
all the modes will be referred to as the “high-temperature limit”.
The saddle-point method is capable of capturing non-Gaussian
energy-gap dependence, which results when the saddle-points
contributing to the integral are distant from the origin by an
amount comparable to or greater than a vibrational period. This
can happen if there are both “low-frequency” (L) modes with S;
='/.q2 ,w,/h > 1 and “high-frequency” (H) modes with S, =
"/ @hiwu/h S 1and Awy > kgTyeom The shape of such non-
Gaussian dependence has been described elsewhere.4045 By
contrast, the short-time approximation (expanding about the
origin) yields a Gaussian energy-gap dependence.

Even when the phase coherence of the system is maintained
for several vibrational periods, the saddle-point approach can
still be used by including contributions from additional saddle-
points. The coherence time,*’ the time for the phase of a
wavepacket to be randomized, is given by%

2
ql 2%,

N
Tcon ~ [Z-,,——Zh (2, + 1) (24)
r=1

The contribution from the nth saddle-point is smaller than that
of the primary saddle (n = 0) by ~e-2*#/(«rcom). The statement
that coherent recurrence in the final state can be neglected is
equivalent to the assumption w,7coy/2w < 1 for all modes. This
is equivalent to neglecting all saddle-points except that closest to
the origin, i.e., that most like the short-time approximation. These
considerations motivate us to apply saddle-point methods to the
three-state problem, rather than the short-time expansions used
by many researchers.®23.24.30

II1.2. Large Energy Denominator. 4. Asymptotic Expansion.
In the three-state problem, we are particularly interested in the
extremes of large and small energy denominator. These cases
are distinguished by whether the intermediate state is well-
separated in energy from the initial and final states in some sense
to be clarified below.

First consider the case of a high-energy intermediate state.
The problem is depicted in Figure 1 for the case of one harmonic
coordinate. We wantanasymptotic expansion for therate integral
of the three-state system that has the two-state rate (with the
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effective matrix element) as the leading term. Motivated by the
success of the saddle-point method in approximating and
elucidating the two-state problem, we seek an analogous approach
for the three-state problem. We confine ourselves to situations
where the activation energy is determined by the initial/final
crossing; other situations have been studied by Kharkats and
co-workers.® Throughout the paper, we confine ourselves to a
regime with w,7coy/27 « 1 for all modes.

There are two features of the virtual rate integral k, ineq 15
that could require deviations from the saddle-point approach used
inthe two-state problem. First,theintegrandin k, hastwoterms.
Theintegral of each one separately is divergent. Thiscan beseen
by making a change of variables s = //,(s; + 5)) and g = 5, -
s;. We find that as s — = the integral over 7 and a of each of
the two terms approaches the finite value ki,k,3;, where k|, and
kj3 are the two-state perturbative rates from states 1 to 2 and 2
to 3, respectively. (Thiscan beseen fromegs 15, 18,19, and 22).
Performing the remaining s integral then only makes sense for
the difference of the two terms and not for each of them separately.
As shown in Appendix B, the case of large E can generally be
dealt with by considering only the first term of the integrand.
(This is not an issue for the cross-term k¢ in eq 16.)

The second distinguishing feature of the three-state problem
is that the limits on the s, and s, integrals only extend from 0 to
., Recall that the critical points dominating an integral include
not just the saddle-points but also the boundary of integration.*®
In the case of large E, we include the effects of the boundary by
performing short-time expansions in s, and s,, while doing the
saddle-point expansion in 7. The results of the calcuiation show
that the typical values of s; and s, contributing to the integral
are indeed short when the intermediate state is well-removed in
energy from the initial and final states.

The procedure for generating the asymptotic expansion for k)
isasfollows. Letf=f,+ fzdenote the argument of the exponential
in the first term of eq 15. Setting s, = s, = 0, the saddle-points
7» are determined from

£(1,0,0) = g{(r.,o,O) =0 (25)

either numerically or, in some limits, analytically. In the large
E case, damping is ignored in the computation of all derivatives.
This is justified if the width of the saddle-points 7rc << Tcon.
Examination of the integrand shows that this results in the same
saddle-point equation as in the two-state initial/final problem.
We expand fabout (7+,0,0). Keeping the terms in s, 5,, and (1
— 7+)2 up in the exponential, we expand the exponential of all
other terms. This results in integrals of the form f%dr 7%¢-"* and
lims_.q+ fg°ds s"e~'s-%, which can be done exactly. We assume
that the = contour can be distorted to pass through the saddle-
point along the contour of steepest descent. We collect terms
proportional to a given power of A. (In doing this, we do not
expand 7, in powers of A.) For the cross-term k¢ in eq 16, we
apply the analogous procedure with only one s variable. (This
asymptotic expansion is similar in some ways to the loop expansion
of quantum field theory*® or quantum many-body physics.5 The
Feynman rules for a diagrammatic approach to this expansion
have been given elsewhere.’')

B. Leading Term. The leading term is found to be identical
with the rate of a two-state system consisting of only the initial
and final states, with an effective matrix element V,V5;/E +
V|3I

kS = (V,,Vys/E + Vi R22m) Prpp 00 (26)
where the “Franck—Condon time” is

Tre1n = (R[S, (7.,0,0))' 27
and the quantity playing the role of the semiclassical energy
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denominator is
E= —zfsz('r.,0,0) = ifsl(‘r.,0,0) (28)

The exponential factor is precisely that of the direct transfer rate
in a two-state system consisting of states |[1) and |[3). Because
this has been obtained with a saddle-point expansion, it reproduces
the non-Gaussian ¢,; dependence already described in the two-
state problem.*045 This causes the full ¢;; dependence of this
expansion to differ from that of eq 4.12c of ref 24.

In the limit w/jr+| << 1 for all the modes, we retrieve the short-
time approximation and, this becomes the well-known Marcus/
Hopfield expression’253 with the above effective matrix element.
The physical meaning of the saddle-point time |74} is the time the
vibrational coordinates spend tunneling between electronic states.
The limit w,|7+} << 1 then means that vibrational quantum effects
are weak. This limit can occur if the reaction is activationless,
i.e.,if e13= N3, where A3 = L. (1/2)¢? 37 is the reorganization
energy for the overall reaction. In this case, 7« = 0. This limit
also occurs in the high-temperature limit, Aw, < kT, for all the
modes. If thereare high-frequency modes coupled to the reaction
that have Aw > kgTroom ~ 200 cm-', as there almost certainly
are in the photosynthetic systems, 345645 we are never in the high-
temperature limit and vibrational quantum effects qualitatively
change the temperature and energy-gap dependences.’’-% In
general, 7+ # 0, and this leading term itself contains quantum
effects.

As in the two-state problem, an important time scale is the
width of the saddle-point, the Franck—Condon time 75¢;3. Inthe
limit w7+ <« 1 for each mode, this simplifies to

N
Tre13 = [h/zqrz,l.!wg(ﬁr +!/1'? (29)
r=]

which in the high-temperature limit becomes r7c3 =
(h/2\13ksT)' /2. The physical meaning of 4¢3 is the time for
the energy of a vibrational wavepacket moving through the
crossing point to change by one vibrational quantum due to the
force exerted on it by the potential surfaces. On this time scale,
vibrational forces cause two wavepackets, both initially at the
crossing point, to lose coherent overlap with each other as they
move on theinitial- and final-state potential surfaces, respectively.
For biological electron transfer, it is typically on the order of 75
~ 10 fs. Inregimes of physical interest, it is this very short time
scale 77c which governs the microscopic reaction dynamics, and
so the response of the system to external forces needs to be linear
only over this short time, supporting the validity of the harmonic
approximation for the vibrational motions.2!-34
The semiclassical energy denominator is given by

N
E=¢,+ Z[qr.lzqr.DiK:‘(T‘) ~'/8,19,23071  (30)
r=1

Because we neglect damping in the computation of derivatives
in this section, we introduce the undamped correlation function

K1) = e (8, + 1) + €7n (31)

In the case of only one mode, the energy denominator simplifies
to

E= elz—e,3ﬂ+%q,2q23w2 (32)
93

which agrees with eq 9 of ref 31 in the case gy, = ¢;3. This is
precisely the energy vertically from the initial/final crossing point
to the intermediate state, as in Figure 1. Note that in the case
of two or more modes the initial/final crossing is not a point but
rather a curve, surface, or hypersurface of vibrational configu-
rations. When the reaction is nearly activationless, so that w ||
<« 1, the semiclassical energy denominator for NV modes can be
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Q2
s w1 # wa
~ Qs
VE:s
Q
N\
Eis(Q)=0

Figure2. Thesemiclassical energy denominator is generally temperature-
dependent for two or more vibrational modes. An explanation for this
is that the energy gradient VE,; generally would not be the direction to
go from the initial equilibrium through the minimum of the initial/final
crossing.

written

N
quzqr.u“’g(ﬁ +'/)

r=|
E=¢,-N,+(e;-7p) N (33)

Zqiuwf("' +'/)
r=]

which agrees with the energy denominator of eq 5.3b of ref 24
if we make the correspondence

N
[&rb@-EH—~ wla.q, (34)
r=1

(Equation 30 is the generalization of this to situations with w|rs|
2 1.) A geometric meaning for E may be extracted in the high-
temperature limit, where E is just the energy vertically from the
minimum of the initial/final crossing to the intermediate state
(hyper)surface.

With more than one mode, E is slightly temperature dependent,
barring the special cases of an activationless reaction, the high-
temperature limit,and w, = w,. Startingat theinitial equilibrium,
at low temperatures the system tends to follow the initial/final
potential difference gradient (see Figure 2). This path generally
does not pass through the minimum of the initial/final crossing.
(Note that in cases without frequency shift, as we are considering,
this minimum lies on the line connecting the initial and final
equilibria.) Athigh temperatures the system may go against the
gradient, and the easiest way of crossing to the final state without
tunneling is by going to the initial/final crossing minimum. As
the temperature is raised from low to high temperatures, the
position at which the system most typically leaves the initial state
shifts to the initial/final minimum, shifting the effective energy
denominator E. Any corrections due to fluctuations about this
minimum appear in the first corrections of the expansion, since
they are of relative order ~ (% /Errc)?.

C. Three-State Corrections. The higher termsof the expansion
contain pieces that are also present in the two-state problem plus
pieces that are unique to the three-state problem. Treating the
system within the two-state approximation is then equivalent to
neglecting these corrections, and we can gain physical insight
into the meaning of the two-state approximation by investigating
their significance. The physical meaning of these quantum
corrections can be most easily extracted by examining the case
of just one low-frequency mode. We find, through O(h)
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energy

Q

Figure 3. Deviation from two-state behavior. Wavepacket spreading
during vibrational tunneling. The typical tunneling time is given by 7*,
the saddle-point location. During this time, a wavepacket at the crossing
point spreads by an amount g, blurring the energy denominator by éE.

corrections,

kyy~ kg?{l + “two state” + “spreading wavepacket” +
“overlap loss™} (35)

The leading term k(¥ was given in eq 26 and described above.

The O(h) two-state corrections appear in the semiclassical
expansion of the two-state initial/final problem. The first two-
state correction for one mode at T'=01is —(1/12)(hw)/A;3. Thus
even at T = 0, where any mode is quantum-mechanical in the
sense that # << 1, a mode may be semiclassical in the sense that
its quantum is small compared to the “classical” energies of the
problem, such as reorganization energies.

The other pieces of the @(h) correction are entirely due to the
three-state character of the problem. The first of these,

“spreading wavepacket” = £q,,¢,,[K* (7.) - K*'(0)] / E*
(36)
is named for its interpretation in situations with wjrs « 1. In
that limit, it is

3E, 3E
g———; - Q‘z - Qn(hi'r.)/Ez (37)

where E12(Q) = V1(Q) - V2(Q) and Ex3(Q) = V2(Q) - V3(Q). The
magnitude of the real time ir. is the time spent vibrationally
tunneling from reactants to products. When the reaction is
activationless or at high-temperatures, 7« = 0, because there is
noneed to tunnel. The quantity 5Q =|hir.|'/2is then the amount
of spreading of a wavepacket placed at the crossing point while
the system tunnels from reactants to products. The spreading of
a wavepacket is a purely quantum-mechanical phenomenon, with
A playing the role of a diffusion constant. Becauseof the gradients
of the potential differences 8E,,/8Q and 8E;/dQ, this spread or
blurring in position directly results in a blurring of the energy
denominator 8E, as shown in Figure 3. The two-state approx-
imation assumes that spreading wavepacket <« 1. This is
equivalent to the statement that this blurring of the energy
denominator is much smaller than the energy denominator itself.
This correction could be viewed as being due to the coordinate
dependence of the energy differences between the states and so
reflects the “non-Condon” quality that the intermediate state
surfaceinduces on an effective matrix element coupling the initial
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-

Q

Figure 4. Deviation from two-state behavior. Dynamics in the virtual
intermediate state. Vibrational forces move the wavepacket away from
the crossing-point in a time typified by the Franck-Condon time, 7.

and final states. When the reaction is activationless or in the
high-temperature limit, 7» = 0 and this correction is negligible.
The other three-state piece in the (&) correction is

I AY
overlap loss = —2( ) 38

P Etpe; 3%)
where 77¢12 = [h /2w coth(hw/2kgT)]'/2. If this correction is
21, thenduring thetime ~ A/ E allowed in the virtual intermediate
by the uncertainty principle, the vibronic force displaces a
vibrational wavepacket from the crossing point enough to lose
overlap with a wavepacket held fixed there. That is, the time
that the system is allowed to spend in the virtual intermediate by
the uncertainty principle is so long that vibrational dynamics in
the intermediate state become significant (see Figure 4). The
sign indicates that mixing is being cut short, reducing the rate.
In terms of energies, this correction is —4A,,hw(fi+ !/,)/E2. The
energy in the numerator is the energy fluctuation due to the
thermal and quantum coordinate fluctuations in the presence of
the vibronic force F), = w?q;,. This correction also contains, for
two or more modes, the effects of fluctuations along the initial/
final crossing curve, since these are of order ((Fdq)?)/E? ~ (h/
(E7r())? relative to the leading term.

The @(h?) corrections are quite complicated in appearance.
Inactivationless cases with nearly vanishing energy denominator,
we have found numerically that the largest such correction is
2(h /(ETrci2))%, with the interpretation already discussed.

If only the leading term is considered, then in the presence of
a matrix element V); directly connecting the initial and final
states it is possible for the direct coupling to precisely cancel the
effective coupling ¥,/ V;/E from the virtual transition. If the
rate were given exactly by the leading term, it would be
proportional to (V; + V|,V,;/E)? and there would be the
possibility of making the rate vanish (as might be desirable for
a recombination reaction) by appropriately adjusting the matrix
elements and/or energy denominator. Quantum effects are
responsible for corrections to the leading term that prevent
complete destructive interference from occurring, placing a
nonzero quantum minimum on the rate. At present, however, we
know of no reaction that appears to approach this quantum
minimum rate. Having said this, we treat only the case V); =
0 for the remainder of the paper.

Here we give the detailed expressions for the virtual rate at
large E, through the @(h) corrections, organized by powers of
E:

V,v;
12¥23 2
ky =~ £ @[l +a,/E + a,/ E°] (39)
with

ay = (1/h%)(2m)' P10 /00 (40)
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h
8= —— X
XA A%
r=) N ) N ”
(OITHE A CGITRT AN KA
r= r=1
1 N . N .,
O a,128,15 K (rNQ_ah K (2] (1)
r=1 r=1
and
h Al .
a, = —————3Q_4,19,1:K (1)) -

r=1

N
> 4K (7))
r=1

N N N
(quz.lJKf,’(T‘))(Zqilsz”(T') + Z'qu.lzqr,zs(Kfﬂ(T') +
r=] r=i r=1
W) (R, + '/ )N] (42)

Because 7. is generally determined numerically from eq 25, these
expressions cannot be simplified further. The function K(7) is
given by eq 31 as a simple combination of exponentials, and its
derivatives will not be written here. The semiclassical energy
denominator is most easily computed from eq 30. Two-state
corrections have not been written here; they are small for the
situations of interest.

IIL.3. Small Energy Denominator. The above expansion
certainly breaks down when the semiclassical energy denominator
E = 0. This may occur in the photosynthetic primary charge
separation. Perturbation theory can be valid nonetheless, as
indicated by the behavior of a simplified three-state model.!® The
essential reason is that vibrational dynamics and dephasing
processes limit the coherent mixing into and out of the intermediate
state. The rates of these processes, 7z and ¢, can be much
larger than the electronic mixing frequency (¥/ ), thus rescuing
perturbation theory. Furthermore, even in the extreme case E
= 0 the system may still be semiclassical, in the sense that the
electronic-vibrational coupling constants S > 1. Atsmall E, we
confine our calculations to nearly activationless reactions for the
sake of simplicity; experiments indicate that the photosynthetic
primary separation falls into this category.5©

We now estimate the virtual rate in situations with E = 0 and
obtain corrections in powers of E, using a semiclassical saddle-
point expansion. As discussed in Appendix B and below, we
locate and evaluate the contributions from saddle-points of the
first term in the integrand of eq 15. The second term plays the
crucial role of canceling the first term very far from the origin,
rendering the rate finite.

For small E, boundary effects are unimportant and the
stationary points of the integrand are the dominant critical points.
We look for the saddle-point in three (complex) dimensions. Here
we work in cases where E = 0 and the reaction is activationless
(€13 = Ni3). We assume (€23 — Ay3) 7505/ h% 3> 1, where 72
is defined as analogous to 7xc;; in eq 29. This means that k;3
is far from activationless. ‘'We further assume rcoy > 7rc. In
general the saddle-point structure is- complicated. To simplify
the situation, we suppose all the mode frequencies are equal (w),
as are the damping coefficients (y). For light damping, we can
ignore the damping in locating the saddle-points; this will be
justified below. We then have a three-dimensional lattice of
saddle-points spaced by 2x/w. If the coherence time is much
shorter than the vibrational period, all the saddle-points are
exponentially attenuated relative to the one at the origin, except
for those at (7. = 0, 51» = n2w/w, 53+ = n27/w), withn 2 0. We
will make this assumption, although longer coherence times can
be handled by including additional saddle-points. Lets ="'/,(s;
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+5)) and a = 5, - 5, so the saddle-points are at (1« = 0, g+ =
0, s« = n2x/w). For n 2 1, we can write the exponent function
ineq 15 as

N
f=fotfy=iear+iea+ ) gl IKAT+a) - KH0)] +

r=1

N N
Y Gl - KO + D 4,10, Ki(r + /0 -9) -
r=] r=|

K('[:a=5)+ K+ [,a+5) - K'('/,a + 5)]e™ (43)

where K1) is the undamped correlation function given in eq 31.
The only approximation that has been made here is neglecting
7 and a in the damping factors. This is justified because the
range of v and a contributing to the integral is on the order of
Trc, Which is small compared to the value of s« = n2x/w for n
2 1. We will discuss the n = 0 saddle-point contribution shortly.

In most applications of the saddle-point method, the function
would be expanded about the saddle-point to quadratic terms. If
we neglect damping, however, the 3 X 3 Hessian matrix has a
null eigenvector. We must include nonquadratic terms, but we
must also include damping in the expansion to ensure that
successive saddle-points give smaller contributions.! For ¢)3 =
A3 and E = 0, with ¥ « w, the expansion gives

N
[ i‘YTszqr,qur,Zsz +ir(s -
r=1
N N
n2m/@)X(1/2)_4,159,20" + 7(1/2))_¢2,,K:(0) +
r=1 r=1

N N
7aY_d,1:4,5K(0) + a*(1/2)) a7 \,K:(0) (44)
r=1 r=|

Other terms with damping can be neglected, because for ¥y « w
they have negligible effects on the rate, as shown below. We
haveincluded cubic terms that have s-dependence. Allsuch cubic
terms aside from that shown have vanishing coefficients at these
saddle-points if damping is neglected. (Including damping in
these coefficients only leads to negligible corrections in the rate.)
The 7(s - n2x/w)? term shown is the nonvanishing nonquadratic
term of lowest order and must be included to obtain the
contribution from the “nth” saddle-point at (r« = 0, a» = 0, s»
= n2r/w). Cubicterms without s-dependence lead to corrections
that are small in the semiclassical limit.

We can now compute the nth saddle-point contribution.
Assume the (7,a) Hessian determinant does not vanish. We can
extend the limits of the a-integral from [-2s,+25] to [~»,+=];
this is justified because the range of values of a contributing to
the integral is of the order 75, which is much smaller than s.
After performing the Gaussian 7 and a integrals, we have

2r
ky, ~ Vi, Vi— f ds Zexp{— —(2ys +
hiA?
wi(s - n21r/w)2)2} (45)
where

= —[(Zq, 2K! (°>)(qu KL (0)) -

r=1

(qu,Iqu,IBKI:”(O))Z] (46)
r=1
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is the (7,a) Hessian determinant®? and

N N
(qu,Iqu,ZJK:’ (0))2(243,121(: (0))
Y= r=1 r=1 (47)
2h°A°

The saddle-points are well-separated compared to their widths,
so may extend the integral over each saddle-point to the interval
[-,=]. In the exponential, we can rewrite 2ys = 2yn2nr/w +
2v(s - n2w/w) and neglect the latter term, since for y « wit does
not vary appreciably from 0 over the width of the saddle.
Multiplying out the square in the exponential, the cross-term
quadratic in (s — #n2w/w) can also be neglected. Its variation
from 0 is negligible for s in the width of the saddle and n
contributing to the sum. The expression then factorizes into an
integral and a sum. The integral is ", ds e =
2u'/4(1/4)1(1/4) = 2u-'/%. The sum is .. expf - n’/2N} =~

(w/2)'/2N,, where

N, = (o/2my)(w*/8u)'/? (48)

is assumed »1. This corresponds to the assumption
(rcon/Trc)(2R + 1) > 1, which is consistent with our earlier
assumption rcoy » 7rc. Corrections for nonzero E are computed
by expanding the factor e/£¢/* inside the integral; corrections for
non-zero activation energy can be computed similarly.

We must justify the neglect of all damping terms except that
included in eq 44. The other damping terms change either the
(r,a) Hessian determinant or coefficients of cubic terms. The
inclusion of such terms multiplies the exponent in eq 45 by (1 +
O(1)~s), which has a negligible effect on the saddle-point integral
and on thesumover saddle-points. We canalso clarify the validity
of expanding about the points (r« =0, @+ = 0, s» = n2x /). This
is valid if the combination of derivatives constituting A¢ and u
undergo negligible changes A(A*) and Au upon displacement to
the exact saddle-points. To lowest nonvanishing order in v/w,
the deviations from the exact saddle-point locations are A+, Aas,
and As., each ~ O(1)y/w? We then have

PV T 1PN e
A(AY/A ~ 0Q1) 0 | o) (y/w)(2r+ 1) «
1 (49)
and also
Au/u~0(l) .—7— O()(y/w)(2r+1) (50)

To ensure the validity of expandmg about these points, we must
require (y/w)(2r + 1) < 1.

The computation of the n = 0 saddle-point contribution is
complicated by the boundary of integration. For n =0, we can
neglect damping altogether in the expansion of eq 44, assuming
7rc < Tcon. Following the above procedure, we see that this
saddle-point contribution is of the same order of magnitude as
the others contributing to the sum, i.e., those with n S N,. Since
N; >> 1 under these assumptions, we are justified in neglecting
the n = 0 saddle-point, because it is only one out of many
contributing saddle-points.

We now summarize the expression for the virtual rate at small
E, in the case of activationless reactions. We have assumed (¢,
) e/ B> 1, (v/w) (2R + 1) K 1, and oy D> Trc. We
have

ViLV:
ky = —5by[1 + byEY] (51
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where
3/2
bo-Ns(i’;lz e (52)
and
W w4)1/2
N, = 2‘”(5 (53)

if all the mode frequencies and damping coefficients are equal;
in more complicated cases this gives the order of magnitude.

Also,

(qulz"’ (n + ))(Zq,”w (n + ))

(qulzqru“’ (n + )) ] (54)
and
N N
(qu.nzqr.zswf)z(ZQilzwf("'r +'/,)
= r=| r=1 (55)
8hA*

Furthermore,

gt
)t

The dependence of the rate on small E is roughly

kAE) ~ kV(O)[l - 0(1)(E—;’—C)2] (57)

The energy scale & /7r¢ controls the E-dependence near E = 0,
as has been noted by Hu and Mukamel in the continuum case. 2324

IV. Summary and Discussion

We have used saddle-point methods to investigate the problem
of virtual transitions in vibrationally coupled three-state systems
with a small number of vibronically coupled modes. We
considered modes that are underdamped but have vibrational
periods long compared to the coherence time.

Atlarge energy denominator, the method reveals the corrections
to two-state behavior. The two-state approximation can be
checked for a given system by comparing the leading term of eq
39 with its higher terms. The physical interpretation of one of
these corrections is the quantum-mechanical spreading of wave-
packets about the initial/final crossing point. This leads to a
spread of values for the energy denominator. Another correction
isdue to vibrational dynamics in the intermediate state. Because
the virtual transition is energy nonconserving in this case, the
uncertainty principle limits the time spent in the virtual inter-
mediate to be no more than ~ k /E. If this time becomes longer
than the time scale on which vibrational dynamics occurs, 7r¢,
we can no longer ignore the dynamics in the intermediate state.

For small values of the semiclassical energy denominator, the
main results are contained in eqs 51-56. We found an inverse
dependence of the virtual rate on the damping coefficient for
light damping and an enhancement of the rate by the contributions
of many saddle-points. This has the physical significance that
as the coherence time increases, the virtual rate increases. This
is essentially due to the nature of virtual transfer, in which
coherence is maintained in the intermediate state. This distin-
guishes virtual transfer from direct transfer, where the rate is
independent of damping in the regime we have considered.
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In systems that are candidates for virtual transfer, we often
want to know if the initial-state decay is dominated by the virtual
rate ky or by the first step of a two-step process, k;;. We assume
the dephasing rates & /7con > V12, Va3, s0 the density of states
has no structure on the energy scale of the matrix elements and
both rates k, and k,, are well-defined. We also assume k;; «
7, so that k,; is well-defined. With a high-energy intermediate,
ki, is an uphill reaction and is exponentially attenuated.
Meanwhile the virtual rate ky is of a higher order in perturbation
theory. Iftheinitial/final activationenergy is 0, the approximate
criterion for the dominance of virtual transfer is

(Vas/EN* > expi—e;,/ kyT} - (58)

where ¢/, is the energy from the initial equilibrium up to the
initial/intermediate crossing. At sufficiently low temperatures,
virtual transfer dominates in this regime. As the temperature
approaches 0, the two-step process shuts off completely, while
the virtual process continues to proceed.

In the case of a low-energy intermediate, the rate k,, can be
nearly activationless as well, and it is natural to ask whether
virtual transfer can be dominant in that case. Under the
approximations of semiclassical dynamics and short coherence
time and assuming the state 2 equilibration rate is greater than
the second two-step rate, virtual transfer cannot dominate the
transfer but can make a significant contribution. This can be
shown by examining the orders of magnitude of k, and k,,, while
ignoring factors of order unity. Inthe case of two or more lightly
damped modes with equal frequencies and damping coefficients,
we estimate from eqs 51-55

1 1\5/4
ky ~ S ViVhireeS (a4 3) (9)

while under the same assumptions
1 .2
kiy ~ ?VIZTFC (60)

If we require the rate k,; is siower than or on the order of the
equilibration rate v in the intermediate, we must have

11
—FV;TFC 51 (61)

Othersituations have been discussed by Kuznetsov and Ulstrup.32
Allowing k,; > v invalidates the virtual rate expression we are
usinginthese estimates (see Appendix A). Nonetheless, we expect
that if k,; S v the expressions we use here will be of the correct
order of magnitude. We then obtain a limit for the relative
contribution of virtual transfer:

ky<(th4J/g)”‘
Requiring that the Landau~Zener probabilities are small com-
pared to unity does not yield a stronger relation. At room
temperature and using A = 1200 cm-', the right-hand side of this
relation can be estimated as =(kg7/\)3/4 =~ 0.3, which is not
entirely negligible. Within theseassumptions and approximations,
therefore, it is possible for the virtual rate to make an appreciable
contribution at small energy denominator along with two-step
transfer.
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Appendix A: General Expression for the Virtual Rate in
Perturbation Theory

In this Appendix, we derive the general expression for the
virtual rate perturbatively in the electronic matrix elements in a
system with three electronic states and vibrational degrees of
freedom y,. Suppose at time ¢ = 0 the system is in state |1) and
the vibrational coordinates are in thermal equilibrium. Note
that if one calculates the decay rate of the state 1 population
through terms of order ¥2,¥2,, one cannot identify such terms
with the virtual rate, because the rate k;, contributes to the state
1 decay rate and it has perturbative corrections proportional to
V2, V2. Thus we examine the state 3 population instead. The
population of state |3) at a later time ¢ is P5(¢) = L, P(i)-
[(3f|U(2,0)|1i)]?, where we have summed over all final states of
the y, and thermally averaged over initial states with the
Boltzmann weight P(i). U(1,0) = Texpi-(i/ h)fidr H'(1)}is the
time evolution operator in the interaction representation. We
work in the Markovian limit,®3 assuming that the reaction time
is much longer than the coherence time for each reaction. We
further assume that all the rate constants are well-defined,
requiring that v, the rate of thermal equilibration in state 2, is
much greater than k,;, the rate of the second step. (As shown
in section IV, this does not rule out a dominant virtual process
at large energy denominator and does not necessitate a negligible
virtual contribution at small energy denominator. Situations in
which relaxation in the intermediate is incomplete have been
studied by Kuznetsov and Ulstrup.3? Attimes much shorter than
reaction times but much longer than the coherence time, the
population takes the form P3(f) == k|3t + '/,k1:k»;12, the short-
time solution of the master equations

dPy/dt =) kP~ P;)_k; (63)

Here k;; is the rate constant to go from state |{) with vibrational
coordinates starting in thermal equilibrium tostate|j). The term
1/:k12k23t2is due to the two-step process in which state |2) appears
as a real intermediate, in distinction from the term k3¢, which
is due to a transition from state |1 ) to state |3) through state [2)
as a virtual intermediate (the “superexchange” process), direct
transfer from |1) to |3) due to ¥y3, and interference between the
virtual and direct pathways. In order to calculate k,3;, we must
subtract from Pj.../(f), the total population on state |3), a
contribution that becomes ' /,k k2322 + (0)t as t — © (¢t 3> 7con).
The remaining population is just proportional to 7 at large times,
and the coefficient of proportionality can be identified as the rate
constant k5. The total population on state |3) through order
(V) Vi, VisViaVas Vi) is Pyioa(t) = Pspourp(t) + Pic(t) +
Pyp(1), where

1 n
Pasourp®) = 33 Jdm1 fdrz fodrs [dmix
<Hl2(72)H23(7'1)H32(T3)H2|(74) ) 1 (64)

Py(1) =
# {ldr, fldr, [7dr, (Hyy(r)Hyy(r)Hy (7)), + cc (65)

Pm(t)=;15 flar, [lar, (Hiy(r)Hyy (7)), (66)

with (...), denoting thermal average in state 1. The operators
H;;=V,}i)(jidepend on time in the interaction picture. We must
subtract from this the two-step contribution, which at this order
is

P pwo-siep() = #fo'd"l fo”d"z fo’d"z ﬂ,”dﬁ X

(H|2(72)H21(74)>|<H23(7'|)H32(T3)>2 (67)
where the subscripts 1 and 2 on the thermal averages indicate
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that the averages are taken in states 1 and 2, respectively. This
isthesameintegral asin P; s, () but with only the disconnected
part instead of the full perturbation correlation function. See
below for the demonstration that this is indeed the contribution
to the final-state population due to the two-step process.

To get the rate k3 we now calculate the coefficient of 7 in the
large-t limit of the expression Pjone.qiep(t) = P3At) + Pi(t) +
Pip(t), where P3(t) = P3 four-p(t) — P3wosiep(t). The simplest
way to do this is to calculate

k i dPS.one-:tep(t) (68)
= lim ——

= dar

It is useful to write k3 = ky + k¢ + kp, where ky = lim,—...

dP;i(t)/dt, and similarly for k- and kp. Define the connected

correlation function as

CV(TI’72v73’T4) = (HlZ(TI)HZJ(Tz)HJz(TJ)Hzl(7'4))1 -
(H\ (7 )Hy (7)) (Hy(1) Hyy(13)), (69)
so that

P,1) =# flar, [, fidr, [Pdr, Chryriryry) (70)

Thus
dP,V(:)/dz=;:-; flar, fJar, fPdr, Chrptiryr) +

;lZfold"l foﬂd"z J;ld"% Crymstiry) (71)

In each term we will change the integration variables so the
arguments of the correlation function are Ci{t; + sy, 13, =53, 0).
This changes the regions of integration, and we must find what
region is filled as ¢ — «. The first term covers the region defined
by the inequalities

t,<t, 5,<0, 0<s,+1¢, -t<s5 <0 (72)
The second term covers the region defined by
-t<s5,<0, 5<0, 5,+¢,<0, —t<s +s,+1; (73)

As t — =, the total region of integration becomes the quadrant
51 <0,s5,<0. We may change variables s, — —s,, s, — -5, and
t; — 1. This yields the virtual rate

kV = #J::d-r j;mdsl j;mdsz CV(T =8, Ty Sy 0) (74)

For some calculations it is convenient to make the change of
variables r — 7 + 5, in the integral and then subtract s, from
all four arguments of the correlation function (allowed by
stationarity of the equilibrium ensemble). This gives

This is the virtual rate for a vibrationally-assisted transition at
lowest order in the perturbation theory, regardless of the potentials
seen by the vibrational coordinates.

The possibility that the above rate expression might be negative
in some cases is not a great concern for the following reason. We
are guaranteed that the final-state population is always positive,
since it is the sum of squared amplitudes. At times greater than
the coherence time but smaller than the reaction times we know
this population varies with time as P5(¢) == k3t + '/ ky2k23t% this
expression must be positive throughout this range of times. If
k13 <0, this expression is negative for times ¢ < [k;3|/("/2k12k23)
= 1y, and thus we can conclude that ¢,., < rcoy. This means
[kisl <'/skiakasTeon. 1f ki2and ky;are well-defined rate constants,
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then each of them must be <«<1/7¢on. Thus |k|3| << k) and |k1;|
« k33, so the virtual process gives a negligible contribution to the
final-state population compared to that of the two-step process.
Therefore, if the virtual rate expression above ever does take on
a negative value, its magnitude will be negligible and we may as
well treat it as 0.

In the presence of a matrix element V5 coupling the initial and
final states directly, we also need the “interference” (k) and
“direct” (kp) terms:

ko= - % Im f"dr [ "ds (H,,(r - ) Hy()H,,(0)), (76)

kp= ;lff-:d" (H\5(1)H;,(0)), a7

These can be obtained from P;c(¢) and P;p(t), respectively, by
thesame technique we used to derive ky from P;,{t). The general
perturbative expression for the rate from state 1 to state 3, k3
= ky, + k¢ + kp, is then given by eqs 75, 76, and 77.

Finally, we show that the contribution to the final-state
population due to the two-step process is

PJ.Iwo-SIep(t) = #J‘o’dﬂ J;Tldfz J‘otd‘i';; forld‘r“ X
(H\ (1)) Hy (7)) | (Hy3(1 ) Hyy(75)), (78)

We need to show that as 1 — <« this becomes !/,k k2302 + (0)¢
+ terms that remain bounded as ¢ grows large. Denote the Fourier
transforms of (1/h2)(H;(7)H»(0)), and (1/A2)(H;(7)-
H3,(0)); respectively by k12(Q) and k53(Q). From its above
definition, we can now write

Py i) = 2 f 7, f'dr,  'dr, [Pdr,x

% % ]'él2(?)]}23(?)e-izl(Tz—n)e-izz(fl-ﬁ) (79)

where we have introduced dimensionless frequencies z;, z, choosing
thetimerasthescale. Ast— =,k 5(z,/1) ~§12(0)+k 12(0)(212).
Note that k,,(0) = k,, and kzg(O) k13, so in order to show that
the 2 piece is !/2k k2313, we just have to show that the
dimensionless integral is equal to '/,. Do the z integrals first.

I= f dr, f”drzf dr, ff3d74 (21:_ (;j: e i (rTgiza(n-my)
= fo dr, fo"d’z fo dr, fo dr, 8(, — 7,)8(7, - 73)
= J;ldfl fo"dfz ="/, (80)

The ¢ piece is 0 since the corresponding dimensionless integrals
can be shown to vanish. There is a contribution proportional to
k'12(0)%3(0) and a contribution proportional to k;,(0)%"3(0).
The coefficient of k’,,(0)%,3(0) is

. . dz dzz
J= fyon [ fian fldr, fFTEx
z, e-:z,(r;-n)e-iz:(n-fs) 81

Changing variables z) = -z, z, = -z;, 7, > 73,and 7, <> 7, gives
J = ~J = 0. The coefficient of k,(0)k’;(0) can be shown to
vanish in the same way.

Appendix B: The Importance of the Disconnected Part

Here we determine the criteria for the validity of neglecting
the second term of the integrand of k, in eq 15. The virtual rate
was expressed in section I1.2 as an integral of the difference of
two terms. The integrand of the first term is a four-point
correlation function of the interactions. The second term is the
disconnected part of the correlation function. This corresponds
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to the final-state population resulting from the two-step process.
In the case of harmonic vibrational coordinates, this subtraction
resulted in the two terms in eq 15. In estimating the virtual rate
at large and small E in sections I11.2 and III.3, we make saddle-
point and short-time approximations on the integrand of only the
first of the two terms of the integrand. Here we find the
circumstances under which this is a valid procedure. It is
important to emphasize at the outset that the second term is
crucial if ky is to be finite. We will clarify how this can be
consistent with the neglect of the second term in saddle-point
expansions.

Lets = '/y(s, + 5)), and a = 5, - 5. Notice that, if we fix
sand imagine doing the 7 and aintegrals, the remaining integrand
is the difference of two functions of s, call them /,(s) and I,(s),
each of which approaches the same finite constant k;,k,; at large
s. This can be seen by examination of egs 15, 18, 19, and 22. The
first term has this value for s 3 1/4. The second term attains
this value after the time 7r¢, because beyond that the g integral
can be extended to [—o,+«]. Thus while the s integral of each
of thetwoterms separatelyis infinite, the integral of the difference
of the two terms is finite. The second term is crucial to arrive
at a finite rate constant in any case. It is useful to define new
functions F\(s) = I;(s) — ki2k2: and F5(s) = I,(s) - ky2k23. We
then have ky = ky, — kn, where ki) = fgds F\(s) and k;, =
Sods Fy(s) are each finite.

In cases with ky, <« ky|, we may neglect k,;, but this does not
correspond to neglecting the second term of eq 15. Rather it
corresponds to neglecting the deviations of I5(s) from the constant
ki2k23. This constant is crucial for a finite rate, and indeed it is
subtracted off from 7,(s). We will find approximate criteria under
which k), « ki,

Furthermore, the contributions to ky; from I,(s) become
negligible beyond a certain value of s. Let us refer to this value
assmax. Theexpansion of section II1.2 reveals that syax ~ A /E
for large E. The expansion of section II1.3 shows that syax ~
(w*/8u)'/2(1/v) for small E, where u is given by eq 55. We
intend to show that these expansions can be self-consistent. We
know that J,(s) = kj2k,; for s >> 1/+; this can be seen both from
the general expression eq 15 and in the expansions at large and
small E. Thetime 1/vislong compared to spmax in both the large
and small E cases. Therefore, kj.k;; can be neglected in
approximating kj, by saddle-point and short-time methods, as
long as k,k3; is much smaller than the values of 7, (s) contributing
to k. We will determine when this is the case.

First we establish when we can neglect k,,k»; in estimating &,
by saddle-point and short-time approximations. Within the
Gaussian energy-gap law,

)\12)21}02/)12 -
63 = M) Thesh? (82)

where 77¢12 and 77¢y; are defined as analogous to 75¢y; in eq 29.
(Deviations from energy-gap law behavior lead to corrections to
the criteria derived here.) In this work, we only consider cases
in which the activation energy for k), is given by the initial /final
crossing. For large E, [,(s) oscillates on a time scale h/E at
short times with some amplitude Jimax = expf-'/s(e;; —
Ai3)3t2c3/h%). For small E, we confine ourselves to nearly
activationless situations. The function /,(s) is approximated in
this case in section II1.3 as the integrand of eq 45. The
contributions from successive saddle-points become negligible
after a time smax ~ (w?/8u)"/2(1/v). This occurs before the
time 1/+, which is when the saddle-points approach the value
kiyka3. It will therefore be sufficient to require

(¢,- )‘12)27'%02/’12 + (e - >‘23)27'1%-'(‘23/"'2 =
(613 = M3) 7 /BT 1 (83)

This implies that k,,k»; is much smaller than the values of /;(s)
contributing to k.

kiokyy exP{‘]/z(frz -
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At high temperatures, this is tantamount to requiring that the
activation energies of the reactions satisfy E,;; + Ea — Eq3 >
kgT. For large E this is easily satisfied, while for small E and

small activation energy this is equivalent to assuming that k; is

far from activationless. Note that coherent recurrence alters the
prefactor but does not affect this relative exponential attenuation.
The requirement of eq 83 is therefore sufficient to ensure that
the saddle-point and short-time methods of sections 111.2 and
II1.3 are self-consistent means of approximating k.

To find when k,, is negligible compared to k;|, we compute
the exponentially small factor in k;,. We write

ViV r+2s
12(5) ( 12V )f dr fzs(f)/hf :zd e f12W)/h

(VIZVZJ)f =dQ 2 sin (2QS)J' dr efZB(")/h ,91

27
fadv e 11/ hei (g4

where v = 7 + g and

N
S =i+ Y qb K (1) - K(0)] (85)
r=1
Tomake further progress, we make the short-time approximations

S120) > i(er2= Moo -/ 02/ 72, and similarly for f53(r). This
leads to

ViV = . 2sin (2Qs
I(s) =~ ( l; 23)(2W)7F0127Fc23fmd9+ X

1
exp{ FTrcslen = A + hﬂ)z/hz} X

exp{ Srhenlen = Mg hﬂ)z/hz} (86)

The exponentially small factor in I(s) attains its maximum for
5 S h /A, where the function sin(2Qs) /Q is approximately constant
over the range of Q covered by the two Gaussians in the above
expression. Let us assume that I,(s S A /A) » kkz3. [If this
is not the case, then ky, « expf{='/2(€12 = A,) ric,/ 2= /2exs

- Ay)7ie;/h3, which by the above criterion is negligible
compared to ky;.] Treatingthe functionsin(2€Qs)/Qasa constant
and performing the Gaussian integrals gives a proportionality of

ky, = exp{- /2(513‘>‘|2'>‘23) (‘"FCzs FC12) /hz} (87)

The criterion for ky, <« k), is then

(63— Ay - )‘23)2(";2(23 + TFClz) /h2
(613 Mp) 7hcis/ A2 >> 1 (88)

This holds for sufficiently small E, ;. In particular, for small E
thisis equivalent to k,; being activated. Notethat theinequalities
of eqs 83 and 88 really need only be weakly satisfied, because of
the exponential dependence on their left-hand sides.

Under the criteria stated in this Appendix, self-consistent and
valid approximations to the virtual rate can be obtained by
performing an asymptotic expansion (saddle-point for small E or
saddle-point/short time for large E) on only the first term of the
integrand of eq 15. When these conditions are met, what
essentially happens in the case of small E is that the function
I,(s) consists of a series of peaks whose heights decreases
appreciably over the time syax. The heights of the peaks are
much greater than k,k,; through that time. At the later time
1/, the peaks decay to the constant value k;k»;. Meanwhile,
the function /5(s) is always exponentially smaller than those peaks
of I,(s) that contribute appreciably to k;y. Thus, it would be
accurate to say that, although the disconnected correlation
function in eq 15 is crucial to have a finite rate constant, there
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are circumstances in which it can be neglected for the purpose
of obtaining valid approximations for the rate.
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