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We proposea methodthat allows for a rigorous statisticalanalysisof

neuralresponse$o naturalstimuli, which are non-Gaussiaand exhibit

strongcorrelations.We have in mind a modelin which neuronsare se-
lective for a small numberof stimulusdimensionsout of the high di-

mensionalstimulus space,but within this subspacehe responsegan
be arbitrarily nonlinear Thereforewe maximizethe mutualinformation
betweenthe sequencef elicited neuralresponsesnd an ensembleof

stimuli that hasbeenprojectedon trial directionsin the stimulusspace.
Theprocedurecanbedoneiteratively by increasinghe numberof direc-
tionswith respecto which informationis maximized. Thosedirections
thatallow therecovery of all of the informationbetweerspikesandthe

full unprojectedstimuli describethe relevant subspace.If the dimen-
sionality of therelevantsubspac@ndeedis muchsmallerthanthatof the

overall stimulusspace,it may becomeexperimentallyfeasibleto map
outthe neurons input-outputfunctionevenunderfully naturalstimulus
conditions.This contrastswith methodsbasedon correlationsunctions
(reversecorrelation, spike-triggeredcovariance,...) which all require
simplified stimulusstatisticsf we areto usethemrigorously

1 Introduction

Fromolfactionto vision andaudition,thereis anincreasingneed,anda growing number
of experimentq1]-[8] that studyresponsesf sensoryneurongo naturalstimuli. Natural
stimuli have specificstatisticalpropertieq9, 10], andthereforesampleonly a subspacef

all possiblespatialandtemporalfrequenciegxploredduring stimulationwith white noise.
Observingthe full dynamicrangeof neuralresponsesay requireusingstimulusensem-
bleswhich approximatethoseoccurringin nature,andit is an attractve hypothesighat
the neuralrepresentationf thesenaturalsignalsmay be optimizedin someway. Finally,

someneuronresponsearestronglynonlinearandadaptve,andmaynotbe predictedrom

a combinationof responseso simplestimuli. It hasalsobeenshavn thatthe variability

in neuralresponsealecreasesubstantiallywhendynamical,ratherthanstatic, stimuli are
used[11, 12]. For all thesereasonsijt would be attractve to have a rigorousmethodof

analyzingneuralresponseto comple, naturalisticinputs.

The stimuli analyzedby sensoryneuronsare intrinsically high-dimensionalwith dimen-



sionsd ~ 102 — 103. For example,in the caseof visualneuronsjnputis specifiedaslight

intensityon a grid of atleast10 x 10 pixels. The dimensionalityincreasegurtherif the
time dependencis to beexploredaswell. Full explorationof suchalargeparametespace
is beyondthe constraintof experimentaldatacollection. However, progressanbe made
providedwe make certainassumptionsibouthow the responsdiasbeengeneratedin the
simplestmodel, the probability of responsecanbe describedoy onereceptve field (RF)

[13]. Thereceptve field canbe thoughtof asa specialdirection® in the stimulusspace
suchthatthe neurons responselepend®nly on a projectionof a givenstimuluss ontod.

This specialdirection? is the onefound by the reversecorrelationmethod[13, 14]. In a
moregeneralcase the probability of the responselependn projectionss(#) = &) . g,

p =1, ..., K, of thestimuluss onasetof vectors{e(), &) . &)}

P(spike|s) = P(spike)f (s, s® ...s5)), )

where P(spike|s) is the probability of a spike givena stimuluss and P(spike) is the av-

eragefiring rate. In whatfollows we will call the subspacepannedy the setof vectors
{é(“)} therelevantsubspacé€RS). Eventhoughthe ideasdevelopedbelow canbe usedto

analyzeinput-outputfunctionswith respectto differentneuralresponsesye settleon a
singlespike astherespons®f interest.

Eq. (1) in itself is not yeta simplificationif thedimensionalityK of theRSis equalto the
dimensionalityD of thestimulusspaceIn this papemwewill usetheideaof dimensionality
reduction[15, 16] andassumeahat K < D. Theinput-outputfunction f in Eq. (1) canbe
stronglynonlinearbutit is presumedo dependnly onasmallnumberof projections.This

assumptiorappearso belessstringenthanthatof approximatdinearity which onemakes
whencharacterizinqheurons responsén termsof Wienerkernels. The mostdifficult part
in reconstructinghe input-outputfunctionis to find the RS.For K > 1, adescriptionin

termsof ary linearcombinatiorof vectors{é¢(*)} is justasvalid, sincewe did notmake ary

assumptiongsto a particularform of nonlinearfunction f. We might however preferone
coordinatesystemover anotheirif it, for example,leadsto sparseprobability distributions
or morestatisticallyindependentariables.

Oncethe relevant subspacés known, the probability P(spike|s) becomesa function of
only few parametersandit becomedgeasibleto mapthis functionexperimentallyinverting
the probability distributionsaccordingio Bayes'rule:

(1) i

If stimuli are correlatedGaussiamoise,thenthe neuralresponseanbe characterizedy

the spike-triggeredcovariancemethod[15, 16]. It canbe shavn thatthe dimensionalityof

the RSis equalto the numberof non-zeroeigervaluesof a matrix given by a difference
betweencovariancematricesof all presentedstimuli and stimuli conditionalon a spike.

Moreover, the RS is spannediy the eigervectorsassociatedvith the non-zeroeigerval-

uesmultiplied by the inverseof the a priori covariancematrix. Comparedo the reverse
correlationmethod we areno longerlimited to finding only oneof therelevantdirections
¢ Howeverbecausef thenecessityo probeatwo-pointcorrelatiorfunction, thespike-

triggeredcovariancemethodrequireshettersamplingof distributionsof inputsconditional
onaspike.

)

In this paperwe investigatewhetherit is possibleto lift the requiremenfor stimuli to be
GaussianWhenusingnaturalstimuli, which arecertainlynon-Gaussiarthe RS cannotbe
foundby the spike-triggereccovariancemethod.Similarly, the reversecorrelationmethod
doesnot give the correctRF, evenin the simplestcasewheretheinput-outputfunction (1)
dependnly on oneprojection. However, vectorsthat spanthe RS areclearly specialdi-
rectionsin the stimulusspace.This notion canbe quantifiedby Shannorinformation,and



an optimizationproblemcan be formulatedto find the RS. Thereforethe currentimple-
mentationof the dimensionalityreductionideais complimentaryto the clusteringof stim-
uli donein the informationbottleneckmethod[17]; seealsoRef. [18]. Non-information
basedmeasuresf similarity betweenprobability distributions P(s) and P(s|spike) have
alsobeenproposed19]. We illustratehow the optimizationschemeof maximizinginfor-

mationasfunction of directionin the stimulusspaceworkswith naturalstimuli for model
orientationsensitve cellswith oneandtwo relevantdirections,muchlik e simpleandcom-
plex cellsfoundin primary visual cortex. It is alsopossibleto estimateaverageerrorsin

the reconstruction.The advantageof this optimizationschemss thatit doesnot rely on

ary specificstatisticalpropertiesof the stimulusensembleand canbe usedwith natural
stimuli.

2 Information asan objective function

Whenanalyzingneuralresponsesye comparethe a priori probability distribution of all

presentedstimuli with the probability distribution of stimuli which leadto a spike. For
Gaussiarsignals,the probability distribution canbe characterizedy its secondmoment,
the covariancematrix. However, an ensembleof naturalstimuli is not Gaussianso that
neithersecondnor ary otherfinite numberof momentss sufiicient to describethe prob-
ability distribution. In this situation,the Shannorinformation providesa corvenientway
of comparingtwo probability distributions. The averageinformationcarriedby thearrival

time of onespike is givenby [20]

Iipie = Y P(s|spike) log, [P(s|spike) /P(s)] - 3)

The information per spike, aswritten in (3) is difficult to estimateexperimentally since
it requireseithersamplingof the high-dimensionaprobability distribution P(s|spike) or
amodelof how spikesweregeneratedi.e. the knowledgeof low-dimensionaRS. How-
everit is possibleto calculatels,ixe in @ model-independenway, if stimuli arepresented
multiple timesto estimatethe probability distribution P(spike|s). Then,

_ / P(spike[s) P(spike|s)
Tspike = < P(spike) logy [ P(spike) ]>s’ )

wherethe averageis taken over all presentedstimuli. Note thatfor a finite datasebf N
repetitions,the obtainedvalue I, (V) will be on averagelarger than Ispige (00), with
difference~ Nggimuii/(Nspike 210 2), where Ngimuii iS the numberof different stimuli,
andNgpike is thenumberof elicited spikes[21] acrossall of therepetitions.Thetruevalue
Ipike Canalsobe found by extrapolatingto N — oo [22]. The knowledgeof the total
information per spike will characterizeghe quality of the reconstructiorof the neurons
input-outputrelation.

Having in mind a modelin which spikesaregeneratedccordingto projectionontoa low-
dimensionalsubspacewe startby projectingall of the presentedstimuli on a particular
directionv in thestimulusspaceandform probability distributions P, (z|spike) = (§(z —
s - v)|spike)s, P, (z) = {(d(z — s - v))s. Theinformation

I(v) = / dx P, (z|spike) log, [P, (z|spike)/ P, (x)] , (5)

provides an invariantmeasureof how muchthe occurrenceof a spike is determinedby
projectionon the direction. It is a function only of directionin the stimulusspaceand
doesnot changewhenvectorv is multiplied by a constant.This canbe seenby notingthat
for any probabilitydistributionandary constant, P.,(z) = ¢ ! P,(z/c). Whenevaluated
alongary vectot I(v) < Ipike. Thetotalinformation Iy,ie Canberecoveredalongone

particulardirectiononly if v = é(), andthe RSis one-dimensional.



By analogywith (5), onecouldalsocalculatenformation (v, ..., v, ) alongasetof several
directions{vy, ...v, } basedon themulti-point probability distributions:

n n

Py, ... v, ({zi}|spike) = (H 0(zi—s-v;)|spike)s, Py, 0, ({2i}) = (H 8(zi—sv;))s.

i=1 i=1

If we aresuccessfuin finding all of the K directionsé(#) in theinput-outputrelation(1),

thenthe information evaluatedalongthe found setwill be equalto the total information
Ipive. Whenwe calculateinformationalongasetof n vectorsthatareslightly off from the

RS, theansweris, of course smallerthany andis quadratidn deviationsdv;. Onecan
thereforefind the RS by maximizinginformationwith respecto & vectorssimultaneously
The information doesnot increaseif more vectorsoutsidethe RS are includedinto the

calculation. On the otherhand,the resultof optimizationwith respectto the numberof

vectorsk < K may deviate from the RS if stimuli are correlated. The deviation is also
proportionalto aweightedaverageof P(spike|s), ..., s¥)) — P(spike|s(!), ..., s(F)). For

uncorrelatedstimuli, ary vectoror a setof vectorsthatmaximizes/ (v) belongsto theRS.

To find the RS, we first maximizeI(v), andcomparethis maximumwith Igie, Whichis

estimatedaccordingto (4). If the differenceexceedsthat expectedfrom finite sampling
corrections,we incrementthe numberof directionswith respectto which informationis

simultaneouslynaximized.

The information I(v) asdefinedby (5) is a continuousfunction, whosegradientcan be
computed

. d P,(z|spike)

I= P ke) — bt vl i it

V’U /dw U(x) [<S|x7 Spl e) <S|$>] d.'L' P’u (x) (6)

Sinceinformation doesnot changewith the length of the vector V,I L v (which can
also be seenfrom (6) directly), unnecessargvaluationsof information for multiples of
v areavoided by maximizingalongthe gradient. As an optimizationalgorithm,we have
useda combinationof gradientascentaindsimulatedannealingalgorithms:successie line
maximizationsveredonealongthedirectionof the gradient.During line maximizationsa
pointwith a smallervalueof informationwasacceptediccordingto Boltzmannstatistics,
with probabilityoc exp[(I(vit1) — I(v;))/T]. Theeffectivetemperaturd is reducecupon
completionof eachline maximization.

3 Discussion

We testedthe schemeof looking for the mostinformative directionson modelneuronghat
respondo stimuli derivedfrom naturalscenesAs stimuli we usedpatcheof digitizedto

8-bit scalephotos,in which no correctionsveremadefor cameras light intensitytransfor

mationfunction. Our goalis to demonstratéhat eventhoughspatialcorrelationsgpresent
in naturalscenesarenon-Gaussiarthey canbe successfullyemovedfrom the estimateof

vectorsdefiningthe RS.

3.1 SimpleCdl

Our first exampleis takento mimic propertiesof simplecellsfoundin the primary visual
cortex. A model phaseand orientationsensitve cell hasa single relevant direction é(1)
shavn in Fig. 1(a). A givenframes leadsto a spike if projections(!) = s - é() reachesa
thresholdvalued in the presencef noise:

P(spike|s)

Plapike) =1 ¢ = (HEW =0+, ™
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Figure 1: Analysis of a model simple cell with RF shavn in (a). The spike-triggered
averagevst, is shavn in (b). Panel(c) showvs an attemptto remove correlationsaccord-
ing to reversecorrelationmethod,C ;m'om'vstai (d) vector vma, found by maximizing
information; (e) The probability of a spike P(spike|s - Opmqz) (Crosses)s comparedio
P(spike|s(™)) usedin generatingspikes (solid line). Parametersr = 0.1(Smax — Smin)
andfd = 0.6(Smax — Smin) [Smax @Ndsmin arethemaximumandminimumvaluesof s(1)
over the ensembleof presentedstimuli.] (f) Convergenceof the algorithm accordingto

informationI(v) andprojectionu - é(!) asafunctionof inverseeffective temperaturd .

where Gaussianrandomvariable ¢ of variances modelsadditive noise, and function
H(z) = 1for 2z > 0, andzerootherwise. Togetherwith the RF é(1), the parameter$
for thresholdandthenoisevariances determingheinput-outputfunction.

The spike-triggeredaverage(STA), shovn in Fig. 1(b), is broadenedecauseof spatial
correlationgpresentin naturalstimuli. If stimuli weredrawn from a Gaussiarprobability
distribution, they could be decorrelatedy multiplying vst, by the inverseof the a priori
covariancematrix, accordingto thereversecorrelationmethod.The proceduras not valid
for non-Gaussiastimuli and nonlinearinput-outputfunctions(1). The resultof sucha
decorrelatioris shavn in Fig. 1(c). It is clearly missingthe structureof the modelfilter.
However, it is possibleto obtaina goodestimateof it by maximizinginformationdirectly,
seepanel(d). A typical progressof the simulatedannealingalgorithmwith decreasing
temperaturd’ is shovn in panel(e). Therewe plot boththe informationalongthe vector,
andits projectionon é). The final value of projectiondependson the size of the data
set,seebelow. In the exampleshavn in Fig. 1 therewere~ 50, 000 spikeswith average
probability of spike &~ 0.26 perframe. Having reconstructedhe RF, onecanproceedo
samplethe nonlinearinput-outputfunction. This is doneby constructinghistogramsor
P(s - Omax) and P(s - Omax|spike) of projectionsontovectordy,,, found by maximizing
information, andtaking their ratio. In Fig. 1(e) we compareP (spike|s - Omax) (CrOSSES)
with the probability P(spike|s(!)) usedin themodel(solid line).

3.2 Estimated deviation from the optimal direction

Wheninformationis calculatedwith respecto a finite dataset,the vectors which maxi-
mizesI will deviatefrom thetrue RF é1). Thedeviationdv = & — é1) arisesbecausehe
probability distributions are estimatedrom experimentalhistogramsand differ from the
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Figure2: Projectionof vectorvy., thatmaximizesinformationon RF é() is plottedasa
functionof the numberof spikesto show thelinearscalingin 1/Nypixe (Solidline is afit).

distributionsfoundin thelimit oninfinite datasize.For a simplecell, the quality of recon-
structioncanbe characterizetby the projections - &) = 1 — 15v?, whereboth andé®
arenormalized,andév is by definition orthogonalto é). The deviation v ~ A~'VI,
whereA is the Hessiarof information. Its structurds similarto thatof acovariancematrix:

Ay =g [ doPtelspive) (o PG (sagle) ~ Gsladlssle) @

Whenaveragedover possibleoutcomef N trials, the gradientof informationis zerofor

the optimal direction. Herein orderto evaluate(dv?) = Tr[A~1(VIVIT)A~!], we need
to know the varianceof the gradientof 1. By discretizingboth the spaceof stimuli and
possibleprojectionsz, andassuminghatthe probability of generatinga spike is indepen-
dentfor differentbins, onecould obtainthat (VI;VI;) ~ A;;/(NspikeIn2). Therefore
anexpectederrorin thereconstructiorof the optimalfilter is inverselyproportionalto the
numberof spikesandis givenby:

TA—1
=56 n Ligy2y = TA]

=— 9
2 2Nspike In2 ’ ( )
whereTr’ meanghatthetraceis takenin thesubspacerthogonato themodelfilter, since
by definition év - é1) = 0. In Fig. 2 we plot the averageprojectionof the normalized
reconstructedectors ontheRF é(!), andshaw thatit scaleswith the numberof spikes.

3.3 Complex Cdll

A sequencef spikesfrom a model cell with two relevant directionswas simulatedby
projectingeachof the stimuli on vectorsthatdiffer by /2 in their spatialphasefakento
mimic propertieof complec cells,seeFig. 3. A particularframeleadsto a spike according
to alogical OR, thatis if eithers()) = s. &), —s1) s =g5.¢63) or —s(? exceedsa
thresholdvalues; in the presencef noise.Similarly to (7),

P(spike[s)

P(spike)
where&; and & areindependentGaussiarvariables. The samplingof this input-output
function by our particularsetof naturalstimuli is shovn in Fig. 3(c). Some,especially
large, combinationof valuesof s(!) ands(®) arenot presenin theensemble.

=f(sW, sy = (H(sM|-0-&) v H(|sP|-0-¢&)), (10)



We startby maximizinginformationwith respecto onedirection. Contraryto analysisfor
a simplecell, oneoptimal directionrecosersonly about60% of the total informationper
spike. This s significantly differentfrom the total Isp;ie for stimuli dravn from natural
sceneswheredueto correlationseven a randomvectorhasa high probability of explain-
ing 60% of total informationper spike. We thereforego on to maximizeinformationwith
respecto two directions. An exampleof the reconstructiorof input-outputfunction of a
complex cellis givenin Fig. 3. Vectorsv; andv, thatmaximizeI (v, v,) arenotorthogo-
nal,andarealsorotatedwith respecto é(*) andé(® . However, thequality of reconstruction
is independenof a particularchoiceof basiswith the RS. Theappropriataneasuref sim-
ilarity betweerthetwo planeds thedot productof theirnormals.In the exampleof Fig. 3,
ﬁ(é(l)’é@)) . 'fl(@l,gg) ~ 0.8.

Maximizing informationwith respecto two directionsrequiresa significantlyslowvercool-
ing rate, andconsequentlyongercomputationatimes However, anexpectederrorin the
reconstructionl — Az s - (s ,0,), followsa N, o lke behaior, similarly to (9), andis
roughly twice thatfor a simplecell giventhe samenumberof spikes. In this calculation
therewere~ 10° spikes.
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Figure3: Analysisof amodelcomplex cell with relevantdirectionsét™) andé(® shavnin
(a) and(b). Spikesaregeneratedccordingto an“OR” input-outputfunction f(s(1), s())
with the thresholdd = 0.6(smax — Smin) @nd noisevariances = 0.05(Smax — Smin)-
Panel(c) shavs how theinput-outputfunctionis sampleddy ourensemblef stimuli. Dark
pixelsfor largevaluesof s ands(®) correspondo casesvhereP(s(1), s(2)) = 0. Below,
we shav vectorsv;, andw, found by maximizinginformation I (vq, v2) togetherwith the
correspondingnput-outputfunctionwith respecto projectionss - v; ands - vs.

In conclusion featuresof the stimulusthat are mostrelevantfor generatinghe response
of a neuroncanbe found by maximizinginformationbetweenthe sequencef responses
andthe projectionof stimuli on trial vectorswithin the stimulusspace.Calculatedn this
mannerinformationbecomes function of directionin a stimulusspace Thosedirections
thatmaximizetheinformationandaccounfor thetotalinformationperresponsef interest
spantherelevantsubspaceThis analysisallows thereconstructiorof therelevantsubspace
withoutassuminga particularform of theinput-outputfunction. It canbe stronglynonlin-
ear within the relevant subspaceand is to be estimatedfrom experimentalhistograms.
Mostimportantly this methodcanbeusedwith any stimulusensemblegventhosethatare
stronglynon-Gaussiaasin the caseof naturalimages.
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