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We proposea methodthat allows for a rigorousstatisticalanalysisof
neuralresponsesto naturalstimuli, which arenon-Gaussianandexhibit
strongcorrelations.We have in mind a modelin which neuronsarese-
lective for a small numberof stimulusdimensionsout of the high di-
mensionalstimulusspace,but within this subspacethe responsescan
bearbitrarily nonlinear. Thereforewe maximizethemutualinformation
betweenthe sequenceof elicited neuralresponsesandan ensembleof
stimuli thathasbeenprojectedon trial directionsin the stimulusspace.
Theprocedurecanbedoneiteratively by increasingthenumberof direc-
tionswith respectto which informationis maximized.Thosedirections
thatallow therecovery of all of the informationbetweenspikesandthe
full unprojectedstimuli describethe relevant subspace.If the dimen-
sionalityof therelevantsubspaceindeedis muchsmallerthanthatof the
overall stimulusspace,it may becomeexperimentallyfeasibleto map
out theneuron’s input-outputfunctionevenunderfully naturalstimulus
conditions.This contrastswith methodsbasedon correlationsfunctions
(reversecorrelation,spike-triggeredcovariance,...) which all require
simplifiedstimulusstatisticsif we areto usethemrigorously.

1 Introduction

Fromolfactionto vision andaudition,thereis an increasingneed,anda growing number
of experiments[1]-[8] thatstudyresponsesof sensoryneuronsto naturalstimuli. Natural
stimuli have specificstatisticalproperties[9, 10], andthereforesampleonly a subspaceof
all possiblespatialandtemporalfrequenciesexploredduringstimulationwith whitenoise.
Observingthefull dynamicrangeof neuralresponsesmayrequireusingstimulusensem-
bleswhich approximatethoseoccurringin nature,and it is an attractive hypothesisthat
theneuralrepresentationof thesenaturalsignalsmaybeoptimizedin someway. Finally,
someneuronresponsesarestronglynonlinearandadaptive,andmaynotbepredictedfrom
a combinationof responsesto simplestimuli. It hasalsobeenshown that the variability
in neuralresponsedecreasessubstantiallywhendynamical,ratherthanstatic,stimuli are
used[11, 12]. For all thesereasons,it would be attractive to have a rigorousmethodof
analyzingneuralresponsesto complex, naturalisticinputs.

The stimuli analyzedby sensoryneuronsareintrinsically high-dimensional,with dimen-



sions
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. For example,in thecaseof visualneurons,input is specifiedaslight
intensityon a grid of at least

��
�����

pixels. The dimensionalityincreasesfurther if the

timedependenceis to beexploredaswell. Full explorationof suchalargeparameterspace
is beyondtheconstraintsof experimentaldatacollection.However, progresscanbemade
providedwe make certainassumptionsabouthow theresponsehasbeengenerated.In the
simplestmodel,the probability of responsecanbe describedby onereceptive field (RF)
[13]. The receptive field canbe thoughtof asa specialdirection �� in the stimulusspace
suchthat theneuron’s responsedependsonly on a projectionof a givenstimulus � onto �� .
This specialdirection �� is theonefoundby thereversecorrelationmethod[13, 14]. In a
moregeneralcase,theprobabilityof theresponsedependson projections������������ � ���"!#� ,$ � �&%('�' '�%*)

, of thestimulus� on asetof vectors+,�� � � � , �� � � � %-'�' ' �� ��.��0/ :132540687 9�:&; ��<=� 132540687 9�: <?> 2 � � � � % � � � � %@' ' ' � ��.�� < %
(1)

where
132540687�9&:&; ��< is theprobability of a spike givena stimulus � and

132540687 9�: < is the av-
eragefiring rate. In what follows we will call the subspacespannedby thesetof vectors+,�� ����� / therelevantsubspace(RS).Eventhoughthe ideasdevelopedbelow canbeusedto
analyzeinput-outputfunctionswith respectto differentneuralresponses,we settleon a
singlespikeastheresponseof interest.

Eq. (1) in itself is not yeta simplificationif thedimensionality
)

of theRSis equalto the
dimensionalityA of thestimulusspace.In thispaperwewill usetheideaof dimensionality
reduction[15, 16] andassumethat

)CB A . Theinput-outputfunction > in Eq. (1) canbe
stronglynonlinear, but it ispresumedto dependonly onasmallnumberof projections.This
assumptionappearsto belessstringentthanthatof approximatelinearitywhichonemakes
whencharacterizingneuron’s responsein termsof Wienerkernels.Themostdifficult part
in reconstructingthe input-outputfunction is to find theRS.For

)EDF�
, a descriptionin

termsof any linearcombinationof vectors+,�� ����� / is justasvalid,sincewedid notmakeany
assumptionsasto a particularform of nonlinearfunction > . We might howeverpreferone
coordinatesystemoveranotherif it, for example,leadsto sparserprobabilitydistributions
or morestatisticallyindependentvariables.

Oncethe relevant subspaceis known, the probability
132540687 9�:G; �#< becomesa function of

only few parameters,andit becomesfeasibleto mapthis functionexperimentally, inverting
theprobabilitydistributionsaccordingto Bayes’rule:> 2 +#� ����� /�<H� 132 +#� ����� / ; 40687�9&: <132 +#� ����� /�< (2)

If stimuli arecorrelatedGaussiannoise,thentheneuralresponsecanbecharacterizedby
thespike-triggeredcovariancemethod[15, 16]. It canbeshown thatthedimensionalityof
the RS is equalto the numberof non-zeroeigenvaluesof a matrix given by a difference
betweencovariancematricesof all presentedstimuli andstimuli conditionalon a spike.
Moreover, the RS is spannedby the eigenvectorsassociatedwith the non-zeroeigenval-
uesmultiplied by the inverseof the a priori covariancematrix. Comparedto the reverse
correlationmethod,we areno longerlimited to finding only oneof therelevantdirections�� ����� . Howeverbecauseof thenecessityto probeatwo-pointcorrelationfunction,thespike-
triggeredcovariancemethodrequiresbettersamplingof distributionsof inputsconditional
on aspike.

In this paperwe investigatewhetherit is possibleto lift the requirementfor stimuli to be
Gaussian.Whenusingnaturalstimuli, whicharecertainlynon-Gaussian,theRScannotbe
foundby thespike-triggeredcovariancemethod.Similarly, thereversecorrelationmethod
doesnot give thecorrectRF, evenin thesimplestcasewheretheinput-outputfunction(1)
dependsonly on oneprojection.However, vectorsthatspantheRSareclearlyspecialdi-
rectionsin thestimulusspace.This notioncanbequantifiedby Shannoninformation,and



an optimizationproblemcanbe formulatedto find the RS. Thereforethe currentimple-
mentationof thedimensionalityreductionideais complimentaryto theclusteringof stim-
uli donein the informationbottleneckmethod[17]; seealsoRef. [18]. Non–information
basedmeasuresof similarity betweenprobability distributions

132 �#< and
132 � ; 4?6I7�9&: < have

alsobeenproposed[19]. We illustratehow theoptimizationschemeof maximizinginfor-
mationasfunctionof directionin thestimulusspaceworkswith naturalstimuli for model
orientationsensitivecellswith oneandtwo relevantdirections,muchlikesimpleandcom-
plex cells found in primaryvisual cortex. It is alsopossibleto estimateaverageerrorsin
the reconstruction.The advantageof this optimizationschemeis that it doesnot rely on
any specificstatisticalpropertiesof the stimulusensemble,andcanbe usedwith natural
stimuli.

2 Information as an objective function

Whenanalyzingneuralresponses,we comparethe a priori probability distribution of all
presentedstimuli with the probability distribution of stimuli which lead to a spike. For
Gaussiansignals,theprobability distribution canbe characterizedby its secondmoment,
the covariancematrix. However, an ensembleof naturalstimuli is not Gaussian,so that
neithersecondnor any otherfinite numberof momentsis sufficient to describethe prob-
ability distribution. In this situation,the Shannoninformationprovidesa convenientway
of comparingtwo probabilitydistributions.Theaverageinformationcarriedby thearrival
timeof onespike is givenby [20]J�K5L@M N0O �QP&R 132 � ; 4?687 9�: <GS T�U �WV 132 � ; 4?6I7�9&: <0X 132 �#<ZY '

(3)

The informationper spike, aswritten in (3) is difficult to estimateexperimentally, since
it requireseithersamplingof the high-dimensionalprobability distribution

132 � ; 4?687 9�: < or
a modelof how spikesweregenerated,i.e. theknowledgeof low-dimensionalRS.How-
ever it is possibleto calculate

J K5L@M N0O
in a model-independentway, if stimuli arepresented

multiple timesto estimatetheprobabilitydistribution
132540687 9�:G; �#< . Then,J�K[L�M N*O �]\ 132^4?6I7�9&:_; ��<132^4?6I7�9&: < S T�U ��` 132540687�9&:_; ��<132540687 9�: <badc R %

(4)

wherethe averageis taken over all presentedstimuli. Note that for a finite datasetof e
repetitions,the obtainedvalue

J K5L@M N0O 2 ef< will be on averagelarger than
J K[L@M N*O 2hg < , with

difference
� e Kji5M kml@n M X 2 e K[L@M N*Opo S q o < , where e Kji5M kml@n M

is the numberof differentstimuli,
and e K5L@M N0O

is thenumberof elicitedspikes[21] acrossall of therepetitions.ThetruevalueJ�K[L�M N0O
canalsobe found by extrapolatingto esr g

[22]. The knowledgeof the total
informationper spike will characterizethe quality of the reconstructionof the neuron’s
input-outputrelation.

Having in mind a modelin which spikesaregeneratedaccordingto projectionontoa low-
dimensionalsubspace,we startby projectingall of the presentedstimuli on a particular
direction � in thestimulusspace,andform probabilitydistributions

1utv25wm; 4?6I7�9&: <x�zy5{ 2[w ���! � < ; 40687 9�:�| R
,
1utv25w <W�zy5{ 25w � ��! � < | R . TheinformationJp2 � <x�~} � w,1mtv2[wm; 40687�9&: <GS T�U � V 1utv25wm; 4?6I7�9&: <0X 1utG25w <ZY %

(5)

providesan invariantmeasureof how much the occurrenceof a spike is determinedby
projectionon the direction �� . It is a function only of directionin the stimulusspaceand
doesnotchangewhenvector � is multipliedby aconstant.Thiscanbeseenby notingthat
for any probabilitydistributionandany constant� , 1m�ZtG2[w <W���#� � 1utv25w X���< . Whenevaluated
alongany vector,

J,2 � <�� J K[L�M N0O
. The total information

J K[L@M N*O
canberecoveredalongone

particulardirectiononly if � ���� � � � , andtheRSis one-dimensional.



By analogywith (5),onecouldalsocalculateinformation
J,2 � � %�'�' '�% ��� < alongasetof several

directions+ � � %�'�' ' ��� / basedon themulti-pointprobabilitydistributions:1mt�� ��������� t0��2 + w,� / ; 4?6I7�9&: <W��y ����� � { 25w,� � �_! � � < ; 40687�9&:�| R % 1mt�� ��������� t*�,2 + wp� /�<x��y ����� � { 2[wp� � �_! � � < | R '
If we aresuccessfulin finding all of the

)
directions �� � ��� in the input-outputrelation(1),

thenthe informationevaluatedalongthe found setwill be equalto the total informationJ�K[L�M N0O
. Whenwecalculateinformationalongasetof � vectorsthatareslightly off from the

RS,theansweris, of course,smallerthan
J�K[L�M N*O

andis quadraticin deviations { � �
. Onecan

thereforefind theRSby maximizinginformationwith respectto � vectorssimultaneously.
The informationdoesnot increaseif more vectorsoutsidethe RS are includedinto the
calculation. On the otherhand,the resultof optimizationwith respectto the numberof
vectors ��� )

may deviate from the RS if stimuli arecorrelated.The deviation is also
proportionalto aweightedaverageof

132^4?687 9�:_; � � � � %@' '�' % � � ��� < � 132^4?6I7�9&:&; � � � � %@' ' '�% � � .�� < . For
uncorrelatedstimuli, any vectoror a setof vectorsthatmaximizes

Jp2 � < belongsto theRS.
To find theRS,we first maximize

Jp2 � < , andcomparethis maximumwith
J K[L@M N*O

, which is
estimatedaccordingto (4). If the differenceexceedsthat expectedfrom finite sampling
corrections,we incrementthe numberof directionswith respectto which information is
simultaneouslymaximized.

The information
J,2 � < asdefinedby (5) is a continuousfunction, whosegradientcanbe

computed � t J � } � w,1 t 2[w < V y5� ; w % 40687 9�:�| � y^� ; wp| Y �� w 1mtv2[w"; 40687 9�: <1utG2[w < '
(6)

Sinceinformationdoesnot changewith the lengthof the vector,

� t�J�� � (which can
also be seenfrom (6) directly), unnecessaryevaluationsof information for multiplesof� areavoidedby maximizingalongthe gradient.As an optimizationalgorithm,we have
usedacombinationof gradientascentandsimulatedannealingalgorithms:successive line
maximizationsweredonealongthedirectionof thegradient.During line maximizations,a
point with a smallervalueof informationwasacceptedaccordingto Boltzmannstatistics,
with probability � :@�v6 V 2^J,2 � ��� � < � Jp2 � � <?<0X���Y . TheeffectivetemperatureT is reducedupon
completionof eachline maximization.

3 Discussion

Wetestedtheschemeof looking for themostinformativedirectionsonmodelneuronsthat
respondto stimuli derivedfrom naturalscenes.As stimuli we usedpatchesof digitizedto
8-bit scalephotos,in whichnocorrectionsweremadefor camera’s light intensitytransfor-
mationfunction. Our goal is to demonstratethateven thoughspatialcorrelationspresent
in naturalscenesarenon-Gaussian,they canbesuccessfullyremovedfrom theestimateof
vectorsdefiningtheRS.

3.1 Simple Cell

Our first exampleis takento mimic propertiesof simplecells found in theprimaryvisual
cortex. A modelphaseandorientationsensitive cell hasa single relevant direction �� � � �
shown in Fig. 1(a). A givenframe � leadsto a spike if projection � � � � �	��!,�� � � � reachesa
thresholdvalue   in thepresenceof noise:132540687�9&:&; ��<132540687�9&: <F¡ > 2 � � � � <x��y^¢ 2 � � � � �  ¤£¦¥�< | %

(7)



Figure 1: Analysis of a model simple cell with RF shown in (a). The spike-triggered
average� Kji5§

is shown in (b). Panel (c) shows an attemptto remove correlationsaccord-
ing to reversecorrelationmethod, ¨ � �©vª@« �­¬ « � � K[i5§

; (d) vector � kH§?®
found by maximizing

information; (e) The probability of a spike
132540687�9&:&; �¯!H���° ©�± < (crosses)is comparedto132540687 9�:&; � � � � < usedin generatingspikes(solid line). Parameters²~� 
8' � 2 � kH§0® � � kHM ³ <

and  �� 
I' ´ 2 � kH§0® � � kHM ³ < [ � kH§0®
and � kHM ³

arethemaximumandminimumvaluesof ��� � �
over the ensembleof presentedstimuli.] (f) Convergenceof the algorithmaccordingto
information

Jp2 � < andprojection� !_�� � � � asafunctionof inverseeffectivetemperature�µ� �
.

where Gaussianrandomvariable ¥ of variance ² modelsadditive noise, and function¢ 25w <3� �
for

w D¶

, andzerootherwise. Togetherwith the RF �� � � � , the parameters 

for thresholdandthenoisevariance² determinetheinput-outputfunction.

The spike-triggeredaverage(STA), shown in Fig. 1(b), is broadenedbecauseof spatial
correlationspresentin naturalstimuli. If stimuli weredrawn from a Gaussianprobability
distribution, they couldbedecorrelatedby multiplying � K[i5§

by the inverseof the a priori
covariancematrix,accordingto thereversecorrelationmethod.Theprocedureis not valid
for non-Gaussianstimuli andnonlinearinput-outputfunctions(1). The resultof sucha
decorrelationis shown in Fig. 1(c). It is clearly missingthe structureof the modelfilter.
However, it is possibleto obtaina goodestimateof it by maximizinginformationdirectly,
seepanel(d). A typical progressof the simulatedannealingalgorithm with decreasing
temperature� is shown in panel(e). Therewe plot boththeinformationalongthevector,
and its projectionon �� � � � . The final valueof projectiondependson the sizeof the data
set,seebelow. In the exampleshown in Fig. 1 therewere ·¹¸ 
8%*
�
�


spikeswith average
probability of spike · 
8'�o�´

per frame. Having reconstructedthe RF, onecanproceedto
samplethe nonlinearinput-outputfunction. This is doneby constructinghistogramsfor132 �º!(�� kH§0® < and

132 �º!p�� kH§?® ; 4?6I7�9&: < of projectionsontovector �� kH§0®
foundby maximizing

information,andtaking their ratio. In Fig. 1(e) we compare
132^4?687 9�:G; �»!(�� kH§?® < (crosses)

with theprobability
132^4?687 9�:_; � � � � < usedin themodel(solid line).

3.2 Estimated deviation from the optimal direction

Wheninformationis calculatedwith respectto a finite dataset,thevector �� which maxi-
mizes

J
will deviatefrom thetrueRF �� � � � . Thedeviation { � ���� � �� � � � arisesbecausethe

probability distributionsareestimatedfrom experimentalhistogramsanddiffer from the
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Figure2: Projectionof vector � kH§0®
thatmaximizesinformationon RF �� � � � is plottedasa

functionof thenumberof spikesto show thelinearscalingin
� X�e K[L�M N*O

(solid line is afit).

distributionsfoundin thelimit on infinite datasize.For a simplecell, thequalityof recon-
structioncanbecharacterizedby theprojection �� !_�� � � � � � � �� { � �

, whereboth �� and �� � � �
arenormalized,and { � is by definition orthogonalto �� � � � . The deviation { � �¶¼ � � � J

,
where

¼
is theHessianof information.Its structureis similarto thatof acovariancematrix:¼ �¾½ � �S�q o } � wp132[w"; 40687 9�: <�¿ �� wÀS q 132[wm; 40687�9&: <132[w < Á � 2 yh� � � ½ ; wp| � y^� � ; w�| y^� ½ ; wp| < (8)

Whenaveragedover possibleoutcomesof N trials, thegradientof informationis zerofor
theoptimaldirection.Herein orderto evaluate y^{ � � | ��Â-Ã V ¼ � � y � J � J_Ä"| ¼ � � Y , we need
to know the varianceof the gradientof

J
. By discretizingboth the spaceof stimuli and

possibleprojections
w
, andassumingthattheprobabilityof generatinga spike is indepen-

dent for differentbins, onecould obtain that y � J � � J ½ | ��¼ �¾½ X 2 e K[L�M N*O S q o < . Therefore
anexpectederror in thereconstructionof theoptimalfilter is inverselyproportionalto the
numberof spikesandis givenby:� � �� !8�� � � � · �o y^{ � � | � ÂuÃ*Å V ¼ � � Yo e K[L�M N0O S q o %

(9)

whereÂuÃ Å meansthatthetraceis takenin thesubspaceorthogonalto themodelfilter, since
by definition {#Æ�!-�� � � � � 


. In Fig. 2 we plot the averageprojectionof the normalized
reconstructedvector �� on theRF �� � � � , andshow thatit scaleswith thenumberof spikes.

3.3 Complex Cell

A sequenceof spikes from a model cell with two relevant directionswas simulatedby
projectingeachof thestimuli on vectorsthatdiffer by ÇuX o

in their spatialphase,takento
mimic propertiesof complex cells,seeFig. 3. A particularframeleadsto aspikeaccording
to a logical OR, that is if either � � � � �z��!p�� � � � , � � � � � , � � � � �z��!p�� � � � , or

� � � � � exceedsa
thresholdvalue �@È in thepresenceof noise.Similarly to (7),132540687 9�:_; �#<132540687 9�: < �É> 2 � � � � % � � � � <x�zy5¢ 2*; � � � � ; �   � ¥ � <ËÊF¢ 2*; � � � � ; �   � ¥ � < | %

(10)

where ¥ � and ¥ � are independentGaussianvariables. The samplingof this input-output
function by our particularsetof naturalstimuli is shown in Fig. 3(c). Some,especially
large,combinationsof valuesof � � � � and � � � � arenot presentin theensemble.



We startby maximizinginformationwith respectto onedirection.Contraryto analysisfor
a simplecell, oneoptimaldirectionrecoversonly about60%of the total informationper
spike. This is significantlydifferent from the total

J�K[L@M N*O
for stimuli drawn from natural

scenes,wheredueto correlationsevena randomvectorhasa high probabilityof explain-
ing 60%of total informationperspike. We thereforego on to maximizeinformationwith
respectto two directions.An exampleof the reconstructionof input-outputfunctionof a
complex cell is givenin Fig. 3. Vectors� � and � � thatmaximize

Jp2 � � % � � < arenotorthogo-
nal,andarealsorotatedwith respectto �� � � � and �� � � � . However, thequalityof reconstruction
is independentof aparticularchoiceof basiswith theRS.Theappropriatemeasureof sim-
ilarity betweenthetwo planesis thedotproductof theirnormals.In theexampleof Fig. 3,�� �ÍÌÎ?Ï �5Ð � ÌÎ?Ï¾Ñ Ð � !I�� �ÒÌt � � Ìt Ñ � · 
I' Ó

.

Maximizinginformationwith respectto two directionsrequiresasignificantlyslowercool-
ing rate,andconsequentlylongercomputationaltimes. However, anexpectederror in the
reconstruction,

� � �� �ÍÌÎ?Ï �^Ð � ÌÎ0Ï�Ñ Ð � !,�� �ÍÌt�� � Ìt Ñ � , followsa e � �K[L�M N0O behavior, similarly to (9), andis
roughly twice that for a simplecell given the samenumberof spikes. In this calculation
therewere · ��
�Ô

spikes.
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Figure3: Analysisof a modelcomplex cell with relevantdirections �� � � � and �� � � � shown in
(a) and(b). Spikesaregeneratedaccordingto an“OR” input-outputfunction > 2 � � � � % � � � � <
with the threshold �� 
I' ´ 2 � kH§?® � � kHM ³ < and noisevariance²¹� 
8' 
 ¸ 2 � kH§?® � � kHM ³ < .
Panel(c) showshow theinput-outputfunctionis sampledby ourensembleof stimuli. Dark
pixelsfor largevaluesof � � � � and � � � � correspondto caseswhere

132 � � � � % � � � � <x� 

. Below,

we show vectors� � and � � foundby maximizinginformation
J,2 � � % � � < togetherwith the

correspondinginput-outputfunctionwith respectto projections��! � � and ��! � � .
In conclusion,featuresof the stimulusthat aremostrelevant for generatingthe response
of a neuroncanbe foundby maximizinginformationbetweenthe sequenceof responses
andtheprojectionof stimuli on trial vectorswithin thestimulusspace.Calculatedin this
manner, informationbecomesa functionof directionin a stimulusspace.Thosedirections
thatmaximizetheinformationandaccountfor thetotal informationperresponseof interest
spantherelevantsubspace.Thisanalysisallowsthereconstructionof therelevantsubspace
without assuminga particularform of theinput-outputfunction. It canbestronglynonlin-
ear within the relevant subspace,and is to be estimatedfrom experimentalhistograms.
Most importantly, thismethodcanbeusedwith any stimulusensemble,eventhosethatare
stronglynon-Gaussianasin thecaseof naturalimages.
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