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Abstract

We study repeated games with imperfect private monitoring. We obtain the char-
acterization, which only depends on the parameters of the stage game, of the set of
payoffs that can be implemented as the belief-free review-strategy equilibrium in the
limit as the discount factor converges to one. Our characterization is valid for the
generic monitoring technology if the number of private signals is sufficiently large and
the number of players is no less than four.

We show the characterized set is large enough to attain the folk theorem for the
games with prisoners’-dilemma structure.
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1 Introduction

The main finding in the theory of repeated games is that long term relationships enhance
the possibility of cooperation. In fact, the central result is probably the folk theorem; any
feasible and individually rational payoff can be sustained in the equilibrium when players are
sufficiently patient. Fudenberg and Maskin (1986) establish the folk theorem under perfect
monitoring, that is, when players can observe the opponents’ action directly. Fudenberg,
Levine, and Maskin (1994) extend the folk theorem to imperfect public monitoring, where
players cannot observe the opponents’ action directly, but observe public noisy signals about
the opponents’ action. Recently, it is shown that these results are robust to the introduction
of private monitoring. Hoérner and Olszewski (2006) show the robustness of the folk theorem
in perfect monitoring to almost perfect monitoring, where players can observe neither the
opponents’ action nor public signals, but only private noisy signals that are close to perfect
monitoring. Horner and Olszewski (2008) establish the robustness of the folk theorem in
public monitoring to almost public monitoring, where players can observe neither the op-
ponents’ action nor public signals, but only private noisy signals that are close to public
monitoring.

On the other hand, when the monitoring is neither almost perfect nor almost public,
almost all the results are attained only with conditionally independent monitoring; play-
ers can obtain no information on what their opponents have observed by observing their
own private signals conditional on an action profile. Under this assumption, Matsushima
(2004) shows the folk theorem for two-player prisoner’s dilemma; Ely, Hérner, and Olszewski
(2005) characterize the set of limit equilibrium payoffs implementable by the similar strategy
as the discount factor converges to one in general two-by-two games; Yamamoto (2007) shows
the efficiency result in non-degenerate N-player games; and finally, Yamamoto (2008b) ob-
tains the characterization of the equilibrium payoff set implementable by so-called belief-free
review-strategy equilibria for general N-player games.

The idea of the above papers is as follows. The infinite periods are regarded as a sequence

of review rounds. In each review round, players take a constant action and any action



taken on the equilibrium path is indifferent at the beginning of the round regardless of the
opponents’ history up to the present action. For example, in Matsushima’s equilibrium
strategies, the infinite periods are divided into T-period review rounds. Then, however noisy
the monitoring technology is, when T’ is sufficiently large, players can statistically infer the
opponents’ action with arbitrarily high power, using the information pooled in a T-period
review round. Since a player’s continuation strategy is a best reply regardless of the history
at the beginning of every review round, a player does not need to know the history in the
past review rounds to compute her best reply. Thus, the continuation game at the beginning
of each review round is identical to each other and the history of the opponents is a sufficient
statistic for a player’s payoffs. Therefore, this class of equilibria can be analyzed using
recursive techniques with the history of the opponents being a state variable in a dynamic
programming formulation of a player’s optimization.

Unfortunately, there are two difficulties to be solved to attain the folk theorem for gen-
eral N-player games with the generic monitoring structure by applying their methodology.
Firstly, their method establishes the folk theorem only for games with prisoner’s-dilemma
structure. Secondly, conditional independence is not a generic property.

This paper concentrates on the second problem, that is, establishes the characterization
of the set of equilibrium payoffs implementable as the belief-free review-strategy equilibrium
for the generic monitoring structure. Therefore, this paper is the first to establish a nontrivial
lower bound of the set of sequential equilibrium payofts for the generic monitoring structure.
In addition, we show that this lower bound is large enough to attain the folk theorem for
the games with prisoner’s-dilemma structure.

The necessity of the conditional independence for Matsushima (2004), Ely, Hoérner, and
Olszewski (2005), and Yamamoto (2007 and 2008b) is explained as follows. To statisti-
cally infer the opponents’ action by pooling the information, it is important to create an
equilibrium where each player take a constant action in each review round. Consider the
prisoner’s-dilemma example, in which player j is likely to be punished in the following re-

view round if a lot of signals indicating a noncooperative action are pooled in the current



review round by player ¢ # j. Suppose player j takes a cooperative action initially in the
current review round. If the signals are conditionally independent, after any realization of
the signals, it is optimal to stick to the cooperative action since the observed signals have no
information about whether player j will be punished or not. With conditionally dependent
signals, however, at the periods near to the end of the current review round, under some
realization of the signals, player j considers that she will be punished regardless of actions in
the remaining periods of the current review round, which destroys the incentive to continue
cooperation. Let us call this problem the statistical inference problem.

Specifically, in Matushima(2004), Ely, Horner, and Olszewski(2005), and Yamamoto(2007
and 2008b), the signals are pooled as follows. Consider the situation where player i reviews
player j. If player ¢ plays a; during the review round, she reviews player j’s action by a
random event whose possible realizations are {0, 1} and the probability of taking 1 depends
on (a;,w;), where w; is player i’s private signal. Note that the realization indirectly depends
on player j’s action through the conditional distribution of w;. Player ¢ considers that player
J takes cooperation if the sum of the realized random events is sufficiently high. From player
j’s perspective, statistical inference on whether player ¢ believes that player j cooperates
or not depends on the expectation of player i’s random events conditional on player j’s
signals and actions. If the conditional probability of the random event does not depend
on player j’s signals but only on her actions, the statistical inference problem does not
emerge. However, so that the conditional probability only depends on player j’s actions for
the generic monitoring structure, it is necessary to have |A;| x |£2;| < |€2;] in order to prevent
the statistic inference problem for player j, which cannot be satisfied for all (7, j). Here, |€;]
is the number of player i’s private signals and |A;| is the number of player i’s actions.

The idea of this paper is, if player ¢ can also use the signal w_(; ;) from players — (i, j)
to create the random event to review player j, it is sufficient to have |A_;| x [Q;| < |Q_;],
which can be satisfied for all (i,j). Therefore, if communication is perfect, instantaneous,
and costless and player — (7, j) has an incentive to tell the truth to player i, we can generate

the same situation as conditionally independent signals.



However, there are three remaining difficulties. Firstly, since we do not assume explicit
communication, players — (i,j) have to send message about w_;; to player i by taking
actions. Since this is time consuming and players have to take inefficient actions, if players
communicate the realized signals of each period, it destroys too much payoff. Therefore, after
each review round, players choose about which periods are used for reviewing. Specifically,
player ¢ randomly chooses which periods are used for reviewing player j. Player i sends
a message about these randomly picked periods by taking specific actions. After receiving
this message from player ¢, players — (7,j) will send the message w_; ;) observed in these
periods to player i. Since the randomization takes place after the review round, this does not
destroy the incentive to take a constant action. If players are sufficiently patient, only small
probability of being reviewed is enough to give an enough incentive not to deviate. Thus, if
the number of periods used for reviewing is sufficiently small compared to the review round,
this does not destroy so much efficiency.

The second difficulty is to give an incentive for player i to randomly pick the periods to
review player j and for players — (¢, j) to tell the truth about w_; ;. Although these messages
are used to directly punish player j, if the punishment is costly or beneficial to players ¢ or
— (4, ), they may not have an incentive to tell the truth. It is well know in mechanism design
that if there are at least three players, it is easy to implement the truthtelling equilibrium.
Thus, we assume there are at least four players so that at least three players can review
player j. Specifically, when player i reviews player j, one player | does not send a message
when the other — (7, j,[) send the message. Player i uses the message from players — (4, j,1)
to review player j. Player ¢ decides to suggest the punishment of player j only if according
to every (N — 2)-tuple — (i, j,1), player j’s deviation is inferred. Players will punish player
7 only if all the players but player j suggest the punishment of player j. Further, if some
player n’s message about either the periods for reviewing or the signals has an impact on
whether player j will be punished or not, we give player n some constant continuation value.
Thus, there exists the (weak) incentive to tell the truth. In addition, since no one deviates

on the equilibrium path, if all the others tell the truth, any single player’s message has an



impact only with very low probability.
Finally, to restore the key properties of the conditionally independent signals, we have
to make sure that player [ cannot infer from w; whether player ¢ infers player ;’s deviation

' This poses |A_;| x || restriction when players — (i, j, ) send the

according to — (1, j,1).
message to player i. At the same time, the restriction from inference problem for player j
puts |A_;| x |€;| restrictions. On the other hand, the number of information available to
player i is !Q,(j,l)|. Therefore, to satisfy these two restrictions generically, it is sufficient to
have |A_;| x (|| +|€u]) < |Q_(;|, which can be generically satisfied.

Let me comment on two related papers, Yamamoto (2008b) and Fong, Gossner, Horner,
and Sannikov (2007). One may argue that our equilibrium strategy is close to one analyzed
by Yamamoto (2008b), which assumes conditionally independent monitoring although we
have to substantially modify the strategy to attain the characterization for the generic mon-
itoring structure. However, we consider this closeness is not the weakness of our paper but
the strength. This closeness means our paper offers the direct way to extend the results
with conditionally independent monitoring to conditionally dependent monitoring. Since
the games with conditionally independent signals are easy to analyze, we offer the impor-
tant method to sidestep the difficulty caused by the conditionally dependent monitoring and
show the sufficient condition for analyses of the conditionally independent monitoring to be
enough.

Recently, Fong, Gossner, Horner, and Sannikov (2007) attain the efficiency result in two-
player prisoner’s dilemma with not-nongeneric monitoring structures. Neither their result
nor ours contains the other as a special case. Fong, Gossner, Horner, and Sannikov (2007)
require some restriction on the monitoring structure, but they attain efficiency result for
two-player prisoner’s dilemma. We require that the number of players is no less than four,
but attain the folk theorem with the generic monitoring structure. Moreover, the main ideas
are different. Fong, Gossner, Horner, and Sannikov (2007) derive the condition that the

statistical inference problem emerges only with small probability on the equilibrium path.

1 As we will see, player I’s continuation value depends on whether another player j’s deviation is inferred
by another player ¢ or not.



On the other hand, this paper constructs a strategy that is completely free from the statistical
inference problem.

In fact, many economic situations should be analyzed with repeated games with private
monitoring. The most famous example is Stigler’s (1964) story of secret price cutting in cartel
oligopoly. In the trade of intermediate goods, the price is set via face-to-face negotiation of a
buyer and a seller. Thus, a seller’s action (price setting) cannot be observed and a seller can
get only private signals about the opponents’ action such as its own profit. It is important to
verify whether each seller’s option of setting price below cartel price can prevent the cartel
agreement from being self-enforcing or not by the analyses of repeated games with private
monitoring as Matsushima (2004) argues.

In contrast to Stigler’s argument, our folk theorem result implies that the full cartel
agreement can be self-enforcing for the generic monitoring structure. In addition, our results
have implications for the effects of anti-trust laws. Our model is applicable to the situation
where communication is possible, but noisy or costly. For example, there is the risk of being
arrested by the anti-trust committee. Therefore, if firms are sufficiently patient, the effect
of anti-trust law is limited. Further, to the best of our knowledge, the generic cooperation
result can be attained only for N > 4. While we have to wait for the full characterization
of all sequential equilibrium payoffs, it is not so obvious that more competition prevents
noncooperative collusion.

Let us finish the introduction by reviewing other approaches to attaining efficiency in re-
peated games with private monitoring. Several papers such as Sekiguchi (1997) and Bhaskar
and Obara (2002) focus on belief-based techniques. In such equilibria, players’ strategies
involve statistical inference about the past history of the play. Results in those papers are
limited to prisoner’s dilemma with almost perfect monitoring.

Another approach is to introduce explicit communication. Versions of the folk theorem
have been proven by Compte (1998), Kandori and Matsushima (1998), Aoyagi (2002), Fu-
denberg and Levine (2002), and Obara (2009). Introducing a public element allows these

papers to sidestep the inherent issues unresolved in games with private monitoring. However,



the analyses do not apply to some practical economic settings in which communication is not
possible or costly. For example, in Stigler’s oligopoly example above, anti-trust laws make
communication illegal. Note that this paper does not introduce explicit communication.
The rest of the paper is organized as follows. Section 2 introduces the model. Section 3
defines the belief-free review-strategy equilibrium. Section 4 states the main result. Section
5 briefly overviews the basic theoretical ideas behind the equilibrium construction. Sections
6 and 7 explains the equilibrium strategy. Section 8 presents the folk theorem for N-player

prisoner’s dilemma as an application. Section 9 concludes.

2 Model

The stage game is given by {I, (Ai,Qi,gi)iel,q}. I ={1,2,...,N} is the set of players, A;
is the finite set of player ¢’s pure actions, €); is the finite set of player ¢’s private signals,
gi + A; x ; — R is player i’s utility function, and ¢ is the probability distribution of the
signals. We assume #{i € I | |A;| >2} > 4. Let A = [[ A; and Q = [[ ; be the set of
action profiles and signal profiles, respectively. For 7 € 2;,e jﬁLI, Q_7, a,IZEEI Az, w1€0Q 1
are defined as usual.

In every stage game, players choose an action profile a = (aq,...,ay) € A, and then a
signal profile w = (wy,...,wy) €  is distributed according to the conditional probability
function ¢ (- | a). Given an action a; € A; and a private signal w; € €);, player i receives a
profit g; (a;,w;). Thus, her expected payoff conditional on an action profile a € A is denoted
by 7 (a) = Y cqq(w | a)gi(a;,w;). For each a € A, let 7 (a) represent the payoff vector
(7 (@)1

Consider the infinitely repeated game in which the discount factor is 6 € (0,1). Let a;,

and w; » denote the performed action and the observed private signal in period 7 by player

t—1

i, respectively. Player i’s private history up to period ¢ > 2 is given by h;y = (a;r, wir). _;.

Let h;; = () and for each t > 2, let H;; be the set of all h;;. Then, a strategy for player

i is defined to be a mapping o; : |J H;+ — AA;. Let ¥; be the set of all strategies for
t=1



player i and let ¥ = [[ %;. Let w; (0) represent player i’s expected average payoff by a
strategy profile o € Ez,eilzhat is, w; (0) = (1=98)E >, 6ty (ap) | c|. For any strategy
o; € ¥; and any history h;; € H,4, let o; | h;; be player i’s continuation strategy after h; ;.
Also, for any o; € ¥;, hiy € H;y, and a; € A;, let 0, | (hit, a;) represent player i’s strategy
g; € ¥; such that &; (h;1) = a; and such that for any h;» € H; 9, 6; | hi2 = 0; | hi 11 where
hit+1 = (hit, hi2). In words, o; | (h;:, a;) denotes the continuation strategy after history h;;
but the play in period t is replaced with the pure action a;.

This paper imposes three assumptions on the monitoring technology ¢q. Firstly, monitor-

ing satisfies the full support condition if ¢ (w | a) > 0 for all a € A and w € .

Secondly, monitoring satisfies the identifiability condition if
rank@; (A; | a;) = |A_]

for all 4, € I and any a; € A; and A, C A;. Here, Q; (A | a;) is defined as follows.

Q; (aiala_(iyl) | ai) is a matrix with rows (q (wi | aiala_(iyl))) Qi (a; | a;) is a matrix

wiEQi'
stacking Q); (ala_(i,l) | a,-) for all a_(; ) vertically. @Q; (A | a;) is a matrix stacking Q; (a; | a;)
vertically with the first |.4;| matrices satisfying a; € A;.

Thirdly, monitoring satisfies the (N — 2)-identifiability condition if
rankQ gy (Aj | ai) = [A=] < (1] + [€u])

for all ¢,j,1 € I withi # j # 1 # i and any a; € A; and A; C A;. Here, Qj_(i’l) (Aj | a;) is de-
fined as follows. Qj_(u) (aja_(i7j)wj | ai) is a matrix with rows (q (w_(m | a,;aja_(i,j)wj))W_W)EQ_(Z_’J_).
Qi(i,l) (aja,(l-7j) | ai) is a matrix stacking QJ;(N) (aja,(m-)wj | ai) for all w; vertically. Qi(i’l) (a; | a;)
is a matrix stacking Qi(i,z) (aja_(m) | ai) for all a_; ;) vertically. Q{(i,l) (Aj | a;) is a matrix
stacking @’ @ (aj | a;) vertically with the first |.A;| matrices satisfying a; € A;. Simi-
larly, Ql—(i,l) (aja_(,-7j)wl | ai) is a matrix with rows (q (u}_(jJ) | aiaja—(ivj)wl))w,(j,l)eﬂ,(iyj) for

all w; and QCW) (aja,(i,j) | ai) is a matrix stacking QQW) (aja,(i,j)wl | ai) for all w; ver-

tically. QZ_W) (a; | a;) is a matrix stacking Ql—(z’,l) (aja_(i,j) ] ai) for all a_(; ;) vertically.



Ql_(“) (Aj | a;) is a matrix stacking Q" ;) (a; | a;) with the first |A;| matrices satisfying
aj € A;. Finally, Q_ (A; | a;) is a matrix stacking Qj_(u) (A; | a;) and Ql_w) (Aj | a;)
vertically.

We show that if the number of private signals is sufficiently large, the above three as-

sumptions are generically satisfied.

Lemma 1 If |A_;| < || for all i and |A_;| x (|| + |u]) < |Q—¢y| for all i,j,1 € 1
with i # j # 1 # i, then the full support condition, the identifiability condition, and the

(N — 2)-identifiability condition are generically satisfied.

Proof. Note that the full support condition is generic. The identifiability condition is gener-
ically satisfied if |A_;| < |©Q;]. The (N — 2)-identifiability condition is generically satisfied
for (i,j,1) € I¥ with i # j # 1 # 4 if |[A_| x (] + |]) < |Q_p|- =

3 Belief-Free Review-Strategy Equilibrium

This section states a notion of belief-free review-strategy equilibrium, which is the extension
of belief-free equilibrium studied by Ely and Véliméki (2002), Matsushima (2004), Ely,
Horner, and Olszewski (2005), and Yamamoto (2007).

Firstly, we define a review strategy profile.

Definition 2 Let ()72, be a sequence of integers with to = 1, t; > t;—y for all 1 > 1. ()2,
is divided into T, and Tys. A strategy profile o € ¥ is a review strategy profile with (t;)7°, if
for allt; € Tea, 0; (hit) [air—1] =1 for each t € {t;_1 +1,...,t; — 1} for each i and for each

hiy = (i r wir) € Hiy.

In this definition, a infinitely repeated game is divided into infinitely repeated review
rounds. The [th review round is from t;_; to t; — 1 and each review round is classified as T,
and Tj¢, which stand for the constant-action rounds and the completely belief-free rounds,
respectively. The requirement for a strategy profile to be a review strategy is that every

agent takes a constant action in each constant-action round.

10



Secondly, we define a belief-free review-strategy equilibrium.

Definition 3 Let 0 € ¥ be a review strategy profile with a sequence (t,)52,. o is belief-free

if foralliel andl > 1,

0; | hig,_, € BR(s—; | h_it,_,,a—;) for all a_; € supp{o_;(h_is,_,)}
forall hy, , € Hy 1 ift) € Tpy,
0; | hit € BR(s—; | h—iz,a_;) for all a_; € supp{o_;(h_;1)}

for all h; € Hy and t € (tj_q,...,t — 1) with t; € Tpy.

Note that the requirement for a review strategy profile to be belief-free is that after any
history of past review rounds and after any action the other players choose in the first period
of the current round, player 7’s continuation strategy is a best response to the others in every
constant-action round and that after any history, after any action the other players choose
in the current period, player ¢’s continuation strategy is a best response to the others in
every completely belief-free round. o € X is a belief-free review-strategy equilibrium with
(t)2, if 0 € X is a review strategy profile with a sequence ()72, and belief-free. Note that
a belief-free review-strategy profile is a Nash equilibrium by definition.

My definition of a belief-free review-strategy equilibrium is the same as Yamamoto
(2008b) since the completely belief-free round is the same as the consecutive one-period
constant-action round. We introduce completely belief-free round for the notational conve-

nience.

4 Characterization

Yamamoto(2008b) attains the characterization of belief-free review-strategy equilibrium with
Ty = @, which is valid when the signals are conditionally independent. Our objective is to
show that the same characterization works even for the generic monitoring structure.

To state the characterization, the following notation is useful. A non-empty set A C A

11



is a regime generated from A if A has a product structure, that is, 4 = [[ A; and A; C A;
iel
for all i« € I. Let J be the set of all regimes generated from A. Then, for any probability

distribution p € AJ, define V (p) as

V(p)zco{Zp(.A)w(a(.A)) |a(A) € A, Wlej}.

AeTg

For each i and A € J, let v, (A) and v; (A) be

v; (A) = a}g}_i max (a),v; (A) =  nax. Wnéiz ;i (a).

Also, for each i and A € J, let a’ (A) € A and @ (A) € A be such that a', (A) € A_; and
@', (A) € A_; solve the above problem, that is,

—1

v, (A) = max ; (a;,a’; (A)),7; (A) = r_réi;l; ™ (a;,a@; (A)). (1)
Note that a! (A) € A; and @’ (A) € A; are arbitrary.

For all i € I, let v; be a column vector with the components v; (A) for all A € 7, that is,
v; =" (v; (A) 4es- Similarly, let 7] = (T; (A)) 4c7- The full dimensional condition is said
to be satisfied if

dim Eng(V (p) N IGTI [pv;, pUi]) = N.

Our main result is that if the full support condition, the identifiability condition, (N — 2)-
identifiability condition, and the full dimensional condition are satisfied, then dim J (V (p)N
H [pv;, pv;]) is the limit set of belief-free review-strategy equilibrium payoffs as tzileeAgiscount
Zf:i:tor converges to one.

Theorem 4 If the full support condition, the identifiability condition, the (N — 2)-identifiability

condition, and the full dimensional condition are satisfied, then

U (Vo) N T, p0) = lim B 5),

pEANT iel

12



where F (0) is the set of belief-free review-strateqy equilibrium payoffs with discount factor §.

Proof. The proof of |J (V (p) N[ [py;, pvi]) D lims_,; E () is analogous to Proposition
peLT iel
1 of Yamamoto (2008b) since our definition of belief-free review strategy is the same. See

Sections 7 and 8 for the proof of the other direction. m

5 Basic Ideas

5.1 Recovery of Belief-Free situation

The idea of the review strategies in Matsushima (2004), Ely, Horner, and Olszewski (2007),
and Yamamoto (2007 and 2008b) is as follows. Even if the monitoring is far from perfect, if
we construct the blocks called review rounds and make players take constant actions, we can
statistically infer the opponents’ action by pooling the information during the review round.
However, to make a constant action optimal on the equilibrium path after any history, it
is important to prevent the following statistical inference problem. Consider the prisoner’s-
dilemma example, in which player j is likely to be punished in the following review round if a
lot of bad events indicating a noncooperative action are observed in the current review round
by player ¢ # j. Suppose player j takes a cooperative action initially in the current review
round. If player j’s signal has information about the number of bad events observed by
player i, at the periods near to the end of the current review round, after some realization of
the signals, player j considers that she will be punished regardless of actions in the remaining
periods of the current review round with very high probability, which destroys the incentive
to continue cooperation. We call this problem the statistical inference problem.

To prevent the statistical inference problem, it is enough to show the existence of the

13



solution for

Q;
gw! | Ciawl) - g ] Ciaw?) qc
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| g(w! | Djaw) gl D) | |

with go > ¢p for all a; € A;. Then, if player ¢« who plays a; during the review phase reviews
player j’s action by counting a random event which takes 1 with probability ¢(a;w;) and 0
with 1 — ¢(a,w;), player j cannot infer player i’s counting from w;. However, so that the
above system has a solution generically, it is necessary to have |A4;| x |€2;] < |€;|, which
cannot be satisfied for all (7, j).

The idea of this paper is, suppose player ¢ can also use the signal w_;;) with [ # 4, j to

14



review player j and
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(2)
has a solution for all a; and player i. If player ¢ who plays a; during the review round reviews
player j’s action by counting a random event which takes 1 with probability ¥ (aw_(;;) and
0 with 1 — ¢(a;w_(jz)), player j cannot infer player i’s counting from wj.

As we see below, it is important to have one player | whose signal is not used when

player ¢ reviews player j and player [ cannot infer player i’s counting about player j, which

15




is expressed by the condition that
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(3)
If the (N — 2)-identifiability is satisfied, there exists ¢ : A; X Q_; ;) — [0, 1] satisfying
(2) and (3).

5.2 Rounds and Recommended Actions

Let p € AJ be such that v is included in the interior of the intersection of V' (p) and
[Lic; [pvs, pvi]. Let (w;),c; and (W;),., be vectors of real numbers such that w; < v; < w; and
such that the hyperrectangle [ [, [w;, ;] is included in the interior of V' (p) N[ ., [pv;, pvi).
It suffices to show that [[,.; [w;, w;] is sustained in a belief-free review-strategy equilibrium
for sufficiently large J. The construction is similar to Yamamoto (2008b).

Let X; = {G, B} be the set of player i’s possible states and X = [[..; X; be the set of

el

state profiles. We want to construct an equilibrium such that for each player i, if z; y = B,
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her expected utility is given by w; and if x;_1 = G, her expected utility is given by w;. In the

7

rest of the paper, let “player ¢ — 17 refer to player i — 1 for each i € {2,..., N} and to player
N for i = 1. Likewise, let “player i + 1”7 refer to player i — 1 for each i € {1,..., N — 1} and
to player 1 for i = N.

Given an integer K, we consider a belief-free review-strategy equilibrium where for each
integer n > 1, review rounds from [ =14 (n — 1) (3K +3+ N) to [ = n(3K + 3+ N) form

one review phase. Thus, a review phase consists of (3K + 3 + N) review rounds as shown

below.

1st coordination round
T kth main round

ith coordination round | » coordination l
- round kth monitoring round

nth coordination round |

| kth supplemental round
monitoring round for
coordination round

| Kth supplemental round

confirmation round !
| report round

1st main round

completely
| belief-free rounds

1st monitoring round

| constant-action rounds

1st supplemental round

The coordination round and the main rounds are constant-action rounds and the others are
completely-belief-free rounds. For notational convenience, we also classify the coordination
round, the supplemental round, and the report round as communication rounds and the
monitoring rounds for the coordination round and the main rounds as the monitoring rounds.
Assume that the length of main rounds is sufficiently large compared to the other rounds.

The actions taken in the main rounds are determined by the state profile. Let K be an

17



integer and (A, ... ,AK ) be a sequence of regimes such that

1 & 1 &
=D v (A <wy < v <wi< =T (A (4)

K4 K53

for all ¢« € I, and such that for each x € X, there exists a sequence of action profiles

(a®!,...,a"X) such that

a®* e Ak

for all k € {1,..., K} and letting w* = (w? );cr be the time-average payoff vector over the

sequence (a®!, ..., a"K),

> W; if Ti—1 = G

foralli € I. Given a natural number K, let (A", ..., A%) be a cyclic sequence of (A, ... | AK)
with length K, that is, A¥"K = A*forallk € {1,..., K} andn > 0. Also, let (a™!, ..., a®K)
be a cyclic sequence of (a™,. .. ,ax’f( ) for all z. Let us call a®* a recommended action in
the kth main round.

Suppose players take recommended actions. Then, since the length of the main rounds
are sufficiently large, the time-average of the instantaneous utilities for each review phase
is lower than w; if z;_; = B and higher than w; if ;_, = G. To show that [[,.; [w;, w;]
is sustained in a belief-free review-strategy equilibrium for sufficiently large ¢, it suffices to
show that a constant action is optimal, that the time-average of the instantaneous utilities
for the review phase is lower than w, if x;_; = B and higher than w; if x;_1 = G even if
players take other actions from A*, and that they do not have any incentive to take actions

that are not included in A”.

5.3 Description of the Strategy with Cheap Talk

In this subsection, for the simple explanation, we assume players can explicitly communicate.

It is useful to see each review phase as a block game. The length of each review phase and
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so that of the block game is given by T}, = t,,3x+3+n) — t(n—1)(35+3+n)- Lhe block strategy
is defined as the mapping from U;‘Fi Lhit to A(A;). Let ¥, r, denote the set of all block
strategies. In what follows, we specify two important block strategies, a good strategy
0 € %, , and a bad strategy 0P € %;1,. Let 0% = (0%);c; with z € {G, B}" denote the
generic strategy profile consisting of o7* with z; € {G, B}. For each i € I, pick two elements

B

1

of A; arbitrarily and call each of them af and a?, respectively. The behavior under o® is

described as follows.

ith Coordination Round [7] This round is regarded as a communication round in which
each player i sends her message from z; € {G, B}. Player i sends message x; by constantly

choosing the action af for T periods. Players —i takes a%,.

Monitoring Round for the Coordination Round This round is regarded as a moni-
toring round. In this subsection, since we assume the existence of cheap talk, this phase is
instantaneous.

Players form (N — 1)-tuples (i, j, — (4, j, 1)), ;- Players — (4, j, [) report what signals are
observed in the coordination round to player i so that player ¢ can use that information to
review player j’s action in the coordination round. As mentioned in Subsection 5.1, we can
restore the key properties of the conditional independent signals by allowing player ¢ to use
W(i,j1)-

Player i infers the message in the coordination round from player j by using the messages
in the monitoring round for the coordination round from players — (i, j,1). If player i infers
that player j’s message is z; by using the messages from players — (4, j, [), we say that player
i infers that player j’s message is x; according to players — (i, j, 1) and let 2° (i, j, — (4, 7,1)) =

x; denote this situation. The details of the inference will be specified later.

Confirmation Round This round is regarded as a communication round. In this subsec-
tion, since we assume the existence of cheap talk, this phase is instantaneous.

Every player i tells (z;, (2° (4, 7, — (4, 4, l))l?éi’j)#i) to the other players. Then, player n
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receives the message (24, (2° (i, j, — (4, J, 1)) s ;) j#i)izn, where & denotes the inference of the
message @ by player n.2 Let m0, = (24, (2° (i, J, — (i, 1> D) s )341)isn (s (22 (0, = (1,5, 0)) o))
be the message profile of player n. Let M? be the set of message profiles m?.

We say that 7 is confirmed for player n if according to the message m?, for each j # n,

T; and 7 # 7y,

(N=2)(N=3)+1) x Lz {a;} + > Y 15 {2 g — (5,0} + ) 1a {a° (n, 4. — (n,5.1)}

i#n l#£1,j l#n
> (N=2)(N=3)+1)x 1z {@}+ZZ1@ {2°(i,4,— (i,5,1) }+Z1~, {2°(n,j,— (n,j,0))},
i#n 1#i,j l#n

N o
and for z,, and 7, # Z,,

(N =2)(N=3)+1) x 1z, {z} + > > 15, {2 (i,n, — (i,n,1))}

i#n I#in
> (N=2) (N =3)+1) x Loy {wn} + DY Ly {8 (in, — (i,m,1)) } .

i#n I#in
Then, for each 7 € X, let M? (Z) denote the set of all m® € M? such that 7 is confirmed.
Since (N —2) (N —3)+ 1)+#{i |1 # j}#{l |l # 4,7} is an odd number for any j, M? ()
is a partition of m? € M.

Consider the confirmation process of Z;. The total number of the messages is ((N — 2) (N —3) + 1)+

(N —1) (N — 2). The number of the messages under player j’s control is (N — 2) (N — 3)+1,
which is less than the half of the number of the total messages. On the other hand, the num-
ber of votes under player ¢ # j’s control is (N —2) + (N — 2) (N — 3) since player i can
affect 2° (n, 7, — (n, j,1)) with n,l # i by manipulating the message in the monitoring round
and 2° (4,7, — (4,7,1)), i ; by manipulating the message in the confirmation round. Again,
(N —2)4+(N — 2) (N — 3) is less than the half of the number of the total messages. Therefore,

any player cannot have an impact on the confirmation if the inference up to the confirmation

round is perfect and the others tell the truth.

2In this subsection, with perfect cheap talk, & = x.
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See the figure below for the case with N = 4, n = 2, and j = 1. Note that since the

number of votes under any single player’s control is less than the half of the number of the

total messages.

x(2.1,3)
x(2,1,4)

Under player 1's
control

2020 20
O
O

%(@,12)° ° [%@12)

)2(4,1,3) )'2(3’1, 4) Under player 2's

control

kth Main Round [KT] Players’ behavior in the main rounds is determined by the history
in the confirmation round and the previous supplemental rounds. Thus, we postpone the

explanation.

kth Monitoring Round This round is regarded as a monitoring round. In this subsection,
since we assume the existence of cheap talk, this round is instantaneous.

Players form the same (N — 1)-tuples (i, j, — (4, j, l))l#,j as in the monitoring round for
the coordination round.

Player i randomly picks t_(; j;y € {1,..., KT}. Let T, = {t_¢ ;. t—jn+1, - t—qjn +
|eKT| — 1} where we identify 7 and 7 + nKT for some n € N, that is, player i randomly

picks one period t_; j;) from KT periods in the kth main round and 7. is the consecutive
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|e KT periods from t_(; j;). Player i sends a message about ¢_; ;;). Note that if the others
know ¢_(; j;), it pins down which periods are included in 7.

Players — (i, j, ) report what signals are observed in the periods included in 7} to player
1 so that player ¢ can use that information to review player j’s action in the kth main
round. As mentioned in Subsection 5.1, we can restore the key properties of the conditional
independent signals by allowing player ¢ to use w_ ;).

Player ¢ with m? € M? (x) infers the action of player j in the kth main round by using
the messages in the kth monitoring round from players — (i, j, [). If player i infers that player
j deviate from a®* in the kth main round, we say that player i infers player j’s deviation
according to player — (4, j,1) and let z* (i, j, — (i, 4,1)) = 1 denote this situation. Otherwise
2% (4,7, — (i,4,1)) = 0. The details of the inference is specified later.

kth Supplemental Round This round is regarded as a communication round. In this
subsection, since we assume the existence of cheap talk, this round is instantaneous.

Every player i tells (2 (4, j, — (i, j, 1)), i, j) ;j#i to the other players. Then, player n receives
the message ((2* (i, j, — (4, J, 1))14i ) j#i)i#n, Where & denotes the inference of message = by

player n'3 Let mﬁ = ((ik (iaja - (i,j, l))l;éi,j)j?éi)i#n U ((‘Tk (nv.ja o (n,j, l))l;ﬁn,j)j#” be the
k

n*

message profile of player n. Let M* be the set of message profiles m
We say that player j’s deviation with j # n is confirmed for player n if according to the

messages mﬁ,

B (i, j, = (6,5,1)) = 2" (n, j,— (n,j,1)) = 1 for all i # j,n and | # i, j.

Let M (0) be the set of m* with which no unilateral deviation is inferred and M¥ (i) be the
set of m* with which player i’s deviation is inferred.

Since (N — 2) (N — 3) messages are under player i’s control for any player i # j in neither
the kth monitoring round nor kth supplemental round, any player cannot have an impact on

the review of the players on the equilibrium path if the inference up to the kth supplemental

31n this subsection, with perfect cheap talk, & = x.
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round is perfect.
See the figure below for the case with N =4, n = 2, and j = 1. Note that the message

under any single player’s control is no more than 4.

x“(2,1,3
x“(2,1,4

Under player 2's
control

%(42,2) %(312)
X (4.1,3) x*(314)

kth main round With the explanation of the supplemental round, we can fully specify
the action in the kth main round. For player ¢ with m? € M? (x), in the first main round,

player i takes a®'. For k > 2, if there exists k < k such that (m?,...,m* 1) € MO (z) x

K3

M} (0) x -+ x Mf_l (0) and mF € MF () \ U MF (1) with j # i, then player i takes a’ (A)
1£]
and @ (A) if z;_; = B and G, respectively. Note that the first condition means no deviation

is inferred up to the kth round and the second condition means player j’s unilateral deviation
x.k

%

is inferred at the kth round. Otherwise, player ¢ takes a

Report round This round is regarded as a communication round. In this subsection,
since we assume the existence of cheap talk, this phase is instantaneous. Player i sends a

message about J; = (M2 x M} x -+ x MK).
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5.4 Optimality of the Block Strategies

In this subsection, we briefly explain why the above two strategies are optimal in all z € X.

For notational convenience, fix @ such that max; max, |m; (a)| < .

Incentive to Tell the Truth in the Coordination Round Since player ¢’s state controls
player ¢ + 1’s payoff, there is no direct incentive to tell a lie by taking an action different
from a;". As implied from the discussion in Subsection 5.1, it is verified in the Appendix

that it is optimal for players to take a constant action to send the message ;.

Incentive to Tell the Truth in the Monitoring Round for the Coordination Round
and Confirmation Round Player i’s expected payoff in the block game is higher when
player i — 1’s state is G’ than when it is B. Thus, player ¢ has an incentive to tell a lie and
try ;1 = G to be confirmed. To prevent this problem, whenever player ¢’s message has
an impact for players —i’s confirmation of the states, we give K?T?u and —K?T?u as the
non-averaged expected payoff of player ¢ during the current review phase if player : — 1’s state
is G and B, respectively. Then, player i’s message has no impact on player ¢’s payoff. As
explained in 5.3, this never occurs with cheap talk and this occurs only with small probability
even without perfect cheap talk assumption on the equilibrium. Thus, @ does not destroy

too much value.

Incentive to Take the Prescribed Action in the Main Round Suppose players have
to take a constant action in the £th main round. Asimplied from the discussion in Subsection
5.1, it is verified in the Appendix that it is optimal for players to take a constant action in
the kth main round. Pick arbitrary player <.

Firstly, consider the case where there exists x such that m? € M? (z) for all n # i and
mk € MF (i) if and only if m*, € MP¥ (i) for all n’ # i. In this case, the inference up to
the kth supplemental round allows players —i to perfectly coordinate their actions. Note
that from (4), since player i’s unilateral deviation is inferred with high probability if T" is

sufficiently large and the other players take a*; (A) and @, (A) when z; ; = B and G,
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respectively, for any constant action,

w; if v,y = B,

==

]~
<
A

B
Il
—

w; if 7,y = G and a € A,

=~
[M] =
=
V.

=
Il
—

where vF is the expected value of the time-average of the instantaneous utility in the kth
main round. Note that even if m? € M (2/) with z # 2/, that is, player i’s state z’ is
different from the other players’ state, the above inequality still hold from the following
reason. After the first main round, player i’s deviation will be inferred with high probability
and the other players take a' ; (A) and @’ (A) when x;_; = B and G, respectively. From
(1), above inequalities hold. Therefore, as Ely, Horner, and Olszewski (2005) show, we can
make any constant action prescribed in the regime attain the same value w, if z;_; = B and

w; if x;_1 = G by properly determining the state profile of the following review phase.

Secondly, consider the case where m? € M?(z) and m?, € MY (z') with n # n’ and

n/

n

x # 2’ or mE € MF(i) and mF, € MF (i) with n # n’ and i # . Note that for any
k

strategy, —u < % Zszl vF < w. Thus, in this second case, we give K?T?u and —K?*T?u
as the non-averaged payoff during the the review phase for player ¢ if z; y = B and G,
respectively. Then as Ely, Horner, and Olszewski (2005) show, we can make any constant
action prescribed in the regime attain the same value. Here, the role of the report round
is important. When we infer this second case happens based on the report round, we give
K?T?u and — K?T*u by determining the state profile of the following review phase properly.
As we will show later, this case occurs only with small probability even without perfect cheap

talk, 7 does not destroy too much value.

Incentive to Tell the Truth in the kth Monitoring Round and Supplemental
Round Suppose player i’s deviation is inferred. Then, the other players punish her by
taking a’ ; (A) when z;_; = B and reward her by taking @’ , (A) when z; ; = G. Since (1)

does not impose any restriction on the value of player —i when players —¢ punish or reward
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player . Thus, it may be the case that

K

k : _
E vj > w; even if v;_1 = B,
k=1

=| =

K
E vf < wjevenif z;_; =G,
k=1

|-

where vf is the time average of the instantaneous utility in the £th main round when players
—1 punish or reward player i. Then, it is impossible to make players —i’s belief irrelevant.
To overcome this difficulty, whenever player i # j’s deviation is inferred, we give K?7T?% and
—K?T?u as the non-averaged expected payoff of player j during the current review phase
if x;_y = B and G, respectively. Then, as Ely, Horner, and Olszewski (2005) show, we can
make players —i’s belief irrelevant.

However, this makes the incentive to tell a lie when player j sends the message used for
the review of player ¢ since if player j — 1’s state is B, it is beneficial for player j that player
1’s deviation is inferred, and if player j — 1’s state is G, it is costly for player j that player
1’s deviation is inferred.

Therefore, whenever player j’s message has an impact on the inference of player i’s
deviation, we give K*T?u and —K?T?u as the non-averaged expected payoff of player j
during the current review phase if player j — 1’s state is G and B, respectively. Then, player
j’s message has no impact on player j’s payoff. As explained in 5.3, this never occurs with
cheap talk and this occurs only with small probability even without perfect cheap talk on
the equilibrium. Thus, w does not destroy too much value.

Note that with NV = 3, since player j’s message always has an impact, it is impossible to

give an incentive to tell the truth with our equilibrium construction. This is why we have
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the assumption that N > 4.

O Ox(213)

Under player 2’s
control

3

O
R“(31.2)

Incentive to Tell the Truth in the Report Round For the report round, player i’s
message in the report round is used to control players —i’s utility. Therefore, player i is

indifferent for any message.

5.5 Modification without Cheap Talk

There is one remaining difficulty. Since we do not assume explicit communication, player ¢
has to send message about 2%, ¥, m?, m¥, w;, and ¢ to the other players by taking actions
during infinitely repeated games. Note that the message that player i has to send is {G, B},
{0,1}, and w;¢, and t € {1,..., KT}.

To send a message x; = G or 0, player i can make almost perfect message by taking a¥

for long time. To send a message x; = B or 1, player ¢ can make almost perfect message by

taking a? for long time.
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To send a message w;; = w;, consider the following procedure. Let us attach the se-

G 4B

R

quence of actions a; (w;) = (a;1 (w;), ..., a7, (w;)) to each w; € Q; with a;; (w;) € {a

forall i € I, w; € Q, and t. a;1 (w;) = af if w; € {wiy,... Wi |10sl/2) } and a; (w;) = aB

(3 (3

otherwise. For w; with a;1 (w;) = af, a;2 (w;) = af if w; € {wiy,... Wi, |ei)/2)/2/} and

aio (w;) = aP otherwise. Likewise, for w; with a;; (w;) = a?, aiz(w;)) = af if w; €
{w,i7UQZ.|/2J+]_, . ,wi,L(‘Q”_HQi‘/gJ)/gJ} and a;9 (w;) = aP otherwise. Keep this procedure until
we can identify w; uniquely from a; (w;). Without loss of generality, we can assume 7; = T,
for all . To send a message w;; = w;, player i takes a;; (w;) for sufficiently long time,
and then takes a; (w;) for sufficiently long time, and so forth. Note that T, is fixed and
a;s (w;) € {af,af’ )

For send a message about t € {1,..., KT}, consider the following procedure. Let us
attach the sequence of actions a; (t) = (a;1 (t), ..., @i |og, k7|11 (t)) toeach t € {1,..., KT}
witha;, (t) € {af,aP} forallT € {1,..., [log, KT| + 1}. a;1 (t) = af ift € {1,...,|[KT/2]}
and a; 1 (t) = aP otherwise. For t with a;, (t) = af, a;» (t) =S if t € {1,...,[|KT/2] /2]}
and a;5(t) = aP otherwise. Likewise, for ¢ with a;; (t) = a?, a;2(t) = o if w; €
{LKT/2|,...,[(KT — |KT/2])/2]} and a;5 (t) = a? otherwise. Keep this procedure un-
til we can identify ¢ uniquely from a; (t). Note that we can make sure that |a; ()] <
|log, KT'| + 1.

Note that if ¢ is sufficiently small, since we construct the equilibrium where players send
the message about w;; only € fraction of KT, this does not destroy efficiency. In addi-
tion, since every period is chosen randomly and symmetrically, this does not destroy the
incentive to take a constant action. If players are sufficiently patient, only small prob-
ability of being reviewed is enough to give an enough incentive not to deviate. Since

(llogy (KT)| +1) /T% — 0 for any k € N as T — oo, the communication about t_(ij0)

does not destroy efficiency if T is sufficiently large.
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6 Formal Description of the Strategy without Cheap
Talk

6.1 Random Events and Stochastic Characteristics

For the monitoring, confirmation, and supplemental rounds, we want to create the random
variable to infer the message so that when player ¢ sends a message, players —i cannot
manipulate player i’s message. Non-manipulability is important since otherwise a reviewed

player has an incentive to mix up the message.

Lemma 5 Suppose that monitoring satisfies the identifiability condition. Then, there exist
0 < p1 < p2 <p3 <1 such that for all i,l € I, a; € A;, and A, C A;, there exist vectors
P! ({af'} | ;) : @ — [0,1] and VP (A | ai) : Qs — [0,1] such that!

p21 A
Qi ({CLZG} | ai) w?»l ({alG} | ai) = A 7
| Pl ag-n)ag,
Q31 A_g A
Qi (Al | a/i) ,QZ)?Z (Al | CLZ') = | (4,1) A
L qz1|A7(i,l)|(|Az\*\Az\)

Proof. Analogous to Lemma 1 in Yamamoto (2008b). m

Let ¢?’1 ({alG}) be the random variable with following features. If player i plays a; and
observes w;, player i draws a random variable from uniform distribution on [0,1]. If the
random variable is no greater than t)>"' ({alG} ] ai) (w;), the realization of random variable
is wf’l ({alG}) = 1 and 0 otherwise. 1/1?’2 (A;) is analogously defined.

The way to send a message in the monitoring round is specified as follows. Let S (T)
be the function from N to N. When player ¢ wants to send the message about t_; ),
she takes a1 (t_(zy) for S(T) periods, then a;s (t—( ;) for S (T') periods, and so forth.
Therefore, to send a message about ¢ _; ; ), it takes (|log, KT'| + 1) S (T') periods. Remember

4In this paper, we identify functions as vectors whose elements correspond to the value of the functions
if it causes no confusion.
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a; (t) € {aG aB}. Player n infers that player i sends the message a¢ if ¢>! ({af}) occurs

’%g (T) times or more during a S (T)-period interval. Otherwise, she infers player i sends
aP. Let Pr(t_¢,;1 =t | t) represent the probability that each player n € (i, j, ) infers player
1 sends message t,, when player 7 tries to send a message t. Here, t is the vector consists of

(tn)ne(i,j,l)‘

When player n wants to send the message w, with a, (w,), she takes a,; (w,) for S
periods, then a, 2 (w,) for S periods, and so forth. Remember a,, (w,,) € {af, af}. Player i

p1+
2

infers that player n sends the message a¢ if w?’l ({ aff}) occurs 2122 S times or more during
a S-period interval. Otherwise, she infers player n sends aZ. Let Pr(w’ i | W=Ggb)
represent the probability that player i infers players — (i, j, 1) send the message w’ (g b0
when — (4, j, 1) try to send message w_; ;-

As explained in the basic idea, we want to create the random variable for (i, j, — (7, j, 1))

to review the deviation of player j so that neither player j’s signal nor player I’s signal has

any information about the counting.

Lemma 6 Suppose that monitoring satisfies identifiability condition and (N — 2)-identifiability
condition. Suppose S (T) satisfies

o(S(T)")(|logy KT | +1) =0 (T?). (5)

for some L > 1. Then, there exists S such that there exist 0 < ¢1 < g2 < q3 < 1 such
that there exists T such that for all T > T, for all i,j,1 € I, a; € A; and A; C A,
there exist Q/J?I?“) (Aj | a;) + Qi x Qg — [0,1], w%%i,l) (Aj | a;) + Qi x Q_jn — [0,1],
U2 (A L ait) 1 Qi x Qg — [0,1], and () (Aj | ai t) = Qi x Qg0 — [0,1] such
that

1
(3,0)
BLig, )| |14
A G2V 114 (14 1-14,
Q_(M) (A] | ai) ¢?2?7,,l) (A] | ai) = (@32 = ‘ .7|| (7J)|(‘ jl=1A;5]) ’

31 i04_ ;|14

| RLigya ) 0a,-140
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©lig;a_ |14l

A Olig 14, 1 104;1-14;

Q- (Ay | a) 0™ (A | a:) = g = Yl A-p|04sl-14sD |
liga ;[

| D hioya ) |0as 140
Q-Giay (A | ai, ) 022 (Aj | ait) = gsa for all t € {1,..., KT},
Q—(z}l) (A | a;,t) ¢2_%”) (Aj | a;,t) = qoq forallt € {1,..., KT},

where Qi (A; | a;) is the matriz with each element q (w_(ipy | @ia—iw;) of Q—qyy (A; | a;)
replaced with

A

G (w-gy | asa_iw;) = > Pr(w g | W )awinw’ 0 | aaw;),

!
w ..
—(4,5,1)

and Q,(i,l) (A; | a;,t) is the matriz with each element q (w,(j,l) | aia,iwj) of Qi (Aj | a;)
replaced with

q (W | Gia_wy)

= Pr(t1[t) > Prw | gn)a(wsw | aaiw,)

!
w .
—(4,5,0)

+ Pr(e6) | Y Prw g | @) a(@) e | @io-iw;)a(@)) g | aia) |,

’
t#tl wf(i,j,l)

where I (t) ={n € —(i,4,1) | t, = t}.

Note that the element of Q,(N) (A;j | a;) corresponds to Q_¢ (A; | a;) but we take the
probability of miscommunication about w_;;; into account. Note that the element of
Q_(i,l) (A;j | a;,t) corresponds to Q) (A; | a;) but we take the probability of miscommuni-
cation about ¢ and w_(; ;;) into account. Intuitively, (/N — 2)-identifiability condition guar-
antees the existence for ()_(;;). Then, since the probability of the error in communication is

sufficiently small if S and T are sufficiently large from the assumption o(S (T)*)(|log, KT'| +
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1) = o(T?), the existence is guaranteed for Q—(z‘,l)- For the rest of the paper, we fix S such
that Lemma 6 is satisfied.

Let ¢ i l)( ,€) be the random variable with following features. Player ¢ randomly
selects t_(; j1), and so T.. Assume player ¢ can make ¢_(; ;) public. Players — (4, j,1) sends
the message about w_(; ;; in the periods included in 7. For each ¢ € 7%, if player ¢ plays
ait, observes w;;, and gets the message w_;;;) from players — (7,7,1), player i draws a
random variable from uniform distribution on [0,1]. If the random variable is no greater
than wi’?ﬁ.’l) (A | a;) (wi,t,w_(@j?l)), the realization of random variable is w?:?i,l) (Aje) =1
and 0 otherwise. For t & T, wia ) (Aj,e) =0. Let wib D (Aj;, e) be analogously defined by
replacing 1/’?1?1',1) (A; | a;) by @D%b’l) (A; | a;). Note that for 1/;2?1',0 (A;,e) and @bi’z“) (A e),
the periods used for the review are common knowledge.

Let w?:?i,l) (Aj t,e)withk € {1,..., K} and t € {1,..., KT} be the random variable with
following features. Player i randomly select T.. Player ¢ sends the message about ¢_; ;;) by
taking actions. For each ¢ € T, if player ¢ plays a;;, observes w;;, and gets the message
w_(,j, from players — (i, j, 1), player ¢ draws a random variable from uniform distribution on
[0, 1]. If the random variable is no greater than Qﬁ?u) (A; | a;,t) (cuw, w_(i7j7l)), the realization
of random variable is zb‘ri?i’l) (A;,t,e) = 1 and 0 otherwise. For ¢t ¢ T, @b?i’?“) (A;,t,e) = 0.
Let wQ_’b’l) (Aj;, t,e) be analogously defined by replacing w?j?i,l) (A; | a;,t) by 7#2_’%“) (Aj | a;,t).
Note that for ¢3:(2i,l) (A;,t,e) and 1/12_’&70 (Aj,t,e), the periods used for the review are not
common knowledge.

Let Elﬂ?j?i’l) (A;) be the random variable with following features. If player i plays a;,
observes w;, and gets the message w_;;;) from players — (i, 7,1), player i draws a ran-
dom variable from uniform distribution on [0,1]. If the random variable is no greater
than E@D?:’?N) (Aj | a;) (wi,w_(i 1), the realization of random variable is 5¢3’2. (A;) =1
and 0 otherwise. Let 6¢2_’%Z. ) (A;) be analogously defined by replacing w i (Ajla) b

2,1
¢—(i,z) (A [ ai).
From now on, we assume ¢ is a rational number and e KT" € N. Then, the probability that

2 i) (A;,€) occurs r times during a T-period interval when player j chooses a; ¢ A; for
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the first 7 period and then a; € A; for the rest of the periods is the same as 51??2?1',1) (A;) and
independent of (i, j, 1). Therefore, let 32 (7, T, r) represent this probability. Let F>' (7, T,r)
be analogously defined for @bi’b’l) (A;,e) and 5@&27’22.71) (A;).

Let F2( ) (Aj, KT,r [ a*T) and F%
S z/z?j?u) (Aj t,e) = 7 and S0} zﬁﬁu) (Aj,t,e) = r, respectively, when players play

(A;j, KT,r | a®T) represent the probability that

(IKT = (CL17 e ,CLKT).

Lemma 7 For alle > 0 and K, there exists {Zr},_,, {Z}}7_,, and {Z]L}]_, such that,

Zr < eqaT,
Zy < eqT < Zi,
limT_)oo Zfiz¥+1 F3,2 (T’ T’7 ,r) = llmT—>oo Zfiz¥+1 F2’1 (07 T’ T) = hmT—>OO ZT‘>ZT FSQ (07 Ta T‘) =1,
limy_eo TF32 (0,7 — 1, Z7) = 00,

= lim7_ o ‘Z?T — €q3| = 0.

. zY : A
lim7_ o T T €42 = limy_ T T Eq2

Proof. Analogous to Yamamoto (2008b). m

6.2 Strategy without Cheap Talk

This section re-specifies two strategies in the block game, 0¢ € %; 7, and o? € ¥, , without
cheap talk. In what follows, we explain the behavior of the players under o* = (07");cr. Let
S be a fixed integer such that Lemma 6 is satisfied. In addition, take ¢, K, T as given in
this subsection so that e KT € N and Lemma 6 is satisfied. The existence of S (T') and L
such that o(S (T)")(|logy KT| 4+ 1) = 0 (T?) is shown in the Appendix.

Coordination Round [N7T] The behavior in this round is the same as without cheap

talk.

Monitoring Round for the Coordination Round [N (N —1) (N —2)(N —3)T,ST]
The behavior in this round should be modified without cheap talk.
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Players form (N — 1)-tuples (i, j, — (i, j,1)),; ; as before. Each player included in — (i, j, 1)
reports what signals were observed in the periods in the coordination round to player ¢ so
that player ¢ can use that information to review player j’s action in the coordination round.

(N — 1)-tuples exchange their messages alternately here. (N — 3)T,,ST periods are as-
signed for each (N — 1)-tuple. When players n € — (i, j,[) sends her messages to player
1, player n firstly sends the message w,; for ST, periods as explained in Subsection 6.1,
where w,, ; being the signal of the first period of the jth coordination round. Then, player n
sends a message w, o for ST, periods with w, 2 being the signal of the second period of the
jth coordination round, and so forth. When the other players —n send a message, player
n takes a&. Note that this round lasts for N (N — 1) (N —2) (N — 3) T,,ST periods since
|— (4,4,1)| = N—3 for each (N — 1)-tuple and there exists N (N — 1) (N — 2) (N — 1)-tuples.

Inference in the Monitoring Round for the Coordination Round Player i infers
the message in the coordination round from player j by using the messages from players
— (i, 7,1) in the monitoring round for the coordination round. Player i infers that player j’s
message is x; = G by using the messages from players — (4, j, () if 57#?22’[)({%0}) occurs more
than [%aTJ times. Player ¢ infers that player j’s message is ; = B otherwise. Let
2% (i,7,— (¢,7,1)) = x; denote the situation where player ¢ infers that player j’s message is

x; by using the messages from players — (3, j, ).

Confirmation Round [(N + N (N —1)(N —2)(N —3))T] The behavior in this round
should be modified without cheap talk.

Every player i tells (w;, (2° (4, j, — (i, 4,1)),.; ;)j#i) to the other players. Note that the
number of the elements of this vector is 1 + (N — 1) (N —2) (N — 3).

Players exchange their messages alternately here. (1 + (N — 1) (N —2) (N — 3)) T peri-
ods are assigned for each player. When player ¢ wants to send the message x;, player i takes
a;* for T periods. Similarly, when player i wants to send the message 2° (4, j, — (4, j,1)) = x;,
player i takes a;’ for T periods. As before, when players —i send their messages, player i

takes a{. Note that this round lasts for (N + N (N — 1) (N —2) (N — 3)) T periods.
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Inference in the Confirmation Round Player n receives the message (24, (2° (4, j, — (4, 4, 1)) s ;) i) izn
where # denotes the inference of message = by player n. Player n infers &; = G and
20 (i, j,— (i,4,1)) = G if ep>*({af}) occurs more than |2£22T | times during the peri-
ods when player i sends a message about z; and 2° (4, j, — (4, ,1)), respectively. Player n
infers #; = B and 2° (i, j, — (4, j.1)) = B otherwise. The definitions of m® and M? (z) are

the same as before.

kth Main Round [KT] The behavior in this round is the same as without cheap talk.

kth Monitoring Round [N (N — 1) (N —2) (([log, T| + 1) S(T)+(N — 3) ST,,eKT)] The
behavior in this round should be modified without cheap talk.

Players form the same (N — 1)-tuples (i, j, — (i,4,1)),,; ; as before. Player i randomly
select 1T, = {t_(m,l), cotogy T eKT — 1} and sends the message about ¢_;;;. Each
player included in — (4, 7, 1) reports what signals were observed in the periods included in 7}
so that player ¢ can use that information to review player j’s action in the kth main round.

(N — 1)-tuples exchange their messages alternately here. (|log, T'| + 1) S (T)+(N — 3) ST,eKT
periods are assigned for each (IV — 1)-tuple. Firstly, player i sends the message about t_; ;
for (|log, T'| + 1) S (T') periods as explained in Subsection 6.1. Each player n € — (i, 7,1)
infers t_(; ;) as explained in Subsection 6.1. When players n € — (i, j,1) sends her messages
to player ¢, player n firstly sends a message w, ; for ST, periods as explained in Subsection
6.1, where w,; being the signal of the f_(; ;;th period in the main round, where _(;
is the inference of t_; ;;yby player n. Then, player n sends a message w, o for ST, pe-
riods with w, 2 being the signal of the ('E_(i7j7l) + 1)th period in the main round, and so
forth. When the other players —n send a message, player n takes . Note that this round
lasts for N (N — 1) (N —2) ((|log, T'| +1) S (T) + (N — 3) ST,eKT) periods since there are
N (N —1)(N —2) (N — 1)-tuples, and for each (N — 1)-tuple (¢, j— (¢, j,1)), player i sends a
message about t_; ;) for (|log, T'] + 1) S (T') periods and each n € — (i, j, 1) sends a message
for ST,e KT periods .
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Inference in the kth Monitoring Round Player ¢ infers player j’s action in the kth
main round by using the message in the kth monitoring round from players — (i, j,1). Player
i with m{ € M? (x) infers that player j deviated from the prescribed action a®* by using the
messages from player — (7, j,1) if ZfiTl w%%m ({a;ﬁv’f}, t, 5) > 70 and let 2% (i, j, — (i,7,1)) =
1 denote this situation. Otherwise, player i infers that player j did not deviate and let

2% (4,7, — (i,4,1)) = 0 denote this situation.

kth Supplemental Round [N (N — 1) (N —2)T] The behavior in this round should be
modified without cheap talk.

Every player i tells (2% (i, j, — (i, j, 1)1 ;)i to the other players. Note that the number
of the elements of this vector is (N — 1) (N — 2).

Players exchange their messages alternately here. (N — 1) (N — 2) T periods are assigned
for each player. When player i wants to send the message " (i, j, — (i, ,1)) = 0, player i takes
a$ for T periods. Similarly, when player i wants to send the message 2% (i, j, — (4,7.1)) = 1,

player i takes a? for T periods. Note that this round lasts for N (N — 1) (N — 2) T periods.

Inference in the Supplemental Round Player n receives the message ((z* (2, j, — (4, 7,1)), 2i ) i)
where 7 denotes the inference of message = by player n. Player n infers 2% (i, j, — (i,,1)) = 0

if e9>*({af}) occurs more than | 2287 | times during the periods when player i sends a

message about a* (i, j, — (i, j,1)). Player n infers 2% (4, j, — (4, ,1)) = 1 otherwise.

The definitions of m?, M¥ (0), and M¥ (i) are the same as before.

Report Round [(N? + N? (N —1)(N —2)(N —=3))T + N*(N —1) (N —2) KT] Player
i sends the message about J; = (M? x M} x --- x M). In this round, players announce
their message alternately and when players —i send their messages, player i takes a. The
way to send the message and the inference are the same as the confirmation round and sup-
plemental round. Therefore, report round lasts for (N? + N2 (N — 1) (N —2) (N —3))T +
N2 (N —1) (N —2) KT periods.
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Determinant of 7, For notational convenience, we define

T 1 = NT+N(N—1)(N—2)(N —3)T,5T,

Ty = (N+N(N-1)(N—-2)(N-3)T,

T, = KT+N(N-1)(N—2)((|logyT] +1)S(T) + (N — 3) STLeKT) + N (N — 1) (N — 2) T,

T, = (N*+N*(N-1)(N—=2)(N=3))T+N*(N-1)(N—2)KT.
In addition,
Tp=N(N—1)(N —2)(([log, T| +1)S(T) + (N — 3) ST,eKT.

Note that this is the length of each kth monitoring round.
From the above discussion, T, = 171 + Ty + ), T} + 1. For notational simplicity, let

T +Ty+N(N—-1)(N-2)KT+T,

A T —O(KQ).

Note that AT is the length of the rounds except for the main round and the monitoring

rounds for the main rounds.

7 Equilibrium Construction without Cheap Talk

7.1 Transfers

Before the analysis of infinitely repeated games, it is useful to consider the following T}-period
repeated game with transfers. The objective of this subsection is to show the existence of
the transfers satisfying the similar conditions with Lemmas 6 and 7 in Yamamoto (2008b).
Suppose that player i receives a transfer U; : H,_1 1,41 — R after Tj-period block game.

Let w (o7,,U;) denote player i’s average payoff in this auziliary scenario when the players
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perform a block strategy profiles o7, € X, that is,

Ty

> 0 Emi(a) | on] + 6" E Ui (hic1ma) | o)

t=1

1-96
1—o%

wZA (o, U;) =

Let o;1, | hi: denote player i’s continuation strategy after history h;; € H,,; induced by
oir, € Sit,- Also, let BRY(0_; 1, | h_it,U;) be the set of player i’s best replies in the
auxiliary scenario continuation game from period ¢ on, given that opponents play o_; 1, €
> _;mr, in the block game and that their past history is h_;; € H_; ;.

Let UP and UF be as in Lemmas 8 and 9.

Lemma 8 Suppose that the monitoring satisfies the full support condition, identifiability
condition, and (N — 2)-identifiability condition. Then, there exist K and T such that for
all T > T, there exists 6 < 1 such that for all § € (5,1) and for all © € I, there exists
UiB : Hi_11, — R such that for alll > 0, hy, € Hy, hi—i1+1 € Hiimy41, and x € X with

Ti—1 = B,

oi | hig, € BRY (07 | heyy,, UP), (6)
o | hiy € BR(s_; | h_it,a_;) for all hiy € H;y and a_; € supp (Uw_;i hi,t)
forte (ti_y,....t; — 1) witht; € Tyy (7)
wit (0", UP) = w,, (8)
0 <UP (hi-am,) < % 9)

Lemma 9 Suppose that the monitoring satisfies the full support condition, identifiability
condition, and (N — 2)-identifiability condition. Then, there exist K and T such that for
all T > T, there exists 6 < 1 such that for all § € (5,1) and for all © € I, there exists
UZ-G : Hi_11, — R such that for alll > 0, hy, € Hy,, hi—imy+1 € Hizi1y41, and x € X with
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i1 =G,

0% | hiy, € BRA (675 | heyy, US) | (10)
07" | hig € BR(s_; | h—ig,a_;) for all hiy € H;y and a_; € supp (aﬁi hi,t)
forte (tizq,....t1 — 1) witht; € Tpy, (11)
wit (07, UF) = 1w, (12)
—B= < UE (hiagys1) < 0. (13)

7.2 Equilibrium Construction

Now consider the infinitely repeated game. The purpose of this section is to show that for

any payoff vector v € [] [w;, w;], there exists an equilibrium achieving v. The construction
el

is the same as Yamamoto (2008b). For each player i € I, player (i — 1)’s strategy o,_1 (v)

in the infinitely repeated game is specified by the following automaton with the initial state

i€l

State w; Go to phase B with probability p;_; and go to phase G with probability 1 — p;_;
such that w; = p;_1w; + (1 — pi—1) W;.

Phase B Play the block strategy s? , for T, periods. After that, go to state w; given by
w; = w; + (1 = 0) UP (hi—1my11)-

Phase G Play the block strategy s, for T, periods. After that, go to state w; given by
w; = w; + (1 — 6) U (hi_11,41)-

From Lemmas 8 and 9 and the one shot deviation principle, o (v) = (0;(v)),.; is a
Nash equilibrium. From Sekiguchi (1997), there exists a realization equivalent sequential

equilibrium.
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8 Folk Theorem

Definition 10 The stage game is an N -player prisoner’s dilemma if |I| = N, A; = {C;, D;}
fOT alli € [, T (DZ, a,i) Z T (C,L, a,i) fOT’ alli € I and a_; € A,i, T (Cj, a,j) Z T (Dj, a,j)
forallj#ianda_j € A_j and m; (Cy,...,Cn) > m; (D1,...,Dn) forallie 1.

Theorem 11 Suppose that the stage game is an N-player prisoner’s dilemma with N > 4,
that the full support condition, the identifiability condition, and the (N — 2)-identifiability

condition are satisfied. Then, lims_, E (0) is equal to the feasible and individually rational

payoff set.

Proof. Proposition 3 in Yamamoto (2008b) shows that |J (V (p)N]] [pv;, pvi]) includes
pEAT iel
all the feasible and individually rational payoffs. Then, Theorem 4 establishes the result.

9 Conclusion

We characterize the set of payoffs that can be implemented as belief-free review-strategy
equilibrium in the limit as the discount factor converges to one for the generic monitoring
technology if the number of private signals are sufficiently large and the number of players
is no less than four and show that the set is large enough to attain the folk theorem for
the games with prisoner’s-dilemma structure. Therefore, this paper is the first to attain
the non-trivial characterization and to establish the folk theorem for the generic monitoring
structure.

A true novelty lies in the construction of private counts that restore the key feature of
the conditional independence of the signals in the brief-free review strategy. If the signals
are conditionally independent, a player’s own observation of the signals has no information
about the opponents’ counts, which is the key to show the optimality of a constant action
during the review round. If the signals are conditionally dependent and each player counts

a random event whose realization depends only on her own private signals and actions, a
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player’s own observation of the signals has some information about the opponents’ counts,
which destroys the incentive to take a constant action. However, if each player counts a
random event whose realization depends on the private signals of no less than two players,
we can construct the equilibrium where a player’s own observation of the signals has no
information about the opponents’ counts under the generic monitoring structure.

Let us comment on the key assumption in this paper, that is, the number of players is no
less than four. We have to give an incentive to tell the truth about the choice of the periods
for reviewing another player and the observation of the signals since we use the information
from a player to punish another player. However, if the punishment is costly or beneficial for
the other players, players may not have an incentive to tell the truth. To give an incentive to
tell the truth, we require that no less than three players can monitor one player. The basic
message from mechanism design is that if there are at least three players, it is easy to give
an incentive to tell the truth. Therefore, we assume the number of players is no less than
four. We do not know whether it is possible to construct an equilibrium with three players
by properly specifying the continuation payoft after punishing one player.

In spite of this assumption, we conclude that the idea of this paper is quite robust if
there exist no less than four players. Therefore, if we construct the belief-free review-strategy
equilibrium with conditionally independent signals, we conjecture that we can directly extend
the equilibrium to the generic monitoring structure. Although proving the folk theorem for
general games with a not-almost-perfect or not-almost-public monitoring structure is difficult
even with conditional independence as Horner and Olszewski (2006) point out, we hope
that this paper offers a key idea for the future research to extend results with conditional

independence.
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10 Appendix

10.1 Average Payoff with Perfect Monitoring

Let 3, 1, be the set of player i’s strategies in the Tj-period block game. Also, let S; 1, be the
set of all o; 1, € X, 7, such that player ¢ chooses a constant action from the recommended set
AF in the kth main round, for each k € {1,..., K} and for each history up to the beginning
of the kth main round.

This subsection specifies al-G € X, n, and oB e Y1, under perfect monitoring. Here, h;,

is expressed by a sequence of action profiles, since monitoring is perfect.
Coordination Round This round is the same as before.

Monitoring Round for the Coordination Round This round is irrelevant since players

can observe actions directly. Thus, we leave the behavior in this round open.

Inference in the Monitoring Round for the Coordination Round Player ¢ directly
infers player j sends a message z; = G if a;, = ajG for all 7 included in the coordination

round and z; = B otherwise.

Confirmation Round This round is irrelevant since players can observe actions directly.

Thus, we leave the behavior in this round open.

Inference in the Confirmation Round The message profile z; = G is confirmed for
each player n if a;, = ajG for all 7 included in the coordination round. Otherwise z; = B is

confirmed. Note that the same profile is confirmed for every player.
kth Main Round This round is the same as before.

kth Monitoring Round This round is irrelevant since players can observe actions directly.

Thus, we leave the behavior in this round open.

42



kth Supplemental Round This round is irrelevant since players can observe actions

directly. Thus, we leave the behavior in this round open.

Inference in the kth Supplemental Round For each player n, m* € MF (i) if and only

if player ¢ does not take a constant action af’k in the kth supplemental round.

Report Round This round is irrelevant since players can observe actions directly. Thus,
we leave the behavior in this round open.

Let w! (o7, | §) denote player i’s average payoff in the block game with discount factor
d € [0,1] when a strategy profile o1, € 37, is performed under perfect monitoring and when

payoffs in the periods other than the main rounds are replaced with 0.°

Lemma 12 There exists K such that for all K > K, for all S (T) with S (T) (|logy (KT)| +1) /KT =
o (T), there exists T such that for allT > T, there exists 6 < 1 such that for all 6 € (3, 1}, for
aliel, x_; € X_; withw;y =B, 7, € X_; with®,_1 =G, 0,1, € X1, and 6,1, € Simy,,
regardless of the specification of the monitoring rounds,

T
—1

X_q JE— . ~
max wZP (O'l'jb, o_; (5) <w; <w; < min wiP (O’i,Tb, o
04,1, €34Ty, 04,1, €541,

6).

Proof. Analogous to Lemma 4 Yamamoto (2008b). The difference is the existence of

the monitoring rounds. However, the stage game payoftf during the monitoring rounds is
normalized to 0 and the length of each monitoring round is S (T') (|log, (KT)| 4+ 1) /KT =
o (T), the result holds with sufficiently large T and 5. m

. . . P xT_; _
For the notational convenience, define min = MaXe, 1, €%, 7, Wi (oim,, 0" | 0) =

—1

|z;—1=B
P - P (= _ =P
w; () and max =i, _oMily, 5 cs, 5, W (Ji,Tb,a (5) = w; (0).

{2 . 7
—1

—1

°If § = 1, the average payoff is defined as the time-average payoff.
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10.2 Monitoring

Proof of Lemma 6. From the (N — 2)-identifiability condition, for some 0 < ¢; < g2 <

g3 <1,
Q—iay (Aj | a) 02 ) (A | @i, t) = s,
Qf(i,l) (-Aj ‘ ai)iﬁ%gi,l) (-Aj ‘ az‘,t) =421,
Qg (A | @) 070, (Aj | ai) = g3,
and

Qi) (Aj [ @) V2 (Aj | @:) = @21

have a solution with 1/)?:’@71) (Aj | a;) + 4 x Q — [0,1], 1/)2_’&71) (Aj | a;) : Q xQ — [0,1],
w?j?i’l) (A] | Qi t) : QiXQl - [07 1]7 and Vﬁ%b,l) (Aj | aivt) : QiXQl - [07 1] with 1/1?2?171) ("4] | ai7t) =
w?i?i,z) (A; | a;) and 1/12“) (Aj | a;,t) = wz’b‘,l) (Aj | a;) for all t. The existence of the solu-
tion is guaranteed by the (N — 2) identifiability for any 0 < ¢; < ¢ < g3 < 1. If any
element is negative, add a constant L to each element of ¢) and q1, g2, ¢3. If any element is
larger than 1, divide each element of ¥ and ¢, g2, g3 by the largest element. Note that since
3,2 3,2 2,1 2,1 . .

V20 (A L ai t) =970 (A | ai) and 7, ) (Aj | ai t) = ¥7; ) (A; | a;), this operation is
independent of .

Since Pr(w’ ;) | w—qspn) — 1if W',y = w_zpy and Pr(w’ ;) [ w_@;p) — 0

otherwise as S — oo and |Q_(j,l)‘ is bounded, for all n > 0, there exists S such that

Z Pr(w_p | wlf(i,j,l)) <n (14)

w*(ivjvl)iwlf(i,j,l)

for all w_(; j; and — (7, 7,1).
Note that for all L > 1, from the argument analogous to Claim 6 in Yamamoto (2008b),
if player i sends the message a¥ when player i sends the message about 7%, the probability

of player n to infer that player i sends a? is 0(5Y L), The symmetric argument holds if player
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i sends the message a”. Since |a; (t)| = |logy KT| + 1, if o(S%)(|logy KT| 4 1) = o (T?),

> Pr(t|t)=0(T7). (15)

t#£t1

Therefore, from (14) and (15), for any n > 0, there exists S such that for sufficiently
large T',

HQ,(“) (Aj | ai,t) = Q- (Aj | ai)
HQ_(“) (.Aj | ai) - Cx?—(z’,l) (Aj | ai)

< 7N

[e.9]

< 7 (16)

[e.e]

for all 4, j, 1, a;, A;, and ¢, which means for sufficiently large 7T,
O (A | at) 6% (A; | ait) = as,

Q- (Aj | ai, )V, (A | ait) = qan,
Q-qa (A | ai) w:’i@,l) (Aj [ ai) = g3z,
Q- (Aj | ai) @D%%i,l) (Aj | ai) = g1,

have a solution with 1/)?:’@71) (Aj | a;) + 4 x Q — [0,1], 1/)2_’&71) (Aj | a;) : Q xQ — [0,1],
U0 (A [ ait) s Qx4 — [0,1], and 9%, ) (Aj | ai, 1) Qs x 4 —[0,1]. =

From Lemma 6, the following lemma holds.

Lemma 13 Under the assumption of Lemma 6, for any a®T, wET
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Proof. For any wi" and a*7,

Pr (0% (A5,2) = 110", wlT) = Pr (0% (4, 1,6) = 1] a7, w7

J
Pr (070 (A5,2) =1 anwse) = Pr (070 (A5, t,2) = 1] 7,07
< ) Pr(t]t)=o(S(T)")(|log, KT| + 1) = o (T?).

t£L1

The equality follows from the common knowledge about 7. for @/J‘{fé’l) (A;,€) The other cases

are completely symmetric. =

10.3 Determination of K and ¢

Fix @ such that for all 7,

—u<w, <w; <u,

max; max, |m; (a)| < @,
and there exists u; : A;_1 X §2;_1 — R satisfying
mi(a) + Eu; (a;—1,wi—1) | a] =0 for all a
and

—u < u; (Qpi—1, weio1) < 7w for all a;—1,w; ;.

Note that the identifiability condition guarantees the existence.
We will define K and ¢ so that the payoffs during the main round dominates the payoffs

during the other rounds. Firstly, we pin down the function S (T).

Lemma 14 There exists L such that there exists S (T) such that o(S (T)")(|logy KT |+1) =

0(T?) and (|logy KT| +1)S(T) /T = o(T).

Proof. L =6and S(T)=T3. =
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Therefore, we can fix S (T) = T3 and S so that Lemma 6 holds. Then, the following
lemma assures that there exists € and K such that for sufficiently large T', the length of the

main rounds is sufficiently large compared to that of the other rounds.

Lemma 15 For any e, there exists a natural number K and € > 0 such that for sufficiently

large T,

Proof. Note that

K?T
T,
— K2
A+ N(N=1)(N=2)((|logy KT| +1)S(T) /T + (N — 3) ST.cK) + K?

K2
0o(K?)+ Ko(T)+ N (N —1)(N—2)ST,K? + K?

Thus,

. . KT
lim lim =
K—oole=0(K2) T—oo 1}

1.

Lemma 16 There exists K, ¢ > 0, and n > 0 such that there exists T such that for all
T > T, there exists 6 < 1 such that for all § € (3, 1], for all i and x_;,

K2T
(-5 )5 < sr<w-ul @) foa -5 a7)
b
K2T - I
1— 7 (|Ail +2)u < (|[Ail+2)n<w; —w; () ifzii=G (18)
b

From now on, we fix K, ¢ > 0, and > 0 such that the above lemma holds. Without

loss of generality, we assume ¢ is a rational number. We require 7' satisfies e KT' € N.
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10.4 Reward Functions for the Bad Strategy

Throughout this subsection, for each k € {1,..., K}, let h; ) denote player i’s private history
up to the end of the kth supplemental round. Also, let h; [, be player ¢’s history up to
the end of the Ath main round, h; g be player i’s history up to the end of the confirmation
round, h; [y be player i’s history up to the end of the monitoring round for the coordination
round, and h; [y, be player ¢’s history up to the end of the coordination round. For each
ke{-1,...,K}, let H; 1) represent the set of all h; ) and H; |y, represent the set of all
R, e ,m) -

Given h;_1 1,41 € Hi—11,41, let I_; € (ZWJ0 X Mj1 X oo X M]K)#i represent player (i — 1)’s
inference on the messages from players —¢ in the report round. Let I_;; be the projection
of I_; onto (M) x M} x - x M), for k € {0,..., K}.

Without loss of generality, consider a particular i € I. Suppose that UP is decomposable

into real-valued functions Uf (hi—11,41) and (9_1, 0K +1) such that

UP (hi—imy11)
1 0707 (P fam) + 67007 (hica o)
5T K T 1+To+ e Tink (7, ) TypK+1 (7
+ >0 ki TR0 (hizy g, Toig) + 600 (himymy1)

Construction of 05! Let

T,
pE+1 (hi ) = ~ Ui (@1, Wei1)
i—1,Tp+1) — Z §Tr1-t )

t=1

where (at;—1,w,;—1) is player (i — 1)’s action and signal in the ¢th period of the report round.

Remember u; (a;;—1,w;;—1) satisfies
i (a) + E[u; (a—;,w;—1) | a] = 0 for all a, (19)

and

—u < Uy (Clifl, wi,l) for all Ai—1,W;—1. (20)
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Lemma 17 1. Under UP, (7) holds.

2. For all K and T, there exists 6 < 1 such that for all § € (0,3),
~T,u < 9K+1 (hiflyTb+1) .

Proof.

1. The first part follows from the following observations.

(a) From (19), all the actions are indifferent in terms of instantaneous utility.

(b) As we will show, §7*,6° ...,6% only depends on I_;, which is independent of
player i’s message in the report round. Therefore, truth-telling is optimal in the

report round.

(¢) From Lemma 5, player i’s action cannot affect the messages of the other players.

2. The second part follows from (20).

Construction of #* with k& € {1,...,K} The following notation is useful. For each
r e X, let H ;) (x) be the set of h_;jq € H_;[g such that for each j # i, regardless of
player i’s message in the monitoring period for the coordination period and regardless of

player i’s message in the confirmation round,

mg € MJQ (x),

that is, players —i confirm x and play af’il in the first main round. Define

H*i,[O] = U Hf’i,[O] (IL') .

reXB
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Notice that if all the players play the block strategy ¢” in the coordination round and
the players —i¢ play the block strategy profile ¢ up to the end of the confirmation round,
then it is likely that the resulting history profile h_; g is an element of H_; g ().

Likewise, for each k € {1,...,K —1} and # € X, let H_; ;) (x) be the set of h_; ) €
H_; ) such that for each j # ¢, regardless of player i’s message in the kth monitoring period

and regardless of player 7’s message in the kth supplemental round,
(m2 x m} x - xmf) € M (x) x M} (0) x -+ x MJ(0),

that is, regardless of player ¢’s action in the kth monitoring round and the £th supplemental
round, no one’s deviation is inferred and player —i play o™

; in the (k+ 1) main round.
Define

ﬁ_im = U Hop(x).
zeXB
Note that, as before, if all the players perform the block strategy profile o up to the kth
main round and if the other players than player ¢ perform ¢” up to the kth supplemental
round, it is likely that the resulting history profile h_; i is an element of H_; ) ().
Also, for each k € {1,...,K} and # € X, let H_; ) (x,7) be the set of h_; ;) € H_;
such that there exists k € {1,...,k} such that for each j # i, regardless of player i’s message

in the kth monitoring round and regardless of player ¢’s message in the kth supplemental

round,

(m2 x mb > - xmb) € M (x) x MI(0) x -+ x MEL(0) x (M (3) \lgiM’?’ (0).
Note that h_; ) is likely to be an element of H_; ) (x,4) if the other players than player i
play the block strategy profile o but player i deviates from a®* in the kth main round for
some k € {1,...,k}.

Define
Hom= U (Hop @) UH i (@,0).

reXB
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For each k € {1,..., K}, for h_;p € ﬁ_i’[k], the value V; (h—i,[k]) is defined to be the
maximum of player i’s actual (that is, non-averaged) continuation payoff after history h_;
subject to the constraint that the monitoring is perfect, the payoffs in the communication
and monitoring rounds are replaced with 0. Likewise, for each h_; |y € F—i,[O]; the value
Vi (h—i,[o}) is defined to be the maximum of player i’s actual continuation payoff after history
B_i7[0] over all il—z',[O] € ﬁ_i7[0] subject to the constraint that the monitoring is perfect and
the payoffs in the communication and monitoring rounds are replaced with 0. For another
history, that is, for h_; ) & ﬁ_iw with k£ € {0,1,..., K}, the value V] (h—z’,[k]) is define to
player ¢’s continuation payoff when she earns @ in periods of the main rounds and zero in
the other periods.

The following notation is helpful. Let J_; x denote the message that players —i send
in the report round about (M) x M x --- x MJ);.. Let J_;; denote the projection of
J_i kmessage on (MJO X Mj1 X+ X M]'.“)#Z-Note that Vj (h_“k]) only depends on J_; ;. Recall
that everyone tells the truth in the report round from Lemma 17 and that /_;; denotes
the realized message corresponding to J_;; in the report round.

The purpose of this step is to specify (91, L ) by backward induction so that player
i’s continuation payoff after h_; 1) € H_; 1) is equal to V; (h,i,[k,l]). For K + 1, we are
done by Lemma 17.

Suppose we are done after k > k + 1. Consider k. Suppose that 6 is decomposable as

T KT, (a Wi 14)

k “k A i (@it Wit

0" (i1, I—i) = 0 <h¢—1,[k,m]7Q—(i-1,¢,l),Li,k71)+ Z ST-KTH— (21)
t=1

where Q_(i_l,i,l) denotes the realized message from players — (i — 1,4, () to player i — 1 during
the kth monitoring round with some fixed [ # ¢ — 1,4. Here, (a;_14,w;—1,) is player (i — 1)’s
action and signal in the tth period of the kth monitoring round and the kth supplemental

round.
Lemma 18 Under UP, (7) holds for the kth monitoring and supplemental rounds.
Proof. The following observations establish the result.
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. From the second term of (21), all the actions are indifferent in terms of instantaneous

utility.
. From Lemma 5, player i’s action cannot affect player —i’s message.

. From Lemma 5, Q_(i_ml) is independent of player i’s action in the monitoring round.
Thus, oF (hi—l,[k,m]7 Q_(i_u,l), I_i,k_1> does not depend on player ¢’s action in the kth
monitoring round.

6" (hi_L[k,m}, Q_(i_l,u), I—z’,k—l) does not depend on the outcome in the kth supplemen-

tal round.

. For o8 ... % +L

(a) If player i’s message in kth monitoring round or the kth supplemental round does
not have any impact on the inference of the deviation of the players, her action

cannot affect her continuation payoff.

(b) If it does, her action does not affect her continuation payoff since it is constant.

Next, we specify a real valued function 0. For each h_ik—1 € H_; -1 and a; € A;, let

W, (h—i,[k—l]a ai) denote player i’s continuation payoff from the kth main round, augmented

as the payoffs during the kth monitoring round and the kth supplemental round are equal to

0, when player ¢ plays a; constantly in the £th main round and plays a best reply thereafter.
That is,

Wi (h—i,[k—l]a ai)

KT
= > 8 'm (a0 (hespen)
t=1
4 5Tm Z Pr (h_i,[k]|h_i,[k—1]7 ai) Vi (h—z}[k]> :

h_i ik €H i 1)
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Note that o (h—i,[k—l])7 Vi (h—z',[k]), and Pr (J,iyk|h_i,[k_1],ai) only depend on J_; ;.
Thus,

I/T/i (J—i,k—h ai)

KT
= Zét ! (aza (szk 1) 6Tm ZPr szk’tjfzk 17az>‘/i(']71,k:)-
t=1 J_ik
For each J_;; 1, let {a} (J is_1),... ‘A | (J_ix—1)} be a sequence of all the elements of

A; such that

1. . 1 ,
lim lim Wi (Joihr, 05 (Joik=1)) > ... > lim lim WZ(szk 1,4, (szk 1))

T—00 §—1 T - T—o00 §—1 T

Then define 8* to be

o (hz;l,[k,m}, I g1, Qf(ifl,i,l))

| 4]
Z La, (hiq,[k,m}, 97(171,¢,z)> KTn+ Z 1[1_i7k_1,n] (hiq,[k,m], Qf(ifl,i,l)> N (I g1, m)
a;€A; n=1

where for each a; € A;, let 1,, @ Hi_qppm) X Ql (-15 — {0, 1} is the indicator function
such that 1,, <hi,17[k,m], Q,(i,ml)) = 1 if the random event Z (i—1.) ({a;},t) > Zgr in
the kth monitoring round and 1,, (hi—l,[k,m]a Q—(z’—l,i,l)) = 0 otherwise. Likewise, 1[1_1,&_1,”] :
Hi 1, m]XQ—(i—lil — {0, 1} is the indicator function such that 1[ Cona] (hi—l Ik, m],Q_(i_UZ)) =
1 if the random event Y17 e Umig-1) - - |A | (I_ik-1)},t) > Zgr in the kth

monitoring round and 1[1_i 1] <hifl,[k,m]7 Q,(i,17¢71)> = (0 otherwise.
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In addition, \* (I_;x—1,n) solves

Vi (I ip-1) (22)
— Wz (in,kfla Cli) + (SKT+Tm Z PI’ (1;11. in,kfb ai) KT?]
&iEAi
|Aq
AT Z Pr(I_ ik | J-ir-1) ZPI“ (1[1_i7k_17n] | in,kflyaz) NI p-1,m)
I k-1 n=1

for all J_ ;51 and a; € A;. Here, Pr (1[.} | J_i,k_l,ai) denotes the probability that the
indicator function takes 1 conditional on the event that player ¢ chooses the constant action

a; while player —i play the action 0" (J_;x_1).

Lemma 19 For all K, there exists T such that for all T > T, there exists 6 € (0,1) such
that (22) has a unique solution and for all (hi,l,[k], I_i7k_1),

— (T — KT)u — 2KTn < 0" (hi—yps I—ip—1) -

Proof. Analogous to Lemma 10 in Yamamoto (2008b). From Lemma 13, the probability
of the miscommunication about ¢ does not matter in the limit. The remaining difference is
the existence of the monitoring rounds. However, since the length of each monitoring round
satisfies T},,/KT = o (T), the result holds with sufficiently large 7. m

Player ¢’s continuation payoff from the kth main round is given by

W, (h—i o) a1)

KT

$ 6ty (0% ()
=1

+6KT+Tm Z Pr (h—z,[k} ‘h_@[k—l}; CL@') V; (h_z,[k])

bk €H 1)

+6KT+Tm ZaieAi 1“2’ (h’i_L[k)m}’ Q_(i_17i7l)> KTT]

~

A;
200 Praip— | Join-1) Sl ST (hiq,[k,m], Qf(ifl,i,l)> NI, m)
= Vi(Joik-1).
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We will show that a constant action is optimal in the kth main round. Suppose § = 1.
Without loss of generality, consider a particular h_; 1) € H_; 1), J_ir—1, and o ; Pick
any arbitrary actions a} € A; and a* # a;. For each 7 € {0,..., KT}, let W; (aX” (7))
denote that value W; (h_; —1], al" (7)) with

akT (1) = (ain, .- aqixr) With #{t |a;; =a} =7 and #{t | air =a]"} = KT — 7.

Wi (aKT (7’)) - W; (aiKT (1 — 1))

]

= m(af, 0 (Joino1)) — mi (a0 (J_in-1))

+> [Z F22 o (Qad KT [af (7)) = > F ) ({a}, KTor [ af" (1= 1)) | KTy
a;€A; Lr>Zkr r>ZxT

+ Z Pr(I_ip—1| J-ig-1)
I k1

xlAi ZT>ZKT —(z 1,4,0) ({a (Iig-1),-..,a | | (Iip—1)}, KT,7 | GKT( )) \k (I n)

A, —i,k—15

n=1| — ZT‘>ZKT FE’(%—I,i,l) ({ai (Iik-1),--- | | (Iir—1)}, KT,r | aKT< 1))

+ 3 [Pr (JoiulJoipr, afT (7)) = Pr (J_Z,ku_i,k_l, alfT (1 = 1)) Vi (J_in) -
J_ik

Let A; (af” (7)) be the terms in the last line of the right hand side and A, (aX7 (7)) be
the terms in the second, third and fourth lines. In addition, let A; (a7 (7),w’”) and
As (a7 (1) ,wET) be the value of A; (al” (7)) and A, (a5 (7)) conditional on w”

Let n*(/_;5—1) denote the integer n with af (I_;5—1) = af and n** (I_;;_1) denote
the integer n with af' (I_;5—1) = a;*. Let Z_;;_; denote the set of all I_;;_; satisfying

]
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n* (I p—1) > n** (I_ix—1). Then, let us define

Avr) = > (Pr(goanlTan1om) = Pr(Juld e 1,7 = 1) Vi ().

J_ik
Ao (1) = —(e¢q3 — eqo) ﬁ’f’é_lm) (1 —1) KT+ (eqs — eqa) F* (Z i (KT —7) KTy
n*([—i,k—1)
- ) PrealJarn) Y, (eas—eq) FX_ ) (T =D (15 )
I i p—1€L_; -1 n=1+n**(l,i7k,1)
n**(I—i,k—l)
+ Y Pl | Jeian) > (eqs — eq2) F25_y ) (KT —7) X (157" )
I i k—1¢T—i k-1 n:1+n*(17i,k,1)

where F3( 1”)( T) = F?’(QZ Lid) (1, KT — 1, Zgr) and i:)\_lz(J_i7k‘J_i7k_1,T) denote the prob-

ability of J_;; occurs when player i plays a7 = af,...,a}, a} a:* and the tran-

Y 7,7 7,7'"7 Z

-~

KT T
sition probability is determined by (1_ ;) (Ai, €))jix and (V) (A1 €))jui instead of

(V_jay (A, 1)) juzi and (Y4 (Ar,€,1)) - In addition, let A, (7' wKT) and A, (7' wKT)

be the value of A; (1) and A, (7) conditional on wi7.

Lemma 20 max, ,xr A1 (1) = A1 (aXT,wET)| = 0o(T) and max, kv |82 (1) = Ag (aXT,wET) | =

o(T).

Proof. From Lemma 13, since V; (J_;;) and \F (Ik-_l n) is O (T), for any w&T and aX
Max, KT |A1 ( KT,wiKT) — A (T,wiKT)‘ = 0 (T) and max, WKT |A2 (aKT, w; ) Ao (T,wl- )‘ =

o(T). Thus, it suffices to show that Ay (1) = Ay (7,wET) and A, (1) = Ay (7,wET). Note

that each probability is conditional on J_; ;1.

~

1. Proof of Ay (1) = Ay (7,wfT). In this proof, the transition probability is deter-
mined by (¢_; ;) (Ai, €))juzi and (Y_; ) (Ar, €))juzi instead of (¢_; ) (Aist,€))ji2 and
(V_(a) (A1 t,€)) st

(a) Vi(J_ik) takes the lowest value when J_;j, € H_; ) (x,1%).

(b) Vi (J_ix) takes the second highest value when J_;, € H_; ().
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(c) Vi (J-ix) takes the highest value when J_;, & ﬁ_i’[k].

(d) The probability of J_;x & H_;y is independent of a” and w/” from Lemma
6 since whether J_;; ¢ H_;py is determined by (2°(n, j, — (n,,4)); 4, )z and
((ié (n,j, — (n, J, i))j;én,i)n#i)légk-

(e) Conditional on J_;j € F,Mk], the probability of J_;, € H_;p (z,1) is equal to
the probability of J_;; € M*, (i).

(f) The probability of J_;j, € MP¥, (i) conditional on J_;;, € H_; ) is equal to the
probability of J_;, € M¥, (i) unconditional on J_;;, € ﬁ—i,[k} since the probability
of J_; & H_; is independent of aX” and wX7.

(g) The probability of J_;; € M*, (i) is independent of wX” from Lemma 6.

2. Ay (1) = Ay (7,wET) directly follows from Lemma 6.

—1 7 Y —

Note that As (1) + m; (af, o' (J,i,k,l)) — (a** o’ (J,i,k,l)) is the same as A, (7)
in Yamamoto (2008b). Therefore, Lemmas 13, 16, 17 of Yamamoto (2008b) establish the
following results about A, (7).

Lemma 21 3! [Ay (1) + 7 (af, 077

i
17—

tion and Ay (1) = —co and Ay (KT — 1) = +00.

(Jip1)) —m (a7, 075 (J_in—1))] is a convex func-

)

Next, we derive the results about Ay (7).
Lemma 22 A, (1) >0 for a} = a?*. Ay (1) <0 for ai # a?".
Proof. Analogous to Lemma 15 in Yamamoto (2008b). m
Lemma 23 For any p € (0,1) andn > 1, ST A (1) = o (T7™).

Proof. From the proof of Lemma 20,

A(T)SAVix > (Pr(JogulJoipo1,7) = Pr (Tl g1, 7 — 1))

J_ikEMPE (i)
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7 matters only if it affects the probability of the event that for some player n with n # i
and — (n,,1) with [ # j,n, ¥ (n,4,— (n,1,1)) changes from 0 to 1. Therefore,

> (Pr(JoislJoin-1.7) = Pr (Tl Jip-1,7 — 1))

J_ik€MPF (i)

S (N_l) (N_Q) (ech_s(h)pll (T,KT—LZ;)

Then, from Lemma 15 in Yamamoto (2008b),

[pKT]|

Z A (r)=0(T7").

Therefore, from (22) and Lemmas 20, 21, 22, and 23, we have shown that a constant
action is better than any strategy that mixes two actions after some history for sufficiently
large 0. The similar argument establishes a constant action is better than any strategy that

mixes more than two actions after some history. This establishes (6) for the kth main round.

Construction of 0° Let

00 . L Us; (az‘—1,t,wz’—1,t)
(o) = Y M
t=1

where (a;_14,w;_1,) is player (i — 1)’s action and signal in the ¢th period of the confirmation

round.

Lemma 24 1. Under UP, (7) holds for the confirmation round for any history.

2. For all T, there exists § < 1 such that for all § € (0,3),

—Tou < (90 (hifl’[o}) .
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Proof.

1. The first part follows from the following observations.

(a) All the actions are indifferent in terms of instantaneous utility.
(b) From Lemma 5, player i’s action cannot affect player —i’s message.
(c) For 6*,... 6%

i. If player 7’s message in the confirmation round does not have any impact
on the inference of the deviation of the players, her action cannot affect her

continuation payoff.

ii. If it does, her action does not affect her continuation payoff since it is constant.

2. The second part follows from (20).

Construction of #~! Suppose that 6! is decomposable as

T 1

07 (hioroy) = 07 (hion) + (Ci;’.l_‘_lf-izlaiit_l’t>’ (23)

t=1

where (a;_1+,w;—1.) is player (i — 1)’s action and signal in the ¢th period of the block game.

For each v € X, let H; 1| 1) (x) denote the set of all h;_1 [ 1] € H;_ 4] such that for
hi—vj-1, ©(i—1,j,— (i —1,j,4)) = x; for any j # i — 1 and gwi?i_u) ({a;'}) occurs more
than Z7 times during the monitoring round for the coordination round for some fixed [. Then,
for each x € X, let 1, : H;_1 1] — {0,1} denote the indicator function of H;_1 |y (x), that
is, 1, (hi—l,[—l]) = 1if and only if h;_1 1) € Hi_q -1y ().

Let
6! (hi—l,[—l]) = Z 1, (hi—l,[—l}) At (:E) )

rx€XB
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where (A" (z)) , tosolve

zeX

Ty
Z 0 tw, = 3T+ 6 Z Z Pr (hiyq|o®) A1 (&)
t=1

TeXB hi_y_n€H; 1 [-1(7)

+5T71+T0 Z Pr (h—i,[O] |0'17) ‘/:L (h_i,[ﬂ]) . (24)

h_i o) €H_i 0]

Here, Pr (hi,l,[,l] | 0””) and Pr (/Li,[o] | ax) denotes the occurrence probability of h;_; |y
and h_; o) given that players perform the block strategy o®.

Lemma 25 1. Under UP, (7) holds for the monitoring round for the coordination round.

2. There exists T such that for all T > T, there exists 5 € (0,1) such that (24) has a
unique solution and

3Tb7’] —T u< 9_1 (hi—l,Tb) .
Proof.
1. The first part follows from the following observations.

(a) From the second term of (23), all the actions are indifferent in terms of instanta-

neous utility.
(b) From Lemma 5, player i’s action cannot affect player —i’s message.
(c) 61 (hifl,[fl}) is independent of player i’s action in the monitoring round.
(d) For ¢°,... 65

i. If player ¢’s message in the monitoring round for the coordination round does
not have any impact on the inference of the deviation of the players, her

action cannot affect her continuation payoff.

ii. If it does, her action does not affect her continuation payoff since it is constant.
2. The first part follows from (20).
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We will show that playing o7 is a best reply against 0"’

i

Lemma 26 In the jth coordination round with j # i, player i is indifferent among all

actions for any history.
Proof. Analogous to Lemma 18 in Yamamoto (2008b). m

Lemma 27 In the ith coordination round, for any a; € A;\ {a } player i is indifferent

(A 7,

between a; and aP for any history.

Proof. Analogous to Lemma 18 in Yamamoto (2008b). m
Without loss of generality, consider a particular z_; € X5. Let W; (0”;",7) denote

T—q

player i’s unnormalized payoft in the auxiliary scenario against o_;" when player ¢ follow a

sequence

in the ith coordination round and chooses a best reply in the other periods. Specifically,

W; (Uf’/" T)

7

—  §T+To Z Pr (h_l 0]|U T )V;(h_i,[o})

h_i o €H [0

+5T_1+T0 Z Z Pr (hi717[71]|0'x,;ia 7—) >‘_1 (i') )

ZeXB hy_y [ 11€H;_1,[-1)(%)
where Pr (h,l- oo, 7') and Pr (hi,L[,l] lo™ 5", ) denote the occurrence probability of h_;
and h;_y [_1). Since V; (h_l [0) only depends on J_; g,

W; (ax’-i 7')

—7

_ st Zpr (Joipolo™5',7) Vi (Jio)

Jf'LO

+5T71+T0 Z Z Pr (hi_17[—1]|0'3i?; T) )‘_1 (i) )

ZeXB hj_y _11€H;_1,[—1)(T)
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Consider

W (az’i 7') - W; (am’i T — 1)

—3 —7

= ST S (Pr (Jaglo®T7) = Pr (il 7 = 1) Vi (i)

—1 —7
J_i0

WYY (P (o) = Pr (bl — 1) A (@),

ZeXB hj_q_1€H;_1[-11(&)

Let As(7) be the terms in the first line of the right hand side and A, (7) be the remain-
ing term. In addition, let Az (7,w]¥”) and A4 (7,w]”) be the value of Az () and Ay (7)

NT

i

conditional on w
Lemma 28 A; (1) = Az (7,wMT) and Ay (1) = Ay (7,07 for all w]T.

Proof. Note that each probability is conditional on ¢”".

1. Proof of Az (1) = A3 (TawNT)

i

(a) Ag(7,w]") only depends on ((z° (n, j, — (n, J, 1)) j£in)nsti-

(b) From Lemma 6, ((2° (n,j, — (n,j,1)))jzin)nz is independent of w7
2. Proof of Ay (1) = Ay (1,w]7T)

(a) Ay (7,wNT) only depends on (2° (i — 1,4, — (i — 1,,1))) -

(b) From Lemma 6, (2° (i — 1,j, — (i — 1,j,1)));4 is independent of w}™.

Therefore, from Lemmas 26, 27, and 28, it suffices to show that W; (Ufgi, 7') takes its

maximum at 7 = 0 and 7. The following lemmas establish the result.

Lemma 29 There exists T such that for all T > T, there exists T such that Ay (T) is negative

for all T < 7T and is positive for all T > T.
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Proof. Analogous to Lemma 22 in Yamamoto (2008b). m
Lemma 30 limy ., Ay (1) = —c0 and limy . Ay (NT) = 0.

Proof. Analogous to Lemma 23 in Yamamoto (2008b). m

.....

Proof. Since V; (J_; ) is constant for all J_; g € H_@[g] and V; (J;0) = O (7)), it is sufficient
to show that

max Z ‘Pr (J_L[O] | 7') —Pr (J—’i7[0] | 7 — 1)| =0 (T_”) )
J_i0)€H_; [0]

J_ijo) & F,MO} only if

1. There exist n, I, n/, and I’ such that 2°(n,j,— (n,j,1)) # 2°(n',j,— (n,7,1')) with
J# i
2. There exist n, [, n’, and I’ such that z° (n,i, — (n, j,1)) # 2° (n', 1, — (n, 3,1")).

3. 2%(n,j,— (n,7,0) = 2° (0, j,— (n,3,')) for all n, [, n’, I', and j but there exist n, I,
n’, and I’ such that 2° (n, j, — (n, j,1)) # 2° (0, j, — (n, j,I')) for some j.

From Claim 6 in Yamamoto (2008b), the probability of the first case is o (7T~"). From
Claim 7 in Yamamoto (2008b), the probability of the second case is 0o (T"~"). From Claim
8 in Yamamoto (2008b), the probability of the third case is o (7T7"). m

Determination of § From the above argument, there exists T such that for all 7 > T,
there exists 6 < 1 such that for all § € (5, 1) and for all ¢ € I, for all | > 0, hy, € Hy,
hi—-1my+1 € Hi—11,41, and z € X with x;_; = B, (6), (7), and (8) holds. In addition, from
(7),

Ui (hi—11,41) > 0 for all h;_y 7,41
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Fix some T > T. Then, since U; (h;_17,41) < 2Tyu for all h;_; 1,41, for sufficiently large &,

w; — w;

1—-96

Ui (hicim+1) < for all hi—1 7,41 € Hi—1,1,41,

which means (9) holds.

10.5 Reward Functions for the Good Strategy

To simplify the notation, let X be the set of all z € X satisfying 7,_; = G and X¢, be
the set of all x_; € X_; satisfying ;1 = G. Let H,Mo] = U H_ip(z) and F,i,m =

r€XC

U (Hoip (2) UH_; ) (2,)) for k € {1,...,K}. See Subsection 10.4 for the definition of
H o () and H.yp (2) U H sy (0,7) for k€ {1, K},

Without loss of generality, consider a particular i € I. Suppose that US is decomposable
into real-valued functions (9*1, e ,QKH) as in Subsection 10.4. We specify (071, e ,GK“)
so that Lemma 9 holds.

Let 0% and 051 be as in the proof of Lemma 8, that is, these transfers are the discounted
sums of u;. Then, (11) holds for the confirmation round and the report round.

The sequence of transfers (91, 08 ) is specified by backward induction. Note that
0K+ is determined so that Lemma 9 holds. To define #*, assume that the sequence
(9k+1, 65 +1) is determined so that player i’s continuation payoff after history h; ), aug-
mented by (Gk“, e ,HKH), is equal to V; (h,i,[k]). Here, for each k € {1,...,K} and
h_im € ﬁ_@[k], the value V; (h_i,[k]) is defined to be the minimum of player ¢’s continua-
tion payoff after history h_; ) over all her continuation strategies in the set {o; 1, | hsp |
Vhiw € Hip, Vo, € Sit,}, subject to the constraints that monitoring is perfect and that
payoffs in the communication rounds and monitoring rounds are replaced with 0. For each
h_i € F—i,[o}; the value V; (h—i,[O]) is defined to be the minimum of player ¢’s continuation
payoff after history fz_i’[o} over all iL_L[()} € ﬁ_mo] and over all her continuation strategies in
the set {os1, | hijo) | Yhijo) € Hijo), Voir, € Si,}, subject to the constraints that monitoring

is perfect and that payoffs in the communication rounds and monitoring rounds are replaced
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with 0. For each each k € {0,..., K} and h_;p & F_Z-’[k], the value V; (h—i,[k]) is defined to
be player 7’s continuation payoff when she earns —u in periods of the main rounds and zero
in the other periods.

Suppose that 6% is decomposed as (21). Then, from the analogous argument in Lemma
18, (11) holds for the kth monitoring round and kth supplemental round for all history.

To specify ék, the following notion is useful. For each h_; 1) € H_; ;) and a; € A;, let
W, (h,i,[k,l}, ai) denote player i’s continuation payoff from the kth main round, augmented
by (9’““, o ,QKH) and by the second term of (21) when player i plays a; constantly in the
kth main round and plays a best reply thereafter. As before, we can write W; (J_ik—1,ai)
instead of I/T/Z (h,i,[k,l}, ai).

For each J_; 1, let {a} (J_;_1),...
of A¥ such that

oA

ca; '(J_ik—1)} be a sequence of all the elements

o]

_—_— . |
lim lim Wi (Joip-1, 0, (Joip-1)) > ... > lim lim VVZ(J—UC 1, a (J—z,k—1>).
To00=1 T T—00 61 T
Then define 6 to be
0" (hi—l,[k,m}a I, Q—(z’—l,i,l))
| 45|
= -T,C+ Z a; ( i—1,[k,m] Q,(iq,i,z)) KTn+ Z 1[14,#1,7@] <h2.717[k’m]7 Qi(iilﬂ,’l)) Ak ([—i,k:—l, n),
a; €AF n=1

where for each a; € A;, let 1,, @ Hi_yjpm) X Ql (i—15 — {0, 1} is the indicator function
such that 1,, (hi_17[k7m], Q_(i_lﬂ-?l)) = 1 if the random event Z (i-1.0) ({a;},t) > Zgr in
the kth monitoring round and 1,, <hi71,[k,m]; Q,(i,uyl)) = 0 otherwise. Likewise, 1[I—i,k—17n] :
Hi_yp, m]xQ_ i~ — {0, 1} is the indicator function such that 1[ I <hi_1 [k, m};Q—(z’—lil)> =
1 if the random event Y17 e Toig-1) - - lA | (I_ik-1)},t) > Zgr in the kth

monitoring round and 1[171, 1] <hZ 1,[k,m] > QO (1'71,1‘,1)) = 0 otherwise. Here, C' is a real num-
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ber satisfying C' > 2u and A\ (I_;x—1,n) solves

Vi (J—ik-1)
= VT/z (J,i,kfl, Gi) — (SKTJrTmCTb + 6KT+Tm Z PI‘ (1&1. J,i,kfl, Gi) KT77
fLiEA?
At
KT N Pr (I | Jipe1) Y Pr (1[I,i,k,1,n] | ‘]—i,k—laaz) N (I ig—1,m)
I k-1 n=1

(25)

for all J_; 1 and a; € A,.

Lemma 32 For all K, there exists T such that for all T > T, there exists 6 € (0,1) such
that (25) has a unique solution and for all (hi—l,[k]7 I_i’k_l),

0" (hivpg, I-in-1) < (Tpy — KT)u+ |AF| KTn.

In addition, the constant action is optimal if that action is included in A¥.

Proof. Analogous to Lemmas 19, 20, 21, 22, and 23 and Lemma 24 in Yamamoto
(2008b). =

Then, suppose that 67" is decomposable as

T4
o1 (hi71,[71]) = Z 1, (hzel,[fl]) A (@) + Z i (C:;T__lﬁizt_l’t>,
zeXC —1

where (a;_14,w;—1.) is player (i — 1)’s action and signal in the ¢th period of the block game

and (A~ (x))xeXB to solve

Ty

S ot w = -, (77 +lim (@] () - m)) +o ) > Pr (hi-yf-ylo”) A7 (2)

t=1 FeXB h;_y_1€H;_1,[-11(F)

L §T 1T Z Pr (h_i,[o] ’aét) Vi (h_z‘,[O})

h_i o €H i [0
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for all z_; € X%. Then, the analogous argument to Lemmas 25, 26, 27, and 28 and

Lemma 25 in Yamamoto (2008b) establishes the following lemma.

Lemma 33 1. Under UF, (11) holds for the monitoring round for the coordination round.

2. There exists T such that for all T > T, there exists 6 € (0,1) such that (26) has a

unique solution and

6! (hifl,[fl}) <T iu— (|AZ| + 1) Tyn

3. Constant action a;' is optimal for all x_; € X _;.

From the above argument, there exists T such that for all ' > T, there exists § < 1 such
that for all § € (5, 1) and for all s € I, for all [ > 0, hy, € Hy,, hio11,41 € Hi1 1,41, and
x € X with z;_y = B, (10), (11), and (12) hold. In addition, from (18),

UB

)

(hi—l,Tb-l-l) S 0 for all hi—LTb'

Fix some T' > T. Then, since U; (hj_1.1,+1) > —2Tyu for all h;_; 7,1, for sufficiently large &,

w; — w;

1—-9¢

Ui (hicim,41) > — for all hi—1 1, € Hi_11,,

which means (13) holds.
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