
















TM-NLPS prediction. Calculation of the alloy formation

energy is the toughest test yet, and we see that the combination

of Madden and coworkers’ Mg LPS and Goodwin et al.’s Al

LPS gives a much smaller alloy formation energy.

5.2.5 New Si BLPS. In this work, we make two key

improvements on the previous work of Zhou et al.:22 (i) a

cutoff function is used to remove the oscillating tail of the

BLPS in q-space and (ii) the BLPS’s Coulombic tail is sys-

tematically determined. The first improvement makes our

BLPSs ‘‘softer’’, i.e. a smaller kinetic energy cutoff converges

the plane wave basis set. The second improvement recovers the

intrinsic Coulombic tail of the BLPS, which helps preserve the

transferability of the BLPS. With these two refinements, we

re-build the Si BLPS with other settings kept the same as in

Zhou et al.’s work. As shown in Table 7, although Zhou

et al.’s Si BLPS produces accurate energies and volumes for

the common metallic phases (hcp, bcc and fcc), it gives

incorrect energy orderings between b-tin and bct5 Si, and

between bcc and fcc Si, compared to TM-NLPS predictions.

Our new Si BLPS predicts the correct energy ordering for all

nine Si structures considered, albeit with some loss of accuracy

for the highest energy metallic phases. Our softer Si BLPS

produces significantly improved bulk moduli but slightly

worse equilibrium volumes for all phases.

We find a mixed outcome for our new Si BLPS compared to

Zhou et al.’s BLPS when comparing phase transition pressures

and defect formation energies to those predicted by the

TM-NPLS. Table 8 reveals that our new Si BLPS performs

better for the diamond to b-tin phase transition pressure but

worse for the diamond to bct5 phase transition pressure,

compared to Zhou et al.’s Si BLPS. Table 9 shows that our

Si BLPS produces smaller defect formation energies than

Zhou et al.’s Si BLPS, but the difference between self-

interstitial and vacancy formation energies is slightly better

reproduced by this new Si BLPS.

5.3 OF-DFT tests

Given the status of current KEDFs, OF-DFT is especially

suitable for studying main group metals and their alloys,

which are nearly-free-electron-like systems. For bulk Al, Mg,

and Al3Mg, it has been shown that the KS-DFT predictions of

many key properties can be reproduced very well by OF-DFT

when the WGC KEDF is employed.10,11,40 At present, the

accuracy of OF-DFT when applied to these nearly-free-

electron-like metals is mainly hindered by the quality of

available LPSs.40,48 We now compare the performance of

OF-DFT to KS-DFT using our new Mg and Al BLPSs and

the WGC KEDF for all the Mg and Al cases studied above.

5.3.1 Static bulk properties. Various static bulk properties

predicted by KS-DFT-BLPS theory are reproduced well by

OF-DFT-BLPS theory (Table 10). It is clear that OF-DFT

works better for Mg’s and Al’s fcc and bcc structures than for

their diamond and sc structures, since the former are more

close-packed, which makes the electron density distributed

more evenly, closer to a nearly-free-electron gas. Since the

WGC KEDF is based on the latter, it makes sense that the

close-packed structures are described more accurately.

5.3.2 Surfaces, vacancies, and stacking faults. OF-DFT

with the WGC KEDF does an overall excellent job at descri-

bing defects and interfaces in Mg and Al. The errors are all

Table 5 KS-DFT-LDA results for various stacking fault energies in fcc Al (in mJ m�2) (twinning energy gt, unstable stacking fault energy gus,
intrinsic stacking fault energy gisf, unstable twinning energy gut, extrinsic stacking fault energy gesf) calculated using our Al BLPS. The benchmark
values are calculated using the Al TM-NLPS. We see that Goodwin et al.’s Al LPS gives much lower stacking fault energies

gt gus gisf gut gesf

Al TM-NLPS 57 188 140 254 149
Al BLPS 40 143 93 188 105
Goodwin LPS 24 95 68 127 79

Fig. 4 The stacking fault energy (E, in mJ m�2) as a function of the

fractional displacement d. d is the translation (shown in Fig. 1) along

the [112] direction with ten 1
10

affiffi
6
p steps (a is the lattice constant of fcc Al

at equilibrium). The curves from d = 0 to d = 1 and from d = 1 to

d = 2 are calculated with the setup (a) and (b) in Fig. 1, respectively.

The small discontinuity at d = 1.0 is due to the slight difference

between setup (a) and (b). Only twin boundaries exist at d = 0.0. The

unstable stacking fault is formed at dE 0.5, the intrinsic stacking fault

is formed at d E 1.0, the unstable twinning fault is formed at d E 1.5,

and the extrinsic stacking fault is formed at d E 2.0.

Table 6 KS-DFT-LDA results for the bulk modulus (B0 in GPa),
equilibrium volume (V0 in Å3), and the alloy formation energy (DEf in
meV) of the b00-Al3Mg alloy using Mg and Al TM-NLPSs (as the
benchmark), Mg and Al BLPSs, as well as Madden and coworkers’
Mg LPS and Goodwin et al.’s Al LPS (labeled as ‘‘M&G LPSs’’). The
TM-NLPS results for all properties, including the small alloy forma-
tion energy, are accurately reproduced by our BLPSs

B0/GPa V0/Å
3 DEf/meV per unit cell

Mg&Al TM-NLPSs 70.8 66.440 �8.2
Mg&Al BLPSs 67.5 67.131 �8.6
M&G LPSs 58.0 70.008 �2.7
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o0.1 eV per atom compared to KS-DFT with the same BLPS

and often much smaller. For example, OF-DFT predicts the

correct energy ordering for different surfaces of both Mg

and Al (Table 11). OF-DFT Al surface energies differ by

B240 mJ m�2 from the corresponding KS-DFT-BLPS quantities.

If we again assume that all the error is due to surface Al atoms,

then this 240 mJ m�2 deviation indicates an error ofB96 meV per

atom. Similarly, OF-DFT reproduces the energy for surface Mg

atoms with an error of B67 meV per atom. As before, these are

upper bounds to the per atom error. Secondly, OF-DFT repro-

duces the KS-DFT-BLPS vacancy formation energies to within

B0.1 eV for Al and B0.07 eV for Mg (Table 12). Differences

between OF-DFT and KS-DFT for vacancy migration energies

are o0.03 eV per vacancy for both Mg and Al.

The KS-DFT results (using BLPS) for unstable stacking

fault, twinning, and unstable twinning energies are well

reproduced by OF-DFT using the WGC KEDF and BLPS

(Table 13). On the other hand, the intrinsic (isf) and extrinsic

stacking fault (esf) energies from OF-DFT are smaller by

30–40 mJ m�2 than predicted by KS-DFT. To understand

the origin of the lower isf and esf energies in OF-DFT, note

that the formation of either an isf or esf in fcc Al can be

thought of as the replacement of one fcc plane by one hcp

plane. Table 10 already indicates that the KS-DFT-BLPS

energy difference between fcc and hcp Al is about 20 meV

per atom higher than from OF-DFT. As discussed above, this

20 meV per atom can lower the isf or esf energies by about

45 mJ m�2. So the smaller isf and esf energies from OF-DFT

are largely due to the fact that OF-DFT is still unable to

accurately capture the small energy difference between fcc and

hcp Al. Consequently, as shown in Fig. 4, the barriers from

d = 1 to d = 0 and from d = 2 to d = 1 are both 20 meV per

atom lower in OF-DFT than those calculated with KS-DFT.

This small change of barrier height is on the order of other

expected errors in DFT-LDA.T
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7 Table 8 Transition pressures (in GPa) calculated with KS-DFT-LDA

using the Si TM-NLPS and our new Si BLPS. Results from Zhou et al.’s
Si BLPS are also listed

dia - b-tin dia - bct5

Experiment 12.5a

Si TM-NLPS 7.4 15.6
Si BLPS (this work) 5.4 12.3
Zhou’s Si BLPS 10.2 16.6

a From ref. 54—experiment estimate.

Table 9 Self-interstitial (Es) and vacancy (Ev) formation energies in
diamond Si, calculated with spin-polarized KS-DFT-LSDA using the
default Si ultrasoft NLPS in CASTEP (as the benchmark) and our new
Si BLPS. Results from Zhou et al.’s Si BLPS22 are newly calculated in
this work. All quantities are in the units of eV/defect

Es Ev Es � Ev

Others 3.76a 3.6b

Si NLPS 3.86 3.67 0.19
Si BLPS (this work) 3.18 3.05 0.13
Zhou’s Si BLPS 3.46 3.18 0.28

a From ref. 55 spin-restricted KS-LDA, with a larger supercell and a

relaxed structure. b From ref. 56 and 57—experimental estimate.
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5.3.3 b00-Al3Mg alloy. OF-DFT performs very well for this

alloy, as shown in Table 14, independent of which set of LPSs

are used. However, our new Mg and Al BLPSs improve the

OF-DFT prediction for the alloy formation energy sub-

stantially when compared with results obtained using previous

LPSs. Moreover, Carling and Carter reported10 that this small

alloy formation energy cannot be correctly reproduced by

KEDFs with density-independent response kernels. The

WGC KEDF, which is a KEDF with a density-dependent

kernel, was the only one to produce this alloy formation

energy with the correct sign.10

6. Conclusions

In this work, we made two important improvements to Zhou

et al.’s approach to building BLPSs. We introduced a potential

cutoff in Fourier space and systematically determined the

cutoff radius beyond which BLPS’s Coulombic tail is

recovered in real space. Consequently, our new BLPSs are

more efficient to use (smaller plane-wave basis expansion

required) and more accurate in many instances. We built

Mg, Al, and Si BLPSs, and tested their transferability and

accuracy by applying them in KS-DFT calculations of static

bulk properties of several Mg, Al, and Si bulk structures,

defect energetics in hcp Mg, fcc Al, and diamond Si, surface

energies for low-index Mg and Al surfaces, and stacking

fault energies in fcc Al. Comparison of KS-DFT-BLPS

and KS-DFT-NLPS results demonstrated the excellent

Table 10 Similar to Table 2. OF-DFT-LDA static bulk properties calculated with the WGC KEDF and the BLPS. B0 is in GPa. V0 is in Å3. Emin

is in eV. KS-DFT-LDA results using the BLPS are repeated from Table 2 for ease of comparison

hcp fcc bcc sc dia

Mg

B0 OF 36.3 36.2 35.6 27.9 16.0
KS 38.4 37.5 36.9 29.1 12.7

V0 OF 43.233 21.465 21.534 25.036 69.579
KS 42.351 21.363 21.393 24.929 71.745

Emin OF �24.651 0.006 0.024 0.351 0.860
KS �24.678 0.011 0.033 0.370 0.863

fcc hcp bcc sc dia

Al

B0 OF 80.9 80.0 74.8 62.1 34.4
KS 84.0 81.0 76.0 64.3 43.3

V0 OF 15.632 31.529 15.887 19.223 53.247
KS 15.623 31.534 16.063 18.825 51.392

Emin OF �57.941 0.018 0.079 0.354 0.827
KS �57.955 0.038 0.087 0.362 0.819

Table 11 Similar to Table 3. OF-DFT-LDA surface energies (mJ m�2)
calculated with the WGC KEDF. KS-DFT-LDA results from Table 3
are quoted in parentheses for comparison

Mg hcp(0001) bcc(110) bcc(001)

OF (KS) 730 (631) 755 (674) 875 (808)

Al fcc(111) fcc(100) fcc(110)

OF (KS) 1143 (1010) 1343 (1104) 1360 (1212)

Table 12 Similar to Table 4. OF-DFT-LDA vacancy energetics (eV)
calculated with the WGC KEDF. The corresponding KS-DFT-LDA
results from Table 4 are quoted in parentheses for comparison

Mg Evf Eva

OF (KS) 0.926 (0.822) 0.396 (0.419)

Al Evf Eva

OF (KS) 0.854 (0.784) 0.629 (0.638)

Table 13 Similar to Table 5. OF-DFT-LDA stacking fault energies
(mJ m�2) for fcc Al, calculated with the WGC KEDF and the BLPS.
The corresponding KS-DFT-LDA quantities calculated with the
BLPS are shown underneath for comparison

gt gus gisf gut gesf

OF 32 139 67 171 64
KS 40 143 93 188 105

Table 14 Bulk modulus B0, unit cell’s equilibrium volume V0, equilibrium total energy E0, and alloy formation energy DEf of b00-Al3Mg are
calculated using OF-DFT-LDA with the WGCKEDF. The KS-DFT-LDA results are shown in parentheses for comparison. With our BLPSs, the
OF-DFT-LDA results for the small alloy formation energy are much improved. ‘‘M&G LPSs’’ refers to the results calculated with Madden and
coworkers’ and Goodwin et al.’s LPSs

OF-DFT B0/GPa V0/Å
3 E0/eV per unit cell DEf/meV per unit cell

Mg&Al BLPSs 66.8 67.144 �198.494 �5.6
(67.5) (67.131) (�198.575) (�8.6)

M&G LPSs 59.5 69.884 �199.367 �1.7
(58.0) (70.008) (�199.427) (�2.7)
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transferability and accuracy of our BLPSs. In these tests, the

error due to the Mg and Al BLPSs is always less than 40 meV

per atom, and in most cases is only B10 meV per atom. These

BLPSs are accurate enough in KS-DFT that, in addition to

their use in OF-DFT, they could find use in large scale

KS-DFT calculations where calculation of NLPS terms can

become prohibitively expensive.

We also tested the quality of the WGC KEDF in combina-

tion with our new BLPSs by performing OF-DFT calculations

for many of the same properties mentioned above. We demon-

strated yet again that OF-DFT performs as well as KS-DFT in

systems which are close to behaving in a free-electron-like

manner.

The method outlined here is ready for use in building BLPSs

for other elements for future use in OF-DFT. Moreover, with

our improved BLPSs and the WGC KEDF, OF-DFT is now a

practical and trustworthy tool for the large-scale simulation of

main group metals and their alloys.
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14 P. E. Blöchl, Phys. Rev. B: Condens. Matter Mater. Phys., 1994, 50,
17953.

15 W. C. Topp and J. J. Hopfield, Phys. Rev. B: Solid State, 1973, 7,
1295.

16 J. A. Appelbaum and D. R. Hamann, Phys. Rev. B: Solid State,
1973, 8, 1777.

17 M. Schluter, J. R. Chelikowsky, S. G. Louie and M. L. Cohen,
Phys. Rev. B: Solid State, 1975, 12, 4200.

18 T. Starkloff and J. D. Joannopoulos, Phys. Rev. B: Solid State,
1977, 16, 5212.

19 L. Goodwin, R. J. Needs and V. Heine, J. Phys.: Condens. Matter,
1990, 2, 351.

20 F. Nogueira, C. Fiolhais, J. He, J. P. Perdew and A. Rubio,
J. Phys.: Condens. Matter, 1996, 8, 287.

21 B. Wang and M. J. Stott, Phys. Rev. B: Condens. Matter Mater.
Phys., 2003, 68, 195102.

22 B. Zhou, Y. A. Wang and E. A. Carter, Phys. Rev. B: Condens.
Matter Mater. Phys., 2004, 69, 125109.

23 B. Zhou and E. A. Carter, The Journal of Chemical Physics, 2005,
122, 184108.

24 J.-D. Chai and J. D. Weeks, Phys. Rev. B: Condens. Matter Mater.
Phys., 2007, 75, 205122.

25 S. Watson, B. J. Jesson, E. A. Carter and P. A. Madden, Europhys.
Lett., 1998, 41, 37.

26 J. A. Anta and P. A. Madden, J. Phys.: Condens. Matter, 1999, 99,
6099.

27 Y. Wang and R. G. Parr, Phys. Rev. A: At., Mol., Opt. Phys., 1993,
47, R1591.

28 Q. Wu and W. Yang, J. Chem. Phys., 2003, 118, 2498–2509.
29 X. Gonze, J.-M. Beuken, R. Caracas, F. Detraux, M. Fuchs,

G.-M. Rignanese, L. Sindic, M. Verstraete, G. Zerah, F. Jollet,
M. Torrent, A. Roy, M. Mikami, P. Ghosez, J.-Y. Raty and
D. C. Allan, Comput. Mater. Sci., 2002, 25, 478–492,
http://www.abinit.org.

30 http://www.ece.northwestern.edu/Brwaltz/CG+.html.
31 G. S. Ho, V. Ligneres and E. A. Carter, Comput. Phys. Commun.,

2008, DOI: 10.1016/j.cpc.2008.07.002.
32 D. M. Ceperley and B. J. Alder, Phys. Rev. Lett., 1980, 45, 566.
33 J. P. Perdew and A. Zunger, Phys. Rev. B: Condens. Matter Mater.

Phys., 1981, 23, 5048.
34 N. Troullier and J. L. Martins, Phys. Rev. B: Condens. Matter

Mater. Phys., 1991, 43, 1993.
35 M. Fuchs and M. Scheffler, Comput. Phys. Commun., 1999, 119,

67.
36 L. Kleinman and D. M. Bylander, Phys. Rev. Lett., 1982, 48,

1425–1428.
37 S. J. Clark, M. D. Segall, C. J. Pickard, P. J. Hasnip, M. J. Probert,

K. Refson and M. C. Payne, Zeitschrift fuer Krystallographie,
2005, 220(5–6), 567–570.

38 H. J. Monkhorst and J. D. Pack, Phys. Rev. B: Solid State, 1976,
13, 5188.

39 F. D. Murnaghan, Proc. Natl. Acad. Sci. U. S. A., 1944, 30, 244.
40 G. Ho, M. T. Ong, K. J. Caspersen and E. A. Carter, Phys. Chem.

Chem. Phys., 2007, 9, 1–16.
41 N. Chetty, M. Weinert, T. S. Rahman and J. W. Davenport, Phys.

Rev. B: Condens. Matter Mater. Phys., 1995, 52, 6313.
42 M. J. Gillan, J. Phys.: Condens. Matter, 1989, 1, 689.
43 N. Govind, M. Petersen, G. Fitzgerald, D. King-Smith and

J. Andzelm, Comput. Mater. Sci., 2003, 28, 250.
44 G. Henkelman, G. Johannesson and H. Jónsson, J. Chem. Phys.,

2000, 113, 9901.
45 G. Henkelman, G. Johannesson and H. Jónsson, Prog. Theor.

Chem. Phys., 2000, 5, 269.
46 N. Bernstein and E. B. Tadmor, Phys. Rev. B: Condens. Matter

Mater. Phys., 2004, 69, 094116.
47 MATLAB, release 14, The MathWorks, Inc., Natick, MA, 2005.

We used the function: pchip.
48 R. L. Hayes, M. Fago, M. Ortiz and E. A. Carter, Multiscale

Model. Simul., 2005, 4, 359.
49 C. Mairy, J. Hillairet and D. Schumacher, Acta Metall., 1967, 15,

1258.
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