HTML AESTRACT * LINKEES

THE JOURNAL OF CHEMICAL PHYSICSL122 044103 (2009

Improving the orbital-free density functional theory description
of covalent materials

Baojing Zhou
Department of Chemistry and Biochemistry, University of California, Los Angeles, Los Angeles,
California 90095-1569

Vincent L. Ligneres

Department of Chemistry and Biochemistry, University of California, Los Angeles, Los Angeles,
California 90095-1569 and Department of Chemistry, Princeton University, Princeton,

New Jersey 08544

Emily A. Carter

Department of Chemistry and Biochemistry, University of California, Los Angele, Los Angeles,
California 90095-1569 and Department of Mechanical and Aerospace Engineering and Program
in Applied and Computational Mathematics, Princeton University, Princeton, New Jersey 08544

(Received 28 September 2004; accepted 26 October 2004; published online 4 January 2005

The essential challenge in orbital-free density functional thé@#y-DFT) is to construct accurate
kinetic energy density functionalKEDFs) with general applicabilityi.e., transferability. During

the last decade, several linear-respofid®)-based KEDFs have been proposed. Among them, the
Wang-Govind-CartefWGC) KEDF, containing a density-dependent response kernel, is one of the
most accurate that still affords a linear scaling algorithm. For nearly-free-electron-like metals such
as Al and its alloys, OF-DFT employing the WGC KEDF produces bulk properties in good
agreement with orbital-based Kohn-Shé&kS) DFT predictions. However, when OF-DFT, using

the WGC KEDF combined with a recently proposed bulk-derived local pseudopotéBitials),

was applied to semiconducting and metallic phases of Si, problems arose with convergence of the
self-consistent density and energy, leading to poor results. Here we provide evidence that the
convergence problem is very likely caused by the use of a truncated Taylor series expansion of the
WGC response kernel. Moreover, we show that a defect in the ansatz for the first-order reduced
density matrix underlying the LR KEDFs limits the accuracy of these KEDFs. By optimizing the
two free parameters involved in the WGC KEDF, the two-body Fermi wave vector mixing
parametery and the reference densipy, used in the Taylor expansion, OF-DFT calculations with

the BLPS can achieve semiquantitative results for nine phases of bulk silicon. These new parameters
are recommended whenever the WGC KEDF is used to study nonmetallic syste@@050
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I. INTRODUCTION main obstacle lies in the lack of accurate kinetic energy den-
sity functionals(KEDFs) that can be evaluated with linear

Among all the first-principles methods based on densityscaling algorithms. If this stumbling block could be re-

functional theory (DFT),! the linear scaling orbital-free moved, then one could fully exploit the power of the original

(OF)-DFT scheme may be the most capable of treating largéiohenberg-Kohn theorenisNamely, one could calculate the

systems {1000 atoms) at lowest co’t? Unlike traditional  ground state density, and other properties not explicitly de-

orbital-based  first-principles  techniques, such aspendent on the many-body wave function, by directly mini-

Hartree-Fock and Kohn-Sham(KS)-DFT® the OF-DFT  mizing the following total electronic energy functional with

method avoids solving self-consistently for one-electron or+espect to the electron densijby

bitals and instead only utilizes the electron density, a func-

tion of three coordinates, as its sole variational paraneter.

Consequently, the costs associated with manipulating orbitals E[p]=Tdpl+Eupl+Edp]+ j p(ruv(r)dr, (1)

(e.g., orthonormalizatiorare completely eliminated. For pe-

riodic systems, the advantage of using OF-DFT is even more

remarkable, since nk-point sampling is necessary, leading under the constraint thatis properly normalized tiN, the

to many orders of magnitude savings for metallic systems, imumber of electrons in the system. Hareis the external

particular. potential (typically, the electron-nuclear attraction tegnig
Although the earliest OF-DFT, namely, the Thomas-is the kinetic energy of a noninteracting system of electrons

Fermi (TF) model® appeared much earlier before today’s whose density is the same as the interacting electron system,

widely used KS-DFT, OF-DFT has not become a mainstreank, is the classical Hartree repulsion energy, &g is the

guantum mechanics method for practical applications. The@xchange-correlation energf(. also includes the differ-
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ence between the interacting and noninteracting kinetic en-
ergiey. This naturally leads to the Thomas-Fermi- 5P(f)=f x(r=r")év(r")dr’, (7)
Hohenberg-KohnTFHK) equation

SE,[p] 6Tdp] SEWp] OEJp] wherey(r—r') is the electron susceptibility function. Thus,

= + + +o(rn)=pu, (2 if the perturbation is added to the total potentigf(r) in Eq.
op(r) — op(r) — dp(r) — 4p(r) (N=p 2 (3), we have in reciprocal space
where u is the Lagrange multiplier that guarantees the cor-
rect normalization of the electron density during the minimi- A Sver(r)| o[ S%(E[p]-Tdp])
zation and corresponds to the chemical potential after the Sp(r') =F 5p(r") 8p(1)
total energyE,[ p] is minimized. p p P

In addition to the KEDF problem, another challenge for [ 8Tdp] 1
OF-DFT applied to condensed matter is the need for a =- ) =, (8)
smooth yet accurate potenfiab represent the interaction of op(r')op(r)] X(q)

the valence electrons with the core electrons and the nuclei. R 5

In KS-DFT, this problem is often circumvented by using where Fdenotes the Fourier transform andq) is the LR
high quality nonlocal pseudopotentiaiLPS9.>* Unfor-  function in reciprocal space. Strictly speaking,q) is sys-
tunately, NLPSs utilize projections onto orbitals and theretem dependent. For a uniform electron gas of densjtythe
fore cannot be used in OF-DFT. Recently, a new scheme wagnalytic LR function was derived by Lindhdfdas
developed by us to generate transferable LPSs derived from

bulk crystalline densitie¥* We showed that this bulk-derived - ke (1 1—-7%% |1+7
LPS(BLPS) is capable of reproducing quite well NLPS pre-  Xtind(@) =~ 2|5+ P Ini3— ”

dictions in KS-DFT calculations for bulk $% this new LPS
type may prove to be of general utility in OF-DFT. If so, then F__1
we are left with the more intractable problem of constructing - ?FLi“d( ), ©)
transferable KEDFs to evaluate the kinetic energy.

The KS-DFT “wave function” is a single determinant of wherekg=(372p,)*° is the Fermi wave vectofFWV), 7
one-electron orbitals, which are solutions of the following = q/2ke is a dimensionless momentum, affg;,q is the

one-particle Schidinger-like equations: Lindhard function. For nearly-free-electron systems with av-
V2 erage density,, insertingy,ing into Eq. (8) yields a rela-
(—7+veﬁ(r))¢i(r)=ei¢i(r), (3) tionship between the unspecified KEDF and the Lindhard

response function
where v u(r) is the KS effective potentialcontaining the

Hartree, exchange-correlation, and ion-electron poteintials . 5°T4 p] 1 2
The ground state in KS theory possesses the first-order re- (N1 =——=—FLnd(m), (10
duced density matrixDM1)”3 p(r)op(ri)|, Xiind  KF
yi(F5)= () d*(r) (4) which can be used to derive KEDFs that will satisfy LR
’ - 1 1
I

theory for a perturbed uniform electron gas.
The design of KEDFs has a long history, with many
KEDFs proposed for OF-DFT*® Popular KEDFs include
the TF2° KEDF, the von Weizseker! (vW) KEDF and its
f ya(r,r") ya(r,r)dr’=yy(r,r'). (®  extension€? and those based on the conventional gradient
expansio®?324(CGE) and generalized gradient approxima-
tion (GGA).?° Not surprisingly, these KEDFs generate unsat-
isfactory results, since none of them have DM1s that obey
KS N1— 1 , the idempotency property of E@5), nor do any of them
Ts Lra(rr)]=2(Ve Verya(rrle=r), ® have the correct LR behavior of E10). Since the late
and the total energy can then be minimized with respect t4970s, more accurate KEDFs based on the weighted density
KS orbitals¢;(r). In OF-DFT, the KS orbitals are bypassed approximation(WDA) and the average density approxima-
and the variational variable is reduced to the electron densittion (ADA) have been proposéd?’In the WDA, the idem-
p, at the cost of approximating the kinetic energy as well agpotency property is directly enforced for its DM1; in the
the loss of the constraint in E¢6) on its underlying DM1. ADA, the KEDF is constrained to have the correct LR. En-
Consequently, there is no guarantee that a minimum of theouraging results were achieved when such KEDFs were ap-
total energy always exists in an OF-DFT formulatidi®*®  plied to atoms and spherical jellium surfaé&$’ Unfortu-
First-order perturbation theory tells us that an importanthately, an effective scheme utilizing these KEDFs more
constraint on KEDFs should be that they possess the corregenerally in OF-DFT is still lacking due to their complex
linear-responséLR) behaviort” Namely, a small change in structure. Reference 7 offers a detailed analysis of the above
the potentialdv(r) should produce a corresponding first- KEDFs with regard to the underlying DM1s and LR behav-
order change in the densigp(r), given by ior for each category.

which satisfies the following idempotency property:

In KS theory'* the kinetic energy in Eq(1) can be calcu-
lated as
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Il. LINEAR-RESPONSE-BASED KINETIC ENERGY form to recover LR behavior, though this form of DM1 may
DENSITY FUNCTIONALS not be the only(uniqué form for LR-based KEDFS.
In order for all the quantities in Eq$15)—(19) to have

First-principles methods that scale linearly with size are casonable values, at lea€(r) must be semipositive defi-

essential for large scale condensed matter calculations. Intrgﬁte evervwhere. This requirement mav be satisfied for
last decade, several linear scaling LR-based KEDFs have Y ) q Y

been developed and shown to be quite successful for simp%e;rlﬁ:g;zli(;trc;:i\‘j'gséﬁws' ri]tz\p;?i\:/eer’s?)?u\?ilsnsg?ltlggee?FHK
(nontransition metals, which are nearly-free-electron- y 9 9

like 22831 equation[Eq. (2)] for systems involving large density fluc-

' tuations. If so, the variational search may enter an unphysical
A. LR-based KEDFs with a density-independent space.
kernel Several sets of values have been proposed for the two

The LR-based KEDFs usually contain the TF and vwParametersy and  that appear in the above KEBE?
terms, as well as a third term meant to patch up the incorrectn® Wang-TetefWT) KEDF™ selectsa= =g, the Perrot

LR properties of the first two terms KEDF? has a=p=1, the Smargiassi-Madden KEBF
choosesa=pB=3, and the Wang-Govind-CartefWGC)
TPp1=Trd pl+ Tl 1+ T [p]. (1))  KEDF (Ref. 30 with a density-independent kernel offers

Pther choices ofr and 8. A detailed analysis of these KEDFs
can be found in Ref. 30.

B. WGC KEDF with a density-dependent kernel

Both the TF and vW KEDFs can be recast in a genera
double-integral form

T p]=Cre(p™(r)|8(r —1")[p*(r")), (12

1 Wanget al. made further improvements upon the above

T =— (oY S(r—1")V2 LR KEDFs by introducing a density dependence into the
wip] 4<p (n]a(r=r") kernel w through the nonlocal TBFWV,(r,r"), which
depends on the local one-body FWR¢(r) and involves a

2 Y 120 1
V(T =r)p ), 13 mixing parametery’ %!
with Cg=2(37?)?? in Eq. (12). It is natural then to pro- Ke?(r)+ke?(r')| Y7
pose a similar form for the third terfi®in Eq. (11) Err')= (f) . (21)

T P[p]=Caxp(r)IW(po.|r —r' D] pP(r")). (14 wherekg(r)=[3m?p(r)]*®. Replacingp, in the AWFw of
This form allows the KEDF to be evaluated with fast FourierEq' (14) by £,(r.r"), one obtains the WGC KEDF
transforms(FFT9,%? thereby leading t®(N InN) scaling in TP =Tl pl+ Tunl p]1+ TWES ], (22)
the OF-DFT algorithm. where

A basic ansatz for the DM(@for more details, see Ref) 7 a N ) , )
within LR theory is TV\}gg[p:IZCTF<p (r)|Wa,,B[§y(rrr )1|r_r |]|pﬁ(r ()2>3)

ja(y) The introduction of the symmetric TBFWY,(r,r’) into the
LRy p1y— 2 1020\ 120 1 A

Y1 (1,r)=3p™Hr)p (') y (19 kernel of Eq.(23) renders the new version of the WGC

o _ KEDF more transferable than the previous $hwith a

y(r,r')=&r,r")r—r’|, (16)  density-independent kernel. However, the complex structure

_ === of the new WGC KEDF is a disadvantage in practice. In

Er(r,r") = &L (Ke(r), Ke(r")], (17 order to define the corresponding DM1, one only needs to

_ — replace Eq(19) by the following:

Ke(r)=(37%) "V ¢3(r), (18

r)y=p?Ar)+p* 1) | WlELr,r),|r=r'[]

Zz(f)=P2/3(f)+P“_1(f)f W(po,[r=r"])pP(r")dr’,
(19 X pP(r")dr’. (24

o _ _ . Equations(23) and (24) should be less approximate than
where j is the sphengal_Bessellfuncnon agdis the two-  pqq (14) and(19), since the electron densitiesraandr’ are

body natural variablé’ &e(r.r') is the average two-body not likely to bep, for systems involving large density fluc-

Fermi wave vectofTBFWV), which depends on the average tuations. Moreover, the AWR should depend on the non-

local FWV, kg, and it should satisfy local TBFWV &(r,r"), which is a function ofkg(r) and
- —_ ke(r') instead of simplykg(pg). Finally, the particular
lim &x(r,r")=Kg(r). (20 choice of the form for the TBFW\E(r,r') in Eq. (21) has
Pt been justified by the analysis of natural variables for density
22(r) is the average FWV squared and the averaging weighunctionals > although it is not a unique choice.

function (AWF), w(po,|r—r’']), allows nonlocal effects to The kernel in Eqgs(23) and (24) can be evaluated in
be built into the LR KEDF. If one inserts this DM1 of Egs. reciprocal space via the Fourier transform

(15-(19) into Eq. (6), one recovers Eq11), the definition 1 _ ,

of the LR-based KEDF. Therefore this DM1 is of the correct ~ W[&,(r,r"),[r—r'|]= 529 w(p)e 9=, (29
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where ) is the volume of the simulation cell ang is the
reciprocal space wave vectay scaled by the TBFWV

&y(r.r)

g
1T 2E )

Enforcing LR theory for a uniform electron gas of dengity

(26)

J. Chem. Phys. 122, 044103 (2005)

mal value fory is unfortunately system dependent. For Al
crystals, surfaces, and defects, Waataal. varied the value
of y and found thaty=2.7 yielded optimal result&.
For{a,8=(5/6)*(/5/6)}, the solution of Eq(27) de-
pends on the value of, falling into one of the following six
categories characterized by the signpoindq: (a) p>0,q
>0 when 0<y<1.0557;(b) p>0,=0 when y=1.0557;

naturally leads to the inhomogeneous Cauchy-Euler equatiot¢) P>0,4<0 when 1.055% y<10.0; (d) p<0,4<0 when

for the WGC kernel in reciprocal spate

23,1

W, g(7,p0) +(1—2p) W/, 5(7,p0)

+(p?= )W, 4 7,p0) =20G(m)pg°> A, (27)
p=3(a+B)— vy/2, (28
q=p>—36ap, (29)
G(7)=Fiina(7) —37°— 1. (30

Note that if «+ 8= 2, the dependence of E¢R7) on pg is

removed. The solution of E¢27) includes a general analytic
part and a specific power series part, which allows the recip

rocal space AWRW to be evaluated to arbitrary accurdcy.

By Fourier transforming the reciprocal space keriiel
into real space and then substituting the result into E2.
and (23), one obtains the asymptotic behavior &f-#"” for
theq—0 limit3!

Tg"ﬁ‘7—>TTF+ (L+No) TywT No(a@+ B—1){Sa]|tyw)

)\0 2
+ 5 (a+ B=1)(a+B=2)(50°|tw)

+0(80%), (31
where
B —8ap
M~ gag—p+1’ 32

and for theq— o limit®*

TEP =Tt (L N) Tret \e

5
a+p— §)<50|ITF>

Ao 5 8 502
toletBogllatbo3g (60°[tre)
+0(60°), (33
where
A =D 34
m_@- ( )

We note that the corresponding equations in RefEds.
(168—(171)] and Ref. 31Eqgs. (27)—(30)] are only correct

10.0< y<18.9443;(e) p<0,0=0 wheny=18.9443; andf)
p<0,0>0 wheny>18.9443. Ify=10, the general solution
of Eq. (27) diverges asy— 0 and asp—<e. In this work, the
value of y chosen is in categor{c), as shown in Table | in
Sec. llI D. We also triedy in other value ranges, however the
results were not promising, at least for bulk silicon. Lastly,
we note that changes ipaffect the shape 0f?W” more than
the shape ofv or »W’ in reciprocal space.

C. Taylor expansion of the WGC response kernel

Unfortunately, the density dependence in the kernel
makes the direct evaluation of the WGC kinetic energy with
FFTs impossible. To achieve linear scaling, the following
Taylor series expansion was proposed by Wangl3! to
factor out the density dependence in the kernel:

Wa,ﬁ[fy(rar,)!lr_r,H
awa,ﬁ[gy(r!r,)!lr_r,H‘

:Wa,B[kE 1|r_r,|]+

(1) ‘P*a(r)
aWa,B[fy(rvr,)vh_r,H ,
7n() B
+(92Wa,ﬁ[€y(rrr,)i|r_r,|] 02(r)
ap?(r) , 2
W g E,r,r")r=1" (1| 63(r")
apA(r’) ) 2
azwa,ﬁ[g}/(rlr,)!“_r,l] ’
T o) o)+, (39

Py

where 6(r)=p(r)—p, , andp, is a reference density, usu-
ally chosen to be the average dengityof the system. Note
that the Taylor expansion can only be carried out to second
order, since the third derivative &b involves the first de-
rivative of the Lindhard function, which has a logarithmic
discontinuity at =1. The coefficients of the first- and
second-order terms can be evaluated in reciprocal space via
FFT [see Eqs(43)—(45) in Ref. 31, and the WGC KEDF

can be evaluated in reciprocal space via a series of six FFTs.
In regions of large density fluctuations, the above truncated

for a+B=3. Our results here are general for any possibleTaylor expansion, Eq35), may not be converged at second

choice of a and B. Using the (5/6)(+/5/6) for a and B

order. This in turn can lead to convergence problems during

proposed by Wanget al,** T&#” reproduces the correct iterative solution of the TFHK equation, as will be shown in
large q limit: "% T,,— £T+¢ for g—o, where the spurious Sec. Il B.

terms involving various orders oo in Eq. (33) vanish®!
For theq—0 limit [Eq. (31)], choosingy=8 allows T&#”

When the WGC KEDF is used in OF-DFT calculations,
we have shown that we can quantitatively reproduce KS-

to reproduce the second-order C&however, in this case DFT results for near-free-electron-like simple metals and
the spurious terms cannot be well controlled. Thus, the optialloys3'3*For Al surfaces and vacancies, which are not par-
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K FIG. 1. Data from an OF-DFT calculation using the
108 o . WBem o 136 WGC KEDF (y=2.7, from Ref. 12 on CD Si with a
lattice constant of 5.385 Aa) The total energysolid)
134 and WGC portiondotted of the kinetic energy at each
iteration. Inset: the total energy and WGC portion of the

110324
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%
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40 460 480 500 520 540 560 530 600 620 640 660 M0 460 450 SO0 SI0 S0 560 S50 600 620 640 66D
Iteration Iteration

ticularly free-electron-like, the WGC KEDF produces resultsdepending on the phase examined. In OF-DFT calculations,
that are much more accurate than other LR-based KEbFs.the BLPS was used to calculate the external potential energy.
It is, for better or worse, the state-of-the-art linear scalingA kinetic energy cutoff of 1520 eV was employed to con-
KEDF today. Our challenge here is to determine if the WGCverge the representation of the OF-DFT electron density.

KEDF, combined with the recently developed BLFSan We studied nine different bulk phases of Si crystals: CD,
produce reasonable properties of covalent materials wheAD, chcc, 8 tin, body-centered tetragonéict5), simple cu-
used within OF-DFT calculations. bic (s0, simple bcc(sbeg, face-centered cubiéfcc), and

hexagonal-close-packeghcp).®° The simulation cells for
each of these phases contained 2, 4, 8, 2, 4, 1,1, 1, and 2
atoms in KS-DFT calculationgrimitive cell§ and 8, 8, 16,
Here we employ the WGC KEDF combined with a 4, 4, 8, 2, 4, and 4 atoms in OF-DFT calculatioftsibic
BLPS in OF-DFT calculations on various crystalline phasescells), respectively. Detailed descriptions of the structures are
of bulk Si. Earlier** we reported that the OF-DFT calcula- given in Ref. 12. The Monkhorst-Pack method was em-
tions do not converge well for cubic diamog@D), hexago- ployed to generate speciél points for the Brillouin-zone
nal diamond(HD), and complex body-center cubicbcd  samplind® required in KS calculations on periodic systems.
structures. We used a second-order damped dynamiche number ofk points used in the irreducible Brillouin
method’3! which had a very small convergence radius, re-zones are 28, 36, 60, 120, 112, 84, 120, 84, and 64 for primi-
sulting in a high computational cost due to the large numbetive cells of the CD, HD, cbcgg tin, bct5, sc, sbec, fec, and
of iterations required. In addition to the convergence issuehcp phases, respectively.
the OF-DFT predictions deviated significantly from conven- A second-order damped dynamics methtldvas em-
tional KS-DFT results, especially for the semiconductingployed to minimize the total energy in the OF-DFT calcula-
phases(CD and HD.'? The convergence problem may be tions. Several different convergence criteria were use
due in part to the truncation of the Taylor series expansiorRef. 12 and Table | in Sec. lIlIDAs we shall see, the nu-
for the WGC response kern@l. However, we will see that a merical instability of the Taylor series expansion for the
defect in the DM1 ansatz underlying the LR KEDFs is re-WGC kernel forces us to use a loose convergence criterion
sponsible for the quantitative errors. We further show that ifor CD, HD, and cbcc bulk phases. When the WT KEDF is
is possible to optimize the values gpfandp, so as to semi- used, the OF-DFT total energy convergence criterion can be
quantitatively reproduce KS-DFT equations of std#S  set to 0.001 meV/atom for all bulk structures.
for various bulk phases of Si within OF-DFT. This was not
possible before, when we employed the valueyadptimal
for nearly-free-electron-like metalsy&2.7). We also used
the WT KEDF® in OF-DFT for comparison purposes.

Ill. OF-DFT CALCULATIONS FOR CRYSTALLINE Si

B. The convergence problem due to the Taylor series
expansion

Tests were performed within OF-DFT on CD Si using
the KS-LDA/NLPS equilibrium lattice constant of 5.385 A.

We use the local density approximatidinDA) to elec- The total energy diverges during minimization, as illustrated
tron exchange and correlation, which is based on the quarby the solid curve in Fig. ). Similar behavior is also ob-
tum Monte Carlo results of Ceperley and Alder, as paramserved for the WGC portion of the kinetic energ'%;gg[p],
etrized by Perdew and Zung®&r.For bulk properties of from Eq.(23) (dotted curvé The inset demonstrates that at
crystals, it has been shown that the LDA is sufficient and thathe last three iteration steps, the total energy diverges cata-
improvement in predictive capability is not guaranteed bystrophically and the WGC portion of the kinetic energy
utilizing the GGA® The casTep codeé’ was used to run dominates all other energy components at the last step. Fig-
KS-LDA calculations, using either Troullier-Martins ure 1(b) displays the divergence of TF and vW kinetic ener-
NLPSg? or the recently developed BLPSgo0 calculate the gies at intermediate and late stages of the self-consistent
external potential energy. A kinetic energy cutoff of 760 eVloop. We see that once the WGC term diverges towards
was employed in KS-DFT calculations, resulting in conver-the TF and vW terms diverge towares= at the same time.
gence of the total energy to-0.004-0.014 eV/atom, Interestingly, if the Taylor series expansion of the WGC

A. Calculational details
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@ ®) of
& 5
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= = ok FIG. 2. The maximum absolute deviation of the total
Y | potential SE[ p]/ 8p from the chemical potentigk dur-
@ ,3' ing OF-DFT iterations using the WGC KEDF with
%. T s =2.7 from Ref. 7.(a) CD Si; (b) fcc Si.
— 06 E
1 | P | 1 1 or.
40 460 480 500 520 540 560

response kerndl [Eq. (35)] is only carried out to first order, be much better converged when 4.§<10.0 rather thary
the OF-DFT calculation fully converges. This indicates that=2.7, as discussed below. We also find that the convergence
the numerical divergence is mainly caused by the secondroperties are affected by the choice of reference depgity
order contribution of the truncated Taylor series expansion.
Though the third-order contribution might counteract thec The pehavior of the average FWV squared
second-order contribution, as mentioned before we cannot go _ ) _
to higher orders in the Taylor expansion due to the logarith- AS mentioned in Sec. Il A, in order for the DM1 under-
mic discontinuity in the first-order derivative of the Lindhard Ying the LR KEDFs to be physically meaningful, at least the
function. average FWV squareg should be semipositive definite ev-
To further track down the convergence problem, we ex-erywhere in space. It turns out that this is not guaranteed,
amined the behavior of the difference between the total poeven with the enforcement of the correct LR. Figure 4 dis-
tential and the Lagrange multipliefwhich becomes the plays the minimum of the average FWV squaré&th,, [Eq.
chemical potential after the total energy is minimiged (24)], for CD and fcc Si as the iterations proceed. The solid
{S8E[p]/8p(r)}—pu, which should converge to zertEq. lines are from{y=2.7p,=po} and the dashed lines are
(2)]. We evaluate this latter quantity on the whole grid andfrom the optimal parameter sésee the following section
take the value at the grid point that is the maximum in ab-\We see in Fig. @) that after iteration step 15@7,;, from
solute value at each iteration. Figur@pillustrates that for both parameter sets become negative for CD Si. Conse-
CD Si up iteration step 5504 SE[ p]/ Sp} — u|maxdecreased quently, the variational search enters an unphysical space, in
as expected. However, it then starts to increase instead @fhich there is no guarantee that a minimum of the total
decreasing towards zero. This abnormal behavior of the tota&nergy exists. This explains the divergence of the total en-
potential is very likely caused by the truncated Taylor expanergy to a very negative number in Figial However,¢? i
sion of the WGC potential at second order. By contrastfrom the optimal parameter set drifts to negative values in a
[ {SE[p]/8p(r)} — plmax for fcc Si decreased until it van- slower fashion. By contrast?y,, always stays positive for
ished[Fig. 2(b)], suggesting no divergence in the WGC po- fcc Si during OF-DFT iterations, because metallic phases of
tential for metallic phases. Si are still in the LR regime and therefore well behaved. In
We also investigated the real space distribution ofthis case, little difference betwegf,, from the two param-

{SE[p]/Sp} — n at two representative iteration steffSig.  eter sets can be seen.
3), along the diagonal direction ¢110) plane of CD Si. At

iteration step 500 (solid line; before divergenge

{SE[p]/ 8p} — p in the interstitial aref2.4 A<r<9.4 A] is e

— Iteration 500
--- Iteration 650

larger than in the Si—Si bond regid0.4 A<r<2.0 A].
One hundred and fifty steps latefafter divergencg 17
{S8E[p]/ 8p} — p in the interstitial area has decreased, while ]
in the Si—Si bond region it has divergédiashed ling This
indicates that it is in the Si—Si bond regions, whefe) is
much larger thamp, , that the abnormal divergence behavior
of the total potentia{ SE[ p]/ Sp} is very likely to occur. This
also explains the well-behaved convergence behavior of me-
tallic fcc Si, wherep(r) never deviates strongly from, ,
and hence the Taylor expansion there is well justified.

As noted before, the shape of the reciprocal space kernel o 2 i
W, especially its second-order derivatiig, is sensitive to r(A)
the choice ofy. The 'parametery certainly Inﬂuence? the FIG. 3. Deviation of the total potentidE[ p]/ 5p from chemical potentighk
convergence properties of the KEDF. Indeed, we find thafiong the diagonal of110) plane of CD Si in OF-DFT using the WGC
OF-DFT calculations using the WGC KEDF for CD Si can KEDF with y=2.7. Iteration step 50¢solid) and 650(dashedi are shown.

SE[pl/dp —p (eV)

o
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(a) ooy

FIG. 4. The minimum of the average Fermi wave vec-
tor squaredz?,,;, during OF-DFT iterations using the
WGC KEDF with{y=2.7p, = po} (solid line) and op-
timal parameter sgdashed ling (a) CD Si; (b) fcc Si.

008

D. Searching for the optimal ¥ and reference ized. This puts a heavy burden on the ability of the truncated
density p, Taylor series expansion for the WGC KEDF potential to con-

Despite the divergence problem, we explored parametef€'9€ well. If alternatives to a Taylor series expansion could
space to search for optimal values gfand p, , using as be found that retain linear scaling, these would be a superior
* 7

figures of merit the KS/BLPS EOSs of different bulk phasesapproach tc_> the evgluation of KEDFs for cova_llent materials.
of Si. Table | lists the optimal values found fgrandp, for ~ >Uch algorithms might allow the corresponding KEDF po-
various bulk phases of Si, as well as the best convergence wential to converge well even for large density fluctuations.
can achieve in each case within OF-DFT with a Si BLPS. We )

find the optimal choice ofy depends on whether the system IV. APPLICATION OF THE WGC KEDF TO Si USING

under study is a semiconductor or a metal, while the optimaPPTlMAL vAND p,

choice ofp, depends on the coordination number. The origi-  Here we report OF-DFT predictions of bulk properties
nal parameters suggested for alumin{ys=2.7 p, =po} are  for nine phases of Si using the BLPS and the WGC KEDF
not the best choice for any structures of Si. As reported irwith optimal values ofy andp, , i.e., y=3.6 for semicon-
Ref. 12, the largest errors from OF-DFT calculations lie inductors andy=2.2 for metals;p, = 1.05, for low coordi-

the EOSs of semiconducting phases, CD, and HD. Signifination number phases<(); andp, = p, for high coordina-
cant improvements to the EOSs are made using 3.6 insteaibn number phases<6). We compare these results to those
of 2.7 for vy, as will be shown in the following section. The obtained using our earligry=2.7p, = po} (Ref. 12 for the

use of y=2.2 is optimal for the metallic phases. The refer-WGC KEDF, as well as to those obtained from the WT
ence density, is usually chosen to be the average densityKEDF.28 KS/BLPS EOSs are used as benchmarks.

po-. Interestingly, better EOSs are obtained for structures of EOSs for CD and fcc Si within OF-DFT are compared to
low coordination number £6) from using p, =1.0%, those from KS-DFT in Fig. 5. It is evident from Fig(&) that
though the resulting variational density sometimes degradegie shape of EOS of CD Si using the optimal parameters in
slightly. Although the use of optimal parameter set cannoOF-DFT is much better than that obtained using the earlier
prevent the average FWY? from becoming negative for set optimized for A y=2.7p, = po}. Both manifest the su-
semiconducting phases, it does slow down this negative beseriority of the WGC KEDF to the WT KEDF, since both
havior[see Fig. 4a)]. Unfortunately, no universal values ex- EOSs have clear minimsee insets of Fig.(®)] unlike the

ist for v and p,. that are best for all structures. We suggestWT EOS. However, the EOSs from the WGC KEDF still
the use of the optimal parameters found here as reconeontain significant errors, even using the optimal parameters.
mended compromise parameters for future practical applica=igure §b) shows that both the WGC KEDF, using the origi-
tions, based on the results presented in the following sectiomal set{y=2.7p, =pg} and the optimal se{y=2.2p,

The OF-DFT calculations can be fully converged for all =py}, as well as the WT KEDF, generate much better EOSs
bulk structures but three: CD, HD, and cbcc. It is strikingfor fcc Si in OF-DFT. This is to be expected, since both
that these are the three structures with the lowest coordind&EDFs should perform well for metallic phases. The fcc Si
tion number(see Table)l The density distributions in these EOS resulting from the optimal parameter set is only slightly
structures are the least spherically symmetric and most locabetter than that from the original parameter set.

TABLE I. Optimal mixing parametety and reference density, for various bulk phases of Si. c.n., coordina-
tion number; c.c., convergence criterion.

CD HD chcc B tin bct5 sc hcp shce fcc
c.n. 4 4 4 6 5 6 12 8 12
y 3.6 3.6 2.2 2.2 2.2 2.2 2.2 2.2 2.2
0. 1po 1.05 1.05 1.05 1.05 1.05 1.05 1.0 1.0 1.0

c.c. (meV/atom 0.0625 0.5 0.0625 0.001 0.001 0.001 0.001  0.001 0.001
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@ T (b)wso .......

- CD N o fce o .

g 08 A FIG. 5. LDA total energieseV/atom

% -109.0 08 1 vs atomic volume (&) for CD (a) and

= -109.2 fcc (b) Si. Insets: the total energy is

A o4 shifted by the equilibrium atomic en-

) 1095 02 ergy and the atomic volume is scaled

5 WI.LDA 2% o0 -109.4 by dividing by the equilibrium atomic

Fs 08 08 10 12 volume. Here we compare KS/BLPS
(solid diamonds to OF/WGC KEDF
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dark squares to OF/WT KEDF
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In order to obtain static structural properties, the EOS  Use of the WGC KEDF with the original parameter set

data were fitted to Murnaghan’s equation of sthte {y=2.7p,=po} in OF-DFT leads to significant errors in
B/ property prediction compared to KS NLPS results. The larg-
_ BoV [ (Vo/V)™o est errors occur for CD Si, with errors in the equilibrium
Ewl(V) ; ; +1 | +const, (36) . ;
Bo | Bp—1 volume of~20%, in the bulk modulus of 70%, and in the

whereB, andB}, are the bulk modulus and its pressure de-€9uilibrium energy of~—0.1 eV/atom. The predicted OF
rivative at the equilibrium volum¥,, respectively. Table 1| €quilibrium volumes and bulk moduli for the other phases
compares the static structural properties obtained from KS&'€ considerably more accurate, with errst2% for the
LDA using both the NLPS and the BLPS to those from oF-former and<25% for the latter. However, the energy differ-
LDA using the BLPS and the WGC KEDF with either the Nces between phaseés,, are too high and the phase
original { y=2.7p, = po} or the optimal parameters. ordering is wrong.

As reported earliel? the BLPS results agree very well Significant improvements are seen in OF-DFT predic-
with those from the NLPS within KS-DFT. The relative error tions for each phase using the optimal parameters in the
in equilibrium volumeV, and bulk modulusB, are within ~WGC KEDF. The largest errorgelative to KS NLPS re-
1% and 7%, respectively. The energy gap between the senfults are still observed for CD Si, with errors in its equilib-
conducting and metallic phases-e0.15-0.45 eV/atom pre- rium volume of ~10% and its bulk modulus of-35%.
dicted using the NLPS is well reproduced by the BLPS. TheHowever, these errors are much smaller than those using
phase ordering from the BLPS is correct for almost all{y=2.7p,=pg}. The errors in the equilibrium volume and
phases except that the energy agb-tin phase is bulk modulus for other phases are within 5% and 23%, re-
~0.05 eV/atom too high. spectively. The energy differenceésE,;,, among the phases

TABLE II. KS (NLPS and BLP$and OF(BLPS) LDA predictions of Si bulk properties: equilibrium volunvg, bulk modulusB,, equilibrium total energy
for CD Si Enn, and equilibrium total energy relative to CD QE nin=Emin—ESa, for other bulk phases. In OF-DFT, the WGC KEDF with=2.7p,

= po} and optimal paramete(3able ) are used. The KS and OF results using the BLPS and the WGC KgBR (7 p, = py) Were published in Ref. 12 and
are reproduced here for ease of comparison.

CD HD chce B tin bcts sc hcp shcc fcc
KS NLPS
Vo (A3) 19.532 19.579 17.735 14.796 16.871 15.499 13.765 14.057 13.850
B, (GPa 92.5 89.2 90.8 114.7 98.2 105.0 89.0 96.6 86.7
(A)Epmin (eV/atom —108.059 0.014 0.137 0.228 0.246 0.293 0.435 0.446 0.461
KS BLPS
Vo (A3) 19.432 19.492 17.850 14.880 16.838 15.537 13.858 14.058 14.022
B, (GPa 95.5 91.5 90.0 106.5 97.5 103.0 83.0 88.6 87.8
(A)Epin (€V/atom —110.234 0.020 0.165 0.275 0.249 0.303 0.447 0.462 0.457
OF BLPS,y=2.7
Vo (A3) 23.966 18.788 17.802 14.638 16.963 15.749 13.689 13.938 13.738
By (GPa 25.8 92.6 93.2 120.7 88.6 107.7 111.6 107.2 101.6
(A)Epin (eV/atom —110.345 0.324 0.537 0.515 0.602 0.506 0.569 0.617 0.571
OF BLPS, optimaly,p,
Vo (A%) 21.585 19.676 18.372 15.098 17.695 16.156 13.713 13.965 13.763
By (GPa 60.9 76.7 87.9 104.4 77.8 95.5 109.6 105.4 99.8
(A)Epin (V/atom —110.220 0.288 0.267 0.361 0.307 0.308 0.443 0.490 0.444
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