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Abstract—When heterogeneous congestion control protocols and the sum of source rates(t) that traverse linkl. The
that react to different pricing signals share the same network, prices may represent loss probabilities, queueing delays, or

the resulting equilibrium may no longer be interpreted as a ntiti xolicitl lcul he links and f Kk
solution to the standard utility maximization problem. We prove quantities explicitly calculated by the s and fed back to

the existence of equilibrium in general multi-protocol networks thg sources. The f,un_Ct'o-'ﬁj models a TCP. algorithm that
under mild assumptions. For almost all networks, the equilibria @djusts the transmission ratg (¢) of source; based on its
are locally unique, and finite and odd in number. They cannot all current value and the sum of “effective pricesi (p;(t)) in

be |0ca”y stable unless it is globally Unique. Finally, we show that its path The effective priceﬁlg (pl (t)) are functions of the

if the price mapping functions that map link prices to effective . : . i
prices observed by the sources are similar, then global uniquenessIInk pricesp(t), and the functionsn; in general can depend

is guaranteed. on the links and sources. ,
When all algorithms use the same pricing signal, i€.,=
. INTRODUCTION m; are the same for all sourcgs the equilibrium properties

Congestion control protocols have been modeled as d?sf- (1)=(2) turn out to be very simple. Indeed, under mild

. . - L conditions ong; and f;, the equilibrium of (1)—(2) exists and
tributed algorithms for network utility maximization, e.g., [3],. ) o . e S
[7], [10], [15], [4], [6]. With the exception of a few limited 'S UNique [6]. This is proved by identifying the equilibrium of
: : . .. (1)—(2) with the unique solution of the utility maximization
analysis on very simple topologies [9], [5], [6], [1], existin roblem defined in 3] and its Laaranae dual problem [7
literature generally assumes that all sources are homogengﬁt?s € ctined [ ]_a s Lagrange dual problem [7].
ere, the equilibrium priceg; play the role of Lagrange mul-

in that, even though they may control their rates using differeH :

algorithms, they all adapt to the same type of congesti?ﬁ“ers’ one at each link. This utility maximization problem

signals, e.g., all react to loss probabilities, as in TCP Renous provides a simple and complete characterization of the

or all to queueing delay, as in TCP Vegas or FAST [2]. Whe%Qwhbnum of a single-protocol network and also leads to a

sources withheterogeneougprotocols that react to different relatively simple dynamic behavior.

. . . When heterogeneous algorithms that use different pricing
congestion signals share the same network, the current dualit o )
signals share the same network, i.ey; are different for

framework is no longer applicable. With more congestiog. ) N .
. . ; ifferent sourceg, the situation is much more complicated.
control protocols being proposed and ideas of using congestEn
t

signals other than packet losses, including explicit feedbac or instance, when TCP Reno and TCP Vegas or FAST share

S . o .
. . . . € same network, neither loss probability nor queueing delay
being developed in the networking community, we need caan serve as the Lagrange multiplier at the link, and (1)—(2)

mathematically rigor framework nderstand th havior : .
athematically rigorous framework to understand the behavig n no longer be interpreted as solving the standard network

of large-scale networks with heterogeneous protocols Tﬁa
9 9 P ) uFIity maximization problem. Basic questions, such as the

purpose of this paper is to propose such a framework andistence and uniqueness of equilibrium, its local and global

some of the theoretical pr_edlctlons in this paper have alrea?é(ébility, need to be re-examined. We focus in this paper on
been demonstrated experimentally in [14].

A conaestion control brotocol aenerally takes the form the existence and uniqueness of equilibrium. Due to page
9 P 9 y limitation, all proofs are omitted and they can be found in

[13].
D a|l D =t)m) @) Il. MODEL
J1eL) A. Notation
. j A network consists of a set of links, indexed byl =
i = £ 2t I (py(t 2 ’
i fi | @i )’le;(j)ml (pu(2)) 2) 1,...,L, with finite capacitiesc;. We often abuse notation

and useL to denote both the number of links and the set
Here, L(j) denotes the set of links used by sourgeand L = {1,...,L} of links. Each link has a price; as its
¢1(-) models a queue management algorithm that updates domgestion measure. There afedifferent protocols indexed
price p;(t) at link [, often implicitly, based on its current valueby superscriptj, and N’ sources using protocal, indexed



by (j,i) wherej = 1,...,J andi = 1,...,N7. The total max{z,0}. This implies that the source rate$uniquely solve
number of sources i& := >, N7.

The L x N7 routing matrix R/ for type j sources is defined max U (2) - 2q!
by R]. = 1 if source(j,4) uses linkl, and 0 otherwise. The . . . _
overall routing matrix is denoted by As we will see, under the assumptions in this paper,

AN /—1 .
(Uf) (qf) > 0 for all the pricesp that we consider, and
hence we can ignore the projectipfi™ and assume without
Even though different classes of sources react to differats of generality that

prices, e.g. Reno to packet loss probability and Vegas/FAST oy

to queueing delay, the prices are related. We model this o] (q{) _ (UJ') (qf) (4)
relationship through a price mapping function that maps a
common price (e.g. queue length) at a link to different pnc%
(e.g. loss probability and queueing delay) observed by dlfferen%
sources. Formally, every linkhas a pricey;. A type j source £(@) = (27 (¢’) ,j =1,...,J) to denote the vector-valued
reacts to the "effective pricein! (p;) in its path, wheren? is ~functions composed ij S'”Ceq = R"m(p), we often abuse
a price mapping function, which can depend on both ‘the liotation and writez? (p), 27 (p), z(p). Define the aggregate

:[Rl R2 RI}

usual, we user’ (¢7) = (x{ (qf) i= 1,...7NJ) and

and the protocol type. The exact form of depends on the Source rateg/(p) = (yi(p),l =1,..., L) atlinks [ as:
AQM algorithm used at the link; see [14] for links with RED. » i B
Let mi (p) = (m] (p). 1 = 1....L) andm(p) = (m/ (p1). j = v = Fap),  ylp) = Rep) 6)

1,...J). The aggregate prices for sourtgi) is defined as |y gquilibrium, the aggregate rate at each link is no more

ZRhmz ) A3) tha_m the Iin_k_ capacity, and they are equa! _if t_he IinI§ price is
strictly positive. Formally, we calp an equilibrium price a
, . network equilibrium or just anequilibriumif it satisfies (from
Let ¢/ = (¢/,i = 1,...,N') andq = (¢/,j = 1...,J) (3)-(5))
be vectors of aggregate prices. Theh= (R ) m?(p) and
q = RTm(p). ‘ P(y(p) —¢c) =0, yp)<c, p>0 (6)
Let 27 be a vector with the rate’ of source(j,i) as its

ith entry, andz be the vector ofii where P := diag(p;) is a diagonal matrix. The goal of this

paper is to study the existence and uniqueness properties
z = [ @), @), .. @) ]T of network equilibrium specified by (3)—(6). Lef be the

] ] equilibrium set:
Source(j,¢) has a utility functlonU]( ) that is strictly con-

cave |nc)reasmg inits ratd LetU = (U i=1,...,N7 j= E = {pe §Ri\ P(y(p) —c) =0, y(p) <c} (7)
1,...,J).

In general, ifz;, are defined, then denotes the (column) For future use, we now define an active constraint set and
vector z = (z, Vk). Other notations will be introduced laterthe Jacobian for links that are actively constrained. Fix an

when they are encountered. We C@Um, R, U) a network gqumbrlum pricep* € E. Let theactive constraint SEﬁ =
L(p*) C L (with respect top*) be the set of linkg at which

B. Network equilibrium p; > 0. Consider the reduced system that consists only of links
A network is in equilibrium, or the link pricep and in L, and denote all variables in the reduced system, by i,

source ratesr are in equilibrium, when each sourdg,i) etc. Then, since;(p) = ¢ for everyl € L, we havejj(p) = ¢.

maximizes its net benefit (utility minus bandwidth cost), antlet the Jacobian for the reduced systemftﬁﬁ) = 0y(p)/0p.

the demand for and supply of bandwidth at each bottlenetken

link are balanced. Formally, a network equilibrium is defined R  Ow NT O

as follows. Jp) = Y RSZ0) (RJ) " (p) )
Given any price®, we assume in this paper that the source j 4 op

ratesz? are uniquely determined by

where
o N—1, AT
d(d) = (@) (@)] » N
@) = (@) @) R .
N , N o O(x7)?
where (Uf) is the derivative ofU;, and (Uf) is its o o
inverse which exists sindg; is strictly concave. Heré:|+ = (;;3 = diag( ;Zl) (10)
1

10ne can also take the pripé used by one of the protocols, e.g. queuein . L . .
delay, as the common prige. In this case the corresponding price mappingand all the partial derivatives are evaluated at the generic point

function is the identity functionm{ (p1) = pi- P.



C. Current theory:J =1 A. Multiple equilibria: examples

In this subsection, we briefly review the current theory In a single-protocol network, if the routing matri® has
for the case where there is only one protocol, i.e.= 1, full row rank, then there is a unique active constraint Bet
and explain why it cannot be directly applied to the case @hd a unique equilibrium price associated with it. If? does
heterogeneous protocols. not have full row rank, then equilibrium pricesmay be non-

When all sources react to the same price, then the equpique but the equilibrium rates(p) are still unique since the
librium described by (3)—(6) is the unique solution of thatility functions are strictly concave.
following utility maximization problem defined in [3] and its In contrast, the active constraint set in a multi-protocol

Lagrange dual [7]: network can be non-unique even R has full row rank
(Example 2). Clearly, the equilibrium prices associated with
max ZUi(xi) (11) different active constraint sets are different. Moreover, there
o i can be multiple equilibrium prices associated with the same
subjectto Rz < ¢ (12)  active constraint set (Example 1).

where we have omitted the superscript= 1. The strict Example 1: unique active constraint set but uncountably
concavity of U; guarantees the existence and uniqueness ihny equilibria

the optimal solution of (11)—(12). The basic idea to relate |n this example, we assume all the sources use the same
the utility maximization problem (11)—(12) to the equilibriumytility function

equations (3)—(6) is to examine the dual of the utility max- o 1 9

imization problem, and interpret the effective prieg (p;) Ul(z]) = —= (1 —x{) (13)

as a Lagrange multiplier associated with each link capacity 2

constraint (see, e.g., [7], [10], [6]). As long as;(p;) > 0 Then the equilibrium rateg’ of type j sources are determined
and m;(0) = 0, one can replace,; in (6) by m;(p;). The by the equilibrium pricep as

resulting equation together with (3)—(5) provides the necessary dp) = 1— (R)Tmi(p)
and sufficient condition fog;(p) andm;(p;) to be primal and
dual optimal respectively. where 1 is a vector of appropriate dimension whose entries

This approach breaks down when there dre> 1 types are all 1s. We use linear price mapping functions:

of prices because there cannot be more than one Lagrange j -

o . o m’(p) = Kp
multiplier at each link. In general, an equilibrium no longer
maximizes aggregate utility, nor is it unique. However, ashere K’ are L x L diagonal matrices. Then the equilibrium
shown in Theorem 1, existence of equilibrium is still guarate vector of type sources can be expressed as
anteed .u.nder tht? follovymg ass.umptlons. . . P = 1- (RHTKIp
Al: Utility functions U; are strictly concave increasing, and

twice continuously differentiable in their domains. Pric&Vhen only links with strictly positive equilibrium prices are

mapping functionsn] are continuously differentiable in included in the model, we have

their domains and stnctly increasing wﬁhJ( ) =0.
A2: For anye > 0, there exists a number,,., such that if y(p) = Zijj(p) = ¢

P > Pmax TOr link [, then

2 (p) < e for all (j,4) with RS, =1 Substituting inz7 (p) yields
J J
Tr_l_ese are mild assumptions. Conca\(ity and mono_to_nicity of ZRj(Rj)Tij _ Zle_ c
utility functions are often assumed in network pricing for =

elastic traffic. Moreover, most TCP algorithms proposed or

deployed turn out to have strictly concave increasing utility/nich is a linear equation ip for given R, K7, andc. It has
functions; see e.g. [6]. The assumption mﬁ preserves the & unique solution if the determinant is nonzero, but has no or
relative order of prices and maps zero price to zero effectif@ltiple solutions if

price. Assumption A2 says that whepis high enough, then J

every source going through lirikhas a rate less thanminutes det Z RI(RHNTKY = 0

for presentation. j=1

Theorem 1. Suppose Al and A2 hold. There exists an equi-when J = 1, i.e., there is only one protocol, an@ has

librium price p* for any network(c,m, R, U). full row rank, det(R'(R")TK"') > 0 since bothR'(R')”

and K are positive definite. In this case, there is a unique

equilibrium price vector. When/ = 2, there are networks
Theorem 1 guarantees the existence of network equilibriumhose determinants are zero that have uncountably many

We now study its uniqueness properties. equilibria. See [12] for an example whefe does not have

Ill. REGULAR NETWORKS



full row rank. We provide here an example with= 3 where Flows (1,1) and(1,2) have identical utility function/! and
R still has full row rank. source rater!, and flow (2, 1) has a utility functionU?> and
The network is shown in Figure 1 with three unit-capacitgource rate:?.
links, ¢; = 1. There are three different protocols with the Links 1 and 3 both have capacityy and price mapping
) ) functionsmi(p) = p andm?(p) for protocols 1 and 2 respec-

@ @ &\)_(3/ tively. Link 2 has capacityc; and price mapping functions
m3(p) = p andm3(p).
In [14], we prove that when assumption Al holds, the
m network shown in Figure 2 has at least two equilibria provided:

e 1) a1 <2 <215 4 4
2) for j = 1,2, (U?)(2?) — 77, possiblyoco, if and only
Fig. 1. Example 1: uncountably many equilibria. 3) :‘]:)rxz ;1(?'2’ m%(pz) . ﬁ2 asp, — ﬁl, and Satisfy
corresponding routing matrices 2m2 (U (c3 — 1)) < (U?)(2¢1 — ¢3)
Rl—1 R [ Lo r’ B = (111)7 < m3((U") (e2 ~ 1))

B. Regular networks

The linear mapping functions are given by Examples 1 and 2 show that global uniqueness is generally

K'=1, K?=diag5,1,5), K?*=diag1,3,1) not guaranteed in a multi-protocol network. We now show,
however, that local uniqueness is basically a generic property

It is easy to calculate that of the equilibrium set. We present our main results on the

3 7 4 1 structure of the equilibrium set here, providing conditions for
ZRi(Ri)TKi = 6 6 6 the equilibrium points to be locally unique, finite and odd in
i=1 1 4 7 number, and globally unique.

Consider an equilibrium price* € E. Recall the active

hich h i . Using the utility functi fi i .
which has determinant 0. Using the utility function defined monstraint setl. defined byp*. The equilibrium pricej* for

(13), we can check that the following are equilibrium price

for all € € [0, 1/24]: the links in L is a solution of
pl=pl=1/8+¢ ph=1/4—2¢ g(p) = ¢ (14)
The corresponding rates are By the invers_e_ fu_nction_ theprem, the _solu'_[ion of (14)_, and
. ) ) hence the equilibrium pricg®, is locally uniqueif the Jacobian
T =23=T/8—€ x3=3/4+2 matrix J (p*) = 97/0p is nonsingular ap*. We call a network
1} =23 =1/8 -3¢ % =de (e,m, R,U) regular if all its equilibrium prices are locally

unique.

All capacity constraints are tight with these rates. Since there.l.he next result shows that almost all networks are regular
is an one-link flow at every link, the active constraint sgiY '

. . d tai link. Yet th ¢ nd that regular networks have finitely many equilibrium
IS unique and contains every fink. Yet there are uncountablices This justifies restricting our attention to regular net-
many equilibria.

works.

Example 2: multiple active constraint sets each with a Thegrem 2. Suppose assumptions Al and A2 hold. Given any

unique equilibrium _ o _ price mapping functionsn, any routing matrixk and utility
Consider the symmetric network in Figure 2 with 3 flowsg, tionst/

There are two protocols in the network with the following 1) the set of link capacities for which not all equilibrium
. . prices are locally unique has Lebesgue measure zero in

X X 7
\+><9_/ Ry

2) the number of equilibria for a regular network
(c,m, R,U) is finite.

X For the rest of this subsection, we narrow our attention to

networks that satisfy an additional assumption:
A3: Every link [ has a single-link flow (j,7) with

Fig. 2. Example 2: two active constraint sets.

AN/
routing matrices (Uf) (¢;) > 0.
1 0 Assumption A3 says that when the price of libks small
Rt=|1 1], R=(@1,117 enough, the aggregate rate through it will exceed its capacity.
0 1 This ensures that the active constraint set contains all links



and facilitates the application of Poincare-Hopf theorem lmenote the identity permutation. Therl = o. See [8] for
avoiding equilibrium on the boundary (somg= 0). 2 more details. Finally, denotém] /dp, by .
Since all the equilibria of a regular network have nonsing

lar Jacobian matrices, we can define thdex I(p) of p ¢ E UI'heorem 6. Suppose assumptions A1-A3 hold. If, for any

as vector j € {1,...,J}¢ and any permutationsr, k,n in
. {1,...,L}*,
) = {1 ). L e
[[AF + @ > [[wl79"  @s)
Then, we have 1=1 I=1 =1

Theorem 3. Suppose assumptions A1-A3 hold. Given ajen the equilibrium of a regular network is globally unique.

regular network, we have IV. CONCLUSION

Z I(p) = (-1)F When sources sharing the same network react to different
pEE pricing signals, the current duality model no longer explains
where L is the number of links. the equilibrium of bandwidth allocation. We have introduced

) ) ) a mathematical formulation of network equilibrium for multi-
We give two important consequences of this theorem.  protocol networks and studied several fundamental properties,

Corollary 4. Suppose assumptions A1-A3 hold. A regulaﬁUCh as existence, local uniqueness, number of equilibria, and
network has an odd number of equilibria. global unigueness. We prove that equilibria exist, and are

almost always locally unique. The number of equilibria is
Notice that Corollary 4 implies the existence of equilibriumamost always finite and must be odd. Finally the equilibrium
Although we have this via theorem 1 in a more general setting, globally unique if the price mapping functions are similar.
this simple corollary shows the power of Theorem 3.
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