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Abstract— The paper considers a TCP/IP-style network A complementary line of research @ongestion con-
with flow control at end-systems based on congestion tro| has used optimization tools to control demand into

feedback, and routing decisions at network nodes on a e petwork. The basic such problem, proposed by Kelly
per-destination basis. The only generalization with respect ol is th imizati f
to standard IP is that routers split their traffic, for each [9], is the maximization o
destination, among their outgoing links. k

We pose two optimization problems, that generalize ZU’f(x ) @)
and combine those used in the congestion control and k

traffic engineering literature. In contrast to other work \\hares is the input rate of a traffic source, abig(-) an

in multipath congestion control, we use variables that are . - . . .
availablg at eac% node (source or router). We prove that associated utility function. For single-path routing, there

decentralized algorithms built by combining primal or dual  has been substantial progress in finding decentralized
congestion control with adaptation of router splits, converge algorithms at sources and links to solve this problem,
globally to optimal points. Some comments on practical and relating these algorithms to current TCP congestion

implications of these results are given. control (see [9], [12], [18], [13]).
Compared to this extensive research on either the
. INTRODUCTION supply or the demand sides of the problem, their com-

The use of optimization and economic ideas in nep_ination (adapting both routing and source traffic) has

work resource allocation has a long history, going ba en less studied. If single-path routing is imposed

to the study of transportation networks [21]. A classic4tS N standard IP, it complicates the optimization of
problem is to minimize a cost of the form (2) through non-convexity [20]. However if we allow
multiple routes, the problem is well-behaved, as was

> i) (1)  already noted in [9]. Here, and in [8], [19], [11], the
! proposal is to use as adaptation variables the components
where{y; } represent flows in links of a network, subjectf rate for each pathfrom source to destination. This
to external traffic demands and flow conservation comgives convergent decentralized algorithms, but appears
straints at network nodes, anrfl(-) is a cost function, to be an impractical proposition in a large network.
often taken to represent delay. A question that has be&ohieving optimality would require sources to separately
extensively studied (see [15] and references therein) amentrol rate on an exponential number of end-to-end
the equilibria that result from selfish routing decisionpaths, based on all combinations of routing choices along
by traffic agents, and their inefficiencies in regard to thiae way. This is not scalable, and constraining the set of
above social cost. paths will reduce utility. Also, propagating this control
In IP networks, where routing decisions are mad@side the network requires source routing, a significant
by routers, this type of optimization has been appliedeparture from current Internet practice.
to problems oftraffic engineering[6], [17], where a In this paper we propose to use only adaptation
network operator seeks routes to serve a “traffic matrixfariables with local meaning: source rates, link conges-
of demand. This is often done offline and subsequentlipn prices, and the traffic split at each router among
implemented by some means (creation of MPLS tunnets outgoing links for each destination. This combines
or selection of weights in IP routing). In [5], an adaptivecongestion control with the adaptive routing of [7]. We
method based on optimization is proposed, running aill present natural optimization problems, and study
the access points to an MPLS network, for a real-timgow they can be solved in a decentralized way by primal
optimization of (1). Most relevant to this paper is thend dual congestion control algorithms combined with a
work of Gallager [7], continued in [2], where networksuitably chosen adaptation of traffic splits.
nodes perform an adaptive minimization of delay by Other related work we recently became aware of is
controlling the split of traffic through outgoing links. the upcoming paper [4], that formulates a very similar
_ - , optimization problem for wireless scheduling. Given the
Email: paganini@ort.edu.uy. The author is on leave from the Unli;. . . . . . .
versity of California, Los Angeles. Research supported in part by tt@ﬁerences in their dynamic solution and implementation
David and Lucille Packard Foundation context, we do not know at present how both compare.



[I. PROBLEM FORMULATION The above convex program combines the utility max-

We consider a network made up of a set of nodd@ization of (2) with the cost minimization of (1). As
N, and a set of directed link€ between them. Nodes,SUCh’ it combines the congestion control formulation
denoted by the indices and j, can be sources or With tools used in traffic engineering. In economic terms,
destinations of packets, or intermediate router nodes. \it¢ quantitys defined in (7) is theggregate surplusee
describe the links either by a single indexor by the ©€-9- [14]), and a natural object of optimization; see also
directed pair(i, j) of nodes they connect. [16] for a similar object in a transportation context. To

The network supports various flows between sourcB® meaningful, utility and cost must be expressed in the
destination pairs of nodes. We use the index X to Same units of “money” (a congestion currency relevant
denote an individual flow or “commodity”, and(k), 10 all entities in the network). We will assume the cost
d(k) denote respectively the corresponding source afignctions grow fast enough for largg so that surplus
destination nodes. While these are unique for gaakie 1S upper bounded, and Problem 2 has a finite optimum.
allow the traffic to follow multiple paths between source BY appropriate redefinition of the variables, the above
and destination. This is modeled through the followingroblems can be shown to be equivalent to those con-
variables for eachk: «*, external flow in packets per5|dered in [9], [11], in terms of rates per route or path.
second entering the network at the sour@{é; flow As argued before, we prefer to use variables which are

through link; =¥, total flow coming into node. fewer and directly accessible to either sources or routers.
At the source node, we have In the Appendix, the solutions to these problems are
. . characterized through Lagrangian duality.
l‘s(k) =T,
which assumes no commodikytraffic loops back to the Ill. D ECENTRALIZED IMPLEMENTATION
source. We also write the flow balance equations The challenge is to find decentralized solutions to
& & ) these problems that can be embedded in network sources
Ti = Z Yig, 7 s(k), 4 and routers. To respect as much as possible the informa-
Gel tion constraints of the Internet, we will work with:
wf = Yy, i dk). (5) .« IP-like routers, which make routing decisions based
(i.5)€L on packet destination only. The main generalization
The total flow on linki is given by we allow here is the use of multiple outgoing links
with control over the traffic split.
Y= Z yr- (6) o TCP-like sources that control transmitted rate based
k

on a simple congestion feedback signal.
Following [9], we will associate with each commodity
k an increasing, concave utility functiofi,(z*) that A  Control variables

specifies the traffic’s demand for rate. We formulate _. , . i
. : “ First, following [7] we introduce at each nodédraffic
the following multipath counterpart of the “system

problem” in [9]. split variables for each destinatieh satisfying

al, >0, > oad =1
Problem 1 (SYSTEM)Maximize > Uk(2h), (el

subject to link capacity constraintg < ¢;, and flow . . .

X We will constrain our system dynamics b
balance constraints (3),(4),(5),(6). w ! l:k y Y ! y
yby = agak, (i) € £ (®)

The solution of this convex program gives the max- (k) ) ] ) ]
imum achievable utility over all sources if traffic isin words,«; ; controls the fraction of incoming traffic

allowed to follow multiple routes between source an8f commodityk that nodei sends through link = (i, j).

destination. An alternative would be to follow the splits only on a
A second problem, also considered in the singlder-destination basis, i.e. to impose
route case, can be formulated replacing capacity ko o 2k i .
’ i — % i 7)€ L 9
constraints with by barrier functions;(y;) that specify d(kz);dy” " d(%;d ’ (8,9) ©

the congestion cost at the link. We assumigy;) ) o ) )
is increasing and convex im,. The barrier function 1hiS weaker restriction may be advantageous in practice,

problem is specified as follows. allowing nodes to route each flow as much as pqssiple
through a single route, as long as totals per destination
Problem 2 (BARRIER)Maximize are adequately gplit. While we will use (8) for simplicity
. in the presentation, the theory in this paper extends to
Si=>Y Ui(a®) =Y éi(w) (7)  flows satisfying (9); in particular, both alternatives lead
k ! to optimal allocations.
subject to flow balance constraints (3),(4),(5),(6). Next, we define a congestion measurepdce p; for

each link! € £; we assumey;, depends only the total



traffic y;; there is no “service differentiation” between Lemma 3:For each commodity:,
commodities. ok k ok k - d(k) d(k)
A TCP-like source should not have to manage conges-* ¢ = Z b — Z zidy iy +a; ] (13)

tion information in different routes inside the network; leL (7)€L
rather, it should receive a simple signal that reflects thez*¢* = Zyzkﬁz + Z xfo’zz(jk)[pi,j + q;.i(k)] (14)
entire congestion state of all paths available to it. For leL (i,5)€L
this purpose, first define the node pricgs i € N, (15)

representing the average price of sending packets fromcorollary 4:
nodes to destinationd, using the current routing patterns.

Node prices are thus chosen to satisfy Ziﬁqu = Zyzpz - Z Z w?dﬁg’“)[pi,j + Qj(k)]
4 k lec k (i,5)eL
qq =0, (16)
gl = > eyl iFd (10 Y gkgh = STy kg, 4 gd®)
i Z i, 5 q Yyipi + Z Z Z; az,] [p’hJ + q] ]
(i.j)eL k les k (ij)eL
Given link pricesp; ;, it follows through similar ar- (17)

guments as those in [7] that the above equations have
unique solutions for¢, provided that the split ratios? C. Route adaptation

have a path from every node to the destination. We now discuss how to update? . If the various
'_I'o determine theg;i_ in a decentralized network '€ prices that contribute to the averagj]e node pri¢eare
quires some communication across the nodes, and Sofifarent, it is intuitive that the router should transfer
time for prices to propagate. We do not model thigagic 1o cheaper routes: rather than shift traffic to
process; further comments are given in Section V. he cheapest path, which causes oscillations (see [20]),
At the source node of commodity, the node price \ e gradually update the¢ ; in this direction, as in [7].

summarizes the congestion cost of the network. Wesecifically, for each destinatiahand nodei the vector

denote it by ) (over j) of derivatives{a¢,} should satisfy:
=y - i, :
*) « The vector{c'u;{j} is a function of the vectors of
B. Basic relationships current ratios{a ;} and the pricegp; ; + ¢/}
The following basic lemma relates the price and flow * {c{,;} is negatively correlated with the route prices,
variables defined so far. and maintains node balance:
Lemma 1:For each commodity:, .
¥ S ol iy +af) <0 (18)
abqt = Zylkpl (11) (ig)eL
) leL , " Z al =0 (19)
Proof: We write the sequence of identities i b3
1,J)€
k_d(k) _ k dk) d(k)
Z Tidi = > on Z aij (Pig+d;) . Equality in (18) occurs only if a¢,} = 0, and this
N e R G . happens only if for eacki, j) € £ we have
k
= F(pig + 4 .
<i§cy (P +457) either ¢ = pi; + qf,
d d d
. d(k or aj . =0andg < p;;+q5. 20
Sebn 34 Sy s=omddd <py o @0
lec FEN\s(k) (i,4)€L In other words, split ratios per node only settle when
_ Zyk + Z (k) .k prices of routes that carry traffic have equalized
L G (and thus are equal to the node price) and the
lec JEN\s(k) aq p

_ _ remaining unused routes have higher price.
The third step above follows by grouping terms by the

. . We will not pick a specific route adaptation law; there
end-nodes of the links. Now cancelling node terms, onl . )
ek . , IS more than one choice that satisfy the above, all based
the source termx”¢* remains on the left-hand side.

m On transferring traffic from more expensive to cheaper

. N routes. See [7], [2] for some proposals in a discrete-time
If we now aggregate the various commodities, we cagpiting. Those papers also included a set of additional

use (11) and (6) to obtain the following corollary. rules destined to keep the routing “loop free” at all times;
Corollary 2: we will not address this issue in this paper.
Z‘”qu _ Zyzpz (12) An important property of the above dynamics is that

k =y if link prices settle, so will split ratios and node prices.
We now state dynamic relationships for the case whé&kle omit the proof.
our variables (rates, y, pricesp, ¢, and split ratiosy) Proposition 5: Supposep; ; are constant. Under the
vary in time; these hold regardless of the chosen contrabove assumptions fak, and ¢ specified by (10), the
laws, to be defined later. The proof is omitted for brevitywariablesa: and ¢ asymptotically reach equilibrium.



IV. GLOBAL CONVERGENCE OF CONGESTION that a system trajectory could satisfy = 0 for an
CONTROL WITH ROUTE ADAPTATION interval of time, and come out of this state later when

We now combine the route adaptation defined abo/&€ evolving node prices provide a cheaper, currently

with two choices of congestion control algorithms studdnused route. However, for a trajectory moving entirely
ied in the literature. We use the notation within the setS = 0, as stipulated in the Lasalle

. principle, link rates and prices must remain fixed forever.
[w]} = {8]’ i ;ﬁ - O orz>0; Invoking Proposition 5, node prices and split ratios

otherwise. converge asymptotically to an equilibrium satisfying the
conditions in (20). Therefore, the only invariant points
A. Primal algorithm inside {S = 0} are those that satisfy both (26) and (20).

Consider the scenario in which source rates are upe will show in the Appendix that a point satisfying
dated by theprimal equations [9], these conditions is an optimum of Problem 2.

#* = k(") [Uf (") — 4" (21)
wherex(z*) > 0, and link prices follow the static law B. Dual algorithm

o= Bh(w), (22) We now consider the “dual” congestion control algo-
rithm first proposed in [12], where link prices follow
i.e. the price is the marginal cost of the link.

The state variables of the system are here the source P =ly — cl];’l. (28)
rates and node split ratios. We study the asymptotic _ )
behavior of the system. Based on the received prigé, the sources choose a rate

Theorem 6:Under (21-22), and our assumptions oﬁ: - fk(qk) that instantaneously maximizés, (z*) —
the adaptation ofy, the system converges globally to & " i-€. the chosen rate satisfies (26).

solution of Problem 2. For the case of single routes per flow, the above
Proof: We take the derivative of the surplus alonds & gradient algorithm for the Lagrangian dual of
system trajectories, the system problem, so rates converge globally to the
. optimum, while prices converge to the corresponding
S=> " Ui")i* = éj(u) (23) Lagrange multipliers. It will be convenient to state a
k ! slight generalization of this: a system problem in which

=Y [0 = ¢")i* + Y kit =D i (24)  we allow multiple paths but the split ratios are fixed.
k k l

:Z"E(fk)[U/c(xk) — UL (™) — ¢ Problem 3 (SY&): Given a set of split ratiosy;{j,
% * maximize ), Ux(x*), subject toy; < ¢;, flow balance
B Z Z Ifd;{(jk)(pi,j + q;.i(k)), (25) constraints (3),(4),(6), and splitting constraints (8).
k (i,j)eL This is also a convex problem, let us denote the max-

where we have invoked (21) and (16). Both of the aboJB1UM Py ¥(a). Problem 1 corresponds to computing

sums are non-negative, using (18); so we conclude tHafXe ¥(a), which is not necessarily convex over

$ >0, the surplus increases along trajectories. Focusing on Prob!em 3, wrllte the Lagrangian with
Invoking the Lasalle invariance principle [10], the"®SPect to the capacity constraints,

state trajectories will converge to an invariant set inside b

{(z,a) : S = 0}. Consider a trajectory satisfying = 0. Liespyw) = 3 Uk(a®) + 3 piler = ) (29)

The first term in (25) implies that for each commodity F l

=) U(a*) = ¢* "]+ > mer (30)
Uy (%) = ¢*,or zF = 0 and U} (2*) < ¢". (26) zk: zl:

In particular,z* = 0 so the external rate is constantHere we have invoked Lemma 1. We now maximize over
Also, from (25) and the conditions (20), for each fléw « for fixed «, p, defining
and nodei # d(k), we have at any given time
W(a,p) := max L(a, p, x). (31)
either 2% =0, @
or df(jk) =0Y(i,§) € L; 27) Note frpm (30) thqt the maximization over is un-
’ constrained, the priceg® reflect all the flow balance
i.e, either the node does not carry traffic of the givesonstraints for fixed split ratios. By duality, we have
commodity, or the split ratios at that node are constant.
This means that whileS = 0, all link flows are U(a) = min W(a,p) = minmax L(a, p,z).  (32)
constant and thus so are link pricgs;. Split ratios ? P
can continue to evolve at nodes that carry no destinationProposition 7: For fixed «, the dual algorithm solves
traffic, and so will node priceg. It is indeed possible Problem 3.



Proof: We compute the derivative otV («,p) over V. PRACTICAL IMPLEMENTATION ISSUES

trajectories of the dual; since is instantaneously max- e give a few comments on the applicability of this
imizing in (31), the Envelope Theorem (see [14]) givegheory for resource allocation in a TCP/IP-like network.
. 0L, ek ) A first point is the formation of node prices from
W= ot~ —Zq "+ Zplcl' link prices, based on equation (10). If they are to be
determinedexplicitly by nodes that only interact with
We now invoke (17) witha{'; = 0, and obtain their neighbors, this requires an iteration. Here, each
- . . + node periodically updateg? to the right-hand side of
W= ;pl( uta) = ;Myl cilp (91 =) < 0. (10), based on announcements from downstream links,
Thus W (a, p), decreases over trajectories to a poir@nd announces its new price to upstream neighbors. This
where every link satisfies extends routing announcements in IP to carry price infor-
mation. Under the assumption of continued connectivity,
it can be shown that this recursion converges.
This means link prices, together with the corresponding Now, we have not modeled the dynamics of this price
rates, are at a saddle point of (32); from duality, theropagation, and assumed it to be instantaneous, which
equilibrium rates solve Problem 3. means the other variables (source rates, link prices, split
B ratios) evolve at a slower time-scale. Regarding sources,

Key to the above argument was the assumption tHhd0€S not appear practical to assume a TCP-like con-
a remains constant; what happens now if the Sp|gest|on control evolves more slowly than IP routing
ratios are updated as specified in Section 11I-C? Throu?wdates; the theory would thus only be applicable under

the additional term in (17), plus the assumption (18 he interpretation that utility functions represent the
we find this contributes aositive term to I, so its ong-term demand of aggregates of sources, rather than

dynamic behavior over time is inconclusive. This majfdividual TCP flows. This issue was already brought up
appear disappointing, but it must be the case: a sensiBld /] where demands are considered slowly varying.
adaptation of the split ratios tries maximize¥(a), o~ Nevertheless, there is the possibility of forming the
solve Problem 1. Its contribution to the Lagrangian i§0Urce priceimplicitly through ECN packet marking,
therefore in the increasing direction. as is .often considered in congestlon control. Suppqse,
Consequently, if we adapt routes at the same timf@r this purpose, that each link marks packets with
scale as prices, the analysis of the Lagrangian doobability p;, anq_ these pr_obab|I|t|es are small. Denote
not allow us to predict the overall behavior. If, instead?y ‘75;1 the probability that it is marked on route froito
we assume route adaptation is much slower so that theSince the traffic at the node is split with ratiog ;,
optimization overp can be seen as instantaneous, tH@ first order we will have the recursion
system converges to the desired solution. Gl = Z agl,j [pij + g;l], i#d. (34)
(i,4)eL
. ; exactly the same as (10). Therefore, ECN marking
?r?egfzs)é;(;g T)Sosiﬁr\?aﬁj”ecse.sljlggz;[?r:zst ;?;(SéEszi‘gfig?léé]}'omaticalIy finds the corregt node pripgs, and sources
' will see (to first order) a marking probability that reflects

g(o‘gl con;-/erges to its global maximum, the solution s price ¢*, analogously to standard congestion control.
robiem L. This avoids the explicit generation of node prices to

Proof: We compute the derivativé@ over trajectories control the sources, but node price$ will still be

§atisfying (18'19)'. \(vhgre for the currem(t). prices needed for route aéiaptation. In the absence of ECN
mstantaneou;ly. minimiz&V (a, p) , anq rates Instanta- oo yhack from destinations to routers (which seems im-
neously maximizeL(a, p, ) for the given split ratios iiactical, see [3] for a related proposal with probing for

k l

Yy =c, Ory <c¢ andpl =0. (33)

Theorem 8:For each set of split ratias, define¥ («)

:;mkd p(;lce_s. tThe Ifjr_\velgpe Thtehorean |mpI|e_s th?t er ¢ lay), we must default back to IP-style routing updates.
ake erl\éa |vtes. Irec yggn g Sgranglﬁn or fixe ortunately, since the time-scale of route adaptation can
prices and rates; using (30) and (17), we have be slower, we can allow enough time for the convergence

U= ok of the node pricing iteration.
& The overall dynamic picture would then look like this:
=— Z Z x?d?,(jk) pij + q;l(k)] > 0. « A fast time-scale for congestion control, that adapts

source rates and link prices for fixed split ratios.
Here ECN marking can provide the feedback signal.
In essence, this solves Problem 3, or for the primal
case a barrier problem with fixed split ratios.

An intermediate time-scale for propagating conges-

k (ij)eL

Again invoking Lasalle’s principle, trajectories con-
verge to an invariant set of states insifte: ¥ = 0}.

A similar reasoning as in Theorem 6 allows us to
conclude that asymptotically we reach a point where (20) * . ; .
holds, in addition to (26) and (33). The methods of the  1° Prices to nodes, based on IP-routing updates.

Appendix implv such points are optima for Problem 1. A slow, traffic engineering time-scale for adaptation
PP Py P P “E of split ratios based on the stabilized node prices.



VI. CONCLUSIONS ANDFUTURE WORK

OLBARR

We have proposed optimization problems that max- gzF Uj(x*) = Xy = 0, (or <0 anda* = 0)
imize aggregate utility or surplus of a network under (37)
multipath routing. We have shown how a combination, , parr
of a dynamic adaptation of split ratios at nodes, togetheW = —¢;(y) + )\f — )\f =0, (or<o, yf] = 0),
with primal or dual congestion control laws at sources “%i.j
and links, converge to the global optima, under certain j#d(k);  (38)
time-scale assumptions. From a practical perspectivg;,BARR , X .
the main advantage is that each entity (source, routef)g, & — —¢1(y) + A7 =0, (or <0 andy;; =0),
controls variables which are locally meaningful; the ~"’ .

j =d(k). (39)

required feedback information can be implemented with

the same philosophy of current protocols, an issue to beNow refer back to Section IV-A; we showed that the

further studied in the future.

system converges to a point where (26) and (20) are

As mentioned in the introduction, recent work [4satisfied. Defining\F = ¢/*), (26) implies (37). Also,
in the context of wireless scheduling has posed aacalling thatp, = ¢, (20) implies (38-39). Therefore
optimization problem similar to our Problem 1, but withwe are asymptotically at an optimum of Problem 2.

various differences. A detailed comparison is open for
future research, as well as the possible impact of our
formulation in the wireless ad-hoc context. (1]

Another interesting question is what happens whefy
network routers, rather than seek social welfare, attempt
to maximize some profit; these issues were studied i[},]
[1] for simple networks using path variables; we intend
to pursue them under the framework of this paper.

(4]
(5]
(6]
(7]

APPENDIX. GLOBAL OPTIMA

A characterization of optimal points via Lagrangian
duality implies that each of our algorithms (dual for
Problem 1, primal for Problem 2) asymptotically reach
optimality. For reasons of space, we cover only Problenf
2, rewriting it as follows:

[9]

Maximize S(z,y) = Z Uk(2*) — Z¢z Zyzk
k 1 k (35)

(10]
(11]

in the variablesr = {«Tk}kelo andy = {ylk}ke)c,zec,
subject to the constraints for eveky andi # d(k):

gi(@y) = > b, —ab =0, i=sk),
(i)eL

gf(xay) = Z yf,jf Z y;’iizoa Z#S(k)’

(i,5)eL (G)eL

(12]

(23]
(14]
(15]

(36) 116l

[17]
We characterize the optimum using the dual

min max LEARE (2 4 X), where

X z,y>0 (18]

[19]
LBARR (g, y, \) = S(,y) + Y > Mgl(a,y).
k itd(k) (20]

The variables\, z,y are at a saddle point of the dual if[21]
they satisfy (36) and for each we have:
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