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Paradoxes of Traffic Engineering with Partially
Optimal Routing

Daron Acemoglu, Ramesh Johari, Asuman Ozdaglar

Abstract— Most large-scale communication networks, such as
the Internet, consist of interconnected administrative domains.
While source (or selfish) routing, where transmission follows the
least cost path for each source, may be reasonable across do-
mains, within a subnetwork controlled by a single administrative
domain, service providers often depart from selfish routing to
improve operating performance. This observation suggests that
the study of large-scale communication networks requires an
analysis ofpartially optimal routing, where optimal routing within
subnetworks is overlaid with selfish routing across domains.
Such partially-optimal routing leads to a number of paradoxes,
however. First, optimal routing within a subnetwork does not
necessarily improve the performance of the overall network. In
particular, we show that when partially optimal routing leads
to worse overall network performance, it is because Braess’
paradox can occur in the network. Second, in the absence of
prices per unit of transmission, lower-layer traffic engineering
within an administrative domain may prefer selfish routing to
optimal routing because optimal routing typically increases the
amount of flow into the subnetwork, thus increasing the delay
costs.

I. I NTRODUCTION

Over the last decade, the Internet has undergone a dramatic
transformation. Since the passage of the Telecommunications
Act in 1996, ownership of the Internet has become increas-
ingly decentralized. Today, thousands of network providers
cooperate and compete to provide end-to-end network service
to billions of users worldwide. There is an obvious tension
that arises as a result; while individual network providersare
led to optimize their own objectives, end users care about the
performance observed across the entire network. The current
Internet’s architecture provides no guarantees that provider
incentives will be aligned with end user objectives.

The emergence ofoverlay routingover the past five years
has further highlighted the potentially conflicting objectives
of the service provider and the end user. In overlay routing,
end user software (such as peer-to-peer file-sharing software)
makes route selection decisions on the basis of the best
end-to-end performance available at any given time, but, at
the same time, administrative domains control the routing of
traffic within their own networks. They will typically wish to
optimize performance in their network and may also react to
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the global routing decisions of overlay networks by changing
the engineering of traffic patterns (e.g., [1]).

These considerations make it clear that the study of rout-
ing patterns and performance in large-scale communication
networks requires an analysis ofpartially optimal routing,
where end-to-end route selection is selfish (i.e., respondsto
aggregate route latency), but network providers redirect traffic
within their own networks to achieve minimum intradomain
total latency.

In this and a companion paper [2], we develop a model
of partially optimal routing and investigate its implications
for routing patterns and network performance. While recent
research (e.g., [3], [4], [5]) has studied the interactionsof
overlay routing and traffic engineering, it has neither provided
a model of partially optimal routing nor addressed the central
question of whether partially optimal routing improves overall
network performance.

We investigate these questions using a stylized model of
traffic routing. All links in the network are characterized by a
latency functiondescribing the congestion level (e.g., delay)
on the link as a function of the total flow passing through the
link (e.g., [6]). Each source-destination pair in the network has
a fixed amount of flow, and the standard assumption, captured
in the notion ofWardrop equilibrium, is that each user chooses
the minimum delay route among all the available routes. As
is well known, because of the selfish routing behavior of
users and the congestion externality thus created, the Wardrop
equilibrium falls short of the optimal average latency of the
network (e.g., [7], [8], [9]). We enrich this basic routing model
by including service providers.

In our model, subsets of the links in the network are
independently owned and operated by providers. To reflect the
practice of traffic engineering by Internet service providers,
we assume that each provider routes traffic within its sub-
network to minimize the average latency of that subnetwork.
Source-destination pairs sending traffic across subnetworks
perceive only theeffective latencyresulting from the traffic
engineering (optimal routing) of the service provider. The
resulting equilibrium, which we call apartially optimal routing
(POR) equilibrium, is a Wardrop equilibrium according to the
effective latencies seen by source-destination pairs.

We provide two basic sets of results on partially optimal
routing. First, we investigate whether partially optimal routing
(the presence of traffic engineering) improves overall network
performance relative to pure selfish routing. We show that
this issue is closely related to Braess’ paradox: if partially
optimal routing is less efficient than the Wardrop equilibrium,
then Braess’ paradox must occur in the network. Second,
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we investigate subnetwork performance under partially opti-
mal routing, and determine conditions for a single network
provider to prefer traffic engineering over selfish routing
from the viewpoint of minimizing the total latency in its
subnetwork. We show that, in the absence of prices per unit
of transmission, providers may strategically choose selfish
routing in order to reduce total flow into their subnetwork. For
clarity of exposition, we focus on a network with single source
and destination nodes, and subnetworks with unique entry and
exit points. Our companion paper [2] extends our results to
networks with multiple entry and exit points. It also provides
bounds on the potential performance costs of partially optimal
routing relative to optimal routing for the overall networkand
relative to pure selfish routing.

The remainder of the paper is organized as follows. Section
II introduces the three basic routing paradigms: socially opti-
mal routing, where total latency is minimized across the entire
network; selfish routing, where end-to-end route selectionis
made based on minimum route latency; and partially optimal
routing, where end-to-end route selection is still dependent
on aggregate route latency, but providers also redirect traffic
within their own networks to achieve minimum intradomain
total latency. The latter model is an important contribution of
our paper: it is the first extension of the classical traffic routing
models to capture the phenomenon of traffic engineering.

Section III analyzes the performance of partially optimal
routing. We show that there may exist situations where opti-
mization within a subnetwork can actually lead to lower global
network performance. We prove that if this situation occurs,
then Braess’ paradox must occur in the network. Section IV
considers the choice of routing policy by a single service
provider. We show that a provider may prefernot to optimize
within its domain because this reduces total flow and therefore
delay in its subnetwork, and we provide conditions under
which traffic engineering (optimal routing) is optimal for a
provider in parallel link topologies.

II. PRELIMINARIES: DIFFERENTROUTING PARADIGMS

We consider a networkG = (V,A), with distinguished
source and destination nodess, t ∈ V , respectively. LetP
denote the set of paths available froms to t using the edges
in A; we view each pathp ∈ P as a subset ofA, p ⊂ A.
Each linkj ∈ A has a strictly increasing, nonnegative latency
function lj(xj) as a function of the flow on linkj. We assume
that X units of flow are to be routed froms to t. We call the
tuple R = (V,A, P, s, t,X, l) a routing instance.

A. Socially Optimal Routing

Given a routing instanceR = (V,A, P, s, t,X, l), we define
the social optimum, denoted byxSO(R), as the optimal

solution of the following optimization problem:

minimize
∑

j∈A

xj lj(xj)

subject to
∑

p∈P :j∈p

yp = xj , j ∈ A;

∑

p∈P

yp = X;

yp ≥ 0, p ∈ P.

Under our assumption that each latency function is strictly
increasing, it is possible to show that the objective function
above is strictly convex, so thatxSO(R) is uniquely defined.
The total latency cost at the social optimum is given by:

C(xSO(R)) =
∑

j∈A

xSO
j (R)lj(x

SO
j (R)).

B. Selfish Routing

When traffic routes “selfishly,” all paths with nonzero flow
must have the same total delay. A flow configuration with
this property is called aWardrop equilibrium. The Wardrop
equilibrium flow for a given routing instanceR, denoted
xWE(R), is the unique solution to the following optimization
problem:

minimize
∑

j∈A

∫ xj

0

lj(z) dz (1)

subject to
∑

p∈P :j∈p

yp = xj , j ∈ A;

∑

p∈P

yp = X;

yp ≥ 0, p ∈ P.

The total latency cost at the Wardrop equilibrium is given by

C(xWE(R)) =
∑

j∈A

xWE
j (R)lj(x

WE
j (R)). (2)

It is well-known (e.g. Dafermos and Sparrow [10], Smith [11])
that a feasible solutionxWE of Problem (1) is a Wardrop
equilibrium if and only if it satisfies

∑

j∈A

lj(x
WE
j )(xWE

j − xj) ≤ 0, (3)

for all feasible solutionsx of Problem (1).

C. Partially Optimal Routing

Next, we consider partially optimal routing in a subnetwork
with unique entry and exit points. We assume there is a
distinguished network inside ofG, denotedG0 = (V0, A0),
within which a network operator optimally routes all incoming
traffic. Let s0 ∈ V0 denote the unique entry point toG0, and
let t0 ∈ V0 denote the unique exit point fromG0. Let P0

denote the available paths froms0 to t0 using the edges in
A0. We make the assumption that every path inP passing
through any node inV0 must contain a path inP0 from s0

to t0; this is consistent with our assumption thatG0 is an
independent autonomous system, with a unique entry and exit
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point. We callR0 = (V0, A0, P0, s0, t0) a subnetworkof G,
and by abusing the notation, we say thatR0 ⊂ R.

Given an incoming amount of flowX0, the network operator
chooses a routing of flow to solve the following optimization
problem:

minimize
∑

j∈A0

xj lj(xj) (4)

subject to
∑

p∈P0:j∈p

yp = xj , j ∈ A0;

∑

p∈P0

yp = X0;

yp ≥ 0, p ∈ P0.

Let L(X0) denote the optimal value of the preceding optimiza-
tion problem; we definel0(X0) = L(X0)/X0 as theeffective
latencyof partially optimal routing in the subnetworkR0, with
flow X0 > 0. If traffic in the entire networkG routes selfishly,
while traffic is optimally routed withinG0, then replacing
G0 by a single link with latencyl0 will leave the Wardrop
equilibrium flow unchanged elsewhere inG.

We have the following simple lemma.

Lemma 1

(a) The effective latencyl0(X0) is a strictly increasing func-
tion of X0 > 0.

(b) The total costL(X0) is a convex function ofX0.

Proof.

(a) Fix X0, and X̂0 < X0 with X̂0 > 0. Let (x,y) be an
optimal solution to problem (4) with total flowX0. Define
ŷp = ypX̂0/X0, for all p ∈ P0. Then this is a feasible
solution to problem (4) with total floŵX0. Furthermore,
the total latency at this solution is easily seen to be:

∑

p∈P0

ŷp

∑

j∈p

lj





∑

q∈P0:j∈q

ŷq



 =
∑

j∈A0

xjX̂0

X0
lj

(

xjX̂0

X0

)

.

Now we observe that:

l0(X̂0) =
∑

j∈A0

xj

X0
lj

(

xjX̂0

X0

)

<
1

X0

∑

j∈A0

xj lj(xj) = l0(X0),

where the last inequality follows becauselj is strictly
increasing andX̂0 < X0.

(b) Note thatL(X0) is the primal (or perturbation) function
of optimization problem (4). Since the objective function
is convex and the constraints are linear, the result follows
using standard arguments from convex analysis (see [12]).

�

In light of the preceding lemma, we can extend the definition
of l0 so thatl0(0) = limx0↓0 l0(x0); the preceding limit is well
defined becausel0 is strictly increasing.

We define the overall network performance under par-
tially optimal routing as follows. Given a routing in-
stanceR = (V,A, P, s, t,X, l), and a subnetworkR0 =
(V0, A0, P0, s0, t0) defined as above, we define a new routing
instanceR′ = (V ′, A′, P ′, s, t,X, l′) as follows:

V ′ = (V \ V0)
⋃

{s0, t0};

A′ = (A \ A0)
⋃

{(s0, t0)};

P ′ corresponds to all paths inP , where any subpath inP0

is replaced by the link(s0, t0); and l
′ consists of latency

functions lj for all edges inA \ A0, and latencyl0 for the
edge (s0, t0). Thus R′ is the routing instanceR with the
subgraphG0 replaced by a single link with latencyl0; we
call R′ theequivalent POR instancefor R with respect toR0.
The overall network flow inR with partially optimal routing
in R0, xPOR(R,R0), is defined to be the Wardrop equilibrium
flow in the routing instanceR′:

xPOR(R,R0) = xWE(R′).

(Note that this leaves undefined the exact flow in the subnet-
work R0; this is to be expected, since problem (4) may not
have a unique solution.) This corresponds to a model where
traffic is routed selfishly, given the effective latencyl0 of the
subnetworkR0.

The total latency cost of the equivalent POR instance forR
with respect toR0 is given by

C(xPOR(R,R0)) =
∑

j∈A′

xPOR
j (R,R0)lj(x

POR
j (R,R0)).

III. PERFORMANCE OFPARTIALLY OPTIMAL ROUTING

We first consider the effect of optimal routing within sub-
networks on the performance of the network. Intuitively one
would expect that doing optimal routing within some or all
of the subnetworks would improve the overall performance.
The following example shows that this need not always be the
case.

Example 1 Consider the networkG = (V,A) with source
and destination nodess, t ∈ V illustrated in Figure 1(a). Let
R = (V,A, P, s, t, 1, l) be the corresponding routing instance,
i.e., one unit of flow is to be routed over this network. The
subnetworkG0 consists of the two parallel links in the middle,
links 5 and 6, with latency functions

l5(x5) = 0.31, l6(x6) = 0.4 x6.

The latency functions for the remaining links in the network
are given by

l1(x1) = x1, l2(x2) = 3.25,

l3(x3) = 1.25, l4(x4) = 3x4.

Assume first that the flow through the subnetworkG0 is
routed selfishly, i.e., according to Wardrop equilibrium. Given
a total flow X0 through the subnetworkG0, the effective
Wardrop latency can be defined as

l̃0(X0) =
1

X0
C(xWE(R0)), (5)
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Fig. 1. A network for which POR leads to a worse performance relative to
selfish routing. Figures (b) and (c) illustrate representing the subnetwork with
a single link with Wardrop effective latencỹl0(X0) and optimal effective
latencyl0(X0), respectively.

[cf. Eq. (2)], whereR0 is the routing instance corresponding to
the subnetworkG0 with total flow X0. The effective Wardrop
latency for this example is given by

l̃0(X0) = min{0.31, 0.4X0}.

Substituting the subnetwork with a single link with latency
function l̃0 yields the network in Figure 1(b). It can be seen
that selfish routing over the network of Figure 1(b) leads to
the link flows xWE

1 = 0.94 and XWE
0 = 0.92, with a total

cost ofC(xWE(R)) = 4.19.
Assume next that the flow through the subnetworkG0 is

routed optimally, i.e., as the optimal solution of problem (4)
for the routing instance corresponding toG0. Given a total
flow X0 through the subnetworkG0, the effective latency of
optimal routing within the subnetworkG0 can be defined as

l0(X0) =
L0(X0)

X0
,

where L0(X0) is the optimal value of problem (4). The
effective optimal routing latency for this example is givenby

l0(X0) =

{

0.4X0, if 0 ≤ X0 ≤ 0.3875;
0.31 − 0.0961

1.6X0

, if X0 ≥ 0.3875.

Substituting the subnetwork with a single link with latency
function l0 yields the network in Figure 1(c). Note that selfish
routing over this network leads to the partially optimal routing
(POR) equilibrium. It can be seen that at the POR equilibrium,
the link flows are given byxPOR

1 = 1 andXPOR
0 = 1, with

a total cost ofC(xPOR(R)) = 4.25, which is strictly greater
thanC(xWE(R)).

We next investigate the relationship between the perfor-
mance of partially optimal routing and Braess’ paradox. In-
formally, Braess’ paradox occurs in a network if reducing

the link latency functions actually degrades overall network
performance, as measured by the total latency. We have the
following definition.

Definition 1 (Braess’ paradox) Consider a routing instance
R = (V,A, P, s, t,X, l). We say thatBraess’ paradoxoc-
curs in R if there exists another routing instanceRm =
(V,A, P, s, t,X,m), with a vector of strictly increasing, non-
negative latency functions,m = (mj , j ∈ A), such that
mj(xj) ≤ lj(xj) for all xj ≥ 0 and

C(xWE(Rm)) > C(xWE(R)).

The routing instanceR′ differs fromR only by a reduction
of the latency functions on some (or all) links. Nevertheless,
in a network topology where Braess’ paradox occurs, this can
yield a higher total latency.

We also have the following alternative definition of a
Braess’ paradox.

Definition 2 (Braess’ paradox centered at a subnetwork)
Consider a routing instanceR = (V,A, P, s, t,X, l) and a
subnetworkR0 = (V0, A0, P0, s0, t0) ⊂ R. We say that
Braess’ paradoxoccurs inR centered atR0 if there exists
another routing instanceRm = (V,A, P, s, t,X,m), with a
vector of strictly increasing, nonnegative latency functions,
m = (mj , j ∈ A), such that for allxj ≥ 0,

mj(xj) ≤ lj(xj), ∀ j ∈ A0, mj(xj) = lj(xj), ∀ j /∈ A0,

and
C(xWE(Rm)) > C(xWE(R)).

The following definition captures the counterintuitive phe-
nomenon that traffic engineering within some subnetwork, i.e.,
partially optimal routing, leads to a degradation in the overall
performance compared to pure selfish routing.

Definition 3 (POR paradox) Consider a routing instance
R = (V,A, P, s, t,X, l), and a subnetworkR0 =
(V0, A0, P0, s0, t0). We say that thePOR paradox(partially
optimal routing paradox) occurs inR with respect toR0 if

C(xPOR(R,R0)) > C(xWE(R)).

Intuitively, the POR paradox appears to be a form of
“generalized Braess’ paradox”, in the following sense. Given
a total flowX0 routed through the subnetworkG0, we define
the effective Wardrop latencỹl0, as follows:

l̃0(X0) =
1

X0

∑

j∈A0

xWE
j (R′)lj(x

WE
j (R′)) =

C(xWE(R′))

X0
,

(6)
where R′ = (V0, A0, P0, s0, t0,X0, l) is a routing instance
corresponding to the subnetworkR0 with total flow X0 [cf.
Eq. (5)]. As in Lemma 1, it is straightforward to show
that l̃0 is strictly increasing. Furthermore, it is clear that
l̃0(X0) ≥ l0(X0) for all X0 ≥ 0, sincexWE(R′) is a feasible
solution to problem (4). Thus when we contrastxPOR(R) and
xWE(R), it is as if we are lowering the effective latency of
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the subnetworkR0. If this increases the total latency, then we
are observing a form of Braess’ paradox.

In fact, it is possible to show a stronger result: whenever
the POR paradox occurs inR with respect to someR0 ⊂ R,
then Braess’ paradox occurs inR centered atR0.

Proposition 1 Consider a routing instance R =
(V,A, P, s, t,X, l) and a subnetwork R0 =
(V0, A0, P0, s0, t0) ⊂ R. Assume that the POR paradox
occurs inR with respect toR0. Then Braess’ paradox occurs
in R centered atR0.

Proof. Our approach will be to uniformly lower the latency
functions in the subnetworkR0, such that we exactly ensure
at a Wardrop equilibrium the effective latency ofR0 is given
by l0, the effective latency of optimal routing withinR0. This
will allow selfish routing to “replicate” the partially optimal
routing of flow, and imply Braess’ paradox.

Let xWE(R) be the Wardrop equilibrium flow for the
routing instanceR, with corresponding path flowsyWE(R).
Similarly, let xPOR(R,R0) be the flow with partially optimal
routing in R0, with corresponding path flowsyPOR(R,R0).
Let X0 = xPOR

s0t0
(R,R0) represent the flow routed through

the subnetworkR0 under partially optimal routing. Note that
X0 > 0 since by assumption POR paradox occurs inR with
respect toR0. Let l0 denote the effective latency ofR0 under
partially optimal routing, and̃l0 denote the effective latency
of R0 under selfish routing [cf. Eq. (6)].

Define a routing instanceR′
0 = (V0, A0, P0, s0, t0,X0, l)

and let xWE(R′
0) be the Wardrop equilibrium flow for the

routing instanceR′
0.

We define a new collection of latency functions as follows.
For all j 6∈ A0, definemj = lj . For j ∈ A0, we choose a
new strictly increasing, nonnegative latency functionmj with
mj(xj) ≤ lj(xj) for all xj ≥ 0, such that

mj(x
WE
j (R′

0)) =
l0(X0)

l̃0(X0)
lj(x

WE
j (R′

0)).

Observe that such a choice is possible, sincel0(X0) ≤ l̃0(X0)
implies thatmj(x

WE
j (R′

0)) ≤ lj(x
WE
j (R′

0)).
Let T0 = (V0, A0, P0, s0, t0,X0,m); i.e., T0 is the routing

instanceR′
0 with latencies replaced bym. We claim that

xWE(T0) = xWE(R′
0). This follows from the definition ofm:

all valuesmj(x
WE
j (R′

0)) are proportional tolj(xWE
j (R′

0)),
with common constant of proportionalityl0(X0)/l̃0(X0). Thus
if xWE(R′

0) is the Wardrop equilibrium flow with latenciesl,
it must remain so with latenciesm. Furthermore, observe that
for any pathp with positive flow, we have

∑

j∈p

mj(x
WE
j (T0)) =

l0(X0)

l̃0(X0)

∑

j∈p

lj(x
WE
j (R′

0)) = l0(X0),

because the second summation above is equal tol̃0(X0). Thus
we conclude

C(xWE(T0)) =
∑

j∈A0

xWE
j (T0)mj(x

WE
j (T0)) = X0l0(X0).

(7)

Let T = (V,A, P, s, t,X,m). Define a feasible flowx =
[xj ]j ∈ A as follows:

xj =

{

xPOR
j (R,R0), if j 6∈ A0;

xWE
j (R′

0), if j ∈ A0.

We claim thatxWE(T ) = x. This claim follows easily since
we have already established thatxWE(T0) = xWE(R′

0), and
(7) holds. In the flowx for the routing instanceT , the effective
latency perceived by any flow crossing the subnetworkR0

is exactly equal to the partially optimal routing effective
latency l0(X0) (by (7)). But then since all routing outside
the subnetworkR0 is performed according toxPOR(R,R0),
we conclude that in factxWE(T ) = x, as required.

Combining the preceding, we obtain
∑

j∈A

xWE
j (T )mj(x

WE
j (T ))

=
∑

j 6∈A0

xPOR
j (R,R0)lj(x

POR
j (R,R0))

+
∑

j∈A0

xWE
j (R′

0)mj(x
WE
j (R′

0))

=
∑

j 6∈A0

xPOR
j (R,R0)lj(x

POR
j (R,R0)) + X0l0(X0)

=
∑

j∈A′

xPOR
j (R,R0)lj(x

POR
j (R,R0))

= C(xPOR(R,R0)).

Since we assumed that the POR paradox occurs inR with
respect toR0, we obtain from the preceding that

C(xWE(T )) = C(xPOR(R,R0)) > C(xWE(R)),

implying that Braess’ paradox occurs inR centered atR0. �

An immediate corollary of the preceding proposition is the
following: Given a routing instanceR, if Braess’ paradox does
not occur inR, then partially optimal routing with respect to
any subnetwork always improves the network performance.
Milchtaich has shown that Braess’ paradox does not occur in
directed graphs where the underlying undirected graph has a
series-parallelstructure [13]. This implies that as long as the
network under consideration has a series-parallel structure (for
example, a network of parallel links), partially optimal routing
always improves the overall network performance.

IV. SUBNETWORK PERFORMANCE

In this section, we consider a model where a subnetwork
can choose a routing policy to achieve the minimum (total)
latency within its subnetwork (implicitly assuming there are
no prices per unit of transmission and the subnetwork ignores
revenues from transmission). While optimal routing seems
like the natural means to achieve this goal, end-to-end route
selection may counteract any expected performance gains from
this type of intradomain traffic engineering. As a result, the
provider may prefer to allow traffic to route selfishly in order to
reduce flow to and total delay in its subnetwork. The following
example illustrates this scenario.
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Fig. 2. A parallel link network. Links 1 and 2 form a subnetwork that is
controlled by an independent administrator.

Example 2 Consider the parallel-link network illustrated in
Figure 2. The latency functions are given by

l1(x1) = 1, l2(x2) = x2
2, l3(x3) = c,

for some constantc > 0. Assume that links 1 and 2 form
a subnetwork, denoted byG0, which is controlled by an
independent administrator. Assume that one unit of flow is
to be routed over this network.

Assume first that the flow through the subnetworkG0 is
routed selfishly, i.e., according to Wardrop equilibrium. It can
be seen in this case that

√
c units of traffic is routed through

the subnetwork, leading to a total cost ofC(xWE) = c, and
a subnetwork cost ofCG0

(xWE) = c
√

c.
Assume next that the flow through the subnetworkG0 is

routed optimally, i.e., the flow is routed through the overall
network according to POR equilibrium. Assume that the con-
stantc ∈

[

1− 2
3
√

3
, 1
]

. It can be seen in this case that the entire
traffic is routed through the subnetwork, leading to a total and
subnetwork cost ofC(xPOR) = CG0

(xPOR) = 1− 2
3
√

3
. Note

that for c
√

c < 1 − 2
3
√

3
, we have

CG0
(xPOR) > CG0

(xWE).

As the preceding example demonstrates, lower-layer traffic
engineering may prefer selfish to optimal routing. It is equally
easy to construct examples where optimal routing will be
preferred. The simplest example is a situation in which the
total traffic entering the subnetwork is constant, regardless of
whether selfish or optimal routing is used. This will be the
case in the example above whenc > 1, and a similar analysis
immediately implies that optimal routing will be preferred
within the subnetwork in this case.

To gain more insights, let us next consider a “partial
equilibrium” analysis of routing within a subnetwork, taking
the strategies of all other subnetworks as given. To illustrate
the main issues, we consider a network consisting of parallel
links between a single origin-destination pair withd units of
total traffic. Suppose that there areN + 1 providers and each
network provider owns a subset of the links in the network.
We represent network provideri, for i = 1, . . . , N , by a single
link with effective latencyli (corresponding to the intradomain
routing policy chosen by provideri, whether optimal routing
or not). We assume all these latency functionsli are continuous
and strictly increasing.

As in the preceding discussion, we assume that if provider
0 pursues an optimal intradomain routing policy, then the
effective latency is given byl0, and if provider 0 allows

purely selfish routing within his network (corresponding toa
Wardrop equilibrium), the effective latency is̃l0. To simplify
the discussion here, let us also assume thatl0 and l̃0 are
both continuous and strictly increasing (this will be the case,
for example, when all latency functions of the links in the
subnetwork are continuous and strictly increasing). As before,
recall that l̃0(x) ≥ l0(x) for all x ≥ 0. Moreover, for
simplicity, let us assume that̃l0(x) > l0(x) if x > 0 (though
the arguments can be generalized to the case without this
assumption).

We assume that the subnetwork owner can randomize
between the two policies, so any convex combination of
optimal and selfish routing can be achieved. In other words,
the subnetwork owner chooses aδ ∈ [0, 1] corresponding to
an effective latency given by:

m0 (x, δ) = (1 − δ) l0 (x) + δl̃0 (x) ,

where δ = 0 corresponds to optimal routing, whileδ = 1
corresponds to selfish routing.

We continue to usexPOR to denote a Wardrop equilibrium
with respect to the latency functionsm0, l1, . . . , lN , so that,
xPOR satisfies:

m0(x
POR
0 ) ≥ λ;

li
(

xPOR
i

)

≥ λ for i = 1, ..., N ;
N
∑

i=0

xPOR
i = d ;

xPOR
i ≥ 0 for i = 0, ..., N ;

λ = min
{

m0

(

xPOR
0

)

, l1
(

xPOR
1

)

, . . . , lN (xPOR
N )

}

.

First consider the routing of flow through the links1, . . . , N .
If a total flow x is routed through links1, . . . , N , then the
resulting flow allocation must satisfy:

li(xi) = min{l1(x1), . . . , lN (xN )} if xi > 0; (8)
N
∑

i=1

xi = x; (9)

xi ≥ 0, i = 1, . . . , N. (10)

In view of the assumption thatl1, . . . , lN are strictly increas-
ing, the preceding equations have a unique solution. We define
lR(x) as the latency at this solution, i.e.,

lR(x) = min{l1(x1), . . . , lN (xN )},

where(x1, . . . , xN ) is the unique solution to (8)-(10). Since
eachli is strictly increasing and continuous, the functionlR
is also strictly increasing and continuous.

Next consider the traffic engineering problem faced by
subnetwork0. The network provider will choose a value ofδ
that minimizes the total latency inside the subnetwork, given
that traffic will follow the Wardrop equilibrium pattern for
the resulting effective latencies. Formally, the optimization
problem of subnetwork0 is the following:

min
0≤x0≤d,δ∈[0,1]

(

(1 − δ) l0 (x0) + δl̃0 (x0)
)

x0 (11)
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subject to

(1 − δ) l0 (0) + δl̃0 (0) ≥ lR (d) , if x0 = 0;

(1 − δ) l0 (d) + δl̃0 (d) ≤ lR (0) , if x0 = d;

(1 − δ) l0 (x0) + δl̃0 (x0) = lR (d − x0) , if 0 < x0 < d.

Since l̃0(x0) ≥ l0(x0) for all x0 ≥ 0, and lR is strictly
increasing, asδ increases fromδ = 0 (purely optimal routing)
to δ = 1 (purely selfish routing), the flow routed through
subnetwork0 at the POR equilibrium must be nonincreasing.

Next note that wheñl0(0) ≥ lR(d), the subnetwork can
achieve the minimum total latency of zero by choosingδ =
1 (since the POR equilibrium will route no traffic across
subnetwork0). Similarly, if l0(d) ≤ lR(0), then regardless
of provider 0’s policy, all the flow will be routed across
subnetwork0. As a result, in this scenario the optimal strategy
is δ = 0 (optimal routing), as this minimizes the total latency.
For the remainder of this section, we assume thatl̃0(0) <
lR(d) and l0(d) > lR(0). Sincel̃0 ≥ l0, this also implies

lR(0) < l0(d) ≤ l̃0(d); l0(0) ≤ l̃0(0) < lR(d). (12)

The preceding conditions, together with the fact thatl0, l̃0,
and lR are strictly increasing and continuous, ensure that the
following two equations have unique solutions,xMIN

0 and
xMAX

0 :

l̃0(x
MIN
0 ) = lR(d−xMIN

0 ); l0(x
MAX
0 ) = lR(d−xMAX

0 ).

Moreover, given our assumptions,xMIN
0 is the minimum flow

that can go through subnetwork0 (achieved exactly whenδ =
1, i.e., at purely selfish routing), andxMAX

0 is the maximum
flow for subnetwork0 (achieved exactly whenδ = 0, i.e., at
optimal routing). Furthermore, any flowx0 ∈ [xMIN

0 , xMAX
0 ]

is achievable, by choosingδ such that:

δ =
lR(d − x0) − l0(x0)

l̃0(x0) − l0(x0)
,

where 0 ≤ δ ≤ 1 since conditions (12) hold and̃l0(x0) >
l0(x0) for all x0 > 0. Finally, observe that for allx0 ∈
[xMIN

0 , xMAX
0 ], if x0 results as the partially optimal rout-

ing flow through subnetwork0, we must have the relation
m0(x0) = lR(d − x0) (since0 < x0 < d).

As a result, the optimization problem for the owner of
subnetwork0 becomes:

min
x0∈[xMIN

0
,xMAX

0
]
x0lR(d − x0), (13)

the solution of which determines the delay-minimizing routing
policy of the subnetwork. Since the game between service
providers is one of complete information, all the latency func-
tions are common knowledge and the owner of subnetwork can
computexMIN

0 , xMAX
0 , and lR, and hence the optimal flow

through the subnetwork. Clearly, ifx0lR(d − x0) increases
as x0 increases in the neighborhood ofxMIN

0 , the provider
will (locally) prefer selfish routing. Similarly, ifx0lR(d−x0)
decreases asx0 decreases in the neighborhood ofxMAX

0 , the
provider prefers selfish routing.

This analysis shows that with complete information and
a parallel-link network, the delay-minimizing policy of the

network is straightforward to characterize. We leave several
issues for future work: the analysis of networks with more
general topologies; general equilibrium structures whereall
subnetworks optimize; situations in which latency functions
of other providers are unknown; and scenarios in which the
objective of subnetworks may be profit maximization rather
than delay minimization.
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