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Abstract— We consider the question of distributed rate opti-
mization in a wireless random access network, with the goal of
achieving global fairness objectives. Since the wireless medium
is broadcast in nature, a MAC (Medium Access Control)
protocol is essential to reduce collisions and ensure high system
throughput. For random access MAC protocols, the feasible rate
region is typically a complex, non-convex and non-separable
function of the MAC protocol parameters, like the transmission
probabilities or back-off window sizes. These factors makethe
question of distributed rate optimization in a wireless random
access network a complex one, and imply that cross-layer
coordination is necessary to attain end-to-end fairness.

Despite its complexity, significant progress has been made
in recent years towards addressing this question for certain
fairness measures. In this paper, we summarize our recent
results in designing distributed approaches in a random access
ad hoc network, with the goal of achieving proportional and
max-min fairness at the link layer, and for the end-to-end
sessions. We also pose some open questions on this topic that
are currently being investigated.

I. I NTRODUCTION

Channel bandwidth is a scarce resource in a wireless ad
hoc network. The wireless medium is broadcast in nature,
and Medium Access Control (MAC) is essential for efficient
use of the network. A MAC protocol defines rules by which
nodes regulate their transmission onto the shared broadcast
channel. The objective is to reduce collisions, to ensure high
system throughput, and to distribute the available bandwidth
fairly among the competing nodes.

Fairness is a key consideration in designing MAC pro-
tocols. One of the most widely used fairness notions is the
max-minfairness metric[1]. The objective, stated simply, is to
maximize the minimum rate allocation over all links or end-
users. However, the appropriateness of max-min fairness as
a bandwidth-sharing objective has been questioned recently,
and an alternative fairness measure,proportional fairness,
has been proposed [3]. Rate allocations are proportionally
fair if they maximize sum of the logarithmic values of the
rate allocations over all links or end-users. This objective
may be viewed as that of maximizing the overall utility of
rate allocations, where the utility functions are logarithmic
in nature.

Rate optimization in wireline networks has been exten-
sively researched in recent years [4], [5]. In wireline net-
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works, since the feasible rate region can be represented by
a set of simple, separable, convex constraints, globally fair
rates are attainable via distributed approaches. In contrast, the
link rate or link capacity in a wireless ad hoc network is not a
fixed quantity, and its value depends upon the MAC protocols
and parameters used. In random access MAC protocols, the
feasible rate region is typically a complex, non-convex and
non-separable function of MAC protocol parameters, such
as transmission probabilities or back-off window sizes. This
implies that for random access wireless networks, developing
distributed approaches that attain globally fair rates is in
general a difficult problem.

Despite the complexity of the problem, significant progress
has been made in recent years towards solving this question
for certain important special cases. The goal of this paper
is to survey our recent results on this topic, and outline
some open issues. The paper is organized as follows. Section
2 describes the system model for an ad hoc network with
random access. Section 3 discusses approaches for attaining
proportional fairness at the link layer, as well as for end-to-
end sessions. In Section 4, we show how max-min fairness
can be provided at the link layer. All algorithms in this paper
can be implemented in a distributed manner, and converge to
the globally optimal solution. Section 5 concludes the paper
with a discussion of some open questions on this topic.

II. SYSTEM MODEL

A wireless network can be modeled as an undirected graph
G = (N,E), where N and E respectively denote the set
of nodesand the set of undirectededges. An edge exists
between two nodes if and only if they can receive each
other’s signals (we assume a symmetric hearing matrix).
Note that there are 2|E| possible communication pairs, but
only a subset of these may be actively communicating. The
set of active communication pairs is represented by the set of
links, L. Each link(i, j) ∈ L is always backlogged. Without
loss of generality we assume that all the nodes share a single
wireless channel of unit capacity.

For any nodei, the set ofi’s neighbors, Ki = { j : (i, j)∈L},
represents the set of nodes that can receivei’s signals.
For any nodei, the set ofout-neighborsof i, Oi = { j :
(i, j) ∈ L} ⊆ Ki , represents the set of neighbors to which
i is sending traffic. Also, for any nodei, the set of in-
neighborsof i, Ii = { j : ( j, i) ∈ L} ⊆ Ki , represents the set of



neighbors from whichi is receiving traffic. A transmission
from node i reaches all ofi’s neighbors. Each node has a
single transceiver. Thus, a node can not transmit and receive
simultaneously. We do not assume any capture, i.e., nodej
can not receive any packet successfully if more than one of
its neighbors are transmitting simultaneously. Therefore, a
transmission in link(i, j) ∈ L is successful if and only if no
node inK j ∪{ j} \ {i}, transmits during the transmission on
(i, j).

We focus on random access wireless networks, and use
the slotted Aloha model [1] for modeling interference and
throughput. In this model,i transmits a packet with proba-
bility Pi in a slot. If i does not have an outgoing edge, i.e.,
Oi = φ , then Pi = 0. Once i decides to transmit in a slot,
it selects a destinationj ∈ Oi with probability pij /Pi, where
∑ j∈Oi

pij = Pi . Therefore, in each slot, a packet is transmitted
on link (i, j) with probability pij . Let p = (pij ,(i, j) ∈ L) be
the vector of transmission probabilities on all edges, and let
Pf denote the feasible region forp, i.e. Pf = {p : 0≤ pij ≤
1,∀(i, j)∈L,Pi = ∑ j∈Oi

pij ,0≤Pi ≤ 1,∀i ∈N}. Then, the rate
or throughput on link(i, j), xi j , is given by

xij (p) = pij (1−Pj) ∏
k∈K j \{i}

(1−Pk), p ∈ Pf . (1)

Note that(1−Pj)∏k∈K j\{i}(1−Pk) in (1) is the probability
that a packet transmitted on link(i, j) is successfully received
at j.

III. PROPORTIONAL FAIRNESS

A. Proportional Fairness at the Link Layer

The problem of attaining proportional fairness for link
rates is to compute the link attempt probabilities so as to
maximize the sum of the logarithmic utilities of all link rates,
i.e.,

p∗ = argmax
p∈Pf

∑
(i,j)∈L

log(xij (p)) , (2)

wherexij (p) is given in (1).
The optimal attempt probability in any link(i, j) ∈ L, as

defined in (2), is given by (details in [6])

p∗ij =
1

|Ii |+ ∑k∈Ki
|Ik|

. (3)

Note that thep∗i j , as given above, satisfies the constraints
0 ≤ p∗i j ≤ 1 and 0≤ P∗

i ≤ 1. Also note that a node can
compute its optimal attempt probabilities if it knows the
number of its in-neighbors and the number of its neighbors’
in-neighbors. A node can determine the latter as follows.
When the network is formed, or when the network topology
changes due to the joining, leaving or movement of nodes,
each node broadcasts the number of its in-neighbors to all
node in its transmission range. Therefore, this algorithm can
be implemented in a distributed manner, with only a small
amount of local information exchange.

B. Proportional Fairness for End-to-End Sessions

We now consider providing proportional fairness for end-
to-end sessions in a multi-hop Aloha network. The problem
can be formulated as a nonlinear optimization problem,
which maximizes the utility of all sessions rates while the
link capacity constraints are satisfied. The rate optimization
problem can be posed as follows:

P : max ∑s∈Slog(ys),
s.t. ∑s∈S(i, j) ys ≤ xij (p) ∀(i, j) ∈ L,

ys ≥ 0 ∀s∈ S,
p ∈ Pf .

(4)

where ys is the rate for sessions ∈ S. The first set of
constraints are the link capacity constraints. Here,S(i, j)
denotes the set of sessions that use link(i, j), and xi j (p)
represents the capacity (rate) of link(i, j), and is given by
(1). The second set of constraints ensure that the session rates
are non-negative, and the third ensures thatp is feasible.

Note that the rate optimization problem couples link
attempt probabilities at the link layer with end-to-end session
rates at the transport layer, and is not a convex program. It
is worth noting here that our end-to-end fair rate allocation
question is closely related to the cross-layer optimization
problem considered in [8], in which the session rates (trans-
port layer) must be jointly optimized with the transmission
powers (physical layer), to attain end-to-end fairness goals.

1) Dual-Based Algorithm:Instead of solving the problem
P directly, we consider the version of the end-to-end pro-
portionally fair rate optimization question where each link
capacity (rate) is parameterized:

P̂ : max ∑s log(ys),
s.t. ∑s∈S(i, j) ys ≤ x̃ij ∀(i, j) ∈ L,

ys ≥ 0 ∀s∈ S.

(5)

In the above formulation, ˜xij , the rate on link (i, j), is
assumed to be a given constant, whileys, representing the
end-to-end session rates, are variables whose values need to
be determined optimally.

Note that the optimum value of̂P is a function oñx, where
x̃ is the vector of all link rates in the network, i.e.x̃ = {x̃ij :
(i, j) ∈ L}. We defineÛ(x̃) as the optimum value in̂P, i.e.,

Û(x̃) = max

{

∑
s

log(ys)

∣

∣

∣

∣

∣

∑
s∈S(i, j)

ys ≤ x̃ij ,(i, j) ∈ L

}

. (6)

Since link rates inP in turn is a function of link attempt
probabilities, we defineŨ(p) = Û(x(p)), where x(p) =
(xi j (p) : (i, j) ∈ L). ThereforeP can be rewritten as

P̃ : max Ũ(p),
s.t. p ∈ Pf .

(7)

We solve (7) by updatingp as below

p(n+1)
ij = p(n)

ij + α ∑
(s,t)∈L

λ ∗(n)
st

∂xst

∂ pij
(p(n)), (8)



whereα is the step size,∂xst
∂ pij

is computed using the following
formula

∂xst

∂ pij
=



































(1−Pt) ∏
k∈Kt\{s}

(1−Pk) if t = j,s= i,

−pst ∏
k∈Kt\{s}

(1−Pk) if t = i,s∈ It ,

−pst(1−Pt) ∏
k∈Kt\{s}

(1−Pk) if t∈Ki ,s∈It\{i},

0 otherwise,
(9)

andλ ∗(n)
ij is the optimum solution to the dual problem ofP̂

when x̃ = x(p(n)), i.e.,

λ (n) = argmin
λ≥0

max
y

L
(n)(y,λ ). (10)

In (10), λ = (λij : (i, j) ∈ L) is the vector of Lagrange mul-
tipliers for the capacity constraints on the wireless links,
y = (ys : s ∈ S) is the vector of the end-to-end session
rates, andL (n)(y,λ ) is the Lagrange function of̂P when
x̃ = x(p(n)). Note thatL (n)(y,λ ) is given by

L
(n)(y,λ )= ∑

s∈S

log(ys)− ∑
(i, j)∈L

λij

(

∑
s∈S(i, j)

ys−x(n)
ij

)

. (11)

We then solvey(n) from P̂ when x̃ = x(p(n)), i.e.,

y(n) = argmax
y≥0

{

∑
s∈S

log(ys)

∣

∣

∣

∣

∣

∑
s∈S(i, j)

ys ≤ xi j (p(n)),(i, j) ∈ L

}

.

(12)
Intuitively, the procedure described above adjusts link

attempt probabilities in the gradient direction, and then com-
putes the optimal session rates at the given link capacities
in an iterative manner. Then the link attempt probabilities
are adjusted according; as a result, link capacities change
in such a way that the aggregate utility of the end-to-end
sessions can be increased further. If we let{p(n)(α),y(n)(α)}
denote the sequence of vectors of link attempt probabilities
and session rates by following the iterative procedures in
(8)-(12) where the step size isα, we can show that the limit
point of{p(n)(α),y(n)(α)} is the globally optimal solution to
the problemP, whenα is sufficiently small (proof in [11]).

2) Primal-Based Algorithm:Although (4) appears to be
a non-convex problem, it can be shown to be equivalent to
the convex program stated below (see proof in [11]):

max ∑s∈Szs,
s.t. log

(

∑s∈S(i, j) ezs
)

− log(xij (p)) ≤ 0, ∀(i, j) ∈ L,
p ∈ Pf .

(13)
wherezs is interpreted as the logarithm of the session rate
ys, i.e., zs = log(ys).

In order to solve (13), we first transfer the link capacity
constraints to the objective, and then solve the unconstrained
problem by the subgradient method.

Denotez = (zs,s∈ S), and w = (p,z). Define Ũs(w) =
zs for sessions∈ S, and definegl (w) = log

(

∑s∈S(i, j) ezs
)

−

log(xij (p)) for link l = (i, j) ∈ L. (13) is rewritten as

max ∑s∈SŨs(w),
s.t. gl (w) ≤ 0 ∀l ∈ L,

w ∈ W.
(14)

whereW represent the region in whichp ∈ Pf .
We can transfer the constraints into the objective by using

the “exact penalty” method. The unconstrained problem is

max ∑s∈SŨs(w)−κ ∑l∈L max{0,gl(w)},
s.t. w ∈ W,

(15)

whereκ , the “penalty scaling factor”, is a positive constant.
Note that the termκ max{0,gl (w)} can be interpreted as
the penalty associated with the violation of the capacity
constraint of link l , and it is called “exact penalty” since
the set of optimal solutions to (15) coincides with the set of
optimal solutions to (14) whenκ is greater than a certain
threshold value [2].

We now solve(15) using the subgradient method. Let
p(n)

ij and z(n)
s denote the values ofpij and zs at thenth step

respectively, andp(n) = (p(n)
ij ,(i, j) ∈ L). Let x̃(n) = x(p(n))

denote the link rate vector at iterationn. For each link
(i, j) ∈ L, define the “link congestion indicator” for link(i, j)
at thenth iteration,ε(n)

ij , as

ε(n)
ij =

{

0 if ∑s∈S(i, j) ez
(n)
s ≤ x̃(n)

ij ,

1 otherwise.
(16)

We updatezs and pij using their subgradients,

z(n+1)
s = z(n)

s + γ



1−κez
(n)
s

∑(i, j)∈L(s) ε(n)
ij

∑r∈S(i, j) ez
(n)
r



 (17)

p(n+1)
ij = p(n)

ij − γκ ∑
(s,t)∈L

ε(n)
st

x(n)
st

·
∂xst

∂ pij
(p(n)) (18)

whereγ is the step size, and∂xst
∂ pij

is defined in (9).
Since ezs (= ys) is interpreted as the rate of sessions,

ezs

∑r∈S(i, j) ezr in (17) can be interpreted as the fraction of the

overall traffic on link(i, j) contributed by sessions.
In (18), ∂xst

∂ pij
(p(n)) depicts how the attempt probability on

link (i, j) impacts the rate on link(s,t), and this term is
weighted by the inverse of the rate on link(s,t).

We can show that, following the procedure based on the
subgradient method, the session rates and link attempt prob-
abilities “converge to a neighborhood around the optimum”,
and the size of the neighborhood becomes arbitrarily small
with decreasing step-size (proof in [11]).

3) Comparison of the Algorithms:Both dual- and primal-
based algorithms solve the end-to-end proportional fairness
in a distributed manner. From a practical viewpoint, each
algorithm has certain advantages over the other.

In the dual-based algorithm, the separation between the
transport layer and the link layer is better maintained. Also
note that the dual-based algorithm has embedded loops and
works in two time scales. In the inner loop (at a smaller



time scale), the transport layer searches for the optimal
session rates and link prices (dual variables), and in the outer
loop (at a larger time scale), the link layer adjusts the link
attempt probabilities and thereby updates the link rates. Note
that the convergence process at the transport layer (inner
loop) can be time consuming in some cases, and this may
slow down the overall convergence. In contrast, the primal-
based algorithm shows lesser modularity than the dual-based
algorithm. Updates occur at the transport layer and at the link
layer at the same time scale, and information is exchanged
between different layers at a faster time-scale than that inthe
dual-based algorithm. In terms of the overall convergence
speed, however, the two algorithms are quite comparable
[11].

IV. M AX -M IN FAIRNESS AT THEL INK LAYER

Before discussing the approaches to provide max-min
fairness at the link layer for a random access ad hoc network,
we introduce in the notion of adirected link graph, which
captures the interference relationship between all the links in
an Aloha ad hoc network. As we will see later in this section,
the directed link graph also determines how the max-min
rate of a link compares with that that of any other link in
the network.

A directed link graph, GL = (VL,EL), is a graph where
each vertex stands for a link in the original network. There
is a directed edge from link(i, j) to link (s, t) in the directed
link graph if and only if a successful transmission on link
(s,t) requires that link(i, j) be silent. If there is a directed
edge from(i, j) to link (s, t), then link(i, j) and(s,t) is said
to be aneighborsof each other. Note that the notion of a
neighbor represents a symmetric relationship, i.e., if(s,t) is
a neighbor of(i, j), then(i, j) is also a neighbor of(s,t)

We first focus on attaining a weaker notion of max-min
fairness, in which only the minimum link rate is maximized.
We then discuss an approach for maximizing the link rates
in a lexicographicmanner.

A. Maximizing the Minimum Rate at the Link Layer

1) Problem Formulation and the Equivalent Convex Pro-
gram: The question of maximizing the minimum link rate
can be posed as follows:

max x,
s.t. x≤ pij (1−Pj)∏k∈K j \{i}(1−Pk) ∀(i, j) ∈ L,

p ∈ Pf ,
(19)

wherex corresponds to the minimum link rate. It is worth
noting that this problem is non-convex and non-separable.

Although (19) is not a convex program, it is equivalent to
the following convex program [9]:

min
1
2 ∑

(i, j)∈E

u2
ij ,

s.t. uij ≤ log(xij (p)) ∀(i, j)∈L,
uij ≤ ust ∀(i, j)∈L ∀(s, t) ∈ Lij ,
p ∈ Pf ,

(20)

whereLij is the set of neighbors of link(i, j) in the directed
link graph.

2) Dual Method: We solve (20) using the dual method.
The Lagrangian of (20) is given by

L (p,u,µ ,λ ) =
1
2 ∑
(i, j)∈L

u2
ij + ∑

(i, j)∈L
∑

(s,t)∈Lij

λij ,st(uij −ust)

+ ∑
(i, j)∈L

µij (uij −log(xij (p))), (21)

whereµij andλij ,st are Lagrange multipliers.
Denoteu = (uij ,(i, j) ∈ L), µ = (µij ,(i, j) ∈ L), and λ =

(λij ,st,(i, j) ∈ L,(s,t) ∈ Kij ). The dual function isD (p,u) =
min
p,u

L (p,u,µ ,λ ), and the dual problem is max
µ,λ

D (p,u). It is

easily seen that at the optimumλ ∗ andµ∗, the corresponding
p andu is the solution to the primal problem.

Minimizing (21) with respect top, u, we obtain

pij =
µij

∑
k∈Oi

µik + ∑
k∈Ii

µki + ∑
k∈Ki

∑
l∈Ik\{i}

µlk
(22)

and

uij =

{

−ζij if ζij ≥ 0
0 if ζij < 0

(23)

whereζij = µij + ∑(s,t)∈Lij
(λij ,st−λst,ij )

The dual problem can then be solved using gradient pro-
jection method, where the Lagrange multipliers are adjusted
in the direction of the gradient∇D(p,u):

λij ,st(n+1) =

[

λij ,st(n)+ γ
∂D

∂λij ,st

]+

=[λij ,st(n)+γ (uij −ust)]
+

(24)

µij (n+1)=

[

µij (n)+ γ
∂D

∂ µij

]+

=[µij (n)+γ(uij −log(xij (p)))]
+

(25)
Here,γ > 0 is the step size, and[z]+ = max{z,0}.

If we let {p(n),u(n)} denote the sequence generated by
following the procedure stated in (22)-(25), we can show
that the limit point of this sequence is an optimal solution
to (20) whenγ is sufficiently small [9].

3) Subgradient Method:We can also solve (20) using the
subgradient method.

Define the “link congestion indicator” for link(i, j) at step
n, ε(n)

ij , as

ε(n)
ij =

{

0 if uij ≤ log(xij (p)) ,
1 otherwise.

(26)

Also define the “link relation indicator” for link(i, j) and its
neighboring link(s,t) at stepn, ν(n)

ij ,st, as

ν(n)
ij ,st =

{

0 whenuij ≤ ust,
1 whenuij > ust.

(27)

We can updatepij and uij using their subgradients, as
follows:

u(n+1)
ij = u(n)

ij − γ



u(n)
ij + κ ∑

(s,t)∈Lij

(

ν(n)
ij ,st−ν(n)

st,ij

)

+ κε(n)
ij



 ,

(28)



p(n+1)
ij = p(n)

ij +γκ





ε(n)
ij

p(n)
ij

−
∑k∈Ii ε(n)

(k,i) + ∑k∈Ni ∑l∈Ik\{i} ε(n)
(l ,k)

1−P(n)
i



 ,

(29)
whereκ is a positive constant, andγ is the step size.

We can show that, following the procedure based on the
subgradient method given in (26)-(29),p andu will converge
to a neighborhood around the optimum, and the size of the
neighborhood becomes arbitrarily small with decreasing step
size (see the proof in [9]).

B. Maximizing the Minimum Link Rates Lexicographically

In the commonly used notion of max-min fairness [1], the
minimum rates are maximized in a lexicographic manner.
More specifically, a max-min fair rate allocation algorithm
should maximize the minimum rate, then maximize the
second minimum rate, then maximize the third minimum
rate, and so on. The notion of (lexicographic) max-min
fairness can be defined more formally as follows. Letx =
(xi j ,(i, j) ∈ L) denote the vector of rates for all links in
the active communication setL (also referred to as the
allocation vector), and~x be the allocation vectorx sorted
in nondecreasing order. An allocation vectorx1 is said to be
lexicographically greaterthan another allocation vectorx2,
denoted byx1 ≻ x2, if the first non-zero component of~x1−~x2

is positive. Consequently, an allocation vectorx1 is said to be
lexicographically no less thanthan another allocation vector
x2, denoted byx1 � x2, if ~x1−~x2 = 0, or the first non-zero
component of~x1 −~x2 is positive. A rate allocation is said
to be (lexicographic) max-min fair if the corresponding rate
allocation vector is lexicographically no less than any other
feasible rate allocation vector.

1) Background and Definitions:We use the notation
(i, j) (s,t) to denote that there is a path from link(i, j) to
link (s,t) in the directed link graph. We can then show the
following property (see [12] for proof): if(i, j) (s,t) in
the directed link graph, thenx∗ij ≤ x∗st, wherex∗ij and x∗st are
the lexicographic max-min fair rates for link(i, j) and(s,t),
respectively.

In the directed link graphGL = (VL,EL), a strongly con-
nected componentis a maximal set of verticesC⊆VL such
that for every pair of verticesu andv in C, we have bothv 
u andu v, that is, verticesu andv are reachable from each
other. Therefore, from the above property we have that all the
links belonging to the same strongly connected component in
the directed link graph have the same (lexicographic) max-
min fair rate value at the optimum. This also implies that if
the entire directed link graph consists of a single strongly
connected component, then the (lexicographic) max-min fair
rates can be obtained using the procedure for maximizing
the minimum rate, as described in Section IV-A.

Next we show how for a general network (for which
the directed link graph may consist of multiple strongly
connected components), the (lexicographic) max-min rate
can be obtained through solving a sequence of convex
optimization problems, each of which is similar in nature
to the problem discussed in Section IV-A.

Next we define the notion of abottlenecklink, which will
be used in describing our solution procedure. Intuitively,a
link is said to be a bottleneck for the problem defined in (19)
if the minimum link rate in the network decreases when the
capacity of that link decreases by any positive amount. More
formally, a bottleneck link is defined as follows. Consider the
following problem, which is formed from (19) by introducing
a perturbation in the constraint corresponding to link(u,v):

max x,
s.t. x≤ puv(1−Pv)∏k∈Kv\{i}(1−Pk)− ε,

x≤ pij (1−Pj)∏k∈K j \{i}(1−Pk) ∀(i, j) ∈ L\ {(u,v)},
p ∈ Pf .

(30)
The optimal value of (30) is a function ofε, and we denote

it asU∗
uv(ε). Note thatU∗

uv(0) is actually the optimal objective
value in (19). We define link(u,v) as a bottleneck link if
U∗

uv(ε) < U∗
uv(0) for any positiveε.

2) Multi-Step Solution Procedure:We start with solving
the problem defined in (19), which maximizes the minimum
link rate in the network. Refer to Section IV-A for the dis-
tributed implementation. At the optimum, we shall identify
the bottleneck links, and fix their attempt probabilities (more
on this bottleneck link identification step is discussed later).
Let L1 denote the set of bottleneck links identified at this
step. It is worth noting that(u,v) is a bottleneck link if and
only if all other links in its strongly connected component
are also bottleneck links. Moreover, if(u,v) is a bottleneck
link, and (s,t) (i, j), then (s,t) (and every other link in
its strongly connected component) is also a bottleneck link.
These facts imply that, once a bottleneck link is identified,we
can identify one or more strongly connected components (in
the directed link graph) that consist only of bottleneck links.
As discussed shortly, this allows us to reduce the number
of steps the procedure has to run, thereby speeding up the
overall convergence time.

In the next step, we solve (19) assuming fixed attempt
probabilities for all bottleneck links identified in the previous
step, i.e. only the attempt probabilities of links inL\L1 are
considered variables. After the optimal solution is obtained,
we again identify the set of bottleneck links, denoted asL2,
and fix their attempt probabilities to their optimal values;
therefore, the attempt probabilities for these links remain
fixed in the subsequent steps. The value of the objective
function at optimality represents the second minimum rate
in the optimal (lexicographic) max-min rate vector.

The above procedure is repeated until the attempt proba-
bilities of all links have been fixed, i.e., when every link has
been identified as a bottleneck link in one of the steps.

Let x∗ and p∗ denote the vector of link rates and link
attempt probabilities solved by the above procedure. We
can then show (see [12] for the proof) thatx∗ is the
(lexicographic) max-min fair rate allocation. Also,p∗ is the
unique link attempt probabilities that attain the optimal rates.

Note that the number of steps in the solution procedure
mentioned above is, in the worst case, equal to the number
of strongly connected components in the directed link graph.



Recall that each step requires solving a convex problem
similar to (19) (which can be solved in a distributed manner
using the procedures described in Section IV-A), and a bot-
tleneck link identification procedure. It is possible to identify
whether a specific link is a bottleneck or not in a fully
distributed manner, using the basic definition of a bottleneck
link, as described above. However, this does not directly lead
to a very efficient solution procedure for identifying the set
of bottleneck links. Therefore, development of an efficient
distributed algorithm for identifying the bottleneck links at
any step of the algorithm remains an open question.

V. OPEN ISSUES

Our research results has been able to answer several
interesting questions on how globally fair rates in a random
access wireless network can be attained through distributed
approaches. However, there are quite a few important ques-
tions that remain unanswered, and merit further investigation.

As discussed Section IV-B, the identification of the bottle-
neck links is a key component of the solution procedure for
finding the max-min fair rates. Therefore, in order to develop
an efficient distributed solution procedure for attaining the
max-min fair rates, bottleneck links must be identified effi-
ciently. It is tempting to hypothesize here that the bottleneck
links are those which are active in the optimal solution of
(19), or those that have non-zero optimal dual variables.
However, as we argue in [12], these hypotheses are not true.
Identifying the bottleneck links based on the basic definition
is computationally inefficient, as we have already discussed.
Ideally, we would like to obtain the bottleneck links directly
from the optimal solution of (19), with minimal additional
computation. Whether this is can be done, either exactly or
approximately, remains an open question.

Note that we have considered the max-min fairness ques-
tion only at the link layer. The question of attaining max-
min fairness for end-to-end sessions via distributed means,
remains open. In this case too, we would like to have results
that are similar in nature to those in the proportional fairness
case. In other words, our first goal could be to obtain an
iterative algorithm that operates at both the transport and
link layers (requiring cross-layer coordination), and attains
the globally max-min fair end-to-end session rates on con-
vergence. This appears to be a very challenging question,
particularly after considering the fact that the max-min fair-
ness problem at the link layer is significantly more complex
than the corresponding proportional fairness problem.

We have seen in Section III-A that proportional fairness
at the link layer can be attained using only local (two-hop)
topology information. Other than being fully distributed,
the optimization algorithm in this case is very efficient,
since it is an open-loop approach requiring each node to
communicate with its neighborhood only once (to exchange
in-degree information). The approaches for the end-to-end
proportional fairness case, or those for max-min fairness,
are iterative and closed-loop in nature, and could take a long
time to converge. The question of whether global fairness
goals can be attained using local topology information in

such cases is currently under investigation. Note that in the
context of the link layer, ‘local topology’ would typically
refer to the network topology within a few hops of a
node; in the context of end-to-end sessions, the same term
may refer to the network topology in the neighborhood of
all nodes on the end-to-end path of a session. Attaining
the exact optimum under such stringent constraints on the
degree of coordination/communication may be difficult; a
less ambitious yet practically significant goal would be to
attain a solution that is provably close the optimum.

The only fairness metrics we have considered so far are
max-min and proportional fairness. While these represent
the two most popular fairness metrics, it remains to be seen
whether and how our results can be extended to other fairness
metrics, like those that can be defined in terms of a general
concave utility maximization problem [3], [4], [5].

Finally, note that the wireless transmission and interfer-
ence model that we have considered here follows the simple
Aloha protocol. Random access protocols that employ carrier
sensing are significantly more complex to model, analyze and
optimize. In a recent work [10], we have modeled (under
certain simplifying assumptions) a CSMA/CA protocol with
fixed back-off window sizes. We have also used some of our
insights and results obtained from our study of the Aloha
model, to optimize the back-off window sizes. Whether our
analysis and optimization techniques can be extended further
to the case of CSMA/CA with dynamic back-off window
adaptations, as well as other CSMA based protocols, remains
to be investigated.
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