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Abstract—In this survey paper, we review recent results are given in the second pafil{) of the paper.
on a class of partial differential equations associated wit
the dynamics of TCP. We show how to use the closed form [I. THE DYNAMICS OF TCP FH.ows
solutions obtained for them via Mellin transforms in order
to optimize the parameters of a variety of communications
channels when TCP is used.
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tive increase—multiplicative decrease algorithm, IP trafic, 0 B

HTTP, throughput, coding rate, processing gain, synchro- ) ~
nization. P J P 99 Y If ® has a densitys theng(u) = [~ ¢(z)z* 'dz. Note

that the Euler Gamma function(«) is the Mellin trans-
form of the functionp(z) = e™*.

Any finite measured on the positive real line has an
associated Mellin transform

I. INTRODUCTION

. - A. Persistent Flows
The most basic formula for predicting the performance

of long lived TCP flows is the square root formula, se@-1 Poisson Loss Model

[8]. This formula shows that the mean window size iS Consider a long lived TCP-Reno flow subject to random
inversely proportional to the square root of the probabibsses. Its RTT will be denoted y. The rate of the flow
ity a packet is dropped. Since the transmission rate ohgs a linear increase with slogg. At each loss epoch,

source is the window size divided by the round trip timge rate experiences a multiplicative decrease which con-
this formula determines the mean bandwidth allocated d@its of a division by 2. Let(z,¢) denote the probability

such a TCP flow. This formula (as well as this surve\jensity that a flow has a rate ofe R+ at timet € R*

assumes a regime with a constant drop probability. Sugfle admit that such a density exists). In the case where
a regime might arise with pertam APUVG Queue Managgysses are Poisson with radthis is the case for impulse
ment (AQM) schemes which stabilize the flows throughoise in e.g. DSL lines), one obtains (see e.g. [5]) that this

losses at a congested buffer. It also arises in the contextigiction satisfies the partial differential equation (PDE)

a wireless or DSL channel where losses are due to trans—a 19
mission errors. a—i(z,t) + =2 = A@2s(22.8) — s(2,1). (2)

In the first part of the pape£il), we review results that R? 9z
were obtained lately on the distribution of the rate of a TCEne stationary density(z) satisfies the equation
flow using a partial differential equation approach describ ds
ing the AIMD dynamics. The first aim of the survey is to 5 &) = B(2s(22) — s(2)), 3)
show the versatility of the approach, which allows one the

- —\R2
analyze the long lived flow case as well as the on-off caé’}é',th B =AR".

the cases with or without capacity limitations, the case of a'Vhen multiplying both sides of (2) byand integrating

single flow (as in all the models of the first part) as well 8"t 2 1t IS €asy to check that the mean value at time
that of a collection of flows (se@ll-B in the second part) X (t) = Jo~ 7 s(2,1)dz, satisfies the ODE
and also various types of losses. dX (1) N 1

The closed form solutions obtained for these systems —a —§X(t) + R
pave the way for various optimizations of channel paranil-his immediately gives
eters adapted to the fact that TCP is used and in partic-
ular to the fact that this protocol reacts quite strongly to  — <— 1 2> Y 12

losses. Three examples of such cross-layer optimizations () X(0) - RZ )\ t ey @



HenceX (co) = 2 %. In steady state, the number meahienceX ~ %.

number of lost packets per unit of time ds The mean  The results of the last two theorems have been known
number of packets transmitted per unit of timeXigoo).  for quite a while. The last theorem was for instance proved
Hence the steady state packet loss probability is=  ynder a variety of equivalent forms in e.g. [8], [1], [7], [5]

% — B2 A . Hence\ = g, so thatX (o0) = Rijﬁ. to quote a few. We now survey much more recent results.
The foIIowmg theorem (see [5]) gives a more complete

characterization of the steady state of this PDE: A.3 Maximal Rate

Theorem 1 The unique stationary distribution solution of Consider now the situation where there is an upper-

(2) has for Mellin transform boundC' on the rate of a flow. We assume here that when

the rate of the flow reaches, there is a congestion and
Su) = ¢Twp ™ [[a-27" (5) the rate is divided by 2; this is a natural assumption in the
k=0 particular case of a link with a small buffer, where the fact

_ —1 that link capacity is reached triggers a loss with high prob-

with ¢ = 8 (Hk21(1 N z_k)) ability. Other scenarios can of course be contemplated like

A2 Packet Error Rate Model e.g. the case when the rate remains constafitttil the
next loss (wher&' then represents the presence of a max-

We now consider the case where the transmission eriigal window). The loss model considered below is that of

rate of the flow ispz when the throughput of the flow is(6). For our model, the stationary densitysatisfies the

z (like e.g. in the AQM and many wireless cases). In thigifferential equation

case (as in the other cases considered below), the mean

rate cannot be obtained by a direct analysis as above. THe(z) { —Bzs(2) ifC/2<z2<C
use of Mellin transforms nevertheless allows one to deter-4. — | —fBzs(z) +4625(22) f0<z2<C/2
mine the solution of the ODEs and to derive closed form (11)
solutions in particular for the mean values. The PDE asseheres = pR? (see [2]). The density(x) has its support
ciated with this case is on (0, C), is discontinuous at = C'/2 and such that

ds 1 Os

E(Z,t) + ﬁa(z,t) = p(4zs(2z,t) — zs(z, 1)), (6) s((C/2)T) — s((C/2)7) = s(C™). (12)

so that the stationary densityz) satisfies the ODE
ds

5B = PBldzs(22) — 25(2)), @)
Theorem 3 The Mellin transform of the probability den-
with 3 = pR2. sity s(z) is
For alll > 0, define

v [ BC? L p(uy2
! Zzonl(u)C (ﬁT) %

The following result is proved in [2].

m(u) =[] (1 _ g %) . (8 3(u) = T (13)
k=0 leo IL(Hc (gT) %
The following theorem gives the steady state solution of
the PDE (6). In particular, the mean is
'(I'é;e;;gr%fdglﬁnu?rg#;osrtitlonary distribution solution of B S T(2)C? (ﬁ_ng (Hll).
X = — 7 — . (14)
u C? ™
sw = or () <z> M (u). © YO () rorsirem
2/ \p
L It is not difficult to see that whed' tends to infinity, this
with ¢ = <\/— % 5 > . In particular, its mean Mmean value tends to that of Theorem 2, whereas vghen
. tends to O, this tends to 34 which is the mean value of
IS the classical saw tooth model. The distribution (13) actu-
2 \/I o(2) (10) ally encompasses all hybridations between these two ex-
g (1) tremes.



B. Non-Persistent Flow fer afile is:

In this section we review results on non-persistent flows. 1 T (1 2
o ; . = p+7)R
The model we consider is that introduced in [6], where tHe = 1 — . { \Pmé; ( 5 ) (18)
flow alternates between ON and OFF periods. A flow is * oy 1
(p+T)R2> 2
LIRTITN

silent for a random OFF time with exponential distribution VAR & R P
of meanl/o. After the OFF period, it switches to ON and-l—m Z U(2) T 2) h(2k + 3)W
transmits a file. The distribution of file sizes is expondntia Pl ° |
with a meanl/r packets. The flow is subject to a con-
stant packet loss probability. During the OFF time, the
transmission rate is set to zero. When a flow switches from
OFF to ON, a slow start phase takes place; this phase is ap-
proximated by an instantaneous jump of the rate of som
random size. The size of this jump is a random variabT
with law H with Mellin transformh(u). The trajectory — (r@=p)?

of a typical flow is depicted in Figure 1. The steady state X = 14T

— U (D) R(2k + 2)87

e mean rate of a stationary flow is
(19)

and the probability that a flow is ON is

é v=1-Xr(1-p)/o. (20)

ﬁ More generally, the Mellin transform &fis:

| “‘FZ u u HR2\'72
| E | S = g(z)r(—)(‘l’“’( (D)

| 2’ | U (2) 2

o T_R”’(

2
k=0

Fig. 1. Evolution of the rate of a non persistent flow with time
The exponential slow start phase is in red. The jump ap- oo (1) ﬁ(% +3) ((p + T)R2>k+1—%
V(2

proximation in black. i( )\II 2) (k+ 1) 5
> k
probability that a flow is ON and has a ratadmits a den- Wy () h(u+2k+1) ((p + T)R2> (1)
sity s(z) which satisfies the ODE I3 +k+1) 2
?(z) = —7R%25(2) + ovR?*h(2) + 42pR%s(22) with 5(2) = X.
‘ _pR2s(2) (15) Whenr tends to zero, the last mean value }otends to
#p o that of the persistent flow square root formula of Theorem
= —TR%zs(2) +7(1 —p)R2/ vs(v)dvh(z) 2. The case with no slow start is obtained when taking
0 h(u) = 0 where we have:
+42pR%s(22) — 2pR%s(2), (16)
- 1
whereh is the density of the slow start jump. The sta- *= (1-p) H?°1(1_2_P471> (22)
: T—p T = p+T
tionary probability v that this flow is OFF is such that RS \/ERnfgl(kaM) VP T

JoS7(1 = p)zs(z)dz = ov and [ s(z)dz + v = 1. Let _ o _ '
The last expression (derived in [6]) is the simplest exact

formula extending the square root formula to the non per-

k—1
Up(u) = H (1 — ]%2‘“‘”) , (17) sistent flow case.
1=0

C. Further Models
for & = 0. The following result is proved in [5]. There are many potentially useful models along these
lines when combining the options discussed above. For
Theorem 4 The mean tim& (or mean latency) to trans- instance, what is the mean rate of a non-persistent flow



with a capacity constraint? In additions, there are mamshich in turn gives the following expression for the mean
interesting variants either when considering more generate:
laws for the file sizes and the think times, or when consid-

. : — 1 /3 1 ¢ _m
ering more general laws for the loss processes (Poissonas X ~ = pl o gy 2, (26)
in (2), with a stochastic intensity as in (6), or more general
poipt pr'oces’ses, for instance controlled by a Markov chajpip, £ = 641L1R22m' Differentiating with respect tan, we
as in Gilberts model). get that the optimal: solves
lll. EXAMPLES OF CHANNEL PARAMETER - 67 my/m 27)
OPTIMIZATIONS UNDER TCP R %

A. Optimal Processing Gain of a CDMA Flow using TCRere is a numerical example. Takidg= 320, R = .1,

In many wireless models, one can trade a smaller Ig%s~ 5 1072, T = 10__7' we getg ~ 1.15 - 1077 so the
rate against a smaller raw throughput. A typical examp?’é)t'mal processing gaim satisfies
is that of a CDMA flow. When TCP runs on such a flow, B Lo mym
what is the best compromise between a quite small loss e M = 4.727.107° T
03+ =
rate and a bad raw rate or the opposite? m
In [2] the following model was considered for analyzThe solution isn = 459. The associated value feiC?2 /2
ing this problem within the context of the the interactiois pC?R?/(2L?) ~ 0.815. One can justify the use of
of TCP and CDMA. A long lived CDMA flow transferring the above approximation by showing that the correction
data is assumed to be given a target SINR,cd process- brought by the next order term is appr. 4/2000 of the value
ing gain ofm, and to send data in packets of size given by the proposed expansion (the actual optimum is
Under these assumptions, the raw data rat€’is= around 450). It turns out that this value is quite differ-
1/(mLT) packets per second, if one denotes/hne chip ent from (and of course much higher than) that optimiz-
duration. When no FEC is used, a classical match filténg the goodput of an unresponsive UDP flow, which is
model gives a packet error probability of around 350. The reason for that should be clear: a TCP
flow over-reacts to losses. In order for this flow to use
p=1-01-Q(ym)* ~ LQ(y/mY), (23) the raw bandwidth offered to it correctly, the packet error
probability should be small enough, and in any case much
where Q(-) is the CDF of the zero mean unit variancemaller than that of an unresponsive flow.
Gaussian density, i.€)(z) = (1/v2m) [° e /2y, This approach can be used in a variety of related con-
When decreasing the processing gain, the raw data riggs like for instance that of the best coding rate and pro-
C increases proportionally tb/m whereas the packet er-cessing gain, or that of the best alphabet size in the adap-
ror probabilityp increases proportionally @Q(/m7). tive coding case. For more on the matter, see [2].
One can t_hen use the resqltg of Theorem 3 to detgrmElg Optimal Transmission Loss Rate for a Collection of
the processing gain that optimizes the CDMA/TCP inter- . .
T TCP Flows Sharing a Link
action in the case of small buffers.
In steady state the throughput of the TCP/CDMA flow, When several persistent TCP flows share a common

when expressed in bits/second, satisfies the ODE (11) wigsource, a well known phenomenon, particularly strong
3 = pR%/L?, wherep is as defined in (23) and with as When all flows have the same RTT, is that of packet loss

(28)

above (see [2]). synchronization: when the buffer fills in, many sources ex-
Using the approximatiof)(z) ~ ——e—*"/2 in (23) perience a loss at about the same time, and then react in a
we get Vire synchronous way by halving almost simultaneously their
window. In case of small or moderate buffer, this may lead
my 1 to a severe reduction of the total rate in the buffer, which
p~ Le 2 . (24) . .
2mmy may in turn lead to emptying the buffer and hence to some

under-utilization of the link capacity.
If 3C?/2is small, then the second order expansion of (14) In the model considered in this section, we analyze this
gives phenomenon within the context of a large family of flows
3C  pR2C3 11 subject to transmission error losses and partially syrchro
X 4 T I2 956 (25) nized congestion losses. A typical example would be that



of a family of N long lived DSL flows, all with the same It is not difficult to show that is an increasing function
RTT. Each flow is prone to transmission error losses. Tvab A for A € [0, \*] and a decreasing function of for
types of losses can be considered (separately or jointl})> A*; thusZ achieves its optimal value, namely, at
either impulse errors that occur according to a Poissan= A*. In other words, some transmission losses need
point process of intensity, or packet error transmissionsto be added in order to get the best average throughput
that occur according to the model of e.g. (6) with packetithin this context, as exemplified in Figure 2, which was
error probabilityp. We will concentrate here on the Poisebtained by simulation.

son impulse model, which was studied in [3] (quite similar

results hold in the packet error rate case — see [4]).

100

These flows share a link of capacity: N. The assump- e
tion is that when the sum of the rates of tNeTCP flows L S -
reachesC, then a proportior) < ¢ < 1 of these flows g o &
experience a congestion loss, all at the same tiniee- & M
ferred to as thaeynchronization ratén the literature). 5 o Sy
When letting N to infinity, one gets a so called mean- .
. . . . . 5 .
field interaction model which captures the dynamics of thg .
limit g = 5
E N
1 N 5 40 I R "
()= = lim > X;(t 29 3z08 5"
( ) N N—oo ; Z( )’ ( ) % q=1.0 !]\17100 0 a
=1 q=10,N=10 ~-e -
2 q=1.0,N=1 ----=&
where X;(t) denote the rate of flowat timet. This limit ot ! 10

Poisson loss intensity

may exhibit two types of behaviors as can be seen when
using the results dfll-A.1. Let

9 1 An intuitive explanation is that moderate transmission
AT = R (30) |osses play the same role as RED and may improve perfor-

_ _ o ~ mance by stretching congestion periods apart and hence

o If A > X%, then an interaction-less regime is possiblgecreasing synchronization.
in view of (4) and Theorem 1. if the rate of each flow
is sampled independently with an initial condition whiclkC. Optimal Coding Rate of an HTTP Flow
is distributed accor;lmg 0 (5),.then each of .them 'S in its When transferring a set of files via HTTP, is it worth-
steady state. The limit (29) exists for aland is equal to | . . -
2 1 . while to use block codes that will reduce the probability of
Tz as aresult of the strong law of large numbers. Since . 1 i )
3 ) . . rpacket error but increase the file sizes? If so, what is the
37z < C, the flows never interact in the limit. In othe . 5 . . o

L : o o t%est coding rate?In this section (which is new), we show
words, in this regime, transmission losses are sufficient 10

, . how to use the model éil-A.2 and the results of Theorem
control the system without the need of congestion Iosseﬁ. . .
to answer this type of questions.

o In casel < X*, (4) can be used to show that for all . .
exchangeable initial condition&’;(0) such that the limit we gon5|der some H.TTP.ﬂOW ona chanqel with a con-
(29) holds at = 0 with z(0) constant, there is an infiniteStantb't error rate p. F!Ie s1zes gnd think times are as-
number of congestion epochs. If a periodic regime with> med to be exponentially distributed. We asstme that
congestion every seconds exists fag(t), one gets from b 0 ck codes are used for. Forward Errgr Corre'ctlon .(FEC)'
(4) thatr is necessarily equal to with each pa_cket o’rL_ bits _encoded intav I_O|ts, W|th_
N > L. If afile has sizel", its encoded version has size
2 q F/p wherep = L/N is the coding rate. The following
7 = ylog. (1 + m) (31) model, which is based on the so called Gilbert-Varshamov
~ bound ([9] p. 463) and used in [10§JIl.A, and in [2],
and that the mean aggregated rate— Jo fg) 4 s then Will be adopted below: for all coding ratesthere exists a
necessarily: block code that allows one to correct upttbit errors in a
packet, where satisfies

Fig. 2. Mean throughput vs Transmission loss rate

— A* Cq
A 2'096 (]. + ﬁ) p = 1—-h <¥> s (33)




with & the binary entropy functiom(x) = —x logy(x) —
(1 —z)logy(1 — x)), providedt + 1 < N/4. Fort = t(p)
determined by (33), the packet error probability is hence

N ]\7 . .
p o= > < ; >p{,(1—pb)N_]-
j=t(p)+1
All parameters of our HTTP model are now available:
the file size has an exponential distribution with parame-
ter 7p (when mesured in bits); the think time is exponen-
tial with parameter, and the packet error probabilipyis
given by the last formula. The associated ODE giving the
distribution of the throughput (expressed in bits per sec-
ond) is

P 2 2 0
%(z) = —TL%ZS(Z) +7L(1 — p)% /0 vs(v)dvh(z)
2
ey (125(22) = 25(2) (34

where the probability distribution is in bits. If one de-
notes byX the mean value of the distribution solution of
the last equation, then the goodpupi¥ bits per seconds.
We can then use the results of Theorem 4 to compute the
mean goodput in function of the coding rate [6]
Figure 3 gives a numerical example based on Equation
(22). This figure displays the goodput in function of th%]
coding rate. The parameters are the followipg= 10~2;
R = 1s., the mean think time is 3.s, the mean number
of bits in a file (before encoding) i8)® and each packet
containsN = 100 bits (after encoding). Notice that this'®!
mean value is rather low as it takes into account the fact
that the rate is 0 during the think times. There is numeridal
evidence that the optimal coding rate depends on the file
size parameter. [10]
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