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Abstract—Recently, it has been proven that the minimum- gradient descent algorithms and Newton’s methods in Sec. IV
cost multicommodity flow can be realized by a link-state rouing  and conclude the paper in Sec. V.
protocol, PEFT, using uneven traffic splitting [1]. The acheve- The key notation used in this paper is shown in Table |
ment is due to solving a new convex optimization problem, '
Network Entropy Maximization (NEM), by a gradient descent

algorithm. However, gradient descent algorithms are notoious || BACKGROUND ON OPTIMAL TRAFFIC ENGINEERING
for slow convergence to optimality whereas Newton's method AND NEM
usually converges much faster. Solving NEM by Newton’s metid . . . . .
is neither trivial nor standard because of the infinite numbe of In this section, we summarize the modeling and_ gradient
variables NEM has. In this paper, we develop efficient Newton descent method for the NEM problem proposed in [1] to
methods for the NEM problem. realize optimal traffic engineering.
Keywords: Interior gateway protocol, optimal traffic engineering,
routing, network entropy maximization, Newton’s method A. Optimal Traffic Engineering Via Multicommodity Flow
. INTRODUCTION Consider a wireline network as a directed graph- (V,E),

The classical minimum-cost multicommodity flow problenyvhereV is the set of nodes (whem® = [V]), E is the set of
is to transport multiple commodity flows while minimizing!inks (whereE = [E(), and link (u, v) has capacity:, ... The
a convex objective function of the aggregate flow on evefffered traffic is represented by a traffic matiix(s, t) with
link. Its optimal solution can be found quickly through cemv Source-destination pairs indexed by ).
optimization. It has important applications in traffic emegr- Define f,,, to be the load on linku,v), which depends
ing, or congestion control in IP networks, where the netwo routing protocols and traffic demandB({ v, cu,v}) is
operators try to balance the traffic within the network b§n increasing and convex objective function{gf. .}, which
assigning a high penalty cost on those congested links. could be the maximum link utilization, or a piecewise-linea
Traffic engineering for link-state routing protocols has agPproximation of the M/M/1 delay formula [7], etc.
tracted a lot of interest [2]-[6] since the pioneering wofk o Then we have the following classical convex optimization
Fortz and Thorup [7]. In a link-state routing protocol, thé@roblem, the min-cost multicommodity problem (1), where th
network-management system computes a set of link weigiigw destined to a single destination is treated as a comyodit
through a periodic and centralized optimization; then ea@d f;, ,, is the amount of flow on linKw, v) destined to node
router uses the link weights to decide traffic splitting fiaes 1.
for every destination among its outgoing links [1]. It haccOMMODITY:
confused the community for a while as to whether a link-

state routing protocol can realize the optimal solution raf t min - @({fu,v, Cuv}) (1a)

minimum-cost multicommodity flow problem. st > fiu— Y. fus=D(s;t),¥s#t  (lb)
For the first time, Xu et al. [1] show that a new link-state vi(s,0)€E wi(u,s)€E

routing protocol “PEFT” can achieve optimality using uneve Fuw 2 Z Fho < Curos V(u,v) (1c)

traffic splitting across outgoing links. The accomplishitnisn tev

due to solving a new convex optimization problem, Network vars. ff . f... > 0. (1d)

Entropy Maximization (NEM), by a gradient descent algo-

rithm. In this paper, we propose solving NEM by Newton’s

method (scaled gradient descent) since Newton’s method ubl¢cessary Capacity

ally converges much faster and makes choosing appropriatéiven the traffic matrix and a convex objective function,

step sizes easier. Note that the NEM problem has an infinitee solution to the above COMMODITY problem (1) rep-

number of variables, which makes the extension even magsents the optimal distribution of traffic. The solutionwflo

challenging. Cuw = fun ON each link(u, v) (or ¢ as a vector), is called the
The rest of the paper is organized as follows. Backgroumecessary capacitio achieve the optimal objective [1].

on the minimum-cost multicommodity flow problem and the The PEFT protocol proposed in [1] is the first and the only

theory of Network Entropy Maximization is introduced inlink-state routing protocol known so far to realize the ol

Sec. Il. Newton’s method for NEM is discussed in Sec. Ildistribution of traffic. It is derived from a new optimizatio

We numerically compare the performance of solving NEM bgroblem, Network Entropy Maximization.



TABLE |
SUMMARY OF KEY NOTATION

Notation Meaning
D(s,t) | Traffic demand from source to destinationt
Cuv Necessary capacity of linku, v)
Way 0 Weight assigned to linKu, v)
Juw Flow on link (u, v)
L Flow on link (u, v) destined to nodé
i Total flow (destined ta) at u
0t Total flow atw for a unit traffic demand frons to ¢
o Splitting fraction (destined td) on link (u, v)

B. Network Entropy Maximization

Define P, ; to be the set of paths from to ¢ (repeated

nodes are allowed), andgjt to be the probability (fraction)

of forwarding a packet of demanfl(s, t) along thei-th path

where, , is the dual variable for constraint (2c). From [8],
we have

s C)
= Cup — Zs,m‘ D(s, t)Kl(auz:j)x;t(Q) (5)
= Cuo — fu,w(Q),
and from (4), we have
P e
x?t N =2 (w0) K;?:)Au,v ' ()

Then\,, can be used as the weight, ,, for link (u,v), and

the probability of using pattP;t is inversely proportional to
the exponential of its path length. Since (6) has no factor of
s ¢ an intermediate router can ignore the source of the packet
in forwarding [1].

(PL)). DefineKl(;i’”) to be the number of time#?, passes D. A New Link-State Routing Protocol: PEFT

through Iink(u,vSfP;’yt can contain cycles.

Eq. (6) results in a new link-state routing protocol, Penal-

The Network Entropy MaximizatiorNEM) problem under izing Exponential Flow-spliTtingREFT), which satisfies (7),

the necessary capacity constraints is defined in [1] as/sito
NEM:

max Z D(s,t) Z —a:i_’t log:c;t (2a)
s,t 1€ Ps ¢
st. Y D(s,)KWal, <uwV(uv)  (2b)
s,t,1 =
inﬂf =1,Vs,t (2¢)
vars. ., > 0. (2d)

There exist globally optimal solutions to NEM, which
also a convex optimization problem [1].

C. Solving the NEM Dual By Gradient Descent

Though the NEM problem has an infinite number of vari-

ables, the values of the dual variables for constraints (2p)

for link (u,v) (or A as a vector), are sufficient for a link-state
routing protocol.Q, the Lagrange dual problem of NEM, can
be solved by a gradient descent algorithm [1], which is shown

as follows for iterations indexed by.

Alg+1) = [Alq) — (@) VQ(A())] T, ®)

wherea(q) > 0 is the step size anQ(A(q)) is the gradient.

At the optimal solution of NEM, we have

(u,v) Pt
i _ *(Zw,u) Kopi A“”J*D(s»)“)
xs,t =e€ st 9

(4)

1zs,t,i:(u,’u)€PSi’tD(s7t)xi,t(q) is used in [1] instead

S eni D(s ) K ai
T s,t

s,t"

of

Wherepfl_’t is the path length of théth path (i.e., the sum of
wy,» Of the links along the path).

e_l’;m

Zj e_pi,t

To forward a packet destined toby a link-state routing

protocol, each router: needs to know the traffic splitting
fraction ¢}, ,, on outgoing link (u,v). Based on a complete
view of the topology and link weights, a router can compute
the distanced!, from any nodeu to nodet, and the excess
lengthhl, , £ df, + wy,, — di, over the distance.

From (7), more traffic should be sent along an outgoing link
~used by more paths and the paths should be treated diffgrentl
IShased on their path length¥!, is defined as the “equivalent

number” of shortest paths from nodeto destinationt as
shown in equation (8a); I&F! £ 1. T also can be computed
recursively by solving linear equations (8b) [1].

PEFT: Z,t (7

T

TZé Z e—(Pi,t—di) (8a)
1E€EP, ¢
= Z Z e~ (Ph o —di —d}+d)
(u,v)EE \JEPy ¢
_ Z ef(derwu,vfd;) Z e*(Pi,tfdz)
(u,v)€R JEP v
- ¥ (e—hiurt) (8b)
(u,v)€E
Then nt
AT
tu,v = Tt ! (9)

Let f! denote the total flow destined towhich passes
through node: or originates at:. Thenfiyv, the total outgoing



flow of traffic (destined tot) traversing link (u,v), can be
computed as follows:

=it (10)

For {D(s,t)}, the given input traffic demand, afdv,, , },

a set of link weights,f. can be computed by solving the

following linear equations:

Z djgt;sfy; :D(Svt)'

y:(y,s)€EE

N EWTON' S METHOD TO SOLVE NEM

(11)

In this section, we present Newton’s method to solve the: end for

Algorithm 2 shows the procedure of updating link weights
by Newton’s method. The methods of computing the link load
f and HessianH are shown in Sec. IlI-C and IlI-D. The
time complexity mainly comes from computing the inverse
of the E x E matrix H, which requiresO(E?) time. In this
paper, we only discuss the conceptual method of applying
Newton’s method. There exist several other faster methods
of computing the inverse of the Hessian approximately via
conjugate gradient, quasi-Newton methods, etc. [9].

1: for all links do
22 w=w-H"

GRS

dual problem of NEM. The main challenge is computing thélgorithm 2: Link-Weight Update(f) by Newton’s Method
Hessian matrix given that NEM has an infinite number of

variables.

A. Solving NEM Dual By Newton’s Method

of V2Q(A(q)), the Hessian matrix for the-th iteration.

Ag+1) = [Aa) - V2QA@) 'VQ(A@)] . (12)
From (4), we have
. (u v) Hs,t
ozl , (uw) T\ Z ) Kpi' “Auotpiy 1
Duw _KP;",: ¢ ( ) (13)
=~ Kp e

From (5) and (13), the entry of the Hessian f@ is

92Q

9« 14
0O @ (14

(u,0) g (u' ") i
=Y D(s, KLV K .
(S ) Ps,t Ps,t xs,t(Q)

s,t,1

Since there are an infinite number of ,, we need to find

C. Computing Link Load and Hessian By Exact PEFT

Equations (7) and (9) are calldekact PEFT, which corre-
¥ponds to the exact solution of NEM [1]. Via (9), the Hessian
can be computed without enumerating all the paths. At first,
we definens' as the total flow at node if there is one unit
of traffic demand froms to ¢ in the network where = ¢. 73t
and f! can be computed in the same way by solving linear
equations (15), where (15a) is the same as (11).

> Wty =Dis) (5
y:(y,s)€E
b st 1 ifu=s
Z “wy,u"y - { 0 otherwise. (15b)
y:(y,u)€E

Therefore, for each destinatiagn (15) are linear equations

another way to compute the Hessian instead of directly usidge = B; Ais N x N,z is N x 1, andB is N x N. The

(14).
B. Framework of Solving NEM By Newton’s Method

total time complexity iSO(N - N3) = O(N*) [10]. Note that
solving (15a) alone also need3(N*) time due to the LU
Factorization ofA for NV destinations.

Algorithm 1 in [1] shows the framework of solving NEM  The Hessian can be computed using (16) from Theorem 1.
by descent methods (including gradient descent and Nesvton'requires additional time (N E?). Therefore, the total time
method). Starting with an initial setting of link weights,of computing the Hessian i9(N* + N E?).

the algorithm repeatedly updates the link weights until th

load on each link is the same as the necessary capagi

The Traffic_Distribution procedure computes the resulting link

e
ItyH(uu)(u’ v') = (16&)

loads f.,.,, based on the traffic matrix and link weights. Then
the Link_Weight Updateprocedure updates link weights by a

descent method.

: Compute necessary capacitiedy solving (1)
w «— Any set of link weights

f < Traffic_Distribution(w)

- while f # ¢ do

w « Link_Weight Update(f)

f < Traffic_Distribution(w)

- end while

- Returnw /*final link weights*/

Algorithm 1: Optimize Over Link Weights

b (Famlt ol flmt M) () # ()

tev
if (u,v)=(u,v").

Z (fu,v( +2n57twu,v))
(16b)

teVv

Theorem 1: The Hessian matrix for NEM dual (14) can be
computed by (16).

Proof: See Appendix. [ |

D. Approximate Link Load and Hessian By Downward PEFT

Since the optimal traffic distribution should contain no
cycles, theexactPEFT (9) can be approximated by Downward
PEFT (17) to forward traffic only on next hops which are
closer to the destination [1].



. (without cycles). Then we have four algorithms named Exact-
ot _{ # if dt > dt, (17) Grad, Down-Grad, Exact-Newton and Down-Newton. Each
A B otherwise. algorithm will terminate earlier if the optimality gap isrehdy

less than 1%. In gradient descent algorithms, the step size i

Then for each destinatiof) 73 and f;;, can be computed set to1/ max¢,_,, the reciprocal of the maximum necessary
by visiting the nodes in decreasing topological order (froffhk capacity [1], while the step size of Newton’s method is
the farthest node te) in an acyclic network [1]. The total glways 1. To determine the flow with cycles and compute the
time complexity isN*(N + E). Then the Hessian still caninverse of the Hessian, we solve linear equations via LAPACK
be computed using (16) but one of;"y!, ,, andn: 'yl (Linear Algebra PACKage) [11].
should be 0 for a pair of linkéu, v) and(u’,v") in an acyclic
network. In additionH , v)(u.0) = > ,ev fL., sincenytyt , B. Convergence Behavior

is 0. Fig. 1 shows the optimality gap (on a log scale) achieved by

PEFT of different algorithms, within the first 3000 iteratio

_ ) _ for six networks. It demonstrates that Downward PEFT is
In th_|s section, we nymencally comparé the performanggyeqy a good approximation of Exact PEFT though the former

of solving NEM by gradient descent algorithms and NeWton}%quires a few more iterations. In addition, solving NEM by

methods. Newton’s methods converges much faster than by gradient

A. Simulation Environment descent. For example, in the Abilene network, Newton’s

We use the same test setting as in [1]. We run the simulatighe:tlr;fd OE!?/ nee%s_ 4? geratlor;s to :jedg%e%he op(stgn?hty 9ap
for a real backbone network and several synthetic networkg, °'_tW It('a grasl_en_l esbcen nt(_ee S b (or d f|mesthas
First is the Abilene network with 11 nodes and 28 directiongpa;ny) Ler_a II(Z)'nS.l imilar observations can be made forrothe
links with 10Gbps capacity. The traffic matrix is derivedrfro NEWorks in F1g. L.
thh_e Net;l_owldata onli\lov. 15th, 2005. Tdhe two Sérjrtr:%t\:: 2-Iﬁ_\/§_ Running Time Requirement

ierarchical networks were generated using GT-ITM, whic o . . . .
consists of two kinds of links: local access links with 200—|Th(.3thtests for flndlrf1g Iml:jwelghts mfPEF'L W.'th different f
unit capacity and long distance link with 1000-unit caga.elcitagorl MS WETE periormed under a time-sharng server o

In the two random topologies, the probability of having %e;toi Lr:nux tﬁA with Intel X_eont_ proces_storst_at 2'f6 th.
link between two nodes is a constant parameter and all i € 1l Shows the average running time periteration o !

capacities are 1000 units [7]. algor!mms on six n;etv\éorks. We otiservet t7hat.allt theb f]?ur
As in [1], we adopt the cost function (18) in [7] and theta gon ?]S are verfy a}[.:,] rlequlrlr:g at moks .trﬂ'nl%gs %ore
objective is to MINiMizey,, ) & (fu, cuvo). ermination even for the largest network (wi nodes)

tested. Moreover, approximating Exact PEFT by Downward

IV. PERFORMANCEEVALUATION

Faro Fun/Cuw < 1/3 PEFT can reduce the running time by half or even more due
3fuo —2/3Cuw 1/3 < fu,v/Cuw <2/3 to the avoidance of solving linear equations to determime th
B(fun,cun) = 4 10fuw—16/3cuy 2/3 < fuv/Cu,v < 9/10 f ith | hi ) , o .
T0fu v — 178/3 cu 9/10 < fuo/Cuw < 1 ow with cycles. In each iteration, Newton’s method reqgsiire

2885?’“ —_1‘1122{2/055 }51{;2 /ch/CS 11/10 more time than needed by gradient descent algorithms becaus
e . STt qg) of the complexity of calculating the inverse of the Hessian,
which fortunately can be considerably simplified by adogtin
The optimal & values are computed by solving lineasome quasi-Newton methods [12] (which we don’t do).
program (1) with CPLEX 9.1 via AMPL. For each network, we

: : ; : : TABLE II
ur,"_formly §cale the traffic m?‘trlx SUCh, that the r_naxmum “nlskverage running time per iteration required by solving NEMng gradient
utilization is close to 100% in the optimal solution. Noteatth descent and Newton’s methods
such optimal® value is not the maximum entropy in NEM, ' _
; ; ; Time per lteration (millisecon
which is not_ available beforehand. However, the network Net 10 | Node # | Link # Grazlent (Newton )
operators mainly care about tldevalue and from the theory Exact | Down | Exact | Down
of NEM [1], the descent methods will converge to a set of || abilene 11 28 3.4 21 7.9 3.6
link weights which carsimultaneouslyachieve the minimum hiers0a | 50 148 | 13.7] 59] 571 177
. . .. - _[[ hier50b 50 212 13.8 63| 824 364
<I>_va|ue e_md the maximum entropy using PEFT. Theh it iSt—2nds0 = 558 194 =TT o918 439
still meaningful to show the convergence of optimality giap, rand50a| 50 245 243 76 | 110.8| 50.0
terms of thed value, compared against tldievalue achieved rand100| 100 403 | 1755] 36.7 | 911.7] 2823

by optimal traffic engineering (1).

To solve NEM, i.e., to determine link weights under PEFT,
we run Algorithm 1 with up to 5000 iterations for gradient V. CONCLUSION
descent and 500 iterations for Newton’s method of computingOptimal traffic engineering can be realized by a link-state
traffic distribution and updating link weights for the tworouting protocol by solving a convex optimization problem,
scenarios: Exact PEFT (with cycles) and Downward PERYEM. In this paper, we propose efficient Newton’s methods to
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Fig. 1. Evolution of optimality gap using Exact and Downwd&BFT with gradient descent and Newton's methods
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solve the NEM problem with an infinite number of variables.
The extensive simulation validates that the proposed Newtq,;
method converges much faster than the existing gradient
descent algorithms for many practical instances in additio[Z]
to converging faster in theory.

[3]
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(5]
APPENDIX: PROOF OFTHEOREM 1

Proof: Denote byc’“*") the expected number of pas- (6]
sages through linku,,v,) for a packet traveling fromu to ¢
and let¢"“*) = 0. Define functions(condition to be 1 if
the condition is true, and O otherwise. Thei“***) can be
computed using the following linear equations (19).

5;,(711,@1) A Z gia(ul,vﬂwz,v +1/’Zl,v1 6(u = ul). (19)

v:(u,v)€E

(7]
(8]
9
[10]

[11
From the definition,¢;(“***") also can be computed by[12]
solving linear equations (15) and applying (20).

t(ur,01) _ ut, )t
gu’ ' - nui 1/}711-,711

Similarly, denote bye’(“v1):(“2:%2) the expecteproduct
of the number of passages through lifik , v1) and the num-
ber of passages through lifkz, v2); let §f’(“1’”1)’(“2’”2) =0.
If (ug,v1) = (uz,v2), then &b v0(42:2) s the expected
square of the number of passages through lirfk,,v1).
ghlunv).(u22) can he computed by solving linear equations
(21).

(20)

55-,(“17@1)-,@2-,712) = 55-,(“1-,711)7(712-,712) tu,v"’
v:(u,v)€E
S(u = wy) + o, el

t
u1,v1 SV1
Lo (L2650 ) 5 (0 = ) o1

From (19) and (20), the solution for (21) is shown in (22).

t,(uz,v2)

<O(u = u2)

t,(u1,v1),(us,v2) _
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if (u1,v1) # (u2, v2)

if (u1,v1) = (ug,v2)

{ o Vs 0T Vg & T Wy T Wy T (1, 01) 7 (12,02)
My Yy oy (L4 2003 0, ) " (ul(’zvzl)):(uz’vz)
Then
o =D D(s, )L =N "D (s, it L, (23)
S S

and with (14), (22) and (23), we have

Hug o) (uzwz) = 2oy Dls, )i ears)
_ fél,vl 775;'%/)52,71% tfﬁz,vznﬁi'twim ?f (u1,v1) # (u2,v2)
ful,m (1 + 2775? 1/1u1,u1) if (u1,1)1) = (U‘Qv UQ)'
(24)
|



