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Abstract—We consider connection-level models of resource the upper bound increases linearly with the number of flows
allocation in the Internet, where files arrive into the netwak in the network. This result complements the work of Kang et
according to a Poisson process and the size of each file isy) 4] who have obtained a conjecture on the distribution on
exponentially distributed. The link capacities in the network are th b f files in th work i h traffi .
assumed to be shared among the files in the network using a e numoer _0 |eslln € network in a heavy-trafic regime
proportionally-fair resource allocation scheme. In this paper, we USing Brownian motion models. Our upper bound matches the
are interested in the impact of this resource allocation onlie file- result in [4] in certain symmetric networks. It should beetbt
transfer delay experienced by the users of the network. Towals that the result in [4] is a generalization of earlier reswlts
thls_end_, we derive aS|mpIe upper bound on the expected numbe product-form solutions obtained by [9] and [2].
of files in the network using Lyapunov techniques. . .

We would like to mention that the delay performance of
|. INTRODUCTION proportional fairness has been compared to the performance

. : of delay-optimal policies in a linear network in [12], [13hée
Resource allocation algorithms for the Internet are dmignwoa symmetric star network in [14].

to ensure fairness of allocation among the many users wi
are present in the network at any one instant of time. Such II. MODEL AND RESULTS

algorithms are often designed under the assumption that th? thi id work with link dR
number of users is fixed. We will refer to such a model as ' "'S Paper, we consider a network with finks an

a static model The study of distributed algorithms for Sta,[icroutes. Each file transfer in the network will be associatl wi

models was initiated in [6] and has been studied by a numt{ﬁ tt?'.l Thufs;, thehre arf file _classes |3_thetn§tv(\j/ork. V(;/e aé;“.me
of authors (see [10] for references). In reality, the users aties ot each route arrive accorcing to independenisoals

the network arrive, bringing in a certain amount of work jfprocesses With ratﬁr_ filgs/sec, the file size§ are_ indep(_andent
the form of a file to be transferred, and depart when tﬁa&d exponent!ally d|str|bgteq, W.'th mean f'le sizgu, bits,
work is completed, i.e., when the file has been transferre _dthe capacity of eaqh Imk@blt/seg. Besides, we leir(.t)
The stability of the network when there are file arrivals an enote the number of files using routn the neMork at jume
departures has been studied in a number of papers [9], andmr(t)_c_ienote the rate allocated to serve f||_es ustnay
[1], [8]. Such models are often call@dnnection-level models Ime ¢. Additionally, we assume that thg files using .the same
In this paper, our goal is to go one step beyond stability, a %ute equ_ally share the allocated rate, €., at tig file on
study the impact of resource-allocation on the connedtwet route r W'”. be serve_d at rat.e“(ﬂ/m(t) i nr_(t) = 0. We
performance of the network under a connection-level modefl'flrther define a routing matnA such tha.‘tA” =1if _ro_ute "
Specifically, we consider the proportionally-fair resairc S€S linkl, so so a feasible rate allocationhas to lie in the
allocation policy introduced in [5]. The proportionallgif setF defined as

resource allocation policy, which can be implemented in a F={x:Ax<c, x>0}.

distributed fashion using congestion control algorithras h

been widely-studied. It has been shown that the propofiipna  The evolution ofn(t) = (ni(t),...,ngr(t)) can be de-
fair scheme can scribed by a continuous-Markov chain. Furthermore, using

(1) provide fair resource allocation at each time instant; Uniformization [7], we can construct a discrete-time Marko

(2) support the maximum connection-level throughput. chainn[t] by sampling the network at certain random times as

X . . . . we will describe now [10], [11]. Letr denote the maximum
While this proportionally-fair policy guarantees shastih

. ; . _rate at which events occur in this network, where
fairness, it does not maximize the departure rate at eaah tim

instant (an example will be presented in Section Il). Thhs, t Lij
connection-level delay performance may not be optimized un v = max Z (Ar + v pir)

der this proportionally-fair policy. Using the Foster-lptanov r=1
criterion, we derive an upper-bound on the expected numi¥e sample the system according to a Poisson process of

of files in the network under the proportionally-fair polignd this rate. Specifically, after each sample which we call an
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event, the next event is an arrival of a file using route The example above motivates us to study the delay-
with probability A, /v, a departure of a file using routewith  performance of the proportionally-fair resource allocatiWe
probability z,. .., /v, or the system state is left unchanged witlise the approach in [10], [11] to study the following objeeti
the remaining probability. These events are called asijval R

> ] n[O]] : )

=1

h
departures and fictitious departures, respectively. From n lim _1 Z E
on, without loss of generality we assume= 1. h—oo h 41 =0
For the discrete-time system obtained througBor previty, we will call this objective “the average numiodr
uniformization, let n,[t] denote the number of files offjes in the network” in the rest of the paper. Note tid] is
type r during the time from the* event tot + 1" event, the initial condition. Since the proportionally-fair cooller
named astime slot¢. We further letu,[t] denote the rate is stable-in-the-mean [10], [11], it follows that the above
allocated to serve files at route at time slott. It is gpjective is also equal to
obvious that the network dynamics at the connection level R
depends on the resource allocation algorithm that decides lim E an[t] n[O]}
| r=1
a/r_lder proportional fairness.
Next we give an upper bound on the expected number of
files in the network under the proportionally-fair algorith

x[t] at each time slot. One particular resource allocation =00
scheme that has been widely studied is the proportional
fair resource allocation algorithm, which is defined asdat:

Proportionally-Fair (PF) Resource Allocation Algo- Theorem 2:Define p, = A./u,. We assume there exists
rithm: At time slot ¢, files on router are served at rate . - ( such that(1+ ¢)p € . Then under the proportionally-
z,[t], wherex([t] is the solution of the following optimization fajr algorithm, we have
problem: R

>onr
r=1

. . where the superscripP ' indicates the proportionally-fair
The following result has been proved in 1], [10], [11]. algorithm andpwe repcaIR is the numbef ofproutes i?]/ the

Lemma 1:The network is stochastically stable under thﬁetwork
proportionally-fair algorithm if '

< E, v n[0],

) Jim 2 nl0]) < <

x[t] = argmaxxer y_,. n.[t]log z,.

Ar Proof: Since we only consider the proportionally-fair
L < algorithm in this proof, the superscript is ignored without
rider causing any confusion. Define the Lyapunov function
U R
From Lemma 1, we can see that the proportionally- W[t]:z)\—ni[t].
fair resource allocation algorithm supports the maximum r=1""

connection-level throughput. However, the links could loe oFirst, we note that

casionally under-utilized under the proportionally-fa@Esource

allocation algorithm. E [E/[t +1] = W[t]n[t]
Consider a line network as in Figure 1, where we assume 2 9

0, the proportionally-fair resource allocation yields[t] = T_R

x2[t] = x3[t] = 0.5. So the overall departure rate is5u. + &xrt n[t] — 1)? — n,[t2)I,

However, if we choose:[t] = z3[t] = 1, the departure rate ; Ar )l 1] = 1) )T 120 )

becomegu. Thus, it is quite possible that the number of Users,ioh

implies that
Flow 1 E Wt + 1] — W[t]|n[0]]
T = FE[E[W[t+ 1] — W[t]|n[t]] In[0]]
link 1 link 2 E
¢ ¢ ¢ = R+Y 5 (B20v — pray [)n flnl0]+
r=1""
/\ /\ E [urIr[t}Im[tpo! H[OH) . (3
Flow 2 Flow 3 It has been proved in [10] that]t] is positive-recurrent under
Fig. 1. A Line Network the proportionally-fair algorithm givep < 1. Thus, we have
lim E[W[t+1]—Wtn[0]] = 0
under proportional fairness can be larger than under amapti fmeo
scheme. Jim B (12 [ T0 0| 0[0]] = A,
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where the second equality is simply a statement that thé taia estimate the steady-state mean number of files. In neswork
departure rate is equal to the total arrival rate due to liiabi with a few long routes, our bound could be tighter than (7).
Letting ¢ in equality (3) goes to infinity, we can conclude thaFor example, consider a line network withlinks and a single
flow as in Figure 2, where we assume that= 1 for all [ and

R
lim E Z )\i()\r — pa,[t])ne[t] n[O]] - R (4 A/p (1 + €) = 1. Our upper bound indicates
t—o00
r=1"" 1
Recall that the resource allocation under the proportional Elnloo]] < €’

fairness is a solution to the foIIowing optimization prable \hich is tight. However, letting the local traffic load go tera
on each link in (7) yields

max f(x n,[t] log z,..
e Z Blnfoc) = £.
€
Since f(x) is concave andF is a convex set, we have
Vf-(x—x[t]) <0 e
wherex]t] is the optimal solution givem([t], which implies o— ¢ —o¢ ¢ .---0 0
that 1 2 L
2t
Z ; (xr —t]) < 0. (5) Fig. 2. A Line Network with L Links
r=1 r
Since{(1 + e)\./u,} € F, from inequality (5), we can get Now we consider a star-network with links as in Figure
that 3, where every pair of links forms a route. We assume that
1 A1) <o g=1foralllandp.(1+¢€)=N/pu(1+¢€ =1/(L—-1).
2”7[ (1 + ) zft] ) <0, Since there ard,(L — 1)/2 routes in the network, our upper

bound shows that
which implies that

L(L—1)
L(L—-1
ny[t] E Z n[oo] | < ( )
Z A (1 + 6 /h%[t]) S Oa r=1 2e
r=1 r
which leads to The result in [4] indicates that
1 R L(L-1) I
le — e [t]))n, 1] < *62’““}' 6) E ; nefoo]| ==,
Comb|n|ng equation (4) and inequality (6), we flna”y CONyhich is “ghter than our upper bound.
clude that n
R [ )
i < —.
Jim 2 Z:lnr[t] n[o]] <
|
From Theorem 2, we can see that under the proportionally-
fair resource allocation, the expected number of files lilyea ° °
increases with the number of routes in the network. This
result complements the work of Kang et al [4] who have
conjectured the distribution on the number of files in the
network in a heavy-traffic regime using Brownian motion
models. Assuming there is a single-hop flow on each link °

(local traffic assumption), it has been shown that

Efnocl =pr Y ——=—— )

l:ler G- Zj:lej Pi

Fig. 3. A Star Network withZ Links

Despite the above limitations, the expressions obtained
where the subscrigtindicates a linky and j indicate routes, in Theorem 2 and in [4] can be used to study the delay
and, for simplicity, we usen,[cc] to denote the steady- performance of proportionally-fair resource allocatibn[13],
state value. Next, we examine the impact of the local traffaptimal policies for a line network with two links were pro-
assumption on the accuracy of (7). posed. The delay-performance of the optimal policies ard th
Now given a network with an arbitrary topology and arbiproportionally-fair policy were compared using simulaiso
trary flows, we can use the result in Theorem 2 or equality (@pnd it was shown that the gap is less thHz¥5. We also
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considered a symmetric star-network with three links ameleh
flows in [14], where we identified the delay-optimal policy.
Using the upper bound in Theorem 2, we showed that the
expected number of files under the proportionally-fair ppli

is at most a factor of.5 more than the one under the optimal

policy.
IIl. CONCLUSION

In this paper, we studied the long-term delay-performance
of the proportionally-fair resource allocation. We obtain
an upper bound on the expected number of files in the
network, which linearly increases with the number of routes
in the network. This upper bound is not tight in general, but
complements the result in [4].
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