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Abstract—We consider the situation where users rank items rankings of all user-item pairs. In this paper, we take agioth
from a given set, and each user ranks only a (small) subset of point of view. Rather than focusing on a specific algorithm,
all items. We assume that users can be classified int@ classes, we investigate the following question: “What is the minimal

and users in a given clasg have the same ranking for all items. b f i that lorith . . der t
For this situation we are interested in the following question. As number of rankings that any algorithm requires in order to

a function of the number of users N in a given classc and the Provide accurate predictions?”.

numbers of items Iy to be ranked, how many rankingsmy per Due to space constraints, we state several of our results

user are needed in order to be able to correctly identify all user in - without providing a proof.

classc? This question is of interest because correctly identifying

all users in a class allows to accurately predict the ranking of an II. PROBLEM FORMULATION

item by a given user that the user has not ranked, but that was . . .

ranked by another user in the same class. This is exactly the goal ~ Clearly, in order to be able to predict the rankings for a

recommender systems using collaborative filtering. Therefore, given user based on the rankings on other users, there has

being able to answer the above questions allows us to characterizeto be some correlation between the users’ ranking. There are

how much data (i.e. how many rankings per user) is required by - gayerg| possible approaches to model such a correlation. Fo

gnreedcigtmun;:rr] ic::rrnsg]iri?]guigi%;ollaboratuve filtering to accurately our analysis, we consider a model proposed by Awerbuch et
We study the above question using a random graph model. @l- in [2] which assumes that users can be classified into a

Even though the resulting random graph is not a Erdos-Renyi fixed number ofC' classes, and users in the same class have

graph, this allows us to use for our analysis similar techniques the same ranking for all items. For a given $atf I items, let

that have been developed for the analysis of Erdos-Renyi graphs re = (re(1), ..., re(I)) € [0, 1]1 be the ranking vector of users

in classc. The model allows for ranking vectors of different

classes to “overlap”, i.e. we can have that(i) = r. (i),

¢ # ¢, for some items. For this model, we are interested
Consider the situation where users rank items (such iasderiving a lower bound on the number of rankings required

books, movies, etc.), and suppose that each user typicatlycorrectly all users in a given class

only ranks a small subset of all possible items. We assumeAs we are interested in a lower-bound on the number of re-

that rankings take on a value on the inter{f@l1] indicating quired rankings, we assume in this papemplete separation

how much the user likes (values) a given item. Recommendgnong the rankings of different classes, i.e’ if ¢’ then we

systems using collaborative filtering then try to accusatehaver. (i) # r. (i), i = 1,...,I. Complete separation makes

predict the ranking of an item by a given user that the usgte ranking prediction problem simpler, and providing adow

has not ranked, but that was ranked by other users. bound on the number of rankings per user needed in order to
The above problem has many applications. For exampbgcurately predict all user-item ranking pairs for thisecaasll

Amazon.com uses a recommender system to suggest to @lse provide a lower bound for the general case.

tomers books based on the book rankings that customer$or the case of complete separation, it suffices to consider a

have provided. Similarly, the online movie rental compangingle class and we formulate the problem considered in this

Netflix uses a recommender system to suggest movies paper as follows. Consider a given clasand let N, be the

customers. Recommender systems can potentially also bde usember of users in this class. Lél, be the number total

in the context social networking applications that haveobee number of items to be ranked. Suppose that each user ranks

increasingly popular. exactly my, items that are chosen at random and uniformly
Theoretical work on recommender systems that use coler all items, independent of the choices of all other users

laborative filtering have focused on the analysis of specifithen we are interested in the following question: “What is

algorithms. In particular, there has been interested irr-chéhe minimal numbermy, of rankings required in order to

acterizing the number of rankings that a given algorithmorrectly identify all users in clasg in the limit as N,

requires in order to correctly predict (with high probaty)li approaches infinity?”. Note that we allody, and my, to
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depend onV,, i.e. the number of items to be ranked and thihe wrong decision. Similarly, if the algorithm decides hatt
number of ranking that each user makes can grow as the uber users inG; and G2 belong to different classes, then an
population N, grows. adversary can assign assign the ranking vectts users in
both G; and Gs. [ |
The following necessary condition for an algorithm to be
To study the above question, we consider the followingble to correctly identify all users in a given clasis obtained
random graph model to which we refer as thser graph immediately from the above lemma. We use the following
Let N be the set of theV users (over all classes) that rankotation. LetV, be the set of users in classlet V. x be the
items. Each usex € N represents a node in the graph. Therset of edges between users of clasa Gy, and letG, y =
exists an edge between two users (nodeahdw if, and only (N, V. v).
if, there exists an item that has been ranked hy and v, Corollary 1: A necessary condition for an algorithm to be
and bothu andv have assigned the same ranking to ittm able to correctly identify all users in a given class that the
As we assume complete separation of the ranking betweg@aphG, y is fully connected.
two different classes, the existence of an edge between twcCorollary 1 states that a necessary condition for being to
users is given by the following condition. L&, be the set identify all users in classis that the corresponding user graph
of items that have been ranked by userThen there exists formed is fully connected. Therefore, studying the questib
an edge between two usersandv if and only if bothw and when it is possible to correctly identify all users in classan
v belong to the same class asg NS, # 0. Let Vy be the be recast as deriving conditions on the number of rankings
resulting set of edges, and 6ty = (N, V) be the resulting my required for the grapld:. x to be fully connected.
graph. The following lemma follows immediately from the
above definition. IV. " MAIN RESULTS
Lemma 1. Let G’ = (N’,V’) be a connected component of Consider a fixed class, and in order to simplify notation
the graphG . Then all users inV’ belong to the same class.let N (instead of)V,.) denote the number of of users in class
Using the the above defined user graph, we derive Recall that/ is the total number of items to be ranked, and
the following a necessary condition for any algorithm tehatmy is the number of rankings each user provides where
correctly identify all users in a given class To do that we items are uniformly and independently chose over the sdt of a
use the following adversary model. After a given algorithrpossible items. The following theorem provides necessady a
has decided on how cluster users into classes based ondtifficient conditions for the probability that the gragh v is
available ranking information (i.e. given the user gra@k), fully connected to converge to 1 @6 approaches infinity.
the adversary decides on all the missing rankings (i.e. theTheorem 1: Let Py the the probability that the graphi. x
rankings for all user-item pairs for which no prior rankirg iis fully connected. If
available) where these rankings have to be consistent héth t

IIl. RANDOM GRAPH MODEL

above model, i.e. all users that belong to the same component % = w(logN),
in Gy have the same ranking vector (see Lemma 1). We then In
have the following impossibility result. then we havdimy_,. Py = 1. If
Lemma 2: Suppose that the grap&’y has two discon- Nm2
nected component&’; and Go, and letZ; (Z,) be the set N — logN +a + o(1)

of items ranked by users iy (Gz). If Z; N Zy = ( then N

there exists no algorithm that can correctly predict whethéor a positive constant, then we have

the users inG; and G5 belong to the same class, or not. . o—a
Proof: Letr € [0,1)'~ be a ranking vector such that for Jm Py <1-—e® .

all itemsi € Z; the rankingr(i) is as the ranking given by In the following we prove Theorem 1 by considering sepa-

users in the grapti;, and for all items € 7, the ranking-(i) rately the following three cases: tigany-user case where we

is as the ranking given by users in the gra@h In addition, have many more users than items and

let r; € [0,1]~ be a ranking vector such that for all items . N

i € I, the rankingr(i) is as the ranking given by users in the NIE};O Inlogly =0

graph Gy, and for all itemsi € Zn\Z; the rankingry (i) is .

different from all rankings given by users € A to item i. the balanced case where the number of users and items are

Similarly, let r, € [0,1]™~ be a ranking vector such that for®f the same order and we have

all items+i € Z, the rankingr (i) is as the ranking given by .

users in the graptyy, and for all items € Zx\Z, the ranking N-=oo Iy

?"2(i) 'is different from aII_rankings given by_ usersc N to for a positive constanb, and themany-item case where we

!tem i. Suppose that a given algorithm decides that the US§Sye many more items than users and

in G, andG> belong to the same class, then an adversary can

assign ranking vectar; to the users iré; and ranking vector lim N

ro to the users inG,, making the decision of the algorithm N—oo IN

=0.
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V. RELATED WORK Lemma 3: Let p(In,myps) be the probability that there

To the best of our knowledge there is no prior working oﬁX'Sts an edge between two users in the graply. If

providing a lower-bound on the number of rankings required i . om%
recommender systems using collaborative filtering. Howeve 1\}220 N =0

there. is prior work on the analysis of specific algorithms 3en we have that
we discuss below. ) )
The above ranking model, i.e. the assumption that users can p(In,my) = MmN 4 O(@)_
be clustered into different classes and the users in the same Proof: Here we onl rO\I/{\ée a rouNh sketch of the proof
class have all the same ranking vector, has been proporls_eégl ) y P 9 P )

. . . S, be the set of items that have been ranked by a user
by Awerbuch et al. in [2] for the analysis of algorithms foin G- The probabilityp(Iy, my) that there exists an edge

interactive recommender systems. In interactive recondieren ; ) .
ILi)gtween two users, v in G, n is then given by

systems, users actively probe items and share their raski
with all other users by posting them on a public billboard. Asp(In,my) = P(S, NS, #0) = 1—P(S, NS, =0)
probing incurs a cost, the goal of in interactive recommende _ ’
systems is for each user to learn its full ranking vector witRY assumption, forV large enough we have:y < - and

minimal cost, i.e. with probing as few items as possible. An o (In—mn)!
algorithm for interactive recommender systems decidesi(in p(s, N5, =) = —2-m~ _ ’”N!(’IIV*IQWN)!
distributed manner) which and how many items a user probes. Cry T TIn =)

Note that this situation is different from the one considere (In —mpy) - ... (In —2my +1)
in this paper: whereas in interactive recommender systems = In -y —my +1)

the question ighow to sample, the problem that we consider o
here ishow to interpret prior ranking information. In [2], Where for positive integers, m, n > m, we have
Auwerbuch et al. propose and analyze two algorithms in which n!
each user has to roughly prol&®((1 + Iy/N)logN), and " ml(n —m)!
O(.(]N/.N)logN—&- 1) |tem§ respectlvgly, in order to dlscoverWe then have
(with high probability) their full ranking vector. Alon etl.a i -
extend in [3] the work by Auwerbuch et al. to a more generap g g, — () ~ (IN - mN) _ (1 B mN)
ranking model that no longer assumes that users can be In
clustered can be clustered into different classes and thes us —m
in the same class have all the same ranking vector.

Kleinberg and Sandler consider in [4], [5] collaborativéVe then obtain
filtering for a slightly different recommender system thae t 2
system above, where the goal is to predict for each user the p(In,my)=1-P(S,NS,)~1—-eT = TN
item that the user values the highest. Assuming a probtbilis N
mixture model for how valuations are generated, Kleinberg = | . i
and Sandler show that it is possible to give recommendations?SI"9 the above _I(_amma, the conditions in Theorem 1 are the
whose quality converge to optimal as the amount of dafaMe @s the conditions that a Erdos-RefyiV, p(Iy, m)

grows, given that the model parameters are bounded. In th@Pdom graph is fully connected. However, the graphy

model, Kleinberg and Sandler assume that the number of itel"ﬁs_nOt a Erdos-Renyi graph as the probabilities that edges

to be ranked is fixed, but the number of users and number@fSt aré not independent of each other. To see this note
rankings per user increases. the following. Consider a uset and suppose that this user

Papadimitriou et al. [6] and Azar et al. [7] study recomhasm]V neighbours inG, v such that there exists no edge

mender systems for which it is assumed that the full usé)rc_atween any of these neighbours. Now consider another user

item matrix has a fixed rank as the number of users increasts: Ge,n. Given thatu does not ha"’?.a“ edge to any of the
For this case, they show that methods based on the singulﬁ?'—ghbour nodes of npde the probability that there exists an
value decomposition are able (under suitable as;sumpttons)e gkej‘ betweem andv is equal to 0, as each user makes;
accurately predict the full user-item ranking matrix as th@nKINgs.

number of users approaches infinity given that each usesrank VIl. THE MANY-USERCASE

at least a constant fraction of all items.

m

X
)
2

In this section we prove Theorem 1. To do that we first
consider the three cases of a many-user, balanced, and many-
item case separately. We conclude the section with a digguss
of the general case. Recall that we focus on our analysis on a
In this section, we derive the probability that an edgfyed class, whereV is the total number of users in this class.

between two users in the user graph exists in the random gragRenever we refer in the following to “users” then we mean
G.,n that we defined in the previous section. users in this class.

VI. PROBABILITY THAT AN EDGE EXISTS IN THE USER
GRAPH
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The many-user case is the easiest to analyze. For this clesest/ylogly + c distinct edges with probability 1. The result
where the follows using standard results for random graphs [M.
lim — o Combining Lemma 4 and 5, we immediately obtain the
N—oo Inlogly following result.
Corollary 2: Let Py be the probability that the user graph

we show that the probability that the gragh. x is fully G. v is fully connected. If
c,N .

connected converges to 1 &5 approaches infinity, as long
as each user ranks at least 2 items, i.e. we haye> 2. lim S o

To do that we consider thieem graphdenoted byK . Each N—oo Inlogly
item i € Iy represents a node iR . There exists an edge
in Ky between two item, j € Zy if and only if there exists
a useru that t ranks both and ;. VIII. T HE BALANCED CASE.

The following lemma makes a connection between the usemext we consider the balanced case where
graphG, n and the above defined item graph. It states that if

then we havdimy _,o. Py = 1.

. N
G.,n is not fully connected then there exists two non-empty A}gnoo o= b
setsA, B C Iy such thatAN B = () and AU B = Iy, and N N
all user either rank items exclusively in sétor B. for some positive constaht We distinguish between two cases

Lemma 4: Suppose that the item graphy is fully connect, for this situation, namely the two cases where

i.e. for all non-empty subset4, B C I, such thatAnB = () ) Nmpy
and AU B = Iy we have that there exists a usethat ranks Am Inlogly  °°
an item in setd and B. Then the user graply. y is fully and
connected. . Nmpy
Proof: Let us consider two users andv. We have to 1\}51100 Inlogly

show that under the above conditions there exists a path fromS thai Nomn Furth
u atw in G, y. Suppose that no such path exists, and let uppose thalmy — oo 77,47, = 0. FUrthermore, suppose
S be the set of all users that can be reached from user &t rath_er than choosing v _|tems at rano_lom and gnlformly
Furthermore, letf* be the set of all items that are ranked b ver all |tems, gach user W'”. choosey times an item out
users inS’. Note that there will exist a path from to v if ©f all possible items, where items are chosen independently
we have thatf! — Iy; hencel! # Iy. SetA — I' and and uniformly over all p_035|b_le items. Note_ that in this case
B = Iy\I'. a user may choose a given |terr_1_se\_/era! times (although this
will happen with a small probability i is large), and the
total number of items a user ranks is strictly less thap. We
then immediately have the following lemma which we state
without proof.

Lemma 6: Let Py, be the probability that the graph. v is
fully connected for the case where each user chaogdimes
an item with possible repetitions, and I, be the probability
et the graplG, x is fully connected for the case where each
user choosesy distinct items. Iflimy_... Py = 1 then we
have thatlimy_.oo Py = 1.

Assuming that users choosey = 2/ items as given above,
we create an item graph as follows. Each user crebtes
my /2 edges in the item grapR x, where thelth edge is the
edge between the items chosen at st@je- 1) and2/. Note
then we haveimy .. Py = 1. that because of the above assumption,iteelges are chosen

Proof: Here we provide a sketch of the proof. Withouindependently and each edge in the item graph is equallly like
loss of generality, we can assume thaty = 2. In this g pe chosen. Using this fact, we obtain the following result

case, each user creates one edge in the item gkaph(i.e. | emma 7: Let Py be the probability that the item graph
the edge between the two items that the user ranks), whee s fully connected. Iflimy_.oc N/Iy = b for some

each of thely (Iy — 1) possible edge is equally likely to bepgsitive constant and
created by a given user independent of the choices of the otﬁe

users. Note however that not all of the edges created by users lim

lead to distinct edges, i.e. two (or more) users may rank the N—oo logNIn

same two items and hence duplicate an edge (but this vifilen we have thafmy ... Py = 1.

happen with a small probability if 5 is large). However, as  The proof for the above lemma is similar to the proof of
by assumption we have théiny_. ﬁ > 00, one can Lemma 5. Combining Lemma 7 with Lemma 4, we immedi-
show that for every constantwe have t!i'mat the users create atitely obtain the following result.

By assumption, there exists a userthat ranks an item in
the setA and B. This implies that usew ranks an item that
has also been ranked by at least one uséf'irand there exists
a path fromu to w. Therefore, usew is in S*. However, this
contracts our assumption thdtcontains all the items ranked
by users inS', and the result follows.

The next lemma provides a necessary condition for the it
graph to be fully connected.

Lemma 5: Let Py be the probability that the item graph
K is fully connected. If

lim ——— > oo,
NE}})o[NZOgIN o

NmN
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Corollary 3: Let Py be the probability that the user graph
G,y is fully connected. Iflimy_,., N/Iy = b for some

positive constanb and

lim TN
m ——— 0
N —oc0 lOgNIN ’
then we have thafimpy_.., Py = 1.

For the second case where

NTTLN
li _—
Ngnoo INlOgIN <

we obtain the following result.

Theorem 2: Let Py the the probability that the gragh. v
is fully connected, and suppose thaty_..o N/Iy = b for
some positive constarbt If

2
Nm3y,

In w(logN),
then we havdimy_,., Py = 1. If
N 2
N _ logN + a + o(1)
Iy

for a positive constant, then we have

lim Py <1—e° ".

Whereas the proo{‘\é_bofothe above lemmas was rather straig|
forward, the proof of Theorem 2 is more involved. The proo
is of independent interest as it makes an interesting eixens
of the proof-techniques for Erdos-Renyi random graphs,

random graphs were edges are not created independently
tend to be clustered (see the comments in the next paragra

We provide an outline of the proof in the appendix.

Note that each user createsy (my—1) ~ m3, edges in the
item graphK . Therefore, the conditions for full connectivity
in Theorem 2 are similar to the condition for fully conneittiv
for the random grapk (I, Nm3;) where in a graph consist-
ing of Iy nodes a total ofVm3, edges are created at rando
and uniformly over all possible edge selections. Note haw
that the graphKy is not aG(Iy, Nm?%) random graph. To
see this, note that thevy (my — 1) created by a given user
form a clique inK consisting of themy items chosen by

this user.

IX. THE MANY-ITEM CASE

For the many-item case, we have the following result.
Theorem 3: Let Py the the probability that the grapghi. »

is fully connected, and suppose thaty_. . N[J”VN =0.If
N 2
TN — w(logN),
Iy
then we havdimy_,., Py = 1. If
N 2
TN _ logN + a4+ o(1)
In

for a positive constant, then we have

lim Py <1—ef .

N—
The proof for this case is an extension of the standard proof

techniques for Erdos-Renyi graphs [1].
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X. THE GENERAL CASE

The above discussion does not fully cover all situations for
which Theorem 1 applies. In particular, it does not cover all
the situations for which there exist positive constantsand
by such that

N
i — <
]\}Enoc In = logIn + by

and

. Nmy
lim

N —o0 N

> ba.

Theorem 1 for these cases can be shown using the same line
of argument used to prove Theorem 2.

XI. CONCLUSIONS

We derived a lower-bound on the number of rankings
required by recommender systems using collaborativeifitier
for a ranking model where it is assumed that users can be
clustered into different classes, and users in the sams clas
have all the same ranking vector. To derive a lower-bound for
this ranking model, we considered the special case of cample
separation: users in different classes have differentingsk
for all items, i.e. if¢’ # ¢’ then we haver. (i) = rq (i),
=1,...,1. Our analysis is based on a random graph model

the set of all users.

We do not show that lower-bound on the number of rankings
er user that we derive in this paper is tight, i.e. we did not
Pow that there exists an algorithm that is able to accyratel

Erdict the full user-item ranking matrix given that eaclerss

ks this minimal number of items. This question is on-goin
work, and preliminary results indicate that such an alganit
might indeed exists. For the derivation of such an algoritien
do not use the assumption of complete separation, but allow
the ranking vector of different classes to “overlap”.

Besides the lower-bound on the number of rankings, an im-

';?)ortant contribution of the paper is to show that recommende

systems using collaborative filtering can be studied using a
random graph model. This allows to apply the rich literature
and wealth of results, on random graphs to this problem. We
are not aware of prior work in the literature that explicitly
makes this connection.
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