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Mac Rate Optimization (1/2)

Bandwidth optimization question at the MAC layer
How to achieve global fairness or throughput guarantees 

(in a multi-hop network)
Using distributed approaches (only local information/

coordination)

We focus on random access networks
Aloha model
We have some results for a CSMA/CA model as well

Much more complex model
Weaker results
Not the focus of this talk



Mac Rate Optimization (2/2)

We also consider a cross-layer rate optimization 
question 
MAC + Transport Layer
More complex question

Fairness metrics:
Proportional fairness: maximize the sum of the logarithms 

of the link rates
Max-min fairness: maximize the minimum of the link rates 

(in a “lexicographic” manner)

Mostly focus on dual-based algorithms



system model & assumptions

Assumptions:
Symmetric hearing matrix
Single transceiver per node
No capture
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proportional fairness: s-aloha

Rate equations:

     : attempt probability on link

Proportional fairness:
Choose p so as to maximize

neighbors from which i is receiving traffic. A transmission

from node i reaches all of i’s neighbors. Each node has a

single transceiver. Thus, a node can not transmit and receive

simultaneously. We do not assume any capture, i.e., node j

can not receive any packet successfully if more than one of

its neighbors are transmitting simultaneously. Therefore, a

transmission in link (i, j) ∈ L is successful if and only if no
node in Kj ∪{ j} \ {i}, transmits during the transmission on
(i, j).
We focus on random access wireless networks, and use

the slotted Aloha model [1] for modeling interference and

throughput. In this model, i transmits a packet with proba-

bility Pi in a slot. If i does not have an outgoing edge, i.e.,

Oi = ! , then Pi = 0. Once i decides to transmit in a slot,

it selects a destination j ∈Oi with probability pij/Pi, where
" j∈Oi pij = Pi. Therefore, in each slot, a packet is transmitted

on link (i, j) with probability pij. Let p= (pij,(i, j) ∈ L) be
the vector of transmission probabilities on all edges, and let

P f denote the feasible region for p, i.e. P f = {p : 0 ≤ pij ≤
1,∀(i, j)∈L,Pi =" j∈Oi pij,0≤Pi≤ 1,∀i∈N}. Then, the rate
or throughput on link (i, j), xi j, is given by

xij(p) = pij(1−Pj) #
k∈Kj\{i}

(1−Pk), p ∈ P f . (1)

Note that (1−Pj)#k∈Kj\{i}(1−Pk) in (1) is the probability
that a packet transmitted on link (i, j) is successfully received
at j.

III. PROPORTIONAL FAIRNESS

A. Proportional Fairness at the Link Layer

The problem of attaining proportional fairness for link

rates is to compute the link attempt probabilities so as to

maximize the sum of the logarithmic utilities of all link rates,

i.e.,

p∗ = argmax
p∈P f

"
(i,j)∈L

log(xij(p)) , (2)

where xij(p) is given in (1).
The optimal attempt probability in any link (i, j) ∈ L, as

defined in (2), is given by (details in [6])

p∗ij =
1

|Ii|+"k∈Ki |Ik|
. (3)

Note that the p∗i j, as given above, satisfies the constraints

0 ≤ p∗i j ≤ 1 and 0 ≤ P∗i ≤ 1. Also note that a node can

compute its optimal attempt probabilities if it knows the

number of its in-neighbors and the number of its neighbors’

in-neighbors. A node can determine the latter as follows.

When the network is formed, or when the network topology

changes due to the joining, leaving or movement of nodes,

each node broadcasts the number of its in-neighbors to all

node in its transmission range. Therefore, this algorithm can

be implemented in a distributed manner, with only a small

amount of local information exchange.

B. Proportional Fairness for End-to-End Sessions

We now consider providing proportional fairness for end-

to-end sessions in a multi-hop Aloha network. The problem

can be formulated as a nonlinear optimization problem,

which maximizes the utility of all sessions rates while the

link capacity constraints are satisfied. The rate optimization

problem can be posed as follows:

P : max "s∈S log(ys),
s.t. "s∈S(i, j) ys ≤ xij(p) ∀(i, j) ∈ L,

ys ≥ 0 ∀s ∈ S,
p ∈ P f .

(4)

where ys is the rate for session s ∈ S. The first set of

constraints are the link capacity constraints. Here, S(i, j)
denotes the set of sessions that use link (i, j), and xi j(p)
represents the capacity (rate) of link (i, j), and is given by
(1). The second set of constraints ensure that the session rates

are non-negative, and the third ensures that p is feasible.

Note that the rate optimization problem couples link

attempt probabilities at the link layer with end-to-end session

rates at the transport layer, and is not a convex program. It

is worth noting here that our end-to-end fair rate allocation

question is closely related to the cross-layer optimization

problem considered in [8], in which the session rates (trans-

port layer) must be jointly optimized with the transmission

powers (physical layer), to attain end-to-end fairness goals.

1) Dual-Based Algorithm: Instead of solving the problem

P directly, we consider the version of the end-to-end pro-

portionally fair rate optimization question where each link

capacity (rate) is parameterized:

P̂ : max "s log(ys),
s.t. "s∈S(i, j) ys ≤ x̃ij ∀(i, j) ∈ L,

ys ≥ 0 ∀s ∈ S.
(5)

In the above formulation, x̃ij, the rate on link (i, j), is
assumed to be a given constant, while ys, representing the

end-to-end session rates, are variables whose values need to

be determined optimally.

Note that the optimum value of P̂ is a function on x̃, where

x̃ is the vector of all link rates in the network, i.e. x̃= {x̃ij :
(i, j) ∈ L}. We define Û(x̃) as the optimum value in P̂, i.e.,

Û(x̃) =max

{

"
s

log(ys)

∣

∣

∣

∣

∣

"
s∈S(i, j)

ys ≤ x̃ij,(i, j) ∈ L

}

. (6)

Since link rates in P in turn is a function of link attempt

probabilities, we define Ũ(p) = Û(x(p)), where x(p) =
(xi j(p) : (i, j) ∈ L). Therefore P can be rewritten as

P̃ : max Ũ(p),
s.t. p ∈ P f .

(7)

We solve (7) by updating p as below

p
(n+1)
ij = p

(n)
ij +$ "

(s,t)∈L

%
∗(n)
st

&xst
& pij

(p(n)), (8)

neighbors from which i is receiving traffic. A transmission

from node i reaches all of i’s neighbors. Each node has a

single transceiver. Thus, a node can not transmit and receive

simultaneously. We do not assume any capture, i.e., node j

can not receive any packet successfully if more than one of

its neighbors are transmitting simultaneously. Therefore, a

transmission in link (i, j) ∈ L is successful if and only if no
node in Kj ∪{ j} \ {i}, transmits during the transmission on
(i, j).
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(i, j) ∈ L}. We define Û(x̃) as the optimum value in P̂, i.e.,
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changes due to the joining, leaving or movement of nodes,

each node broadcasts the number of its in-neighbors to all

node in its transmission range. Therefore, this algorithm can

be implemented in a distributed manner, with only a small

amount of local information exchange.

B. Proportional Fairness for End-to-End Sessions

We now consider providing proportional fairness for end-

to-end sessions in a multi-hop Aloha network. The problem

can be formulated as a nonlinear optimization problem,

which maximizes the utility of all sessions rates while the

link capacity constraints are satisfied. The rate optimization

problem can be posed as follows:

P : max "s∈S log(ys),
s.t. "s∈S(i, j) ys ≤ xij(p) ∀(i, j) ∈ L,

ys ≥ 0 ∀s ∈ S,
p ∈ P f .

(4)

where ys is the rate for session s ∈ S. The first set of

constraints are the link capacity constraints. Here, S(i, j)
denotes the set of sessions that use link (i, j), and xi j(p)
represents the capacity (rate) of link (i, j), and is given by
(1). The second set of constraints ensure that the session rates

are non-negative, and the third ensures that p is feasible.

Note that the rate optimization problem couples link

attempt probabilities at the link layer with end-to-end session

rates at the transport layer, and is not a convex program. It

is worth noting here that our end-to-end fair rate allocation

question is closely related to the cross-layer optimization

problem considered in [8], in which the session rates (trans-

port layer) must be jointly optimized with the transmission

powers (physical layer), to attain end-to-end fairness goals.

1) Dual-Based Algorithm: Instead of solving the problem

P directly, we consider the version of the end-to-end pro-

portionally fair rate optimization question where each link

capacity (rate) is parameterized:

P̂ : max "s log(ys),
s.t. "s∈S(i, j) ys ≤ x̃ij ∀(i, j) ∈ L,

ys ≥ 0 ∀s ∈ S.
(5)

In the above formulation, x̃ij, the rate on link (i, j), is
assumed to be a given constant, while ys, representing the

end-to-end session rates, are variables whose values need to

be determined optimally.

Note that the optimum value of P̂ is a function on x̃, where

x̃ is the vector of all link rates in the network, i.e. x̃= {x̃ij :
(i, j) ∈ L}. We define Û(x̃) as the optimum value in P̂, i.e.,
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Since link rates in P in turn is a function of link attempt

probabilities, we define Ũ(p) = Û(x(p)), where x(p) =
(xi j(p) : (i, j) ∈ L). Therefore P can be rewritten as

P̃ : max Ũ(p),
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Oi = ! , then Pi = 0. Once i decides to transmit in a slot,
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Note that (1−Pj)#k∈Kj\{i}(1−Pk) in (1) is the probability
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i.e.,
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Note that the p∗i j, as given above, satisfies the constraints

0 ≤ p∗i j ≤ 1 and 0 ≤ P∗i ≤ 1. Also note that a node can

compute its optimal attempt probabilities if it knows the

number of its in-neighbors and the number of its neighbors’

in-neighbors. A node can determine the latter as follows.

When the network is formed, or when the network topology
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be implemented in a distributed manner, with only a small
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We now consider providing proportional fairness for end-
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which maximizes the utility of all sessions rates while the
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where ys is the rate for session s ∈ S. The first set of

constraints are the link capacity constraints. Here, S(i, j)
denotes the set of sessions that use link (i, j), and xi j(p)
represents the capacity (rate) of link (i, j), and is given by
(1). The second set of constraints ensure that the session rates

are non-negative, and the third ensures that p is feasible.

Note that the rate optimization problem couples link

attempt probabilities at the link layer with end-to-end session

rates at the transport layer, and is not a convex program. It

is worth noting here that our end-to-end fair rate allocation

question is closely related to the cross-layer optimization

problem considered in [8], in which the session rates (trans-

port layer) must be jointly optimized with the transmission

powers (physical layer), to attain end-to-end fairness goals.

1) Dual-Based Algorithm: Instead of solving the problem

P directly, we consider the version of the end-to-end pro-

portionally fair rate optimization question where each link

capacity (rate) is parameterized:

P̂ : max "s log(ys),
s.t. "s∈S(i, j) ys ≤ x̃ij ∀(i, j) ∈ L,

ys ≥ 0 ∀s ∈ S.
(5)

In the above formulation, x̃ij, the rate on link (i, j), is
assumed to be a given constant, while ys, representing the

end-to-end session rates, are variables whose values need to

be determined optimally.

Note that the optimum value of P̂ is a function on x̃, where

x̃ is the vector of all link rates in the network, i.e. x̃= {x̃ij :
(i, j) ∈ L}. We define Û(x̃) as the optimum value in P̂, i.e.,
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probabilities, we define Ũ(p) = Û(x(p)), where x(p) =
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simultaneously. We do not assume any capture, i.e., node j

can not receive any packet successfully if more than one of

its neighbors are transmitting simultaneously. Therefore, a

transmission in link (i, j) ∈ L is successful if and only if no
node in Kj ∪{ j} \ {i}, transmits during the transmission on
(i, j).
We focus on random access wireless networks, and use

the slotted Aloha model [1] for modeling interference and

throughput. In this model, i transmits a packet with proba-

bility Pi in a slot. If i does not have an outgoing edge, i.e.,

Oi = ! , then Pi = 0. Once i decides to transmit in a slot,

it selects a destination j ∈Oi with probability pij/Pi, where
" j∈Oi pij = Pi. Therefore, in each slot, a packet is transmitted

on link (i, j) with probability pij. Let p= (pij,(i, j) ∈ L) be
the vector of transmission probabilities on all edges, and let

P f denote the feasible region for p, i.e. P f = {p : 0 ≤ pij ≤
1,∀(i, j)∈L,Pi =" j∈Oi pij,0≤Pi≤ 1,∀i∈N}. Then, the rate
or throughput on link (i, j), xi j, is given by

xij(p) = pij(1−Pj) #
k∈Kj\{i}

(1−Pk), p ∈ P f . (1)

Note that (1−Pj)#k∈Kj\{i}(1−Pk) in (1) is the probability
that a packet transmitted on link (i, j) is successfully received
at j.

III. PROPORTIONAL FAIRNESS

A. Proportional Fairness at the Link Layer

The problem of attaining proportional fairness for link

rates is to compute the link attempt probabilities so as to

maximize the sum of the logarithmic utilities of all link rates,

i.e.,

p∗ = argmax
p∈P f

"
(i,j)∈L

log(xij(p)) , (2)

where xij(p) is given in (1).
The optimal attempt probability in any link (i, j) ∈ L, as

defined in (2), is given by (details in [6])

p∗ij =
1

|Ii|+"k∈Ki |Ik|
. (3)

Note that the p∗i j, as given above, satisfies the constraints

0 ≤ p∗i j ≤ 1 and 0 ≤ P∗i ≤ 1. Also note that a node can

compute its optimal attempt probabilities if it knows the

number of its in-neighbors and the number of its neighbors’

in-neighbors. A node can determine the latter as follows.

When the network is formed, or when the network topology

changes due to the joining, leaving or movement of nodes,

each node broadcasts the number of its in-neighbors to all

node in its transmission range. Therefore, this algorithm can

be implemented in a distributed manner, with only a small

amount of local information exchange.

B. Proportional Fairness for End-to-End Sessions

We now consider providing proportional fairness for end-

to-end sessions in a multi-hop Aloha network. The problem

can be formulated as a nonlinear optimization problem,

which maximizes the utility of all sessions rates while the

link capacity constraints are satisfied. The rate optimization

problem can be posed as follows:

P : max "s∈S log(ys),
s.t. "s∈S(i, j) ys ≤ xij(p) ∀(i, j) ∈ L,

ys ≥ 0 ∀s ∈ S,
p ∈ P f .

(4)

where ys is the rate for session s ∈ S. The first set of

constraints are the link capacity constraints. Here, S(i, j)
denotes the set of sessions that use link (i, j), and xi j(p)
represents the capacity (rate) of link (i, j), and is given by
(1). The second set of constraints ensure that the session rates

are non-negative, and the third ensures that p is feasible.

Note that the rate optimization problem couples link

attempt probabilities at the link layer with end-to-end session

rates at the transport layer, and is not a convex program. It

is worth noting here that our end-to-end fair rate allocation

question is closely related to the cross-layer optimization

problem considered in [8], in which the session rates (trans-

port layer) must be jointly optimized with the transmission

powers (physical layer), to attain end-to-end fairness goals.

1) Dual-Based Algorithm: Instead of solving the problem

P directly, we consider the version of the end-to-end pro-

portionally fair rate optimization question where each link

capacity (rate) is parameterized:

P̂ : max "s log(ys),
s.t. "s∈S(i, j) ys ≤ x̃ij ∀(i, j) ∈ L,

ys ≥ 0 ∀s ∈ S.
(5)

In the above formulation, x̃ij, the rate on link (i, j), is
assumed to be a given constant, while ys, representing the

end-to-end session rates, are variables whose values need to

be determined optimally.

Note that the optimum value of P̂ is a function on x̃, where

x̃ is the vector of all link rates in the network, i.e. x̃= {x̃ij :
(i, j) ∈ L}. We define Û(x̃) as the optimum value in P̂, i.e.,

Û(x̃) =max
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Since link rates in P in turn is a function of link attempt

probabilities, we define Ũ(p) = Û(x(p)), where x(p) =
(xi j(p) : (i, j) ∈ L). Therefore P can be rewritten as

P̃ : max Ũ(p),
s.t. p ∈ P f .

(7)

We solve (7) by updating p as below
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Objective: Attain the optimal end-to-end  session rates 
Joint optimization question involving the MAC & transport layer

End-to-end proportional fairness:

The problem couples the link attempt probabilities with the 
end-to-end session rates

neighbors from which i is receiving traffic. A transmission

from node i reaches all of i’s neighbors. Each node has a

single transceiver. Thus, a node can not transmit and receive

simultaneously. We do not assume any capture, i.e., node j

can not receive any packet successfully if more than one of

its neighbors are transmitting simultaneously. Therefore, a

transmission in link (i, j) ∈ L is successful if and only if no
node in Kj ∪{ j} \ {i}, transmits during the transmission on
(i, j).
We focus on random access wireless networks, and use

the slotted Aloha model [1] for modeling interference and

throughput. In this model, i transmits a packet with proba-

bility Pi in a slot. If i does not have an outgoing edge, i.e.,

Oi = ! , then Pi = 0. Once i decides to transmit in a slot,

it selects a destination j ∈Oi with probability pij/Pi, where
" j∈Oi pij = Pi. Therefore, in each slot, a packet is transmitted

on link (i, j) with probability pij. Let p= (pij,(i, j) ∈ L) be
the vector of transmission probabilities on all edges, and let

P f denote the feasible region for p, i.e. P f = {p : 0 ≤ pij ≤
1,∀(i, j)∈L,Pi =" j∈Oi pij,0≤Pi≤ 1,∀i∈N}. Then, the rate
or throughput on link (i, j), xi j, is given by

xij(p) = pij(1−Pj) #
k∈Kj\{i}

(1−Pk), p ∈ P f . (1)

Note that (1−Pj)#k∈Kj\{i}(1−Pk) in (1) is the probability
that a packet transmitted on link (i, j) is successfully received
at j.

III. PROPORTIONAL FAIRNESS

A. Proportional Fairness at the Link Layer

The problem of attaining proportional fairness for link

rates is to compute the link attempt probabilities so as to

maximize the sum of the logarithmic utilities of all link rates,

i.e.,

p∗ = argmax
p∈P f

"
(i,j)∈L

log(xij(p)) , (2)

where xij(p) is given in (1).
The optimal attempt probability in any link (i, j) ∈ L, as

defined in (2), is given by (details in [6])

p∗ij =
1

|Ii|+"k∈Ki |Ik|
. (3)

Note that the p∗i j, as given above, satisfies the constraints

0 ≤ p∗i j ≤ 1 and 0 ≤ P∗i ≤ 1. Also note that a node can

compute its optimal attempt probabilities if it knows the

number of its in-neighbors and the number of its neighbors’

in-neighbors. A node can determine the latter as follows.

When the network is formed, or when the network topology

changes due to the joining, leaving or movement of nodes,

each node broadcasts the number of its in-neighbors to all

node in its transmission range. Therefore, this algorithm can

be implemented in a distributed manner, with only a small

amount of local information exchange.

B. Proportional Fairness for End-to-End Sessions

We now consider providing proportional fairness for end-

to-end sessions in a multi-hop Aloha network. The problem

can be formulated as a nonlinear optimization problem,

which maximizes the utility of all sessions rates while the

link capacity constraints are satisfied. The rate optimization

problem can be posed as follows:

P : max "s∈S log(ys),
s.t. "s∈S(i, j) ys ≤ xij(p) ∀(i, j) ∈ L,

ys ≥ 0 ∀s ∈ S,
p ∈ P f .

(4)

where ys is the rate for session s ∈ S. The first set of

constraints are the link capacity constraints. Here, S(i, j)
denotes the set of sessions that use link (i, j), and xi j(p)
represents the capacity (rate) of link (i, j), and is given by
(1). The second set of constraints ensure that the session rates

are non-negative, and the third ensures that p is feasible.

Note that the rate optimization problem couples link

attempt probabilities at the link layer with end-to-end session

rates at the transport layer, and is not a convex program. It

is worth noting here that our end-to-end fair rate allocation

question is closely related to the cross-layer optimization

problem considered in [8], in which the session rates (trans-

port layer) must be jointly optimized with the transmission

powers (physical layer), to attain end-to-end fairness goals.

1) Dual-Based Algorithm: Instead of solving the problem

P directly, we consider the version of the end-to-end pro-

portionally fair rate optimization question where each link

capacity (rate) is parameterized:

P̂ : max "s log(ys),
s.t. "s∈S(i, j) ys ≤ x̃ij ∀(i, j) ∈ L,

ys ≥ 0 ∀s ∈ S.
(5)

In the above formulation, x̃ij, the rate on link (i, j), is
assumed to be a given constant, while ys, representing the

end-to-end session rates, are variables whose values need to

be determined optimally.

Note that the optimum value of P̂ is a function on x̃, where

x̃ is the vector of all link rates in the network, i.e. x̃= {x̃ij :
(i, j) ∈ L}. We define Û(x̃) as the optimum value in P̂, i.e.,

Û(x̃) =max
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Since link rates in P in turn is a function of link attempt

probabilities, we define Ũ(p) = Û(x(p)), where x(p) =
(xi j(p) : (i, j) ∈ L). Therefore P can be rewritten as

P̃ : max Ũ(p),
s.t. p ∈ P f .

(7)

We solve (7) by updating p as below
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from node i reaches all of i’s neighbors. Each node has a

single transceiver. Thus, a node can not transmit and receive

simultaneously. We do not assume any capture, i.e., node j

can not receive any packet successfully if more than one of

its neighbors are transmitting simultaneously. Therefore, a

transmission in link (i, j) ∈ L is successful if and only if no
node in Kj ∪{ j} \ {i}, transmits during the transmission on
(i, j).
We focus on random access wireless networks, and use

the slotted Aloha model [1] for modeling interference and

throughput. In this model, i transmits a packet with proba-

bility Pi in a slot. If i does not have an outgoing edge, i.e.,

Oi = ! , then Pi = 0. Once i decides to transmit in a slot,

it selects a destination j ∈Oi with probability pij/Pi, where
" j∈Oi pij = Pi. Therefore, in each slot, a packet is transmitted

on link (i, j) with probability pij. Let p= (pij,(i, j) ∈ L) be
the vector of transmission probabilities on all edges, and let

P f denote the feasible region for p, i.e. P f = {p : 0 ≤ pij ≤
1,∀(i, j)∈L,Pi =" j∈Oi pij,0≤Pi≤ 1,∀i∈N}. Then, the rate
or throughput on link (i, j), xi j, is given by

xij(p) = pij(1−Pj) #
k∈Kj\{i}

(1−Pk), p ∈ P f . (1)

Note that (1−Pj)#k∈Kj\{i}(1−Pk) in (1) is the probability
that a packet transmitted on link (i, j) is successfully received
at j.

III. PROPORTIONAL FAIRNESS

A. Proportional Fairness at the Link Layer
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rates is to compute the link attempt probabilities so as to

maximize the sum of the logarithmic utilities of all link rates,

i.e.,

p∗ = argmax
p∈P f
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(i,j)∈L

log(xij(p)) , (2)

where xij(p) is given in (1).
The optimal attempt probability in any link (i, j) ∈ L, as

defined in (2), is given by (details in [6])

p∗ij =
1
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. (3)

Note that the p∗i j, as given above, satisfies the constraints

0 ≤ p∗i j ≤ 1 and 0 ≤ P∗i ≤ 1. Also note that a node can

compute its optimal attempt probabilities if it knows the

number of its in-neighbors and the number of its neighbors’

in-neighbors. A node can determine the latter as follows.

When the network is formed, or when the network topology

changes due to the joining, leaving or movement of nodes,

each node broadcasts the number of its in-neighbors to all

node in its transmission range. Therefore, this algorithm can

be implemented in a distributed manner, with only a small

amount of local information exchange.

B. Proportional Fairness for End-to-End Sessions

We now consider providing proportional fairness for end-

to-end sessions in a multi-hop Aloha network. The problem

can be formulated as a nonlinear optimization problem,

which maximizes the utility of all sessions rates while the

link capacity constraints are satisfied. The rate optimization

problem can be posed as follows:

P : max "s∈S log(ys),
s.t. "s∈S(i, j) ys ≤ xij(p) ∀(i, j) ∈ L,

ys ≥ 0 ∀s ∈ S,
p ∈ P f .

(4)

where ys is the rate for session s ∈ S. The first set of

constraints are the link capacity constraints. Here, S(i, j)
denotes the set of sessions that use link (i, j), and xi j(p)
represents the capacity (rate) of link (i, j), and is given by
(1). The second set of constraints ensure that the session rates

are non-negative, and the third ensures that p is feasible.

Note that the rate optimization problem couples link

attempt probabilities at the link layer with end-to-end session

rates at the transport layer, and is not a convex program. It

is worth noting here that our end-to-end fair rate allocation

question is closely related to the cross-layer optimization

problem considered in [8], in which the session rates (trans-

port layer) must be jointly optimized with the transmission

powers (physical layer), to attain end-to-end fairness goals.

1) Dual-Based Algorithm: Instead of solving the problem

P directly, we consider the version of the end-to-end pro-

portionally fair rate optimization question where each link

capacity (rate) is parameterized:

P̂ : max "s log(ys),
s.t. "s∈S(i, j) ys ≤ x̃ij ∀(i, j) ∈ L,

ys ≥ 0 ∀s ∈ S.
(5)

In the above formulation, x̃ij, the rate on link (i, j), is
assumed to be a given constant, while ys, representing the

end-to-end session rates, are variables whose values need to

be determined optimally.

Note that the optimum value of P̂ is a function on x̃, where
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{

"
s

log(ys)

∣

∣

∣

∣

∣

"
s∈S(i, j)

ys ≤ x̃ij,(i, j) ∈ L

}

. (6)

Since link rates in P in turn is a function of link attempt

probabilities, we define Ũ(p) = Û(x(p)), where x(p) =
(xi j(p) : (i, j) ∈ L). Therefore P can be rewritten as

P̃ : max Ũ(p),
s.t. p ∈ P f .

(7)

We solve (7) by updating p as below

p
(n+1)
ij = p

(n)
ij +$ "

(s,t)∈L

%
∗(n)
st

&xst
& pij

(p(n)), (8)



Dual based algorithm (1/3)

A two-timescale algorithm based on “local” coordination 
converges to the optimal rates of this problem

Algorithm (primal-dual type):
Flow Control at Transport Layer (faster time scale)

Assuming the link rates are fixed, the sessions solve the optimal 
flow rates

Link Attempt Probability Adjustment at Link Layer (slower 
time scale)

Each link then adjusts its rate based on its dual price, and the 
rates of links in its neighborhood



Dual based algorithm (2/3)

Transport-layer problem:

Convex, separable problem
Can be solved in a distributed manner, using “local” coordination
An approach that yields the optimal dual variables is required 

(these are required in the link attempt probability adjustment)
Can use the dual based approach by Low and Lapsley ’98)

neighbors from which i is receiving traffic. A transmission

from node i reaches all of i’s neighbors. Each node has a

single transceiver. Thus, a node can not transmit and receive

simultaneously. We do not assume any capture, i.e., node j

can not receive any packet successfully if more than one of

its neighbors are transmitting simultaneously. Therefore, a

transmission in link (i, j) ∈ L is successful if and only if no
node in Kj ∪{ j} \ {i}, transmits during the transmission on
(i, j).
We focus on random access wireless networks, and use

the slotted Aloha model [1] for modeling interference and

throughput. In this model, i transmits a packet with proba-

bility Pi in a slot. If i does not have an outgoing edge, i.e.,

Oi = ! , then Pi = 0. Once i decides to transmit in a slot,

it selects a destination j ∈Oi with probability pij/Pi, where
" j∈Oi pij = Pi. Therefore, in each slot, a packet is transmitted

on link (i, j) with probability pij. Let p= (pij,(i, j) ∈ L) be
the vector of transmission probabilities on all edges, and let

P f denote the feasible region for p, i.e. P f = {p : 0 ≤ pij ≤
1,∀(i, j)∈L,Pi =" j∈Oi pij,0≤Pi≤ 1,∀i∈N}. Then, the rate
or throughput on link (i, j), xi j, is given by

xij(p) = pij(1−Pj) #
k∈Kj\{i}

(1−Pk), p ∈ P f . (1)

Note that (1−Pj)#k∈Kj\{i}(1−Pk) in (1) is the probability
that a packet transmitted on link (i, j) is successfully received
at j.

III. PROPORTIONAL FAIRNESS

A. Proportional Fairness at the Link Layer

The problem of attaining proportional fairness for link

rates is to compute the link attempt probabilities so as to

maximize the sum of the logarithmic utilities of all link rates,

i.e.,

p∗ = argmax
p∈P f

"
(i,j)∈L

log(xij(p)) , (2)

where xij(p) is given in (1).
The optimal attempt probability in any link (i, j) ∈ L, as

defined in (2), is given by (details in [6])

p∗ij =
1

|Ii|+"k∈Ki |Ik|
. (3)

Note that the p∗i j, as given above, satisfies the constraints

0 ≤ p∗i j ≤ 1 and 0 ≤ P∗i ≤ 1. Also note that a node can

compute its optimal attempt probabilities if it knows the

number of its in-neighbors and the number of its neighbors’

in-neighbors. A node can determine the latter as follows.

When the network is formed, or when the network topology

changes due to the joining, leaving or movement of nodes,

each node broadcasts the number of its in-neighbors to all

node in its transmission range. Therefore, this algorithm can

be implemented in a distributed manner, with only a small

amount of local information exchange.

B. Proportional Fairness for End-to-End Sessions

We now consider providing proportional fairness for end-

to-end sessions in a multi-hop Aloha network. The problem

can be formulated as a nonlinear optimization problem,

which maximizes the utility of all sessions rates while the

link capacity constraints are satisfied. The rate optimization

problem can be posed as follows:

P : max "s∈S log(ys),
s.t. "s∈S(i, j) ys ≤ xij(p) ∀(i, j) ∈ L,

ys ≥ 0 ∀s ∈ S,
p ∈ P f .

(4)

where ys is the rate for session s ∈ S. The first set of

constraints are the link capacity constraints. Here, S(i, j)
denotes the set of sessions that use link (i, j), and xi j(p)
represents the capacity (rate) of link (i, j), and is given by
(1). The second set of constraints ensure that the session rates

are non-negative, and the third ensures that p is feasible.

Note that the rate optimization problem couples link

attempt probabilities at the link layer with end-to-end session

rates at the transport layer, and is not a convex program. It

is worth noting here that our end-to-end fair rate allocation

question is closely related to the cross-layer optimization

problem considered in [8], in which the session rates (trans-

port layer) must be jointly optimized with the transmission

powers (physical layer), to attain end-to-end fairness goals.

1) Dual-Based Algorithm: Instead of solving the problem

P directly, we consider the version of the end-to-end pro-

portionally fair rate optimization question where each link

capacity (rate) is parameterized:

P̂ : max "s log(ys),
s.t. "s∈S(i, j) ys ≤ x̃ij ∀(i, j) ∈ L,

ys ≥ 0 ∀s ∈ S.
(5)

In the above formulation, x̃ij, the rate on link (i, j), is
assumed to be a given constant, while ys, representing the

end-to-end session rates, are variables whose values need to

be determined optimally.

Note that the optimum value of P̂ is a function on x̃, where

x̃ is the vector of all link rates in the network, i.e. x̃= {x̃ij :
(i, j) ∈ L}. We define Û(x̃) as the optimum value in P̂, i.e.,

Û(x̃) =max

{

"
s

log(ys)

∣

∣

∣

∣

∣

"
s∈S(i, j)

ys ≤ x̃ij,(i, j) ∈ L

}

. (6)

Since link rates in P in turn is a function of link attempt

probabilities, we define Ũ(p) = Û(x(p)), where x(p) =
(xi j(p) : (i, j) ∈ L). Therefore P can be rewritten as

P̃ : max Ũ(p),
s.t. p ∈ P f .

(7)

We solve (7) by updating p as below

p
(n+1)
ij = p

(n)
ij +$ "

(s,t)∈L

%
∗(n)
st

&xst
& pij

(p(n)), (8)



Dual based algorithm (3/3)

Link-layer rate update:

          : optimal dual variables of the transport-layer problem

Only requires “local” coordination

neighbors from which i is receiving traffic. A transmission

from node i reaches all of i’s neighbors. Each node has a

single transceiver. Thus, a node can not transmit and receive

simultaneously. We do not assume any capture, i.e., node j

can not receive any packet successfully if more than one of

its neighbors are transmitting simultaneously. Therefore, a

transmission in link (i, j) ∈ L is successful if and only if no
node in Kj ∪{ j} \ {i}, transmits during the transmission on
(i, j).
We focus on random access wireless networks, and use

the slotted Aloha model [1] for modeling interference and

throughput. In this model, i transmits a packet with proba-

bility Pi in a slot. If i does not have an outgoing edge, i.e.,

Oi = ! , then Pi = 0. Once i decides to transmit in a slot,

it selects a destination j ∈Oi with probability pij/Pi, where
" j∈Oi pij = Pi. Therefore, in each slot, a packet is transmitted

on link (i, j) with probability pij. Let p= (pij,(i, j) ∈ L) be
the vector of transmission probabilities on all edges, and let

P f denote the feasible region for p, i.e. P f = {p : 0 ≤ pij ≤
1,∀(i, j)∈L,Pi =" j∈Oi pij,0≤Pi≤ 1,∀i∈N}. Then, the rate
or throughput on link (i, j), xi j, is given by

xij(p) = pij(1−Pj) #
k∈Kj\{i}

(1−Pk), p ∈ P f . (1)

Note that (1−Pj)#k∈Kj\{i}(1−Pk) in (1) is the probability
that a packet transmitted on link (i, j) is successfully received
at j.

III. PROPORTIONAL FAIRNESS

A. Proportional Fairness at the Link Layer

The problem of attaining proportional fairness for link

rates is to compute the link attempt probabilities so as to

maximize the sum of the logarithmic utilities of all link rates,

i.e.,

p∗ = argmax
p∈P f

"
(i,j)∈L

log(xij(p)) , (2)

where xij(p) is given in (1).
The optimal attempt probability in any link (i, j) ∈ L, as

defined in (2), is given by (details in [6])

p∗ij =
1

|Ii|+"k∈Ki |Ik|
. (3)

Note that the p∗i j, as given above, satisfies the constraints

0 ≤ p∗i j ≤ 1 and 0 ≤ P∗i ≤ 1. Also note that a node can

compute its optimal attempt probabilities if it knows the

number of its in-neighbors and the number of its neighbors’

in-neighbors. A node can determine the latter as follows.

When the network is formed, or when the network topology

changes due to the joining, leaving or movement of nodes,

each node broadcasts the number of its in-neighbors to all

node in its transmission range. Therefore, this algorithm can

be implemented in a distributed manner, with only a small

amount of local information exchange.

B. Proportional Fairness for End-to-End Sessions

We now consider providing proportional fairness for end-

to-end sessions in a multi-hop Aloha network. The problem

can be formulated as a nonlinear optimization problem,

which maximizes the utility of all sessions rates while the

link capacity constraints are satisfied. The rate optimization

problem can be posed as follows:

P : max "s∈S log(ys),
s.t. "s∈S(i, j) ys ≤ xij(p) ∀(i, j) ∈ L,

ys ≥ 0 ∀s ∈ S,
p ∈ P f .

(4)

where ys is the rate for session s ∈ S. The first set of

constraints are the link capacity constraints. Here, S(i, j)
denotes the set of sessions that use link (i, j), and xi j(p)
represents the capacity (rate) of link (i, j), and is given by
(1). The second set of constraints ensure that the session rates

are non-negative, and the third ensures that p is feasible.

Note that the rate optimization problem couples link

attempt probabilities at the link layer with end-to-end session

rates at the transport layer, and is not a convex program. It

is worth noting here that our end-to-end fair rate allocation

question is closely related to the cross-layer optimization

problem considered in [8], in which the session rates (trans-

port layer) must be jointly optimized with the transmission

powers (physical layer), to attain end-to-end fairness goals.

1) Dual-Based Algorithm: Instead of solving the problem

P directly, we consider the version of the end-to-end pro-

portionally fair rate optimization question where each link

capacity (rate) is parameterized:

P̂ : max "s log(ys),
s.t. "s∈S(i, j) ys ≤ x̃ij ∀(i, j) ∈ L,

ys ≥ 0 ∀s ∈ S.
(5)

In the above formulation, x̃ij, the rate on link (i, j), is
assumed to be a given constant, while ys, representing the

end-to-end session rates, are variables whose values need to

be determined optimally.

Note that the optimum value of P̂ is a function on x̃, where

x̃ is the vector of all link rates in the network, i.e. x̃= {x̃ij :
(i, j) ∈ L}. We define Û(x̃) as the optimum value in P̂, i.e.,

Û(x̃) =max

{

"
s

log(ys)

∣

∣

∣

∣

∣

"
s∈S(i, j)

ys ≤ x̃ij,(i, j) ∈ L

}

. (6)

Since link rates in P in turn is a function of link attempt

probabilities, we define Ũ(p) = Û(x(p)), where x(p) =
(xi j(p) : (i, j) ∈ L). Therefore P can be rewritten as

P̃ : max Ũ(p),
s.t. p ∈ P f .

(7)

We solve (7) by updating p as below

p
(n+1)
ij = p

(n)
ij +$ "

(s,t)∈L

%
∗(n)
st

&xst
& pij

(p(n)), (8)where ! is the step size, "xst
" pij

is computed using the following

formula

"xst
" pij

=



































(1−Pt) #
k∈Kt\{s}

(1−Pk) if t = j,s = i,

−pst #
k∈Kt\{s}

(1−Pk) if t = i,s ∈ It ,

−pst(1−Pt) #
k∈Kt\{s}

(1−Pk) if t∈Ki,s∈It\{i},

0 otherwise,
(9)

and $
∗(n)
ij is the optimum solution to the dual problem of P̂

when x̃= x(p(n)), i.e.,

$ (n) = argmin
$≥0

max
y

L
(n)(y,$ ). (10)

In (10), $ = ($ij : (i, j) ∈ L) is the vector of Lagrange mul-
tipliers for the capacity constraints on the wireless links,

y = (ys : s ∈ S) is the vector of the end-to-end session
rates, and L (n)(y,$ ) is the Lagrange function of P̂ when
x̃= x(p(n)). Note that L (n)(y,$ ) is given by

L
(n)(y,$ )=%

s∈S

log(ys)− %
(i, j)∈L

$ij

(

%
s∈S(i, j)

ys− x
(n)
ij

)

. (11)

We then solve y(n) from P̂ when x̃= x(p(n)), i.e.,

y(n) = argmax
y≥0

{

%
s∈S

log(ys)

∣

∣

∣

∣

∣

%
s∈S(i, j)

ys ≤ xi j(p
(n)),(i, j) ∈ L

}

.

(12)

Intuitively, the procedure described above adjusts link

attempt probabilities in the gradient direction, and then com-

putes the optimal session rates at the given link capacities

in an iterative manner. Then the link attempt probabilities

are adjusted according; as a result, link capacities change

in such a way that the aggregate utility of the end-to-end

sessions can be increased further. If we let {p(n)(!),y(n)(!)}
denote the sequence of vectors of link attempt probabilities

and session rates by following the iterative procedures in

(8)-(12) where the step size is ! , we can show that the limit
point of {p(n)(!),y(n)(!)} is the globally optimal solution to
the problem P, when ! is sufficiently small (proof in [11]).

2) Primal-Based Algorithm: Although (4) appears to be

a non-convex problem, it can be shown to be equivalent to

the convex program stated below (see proof in [11]):

max %s∈S zs,
s.t. log

(

%s∈S(i, j) e
zs
)

− log(xij(p)) ≤ 0, ∀(i, j) ∈ L,
p ∈ P f .

(13)

where zs is interpreted as the logarithm of the session rate

ys, i.e., zs = log(ys).
In order to solve (13), we first transfer the link capacity

constraints to the objective, and then solve the unconstrained

problem by the subgradient method.

Denote z = (zs,s ∈ S), and w = (p,z). Define Ũs(w) =
zs for session s ∈ S, and define gl(w) = log

(

%s∈S(i, j) e
zs
)

−

log(xij(p)) for link l = (i, j) ∈ L. (13) is rewritten as

max %s∈S Ũs(w),
s.t. gl(w) ≤ 0 ∀l ∈ L,

w ∈W.
(14)

where W represent the region in which p ∈ P f .
We can transfer the constraints into the objective by using

the “exact penalty” method. The unconstrained problem is

max %s∈S Ũs(w)−&%l∈Lmax{0,gl(w)},
s.t. w ∈W,

(15)

where & , the “penalty scaling factor”, is a positive constant.
Note that the term &max{0,gl(w)} can be interpreted as
the penalty associated with the violation of the capacity

constraint of link l, and it is called “exact penalty” since

the set of optimal solutions to (15) coincides with the set of

optimal solutions to (14) when & is greater than a certain

threshold value [2].

We now solve (15) using the subgradient method. Let
p

(n)
ij and z

(n)
s denote the values of pij and zs at the nth step

respectively, and p(n) = (p(n)
ij ,(i, j) ∈ L). Let x̃(n) = x(p(n))

denote the link rate vector at iteration n. For each link

(i, j) ∈ L, define the “link congestion indicator” for link (i, j)

at the nth iteration, '
(n)
ij , as

'
(n)
ij =

{

0 if %s∈S(i, j) e
z
(n)
s ≤ x̃

(n)
ij ,

1 otherwise.
(16)

We update zs and pij using their subgradients,

z
(n+1)
s = z

(n)
s + (



1−&ez
(n)
s
%(i, j)∈L(s) '

(n)
ij

%r∈S(i, j) e
z
(n)
r



 (17)

p
(n+1)
ij = p

(n)
ij − (& %

(s,t)∈L

'
(n)
st

x
(n)
st

·
"xst

" pij
(p(n)) (18)

where ( is the step size, and "xst
" pij

is defined in (9).

Since ezs (= ys) is interpreted as the rate of session s,
ezs

%r∈S(i, j) e
zr in (17) can be interpreted as the fraction of the

overall traffic on link (i, j) contributed by session s.
In (18), "xst

" pij
(p(n)) depicts how the attempt probability on

link (i, j) impacts the rate on link (s,t), and this term is

weighted by the inverse of the rate on link (s,t).
We can show that, following the procedure based on the

subgradient method, the session rates and link attempt prob-

abilities “converge to a neighborhood around the optimum”,

and the size of the neighborhood becomes arbitrarily small

with decreasing step-size (proof in [11]).

3) Comparison of the Algorithms: Both dual- and primal-

based algorithms solve the end-to-end proportional fairness

in a distributed manner. From a practical viewpoint, each

algorithm has certain advantages over the other.

In the dual-based algorithm, the separation between the

transport layer and the link layer is better maintained. Also

note that the dual-based algorithm has embedded loops and

works in two time scales. In the inner loop (at a smaller

λ∗(n)
st
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Max-Min Fairness

Maximize the minimum rate lexicographically
Maximize the minimum rate, then maximize the second 

minimum rate (subject to the minimum rate being the 
maximum), and so on

A rate cannot be increased further without decreasing a 
rate of equal or lesser value

Widely popular fairness metric
“Ideal” fairness measure



Difficulties

Does not have a “nice” programming formulation
Tries to maximize multiple objectives simultaneously

Can be approximated by a single-objective separable utility 
maximization problem
E.g., define 
Maximize the sum of the utilities 
Close approximation if     is large 
Convergence problems if a large     is chosen      

attaining close approximation is difficult

Ui(x) = (log(xi))n

n
n ⇒



Basic Approach

Motivated by the popular “bottleneck-based” max-
min rate allocation algorithm in wired networks
Maximizes multi-hop session rates subject to link capacity 

constraints

Basic idea: Iteratively do the following:
Identify bottleneck link(s)
Divide the available bottleneck link capacity to all sessions 

sharing (bottlenecked by) that link
Remove the bottleneck link and the bottlenecked sessions 

from consideration



Differences

No multi-hop sessions in our case
We consider link layer only

Constraints are much more complex in wireless
Unlike the wired case, constraints are not linear anymore



Directed link graph (1/2)

Nodes represent links
Edge from i to j if link corresponding to i interferes 

link corresponding to j 
When i transmits,  j cannot transmit successfully 
Occurs of receiver of j is in the range of the transmitter 

of i
Interference is in general an asymmetric relationship



Directed link graph (2/2)
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Fig. 1. An example wireless ad hoc network.

graph, and the result is shown in Fig. 2.
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Fig. 2. The directed link graph for the wireless ad hoc network considered.

It is obvious in Fig. 2 that there are two strongly connected

components in this directed link graph, both of which are

highlighted by dashed square box. The first strongly con-

nected component, denoted as C1, contains link 0, link 1,

link 6, link 7, and link 8, and the second strongly connected

component, denoted as C2, contains link 2, link 3, link

4 and link 5. Also it can be seen that there are edges

from vertices in C1 to vertices in C2, and therefore at the

lexicographic max-min fairness, x∗1 ≤ x∗2, where x∗1 and x∗2
are the lexicographic max-min fair rates for links in C1 and

C2, respectively.

B. Max-Min Fair Rate Allocation Problem

The objective of max-min rate allocation is to maximize

the minimum rate over all links. Note that whereas the

lexicographic max-min fairness optimizes the entire sorted

vector of link rates in a lexicographic manner, max-min

fairness only maximizes the minimum component in the rate

vector. Therefore, max-min fairness is a weaker notion of

fairness compared to lexicographic max-min fairness. We

will show, however, that we can solve the lexicographic max-

min fair rate allocation problem by solving a sequence of

max-min fair rate allocation problems.

In our context, the max-min fair rate allocation problem

can be formulated as follows [9]:

max x,
s.t. x≤ xij(p), ∀(i, j)∈L,

p ∈ P f ,
(2)

where x is the max-min rate, and xij(p) is given in (1). It is

worth noting that (2) is equivalent to the following convex

program:
max f (z),
s.t. hij(z) ≤ 0, ∀(i, j)∈L,

(3)

where z= (y,p) and y= log(x), i.e. the logarithmic value of

the max-min rate. f (z) = y, and hij(z) = y− log(xij(p)). Note

that hij(z) is the transformed function of capacity constraint

on link (i, j) ∈ L and is convex. Also note that p ∈ P f is

removed as the logarithmic function automatically ensures

the feasibility of p.

C. Bottleneck Link

Next we define the notion of a bottleneck link. Loosely

speaking, a bottleneck link is a link that has the minimum

rate in (2) and hence decides the max-min rate.

Define gij(x,p) = x− xij(p), and denote an optimal solu-

tion to (2) as (x∗,p∗). It is easy to argue that x∗ is unique

while p∗ could be non-unique. If gij(x∗,p∗) = 0 for any

optimal solution (x∗,p∗), i.e. the constraint for link (i, j)
is active at all optimal solutions, then link (i, j) is called

a bottleneck link.

An alternative definition of a bottleneck link is as follows.

Consider perturbing (3) with a perturbation on link (i, j),

max f (z),
s.t. hij(z) ≤−!,

huv(z) ≤ 0, ∀(u,v) ∈ L\ {(i, j)}.
(4)

The optimal value of (4) is a function on ! , and we denote it

asU∗
ij(!). We define link (i, j) as a bottleneck link ifU∗

ij(0)>
U∗
ij(!) for any positive ! . It can be easily argued that this

definition of a bottleneck link is consistent with the previous

one.

The result below follows directly from Lemma 1.

Corollary 3: If link (i, j) is a bottleneck link, and if

links (i, j) and (s,t) belong to the same strongly connected

component, then link (s,t) is also a bottleneck link.

Furthermore, the following property also holds:

Lemma 2 (See the proof in the appendix): If link l is a

bottleneck link, and l ∈ C(v) where v is a vertex in the

component graph, then all links that belong to C(Pv) are

bottleneck links, where Pv is the set of predecessors for v

in the component graph.

From Corollary 3 and Lemma 2, we can identify one or

more strongly connected components (in the directed link

graph) that consist only of bottleneck links.

IV. ALGORITHM BASED ON IDENTIFYING A SUBSET OF

THE BOTTLENECK LINKS

A. Identifying Bottleneck Links Using Lagrange Multipliers

Direct identification of bottleneck links, using the defini-

tion or the alternative definition, has extremely high compu-

tational cost and maybe practically infeasible. In this section

we discuss how we can identify at least one bottleneck link,

using Lagrange multipliers, in an efficient manner.

We consider (3), the transformed convex program for

the max-min fair rate problem. It is clear that the Slater

Constraint Qualification holds for equation (3). Thus the

!"#$%&'#(%)*+,*-.-/01,2-32456/-78+,$73,309-0:,785;+

<30=3-8/,>4?.-//01,/7,@A/B,%''',!78C030820,78,&02->-78,681,!78/375+

D020-901,E632B,FG,HIIJ+

original graph

strongly connected components

directed link graph (DLG)

strongly connected components

Strongly connected component (SCC)
All nodes in a SCC must have a path to each other



Approach outline (1/3)

Property:
Max-min fair rates of all links in the same SCC must be equal

Max-min fairness in graph with a single SCC (s-max-
min):

Can be solved in a distributed manner
Simple transformation makes the problem separable & convex
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Fig. 1. An example wireless ad hoc network.

graph, and the result is shown in Fig. 2.
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Fig. 2. The directed link graph for the wireless ad hoc network considered.

It is obvious in Fig. 2 that there are two strongly connected

components in this directed link graph, both of which are

highlighted by dashed square box. The first strongly con-

nected component, denoted as C1, contains link 0, link 1,

link 6, link 7, and link 8, and the second strongly connected

component, denoted as C2, contains link 2, link 3, link

4 and link 5. Also it can be seen that there are edges

from vertices in C1 to vertices in C2, and therefore at the

lexicographic max-min fairness, x∗1 ≤ x∗2, where x∗1 and x∗2
are the lexicographic max-min fair rates for links in C1 and

C2, respectively.

B. Max-Min Fair Rate Allocation Problem

The objective of max-min rate allocation is to maximize

the minimum rate over all links. Note that whereas the

lexicographic max-min fairness optimizes the entire sorted

vector of link rates in a lexicographic manner, max-min

fairness only maximizes the minimum component in the rate

vector. Therefore, max-min fairness is a weaker notion of

fairness compared to lexicographic max-min fairness. We

will show, however, that we can solve the lexicographic max-

min fair rate allocation problem by solving a sequence of

max-min fair rate allocation problems.

In our context, the max-min fair rate allocation problem

can be formulated as follows [9]:

max x,
s.t. x≤ xij(p), ∀(i, j)∈L,

p ∈ P f ,
(2)

where x is the max-min rate, and xij(p) is given in (1). It is

worth noting that (2) is equivalent to the following convex

program:
max f (z),
s.t. hij(z) ≤ 0, ∀(i, j)∈L,

(3)

where z= (y,p) and y= log(x), i.e. the logarithmic value of

the max-min rate. f (z) = y, and hij(z) = y− log(xij(p)). Note

that hij(z) is the transformed function of capacity constraint

on link (i, j) ∈ L and is convex. Also note that p ∈ P f is

removed as the logarithmic function automatically ensures

the feasibility of p.

C. Bottleneck Link

Next we define the notion of a bottleneck link. Loosely

speaking, a bottleneck link is a link that has the minimum

rate in (2) and hence decides the max-min rate.

Define gij(x,p) = x− xij(p), and denote an optimal solu-

tion to (2) as (x∗,p∗). It is easy to argue that x∗ is unique

while p∗ could be non-unique. If gij(x∗,p∗) = 0 for any

optimal solution (x∗,p∗), i.e. the constraint for link (i, j)
is active at all optimal solutions, then link (i, j) is called

a bottleneck link.

An alternative definition of a bottleneck link is as follows.

Consider perturbing (3) with a perturbation on link (i, j),

max f (z),
s.t. hij(z) ≤−!,

huv(z) ≤ 0, ∀(u,v) ∈ L\ {(i, j)}.
(4)

The optimal value of (4) is a function on ! , and we denote it

asU∗
ij(!). We define link (i, j) as a bottleneck link ifU∗

ij(0)>
U∗
ij(!) for any positive ! . It can be easily argued that this

definition of a bottleneck link is consistent with the previous

one.

The result below follows directly from Lemma 1.

Corollary 3: If link (i, j) is a bottleneck link, and if

links (i, j) and (s,t) belong to the same strongly connected

component, then link (s,t) is also a bottleneck link.

Furthermore, the following property also holds:

Lemma 2 (See the proof in the appendix): If link l is a

bottleneck link, and l ∈ C(v) where v is a vertex in the

component graph, then all links that belong to C(Pv) are

bottleneck links, where Pv is the set of predecessors for v

in the component graph.

From Corollary 3 and Lemma 2, we can identify one or

more strongly connected components (in the directed link

graph) that consist only of bottleneck links.

IV. ALGORITHM BASED ON IDENTIFYING A SUBSET OF

THE BOTTLENECK LINKS

A. Identifying Bottleneck Links Using Lagrange Multipliers

Direct identification of bottleneck links, using the defini-

tion or the alternative definition, has extremely high compu-

tational cost and maybe practically infeasible. In this section

we discuss how we can identify at least one bottleneck link,

using Lagrange multipliers, in an efficient manner.

We consider (3), the transformed convex program for

the max-min fair rate problem. It is clear that the Slater

Constraint Qualification holds for equation (3). Thus the

!"#$%&'#(%)*+,*-.-/01,2-32456/-78+,$73,309-0:,785;+
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neighbors from which i is receiving traffic. A transmission

from node i reaches all of i’s neighbors. Each node has a

single transceiver. Thus, a node can not transmit and receive

simultaneously. We do not assume any capture, i.e., node j

can not receive any packet successfully if more than one of

its neighbors are transmitting simultaneously. Therefore, a

transmission in link (i, j) ∈ L is successful if and only if no
node in Kj ∪{ j} \ {i}, transmits during the transmission on
(i, j).
We focus on random access wireless networks, and use

the slotted Aloha model [1] for modeling interference and

throughput. In this model, i transmits a packet with proba-

bility Pi in a slot. If i does not have an outgoing edge, i.e.,

Oi = ! , then Pi = 0. Once i decides to transmit in a slot,

it selects a destination j ∈Oi with probability pij/Pi, where
" j∈Oi pij = Pi. Therefore, in each slot, a packet is transmitted

on link (i, j) with probability pij. Let p= (pij,(i, j) ∈ L) be
the vector of transmission probabilities on all edges, and let

P f denote the feasible region for p, i.e. P f = {p : 0 ≤ pij ≤
1,∀(i, j)∈L,Pi =" j∈Oi pij,0≤Pi≤ 1,∀i∈N}. Then, the rate
or throughput on link (i, j), xi j, is given by

xij(p) = pij(1−Pj) #
k∈Kj\{i}

(1−Pk), p ∈ P f . (1)

Note that (1−Pj)#k∈Kj\{i}(1−Pk) in (1) is the probability
that a packet transmitted on link (i, j) is successfully received
at j.

III. PROPORTIONAL FAIRNESS

A. Proportional Fairness at the Link Layer

The problem of attaining proportional fairness for link

rates is to compute the link attempt probabilities so as to

maximize the sum of the logarithmic utilities of all link rates,

i.e.,

p∗ = argmax
p∈P f

"
(i,j)∈L

log(xij(p)) , (2)

where xij(p) is given in (1).
The optimal attempt probability in any link (i, j) ∈ L, as

defined in (2), is given by (details in [6])

p∗ij =
1

|Ii|+"k∈Ki |Ik|
. (3)

Note that the p∗i j, as given above, satisfies the constraints

0 ≤ p∗i j ≤ 1 and 0 ≤ P∗i ≤ 1. Also note that a node can

compute its optimal attempt probabilities if it knows the

number of its in-neighbors and the number of its neighbors’

in-neighbors. A node can determine the latter as follows.

When the network is formed, or when the network topology

changes due to the joining, leaving or movement of nodes,

each node broadcasts the number of its in-neighbors to all

node in its transmission range. Therefore, this algorithm can

be implemented in a distributed manner, with only a small

amount of local information exchange.

B. Proportional Fairness for End-to-End Sessions

We now consider providing proportional fairness for end-

to-end sessions in a multi-hop Aloha network. The problem

can be formulated as a nonlinear optimization problem,

which maximizes the utility of all sessions rates while the

link capacity constraints are satisfied. The rate optimization

problem can be posed as follows:

P : max "s∈S log(ys),
s.t. "s∈S(i, j) ys ≤ xij(p) ∀(i, j) ∈ L,

ys ≥ 0 ∀s ∈ S,
p ∈ P f .

(4)

where ys is the rate for session s ∈ S. The first set of

constraints are the link capacity constraints. Here, S(i, j)
denotes the set of sessions that use link (i, j), and xi j(p)
represents the capacity (rate) of link (i, j), and is given by
(1). The second set of constraints ensure that the session rates

are non-negative, and the third ensures that p is feasible.

Note that the rate optimization problem couples link

attempt probabilities at the link layer with end-to-end session

rates at the transport layer, and is not a convex program. It

is worth noting here that our end-to-end fair rate allocation

question is closely related to the cross-layer optimization

problem considered in [8], in which the session rates (trans-

port layer) must be jointly optimized with the transmission

powers (physical layer), to attain end-to-end fairness goals.

1) Dual-Based Algorithm: Instead of solving the problem

P directly, we consider the version of the end-to-end pro-

portionally fair rate optimization question where each link

capacity (rate) is parameterized:

P̂ : max "s log(ys),
s.t. "s∈S(i, j) ys ≤ x̃ij ∀(i, j) ∈ L,

ys ≥ 0 ∀s ∈ S.
(5)

In the above formulation, x̃ij, the rate on link (i, j), is
assumed to be a given constant, while ys, representing the

end-to-end session rates, are variables whose values need to

be determined optimally.

Note that the optimum value of P̂ is a function on x̃, where

x̃ is the vector of all link rates in the network, i.e. x̃= {x̃ij :
(i, j) ∈ L}. We define Û(x̃) as the optimum value in P̂, i.e.,

Û(x̃) =max

{

"
s

log(ys)

∣

∣

∣

∣

∣

"
s∈S(i, j)

ys ≤ x̃ij,(i, j) ∈ L

}

. (6)

Since link rates in P in turn is a function of link attempt

probabilities, we define Ũ(p) = Û(x(p)), where x(p) =
(xi j(p) : (i, j) ∈ L). Therefore P can be rewritten as

P̃ : max Ũ(p),
s.t. p ∈ P f .

(7)

We solve (7) by updating p as below

p
(n+1)
ij = p

(n)
ij +$ "

(s,t)∈L

%
∗(n)
st

&xst
& pij

(p(n)), (8)



Approach outline (2/3)

What if the graph consists of multiple SCCs ?
Rates of different SCCs may be different
The (lexicographic) max-min fairness problem is difficult
However, maximizing the minimum rate (”simple” max-min) is 

easy      solve the s-max-min problem 

Bottleneck SCC = SCC that attains this minimum 
“robustly”

Algorithm: Iteratively do the following:
Solve the s-max-min rate allocation problem
Identify all bottleneck SCCs (or any set of bottleneck SCCs that 

do not have any predecessor SCC)
Set the link attempt probabilities of all links in the SCCs to the 

optimal values of the s-max-min rate 

⇒



Approach outline (3/3)

Valid choices of the bottleneck SCC set
{SCC1}, {SCC2}, {SCC1,SCC2}, {SCC1,SCC2,SCC3}, ...

Incorrect choices of the bottleneck SCC set
{SCC3}, {SCC2,SCC3}, ...
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System Model & Assumptions

SCC1

SCC2

SCC3

SCC6

SCC4

SCC4

SCC5
Number of iterations 
= Number of SCCs 

(in worst case)



bottleneck SCCs & links

Properties:
A link is bottleneck if it corresponds to a singularity constraint 

in the s-max-min problem
In any SCC, either all links are bottleneck, or none is a 

bottleneck
A SCC is bottleneck if any (or all) of its links are bottlenecks 

Notes:
If we can identify at least one bottleneck link, we are done
Ideally (to minimize number of iterations), we want to identify 

all bottleneck links



bottleneck link identification (1/2)

How can we identify bottleneck links (SCCs) easily ?
In general, can identify singularity constraints by solving another 

convex optimization problem for each link (too expensive)

Dual based approach
A link is bottleneck iff its optimal dual variable is positive
Optimal dual variables of all non-bottleneck links is zero
Not true in general (hold due to the special structure of the s-

max-min problem)



bottleneck link identification (2/2)

How about a primal based approach ?
Just looking at the active (binding) constraints does not 

work (non-bottleneck links can be active)
Applying a barrier penalty pushes “redundant” or “non-

robust” constraints away from the boundary 
In the limit, constraints are active iff they are singular
In practice, however, can only identify bottleneck links 

“approximately”



comparisons

Optimize rates of end-to-end 
sessions

Link-level max-min fairness in 
wireless random access networks

Session-level max-min 
fairness in wired networks

Optimize rates of links

Links Strongly Connected 
Components (SCCs)

Linear packing-type constraints Non-linear constraints

Bottleneck links easy to identify
Bottleneck SCC (link) 

identification requires an 
optimal dual solution

Optimal rates in any iteration 
easy to find

Finding optimal rates requires solving 
a convex optimization problem



Introduction
Motivation and System model

Proportional Fairness
At the link layer
For end-to-end sessions

Max-min Fairness
At the link layer

Open Issues



Open questions (1/2)

Max-min Fairness for end-to-end sessions ?
Cross-layer (Transport + MAC) rate optimization question

Can we attain max-min fairness with local topology 
information ?
At least approximately (with a “good” approximation ratio)

How about more general fairness metrics ?



Open questions (2/2)

Fairness questions in CSMA (CSMA/CA) models
Throughput expressions are very different
Expressed in terms of independent sets in the network
“Global” dependencies
The case of a general ad-hoc network appears very 

difficult



Thank  You!

Related papers/technical reports available at:
http://www.ecse.rpi.edu/~koushik/

http://www.ecse.rpi.edu/~koushik/
http://www.ecse.rpi.edu/~koushik/

