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Deciding local minimality

Consider the optimization problem

min f(x)

XERM
x € ()

Given a point x, decide if it is a local minimum.
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Global minima are often intractable

Recent interest in local minima, particularly in machine
learning applications

Existing notions that local minima are “easier to find” or are
sufficient for applications

Formal understanding of local minima is desirable



Local minima 27T
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x € ()

if there exists a ball of radius € > 0 such that p(x) < p(x) for all
x € B.(x) N Q.

i is a strict local minimum if p(x) < p(x) forall x € B.(x) N Q\x.

Our focus: polynomial optimization problems

f is a polynomial, Q is defined by polynomial inequalities.

min p(x)

q;(x) =0,i=1,..,m
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A DTN CETON a constraint, and solve sequence of LPs

Known tractable cases

Unconstrained quadratic optimization Linear Programming

1 min c”x
min ~x"Qx +c'x XERM
xER™ 2 Ax =b
_ . . : : x=0
X is a local minimum if and only if _ . - : .
_ X is a local minimum if and only if it
Qx +c=0 : :
is optimal.
Q*0
% is a strict focal minimum if and X is a/strict local minimum if and only
only if it is the unique optimal solution.

Qx+b =20
Q>0

N\

) . : Ax =b,x > 0,and cTxis attainable >
Compute n leading principal minors \

in the dual

Check coefficients of characteristic polynomial

Check if X is optimal. If itis, add cTx = cTx as
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Known intractable cases

Unconstrained quartic optimization Quadratic programming
min p(x .1
X€ERM P(x) min =x7Qx + cTx
: . : xERM 2
p is a quartic polynomial Ax > b

A matrix M is copositive if xT Mx > 0,Vx = 0

A matrix M is copositive if and only if 0 is a local minimum of

21 2] or of T
X1 X1 min x Mx

. M B x=0
X5 X5
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Summary of prior literature

Unconstrained quadratic optimization Linear Programming

1 min ¢’ x
min =x"Qx + c'x XERM
XERT 2 Ax =b
x=0
Unconstrained quartic optimization Quadratic programming
min p(x .1
xERM p(x) min =x'Qx + c'x
. . . XERM 2
p is a quartic polynomial Ax > b

Open cases?

Unconstrained
cubic minimization

TETT-8Y0T) weAdeyy JewQ
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Outline

e Part |: Testing local minimality of a given point
for a cubic polynomial

e Part 2: Finding a local minimum of a cubic polynomial
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Classical optimality conditions

First Order Necessary Condition (FONC) Second Order Necessary Condition (SONC)

X is a local minimum = Vp(x) = 0 x is a local minimum = V?p(x) = 0

Second Order Sufficient Condition (SOSC):

FONC + V2p(%) > 0 = X is a (strict) local minimum

X is a local minimum = no descent directions at x

A direction d is a descent direction for p at x if for some a™ > 0,
p(xX + ad) < p(x) foralla € (0,a™)

P(X1, xZ) —
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Necessary and sufficient condition for local minima

Theorem (Third Order Condition, TOC)

Let p be a cubic polynomial and suppose x satisfies FONC and SONC.
Then X is a local minimum of p if and only if

d € N(V*p(x)) = Vps(d) =0

Moreover, this condition/can be checked in polynomial time.

N(V?p(x)) is the null p3 is the cubic component of p
space of Hessian at x
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Example: origin a local minimum

p(x1,x3) = x5 + x1x3
0 0 O
7p(0,0) = | | 72p(0,0) =g

d € N(Vp(x)) = Vps(d) = 0?

2x2
Vps(x1,x3) = 2 ]

2X1 X~

Vps(a,0) = [8]

-2 -1.5 -1 -0.5 0 0.5 1 15 2
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Example: origin not a local minimum

p(x1,x2) = X3 — X7
0 0 O
7p(0,0) = || 73p00) =

d € N(Vp(x)) = Vps(d) = 0?

—2x1x2]

Vp3(x1,%2) = [ —x12

Vps(a,0) = L(c)(z]

-2 -1.5 -1 -0.5 0 05 1 15 2
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A more natural condition?

d € N(V?p(x)) =0 = py(d) =0 Necessary for C3 functions (where p;
/7 would be the cubic component of the

. ~ \y 1. Taylor expansion).
V P_o) LC]) = E“Ie” {Jej }:’l “Third Order Necessary Condition” (TONC)
f(d)- i dvp0)

XN o PR

d_7
7-’/
X

p(xy, %,) = x§ — xix,

\
rd
A

Not sufficient for local optimality,
even for cubics

Guarantees no descent directions for
cubic polynomials

-2 -1.5 -1 0.5 0 0.5 1 15 2
1 Does not guarantee no parabolas of
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Is TOC necessary for general functions?
d € N(V?p(x)) = Vp;(d) = 0?

Easy to see not sufficient for higher degree polynomials (e.g., p(x) = x°),
but is it necessary?

p(x1,x3) = xf + (xf + x3)?

0
Vp(0,0) = o
0 0
7Zp(0,0) = |,
_( 2x; )
Vb3 = (4x1x2
2
7p3(0,1) = (7)

13
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A characterization of local minima for cubics

Theorem (Third Order Condition, TOC)

Let p be a cubic polynomial and suppose x satisfies FONC and SONC.
Then X is a local minimum of p if and only if

d € N(V*p(x)) = Vps(d) =0

Moreover, this condition can be checked in polynomial time.
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Proof of characterization of local minima (1/3)

p(x + 1v) = p(x) + Wp(x)Tv + %szTVzp(x)v + a(p3Yv)

Suppose X satisfies FONC, SONC. We show x is a local min iff TOC.
For any unit vectors d in the null space of V4p(X) and z in the range of V?p(X),

p(x + ad + Bz) = p(x) + Vp()T (ad + fz) > 0

+%(ad + B)TV2p(xX)(ad + Bz) — B?z'Vp(x)z
0
\ +p3 (ad T IBZ) 1
ps(ad + Bz) = p3(ad) + BVps(ad)'z +5 72" Veps(ad)z + f7p3(2)

p(X +ad+ Bz) —p(x) =

1 _ 1
SB22'Vp(X)z + a®BVps(d)'z + S aB?z"Veps(d)z + Bops (2)
PRINCETON == 15
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Proof of characterization (2/3) [Sufficiency]
p(Xx +ad+ Lz) —p(k) =

1 ~ 1
EﬁzzTVzp(X)z + a’BVps(d)'z + 5 aB?z"V2ps(d)z + B3p3(2)

Vp3(d) =0V d € N(V?p(x)) = local minimum

1 1
EﬁzzTVzp(f)z +5 aB?z"V?ps;(d)z + B3p3(2)

GZTVPp(D)z + 5 i Vips(d)z + fips(2))

?

> smallest nonzero
eigenvalue

\

Upper bounded in abs. value

Therefore, a*, f* such thatifa < a”,f < (7,
this expression is nonnegative
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Proof of characterization (3/3) [Necessity]
p(X +ad+ fz) —p(k) =

1 1
SB22' V()2 + a®BVps(d)'z + 5 aB?z" Vips(d)z + B7ps (2)
local minimum = Vp;(d) = 0vd € N(V?p(x))

Otherwise, for the sake of contradiction pick d € N(Vzp(f))
such that Vp3(d) # 0 and pick 2 = —Vp; (d)1

Pick a sequence f; — 0, a; x ,Bl.g
1 . o T .1 A Ax A
EIBZZTVZP(X)Z + a?BVps(d) 2 + EaﬁzzTVng (d)z + B3p5(2)

~~

1 —N A 3 A 1 A A o
2 F2TVp(X)z + ,BiS/ Vps(d)'z + EIBZ/SZTVZPB (D)2 + Bip3(2)

<0
PRINCETON mm7 17
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Characterization of strict local minima

Proposition

X is a strict local minimum of a cubic polynomial p if and only if
Vp(x) = 0 (FONC)
V2p(x) > 0 (SOSC)

(Note: SOSC is not necessary in general: p(x) = x*.)

Proof. Only need to show ¥ strict local min = V?p(x) > 0.
Otherwise for the sake of contradiction pick d € N(Vzp(f)).

p(Xx + ad) = p(x) W@T/CH %C%V’Zp{f)d + a’p3(d).

Observation: If a cubic has a strict local min, then that is the unique local min.

Proof. 27 .
| Y /
X

PRINCETON _r’/_—?
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Checking local minimality in polynomial time

e Input:p,x
e Compute gradient and Hessian of p at X
e Check FONC and SONC

e Compute a basis {vy, V,, ..., U} for null space of V?p(%) (solving linear systems)

l - _—
VPE)Vze | V2@, =
\7;(@")20 J:U}_:o

VACIET
e Compute gradient of p;, evaluated on the null space of V?p(x)

0p3 (7 )\ aps

axl (a1v1 + (12172 + + CZRVR)\ — /91(a1; L) ak)\

Tps(®=| - |=
0
p3( )/

dx,

a1 + a,v, + - +av/<—\ /
axn( 1v1 2Y2 k k) gn(ali ...,Clk)

e All coefficients of all g; must be zero

For strict local minima, check FONC and SOSC (leading n principal

ONIVERSITy BBl minors must be positive)

19




Outline

e Part I: Testing local minimality of a given point
for a cubic polynomial

e Part 2: Finding a local minimum of a cubic polynomial
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Finding local minima

Given a cubic polynomial p, can we efficiently find a local minimum of p?

Let’s start with a “simpler” question. Can we efficiently find a critical point of p?

Theorem
Deciding if a cubic polynomial has a critical point is strongly NP-hard.

Reduction from MAXCUT

/ \

| . ® r !
Given a graph G = (V, E), partition /
the vertices into two sets such that as _ - /
many edges as possible are between == P
vertices in opposite sets @ /

/
”

("3 PRINCETON == 21
UNIVERSITY mm.




p(xq, -

PRINCETON ==
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MAXCUT (decision version)

Is there a cut of size k?

v

Quadratic satisfiability

z (1—xl~xj)=k 1—xl-2=0,i=1,...,n

(i,))EE U

Critical points of a cubic polynomial

IS

1
yXno Yor Y1, ---;yn) = Yo <Z
(i,j)EE

(1—x%) — k) + > y;(1—x})
)2

22



Critical points of a cubic polynomial

(xy>—yo< > (1-xx) - k) Zylu—xZ)

(i,j)EE

ar] [_Yo z o\ — 2]

ax; + ((ij)ezs J) .
Vp(x,y) = wI_|

dy, 2 Z (1—xl-xj)—k

dp (i ))EE

dy; | L 1 - x7

Any cut of size k = critical point (x =cut, y = 0)

Any critical point = cut of size k  (x = cut)

But this doesn’t necessarily mean finding local minima is NP-hard.
First some geometry...

PRINCETON == 23
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Some geometric properties of local minima

an 'fr’U’ﬁ ‘Fof

Theorem ‘VlarHCs .

The local minima of any cubic polynomial p form a convex set.

[V

If X is a local minimum of a cubic polynomial p and d € N(V?p(x)),
then for any «,

Vp(k+ad) =0

Proof (of theorem).
Let x and y be local minima. Note p is constant on the line between

N

= N((1 - a)V*p(x) +aVp(y))
= N(72p(x)) n N(V?p(y)) € N(V?p(x))

24



Convexity of the set of local minima

p(xq,%p) = %3 + 3x2x, + 3x1%5 + X5 — X1 — Xy

Critical points

p convex

Local minima

41 08 06 04 02 0 02 04 06 08 1
x1
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Set of local minima not necessarily polyhedral

1 1
_ 2.2 2 2
p(xl,xz,xg,x4) = Ex1 X3 + 2x1x3X4 + Ex1x4 — Exzxs

+XyX3X4 + 2X,%5 + X5 + X2

-0.5

{x-3 - 0,x4_ - 0} N

2+ x1 — X, 2x1 + x; ]>O ‘ | | | | |
2x1 +x, 24 2x +4x,

Vien H=ORFE
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Convexity region

Definition (Convexity region)

The convexity region of a polynomial p is the set
{x € R™ |V?p(x) > 0}

* The convexity region of a cubic polynomial is a spectrahedron (we
call it a “CH-spectrahedron”)

LSS U
* Not every spectrahedron is a CH-spectrahedron: <4, i ] 5
L33

AD + le AL % j:ve; a CH- Sfci'c%m)wecfroh

P

_\éﬁ VQ[%T<§MA;)4 - é LA,

* Any spectrahedron {x € R™ | Y™, A;x; + Q > 0} with 4; in R™*™
is the shadow of a CH-spectrahedron in dimension n + m.

(.-l PRINCETON ——
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A “convex” optimization problem

Theorem

If a cubic polynomial p has a local minimum, the solution set of the
following optimization problem is the closure of its local minima.

min p(x)
X
Vip(x) = 0

In particular, the optimal value of this “convex” problem gives the
value of p at any local minimum.

Very rough Py
intuition:

Note: the value of p at local minima must be the same.

%) L
I

(-8 PRINCETOI
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A “convex” optimization problem proof (1/2)

Local minima are optimal to
min p(x)
X

Vip(x) = 0

/
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A “convex” optimization problem proof (2/2)

Solutions to
min p(x)
X

Vép(x) =0
are in closure of local minima

(Ahmadi, Zhang)
FONC J remms {Ahmadi, Zhan mial p and d € N(V?p(x)),

a local minimum of a cubic polyno
th f

SONC: v e =
TOC: N(V?p (z)) c N(Vzp(x))

p(x) =p)

Viien E=ORFE



Sum of squares polynomials
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Sum of squares polynomials

e A polynomial p is a sum of squares (sos) if it can be written as
p(x) = Yqi (x)

e Any sos polynomial is nonnegative
e |Imposing that a polynomial is sos is a semidefinite constraint

e A matrix of polynomials M (x) is an sos-matrix if the polynomial
yTM(x)y is sos, or equivalently if M(x) = R(x)R(x)T

Sum of squares relaxations

Find lower bounds on the optimal value N\
of a polynomial optimization problem \//\(

mm f(x) =max y
= Y

f(x)—visa nonW

PRINCETON = S0S 32
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Sum of squares relaxations for constrained problems

.01 sos m < min p(x)
p(x) —y = gp(x) + 2 q; (x)o;(x) qi(x)=20,i=1,..,m
Val i—1

Putinar’s Psatz
For o; of fixed degree, this is an SDP of size polynomial in data

As deg(o;) — oo, the optimal value of the sos program will
converge to the true optimal value (under a mild assumption)

PRINCETON == 33
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Sos relaxation

max y < minp(x)

o (x),S(x) X
p(x) —y =0x)+Tr(Vpx)S(x)) Vip(x) = 0
O IS SOS

S is an sos-matrix
Theorem

If p has a local minimum, the first level of this sos relaxation (i.e., when
deg(o) = deg(S) = 2) is tight.
Proof.

Produce an algebraic identity that attains the best possible value.
For any local minimum X,

P() Zp" = %(x —0)'VEp () (x = X))+ Tr(V*p(x) ( % (x = %) (x = f)T>)
Value at
local min

"M PRINCETON == 34
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How to extract a local min itself?

Idea: Find the zeros of

a(x) + Tr(V?p(x)S(x))

Solve:

min 0
X
V2p(x) =0
o(x)=0

Tr(Vip(x)S(x)) = 0

Nonlinear constraints...

or are they?

(-8 PRINCETON ==
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Recovering a local minimum

min 0
X
V2p(x) = 0is a linear matrix inequality Vep(x) =0
o(x) =0

o is an sos quadratic, so the solutions
to o(x) = 0 can be found by solving a Tr(Vzp(x)S(x)) =0
system of linear equations

Tr(V2p(x)S(x)) = 0? (cubic equation)

Since S is a quadratic sos matrix, S(x) = R(x)R(x)", where

R(x) is affine

Tr(Vzp(x)S(x)) = 0 © V?p(x)R(x) = 0 (quadratic equation)
\Ri(x) € N(V2p(x)), Vi

More geometry...

"M PRINCETON == 36
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Relative Interior

Definition (Relative Interior)

The relative interior of a nonempty convex set S is the set
{xeS|lvyesS,da>1,y+ a(ly —x) € S}

/
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More geometry

Lemma
Let X be a local minimum of a cubic polynomial p. Then for any x € R"
and d € N(V?p(x)), d"V?p(x)d = 0.

Lemma
Let X be a local minimum of a cubic polynomial p. Then for any X in the

relative interior of the convexity region of p, N(V2p (%)) = N(V?p(X)).

Proof (of second lemma).

X
ﬁ/./

Convex combination of PSD matrices: N(Vzp(a?)) - N(Vzp(f))
First Lemma + VZp (%) = 0: N(V?p(%x)) € N(V?p(%)) .,

-3 PRINCETON
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Rewriting the cubic equation

Goal: Impose Tr(V72p(x)S(x)) = 0
* Find any point X in the relative interior of the convexity region
* Find a basis {vy, v, ..., v} for N(V4p (%))
* Decompose S(x) = R(x)R(x)T

* Impose R;(x) € N(Vzp(f))‘v’i as R;(x) = ?=1 a;jvj Vi
(linear constraint!)

For any x such that V2p(x) 3= 0, this is equivalent to
imposing R;(x) € N(Vzp(x))‘v’i = Tr(Vzp(x)S(x)) =0

"M PRINCETON == 39
UNIVERSITY —mm.




(-3 PRINCETON ——
¥% UNIVERSITY mm.

An SDP!

Rewritable as an SDP!

min O
X
V2p(x) =0
o(x) =0

Tr(V2p(x)S(x)) =0

Theorem

The relative interior of the feasible set of this SDP is the set

of local minima of p.

Two steps require a point in the relative interior of a set

40



Finding a point in the relative interior

Definition (Relative Interior)

The relative interior of a nonempty convex set S is the set
{xeS|vyeS,Ja>0,x+aly—x) €S}

v

A
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Algorithm for finding a local minimum

e Find an sos-certified lower . ceo@ebswernxn |

bound for Value at any Iocal subject to p(x) — v = olx) + Te(S(z)Vp(x)),
o S(x) is sos,
minimum o(x) is sos and has degree 2,

e Find any point in the relative Sij(x) has degree 2,V i,j € {1,...,n}.

interior of the convexity
region

e Find a basis for the null space
of the Hessian of any local

minimum min 0
.TE TL
e Find relative interior solution subject o v2p(x) = 0,
of equivalent SDP o(z) =0,

Tr(S(z)vip(z)) = 0.

PRINCETON == 42
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Overall result

Theorem

Deciding if a cubic polynomial p has a local minimum, and finding
one if it does, can be done in polynomially many calls to an SDP

blackbox, Choleskly decompositions, and linear system solves of
polynomial size.

SDP i Blackbox ‘ Optimal value

Can be used to recover solutions

"M PRINCETON == 43
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Why the blackbox assumption?
Local minima can be irrational:
p(x) = x3 — 6x

x = /2 is the unique local minimum

Even if there are rational local minima, they can all have size exponential
in the input:

p(x) = yTA(x)y, where Local minima:
{y =0}n{A(x) > 0}

Xy 2
;] \ /
X, X
Alx) = x; 1

Xy > 4%, > 16, ..., %, > 22"
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Summary

e @Given a cubic polynomial p and a point x,
checking whether x is a local minimum of p "
can be done in polynomial time in the
Turing model 0.

e Itisstrongly NP-hard to test if a cubic
polynomial has a critical point

xl 05

e @Given a cubic polynomial p, we can test if oy
there is a local minimum by solving
polynomially many SDPs of polynomial size

PRINCETON = 45
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Want to know more?
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Thank you!
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