
ORF 363/COS 323 Problem set 6 Fall 2023, Princeton University
Instructor: A.A. Ahmadi
TAs: Beneventano, Chaudhry, Hua, Li, Lok
Due on Tuesday, November 21, 2023, at 1:30pm EST, on Gradescope

For all problems that involve coding, please include your code.
Problem 1: Theory-applications split in a course. (Courtesy of Stephen Boyd)
A professor teaches a course with 24 lectures, labeled i = 1, . . . , 24. The course involves some
interesting theoretical topics, and many practical applications of the theory. The professor
must decide how to split each lecture between theory and applications. Let Ti and Ai denote
the fraction of the ith lecture devoted to theory and applications, for i = 1, . . . , 24. (We
have Ti ≥ 0, Ai ≥ 0, and Ti + Ai = 1.)
A certain amount of theory has to be covered before the applications can be taught. We
model this in a crude way as

A1 + · · ·+ Ai ≤ ϕ(T1 + · · ·+ Ti), i = 1, . . . , 24, (1)

where ϕ : R → R is a given nondecreasing function. We interpret ϕ(u) as the cumulative
amount of applications that can be covered, when the cumulative amount of theory covered
is u. We will use the simple form ϕ(u) = amax{0, u− b} with a, b > 0, which means that no
applications can be covered until b lectures of the theory is covered; after that, each lecture
of theory covered opens the possibility of covering a lectures on applications.
The theory-applications split affects the emotional state of students differently. We let si

denote the emotional state of a student after lecture i, with si = 0 meaning neutral, si > 0

meaning happy, and si < 0 meaning unhappy. Careful studies have shown that si evolves
via a linear recursion (dynamics)

si = (1− θ)si−1 + θ(αTi + βAi), i = 1, . . . , 24,

with s0 = 0. Here α and β are parameters (naturally interpreted as how much the student
likes or dislikes theory and applications, respectively), and θ ∈ [0, 1] gives the emotional
volatility of the student (i.e., how quickly he or she reacts to the content of recent lectures).
The student’s cumulative emotional state (CES) is by definition s1 + · · · + s24. This is a
measure of his/her overall happiness throughout the semester.
Now consider a specific instance of the problem, with course material parameters a = 2,
b = 3, and three groups of students, with emotional dynamics parameters given as follows:
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Group 1 Group 2 Group 3
θ 0.05 0.1 0.3
α -0.1 0.8 -0.3
β 1.4 -0.3 0.7

Your job is to plan (four different) theory-applications splits that respectively maximize the
CES of the first group, the CES of the second group, the CES of the third group, and, finally,
the minimum of the cumulative emotional states of all three groups. (Hint: you would need
to appropriately reformulate constraint (1) to end up with a linear program.) Report the
numerical values of the CES for each group, for each of the four theory-applications splits
(i.e., fill out the following table):

Group 1 Group 2 Group 3
Plan 1
Plan 2
Plan 3
Plan 4

For each of the four plans, plot Ti as well as the emotional state si for all three groups,
versus i. (So you should have four figures with four curves on each.) These plots show you
how the emotional states of the students change as the amount of theory varies.

Problem 2: Estimating
√
20.

You are stuck in a place with no electronic devices allowed and asked to compute
√
20.

How can you use Newton’s method for root finding to approximate
√
20 using only the

operations +,−,×,÷? Once you write down the right function, apply two iterations of
Newton’s method for root finding starting from x0 = 5 by hand. Report your final estimate
of

√
20 as a rational number.

Now you get home and can get your hands on your computer. Run Newton’s method for
root finding starting at x0 = 5 on your machine. How many iterations does it take to get√
20 correct to 15 digits after the decimal point?
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Problem 3: Minimum fuel optimal control. (Boyd&Vandenberghe)
We consider a linear dynamical system with state x(t) ∈ Rn, t = 0, . . . , N , and actuator or
input signal u(t) ∈ R, for t = 0, . . . , N − 1. The dynamics of the system is given by the
linear recurrence

x(t+ 1) = Ax(t) + bu(t), t = 0, . . . , N − 1,

where A ∈ Rn×n and b ∈ Rn are given. We assume that the initial state is zero, i.e. x(0) = 0.
The minimum fuel optimal control problem is to choose the inputs u(0), . . . , u(N − 1) so as
to minimize the total fuel consumed, which is given by

F =
N−1∑
t=0

f(u(t)),

subject to the constraint that x(N) = xdes, where N is the (given) time horizon, and xdes ∈
Rn is the (given) desired final or target state. The function f : R → R is the fuel use
map for the actuator, and gives the amount of fuel used as a function of the actuator signal
amplitude. In this problem we use

f(a) =

{
|a| |a| ≤ 1

2|a| − 1 |a| > 1.

This means that fuel use is proportional to the absolute value of the actuator signal, for
actuator signals between −1 and 1; for larger actuator signals the marginal fuel efficiency is
half.

(a) Formulate the minimum fuel optimal control problem as a linear program. (Your linear
program does not need to be written in standard form.)

(b) Solve the minimum fuel optimal control problem using CVX for the instance with prob-
lem data

A =

 −1 0.4 0.8

1 0 0

0 1 0

 , b =

 1

0

0.3

 , xdes =

 7

2

−6

 , N = 30.

Plot the actuator signal u(t) as a function of time t.
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