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A1 = A Ax )

there Ay s Fhe  state of The S;ﬂeh\ af Tme K.
When is 11 Frue 7hat V?(aé/[?“J e —> 0 o ,(/...,oo_?
This iy callel /}/obal af}m;ﬁ‘bﬁc sfab//#z"(é/%f)_
fAc Claot‘(_a of X=o as The l;ﬁac‘fwﬂ ’J aréﬁ’raf} 4era. I/ 7he erhh\
hald a diffwent {7:4.‘11'Lr.‘um poial (ie, & pont where N, <N), Fhen
we Guld  Shift i Fo The 6r1g i /,? an affme Cha%e of (vordinaZes.
S'falm‘l:'f} 5 & Fundamental Cmce/# ” mw} ares of seience asd aj,;cefy.
FOV ﬂo(am/ole, /'r, ﬁwhOW'Cf) e ’h? lUQﬂ?‘ fo &ak/ )\y[ Jew‘aflbhf 74:0‘\-\ Some
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Iq Standard  resvlt i hhear q%m felly v that he OV’;/L\ of 74e 5};7%
i, = Are s GAS i and on/;[f all 670\ yalves of /} have

m?n;hu stricty legs Than one; /2., the M /0(/)) of P is less Fhon one.
In this we call The mavx A Stable

Nere we ?,’ve o dHewent chmﬂey}j/'aﬁ That relatesr 7o Sewmidedmte
/Wb}mmmf/? (SOF) and is muck more viefal than fhe efonvalue characteriotion
“hen e 9o befod simple stabi Iy ;uemw (e9- 7o robosd STablly" o

\‘5‘}0[!9.‘“ gb”/'??h prpb’(h«s).
7;/)&’ 7—1')& J?hdhl‘(’}-/ S?sfeh ’)(/(“: AZK 5 G/]S
<____->
3Pes™, st PSo and  ATPAIP. D

(J\lo’re than ?,NQI« A, the search For Fhe matrix T ir  a S’DP-)

M. 7}% }raof )5 bared on The fuhd@iﬂc;«.ﬂ/ Cah(g/n' of ag;}upunovfuncﬁbn.

Conj)),cr the <lJﬂPunou) 7[Vn o?l';\?'\ V(’A) :ZT,P’)(.
We )Mw( V(o):o and \/(137" V%ﬁ&" (LCC‘*“’" of CD)

Co»\l,‘-)n'an (D also ;MP“(IZ
V (A%) <V Vot .
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Tn  other words 7he Function \/ VMOWOTO"'.CﬂU} de creqser M/Onj

aII 7Lra)'eo'f'oric} v7L Owr l}nqm;'cn,( J;J’fem:

V) T«

Take any Ao and Consider The Seguthce V(?tk} of 7he fanction
V tvalvated on the  Fregectory shw‘z?; at %A

Since {VVCM)} 1S positve and  Jower bounded, 7 Lonverser £
Some Cye . v CMPMSVWVCUJ, and

If ¢czo, V(n) oo imphies hat Wy—so (bedavse Vis only zevo af 2eto)
and  we  wonld be dJone.

We claim 7Fhat we camolt  |have C Ve Twdeed f €0, Thew Fhe }Lragevforj

S%afhlh} at Mo Wwould Forever be Traver S,'g} (% of @) in The ComFad set
Sz {’X./ ?U_Pl>/ (5 N {7( / 1P < ')L’,'-P’)Las.

2
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0114' & .= Min V(‘)()._V (ﬁ'l) ) S/the 7”!& okd’ecfzifc s Cmf/i’luouj @ncl
" 1esS

tﬂ P%:’)J?nﬁ

Lecl10 Paqge 3



he?m‘\'vc dmcim‘h and  siace S s Compadt) § exsli and i /:cfa?‘/\/a.
Thaefort , 1 tach iterotion V(UK) decreases é; at Jeast 13‘

Th/t) hpweucn /'M/olie; 7LAa7L i\[(m,()}-—;ﬂx, which c,qf/m[/dj Moonczjfvﬁt} 072 V

7o prove The Converie,  suppofe The dphamenl sysfem  Ney= Ar. 15 GAS.
Consider 7he %,,Jmm function .
Vin) = }‘Z> /1 jxlli
= Z oy e
= o @ ﬁ} N)x
which is well-lefued since p(A)<I. The Fnchon V(1) is clearl)
positie defnite  siace /7 dowinstes Jn)[*. We alse have

Viha) v(nd = 2 AP - Z I~ <)< o
2°

)
‘ = R
Le#m; P= 2870, we hove inleed estsblishel Fhet Pye ond APASP.
7
N
RQMM’K- Oh(’_ Can ({er[ue fAc Jhme resvlt /n Con*fhuou)' /lec 7—hc 0474

of The diffe~entigh ey«aﬁoh

’)L:A’K

s GAS iff T PeS st Pye and ATPLPA4S.

fAdJc (MIs . Pl} 7hat V(’n) ?LTP” Sa*f%lf.f I/(%) QVV("‘)7’K> <3,
it
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1575!5/1:')“150“ with State feed bao’(]

We now Conside, a Scenovio where we Can desian 7The mateix A (umler
Some VU"M?L"O*\S) In Such o w«} That  The J}MW'&J(S}JM ’Nt,,:"}”k
becomes GAS. el us once q}mk pue a encrele Problem:
Givew AR Be B doos Then ewsT Wf/?m suek Fhat
A ~+B K

Is Stable , j.e, maKes /0(ﬁ+BK) <[?

W
Ay, = At ~+Buy

7his s o basic Problem Con7ro| 7%6‘"}~ In the ctontrols ;’ar;on, we would like 7o
d‘&}’\ ineav  Catroller U= 'KK which 15 /2 Feedbyck wth a "Plaqf"

%k-t |: A K+ ’5‘4/( ord  maKes Fhe C]o:eJ-/ot:/) §gsteim stable:

Xkar AneBue = Arg+ BKwy
= Beriyx, -
From on discussion before, f+BK  will bestable df I Py.
sock that (A+BK)'P (A+3K) X P .
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UY]’)COY'}MMJ\'HQ) #his 5 0ol e S)P sime The matnx /'nefualﬁ‘} 15 nol linew
)p‘ 7”\& JCCiSJ\Oh Vm’l‘uued P 04::1« /<- (I% ;5 /n fh(f ”Lr‘)ll,ea/“/ h,@am"\)v

71.9,% )‘}' lgeCthej h‘neay ;f ‘}ou fo)( e;'ﬂ\e/ Pa/ K dnJ jeafglw /3/ ﬂ»a Dﬁwu)

e/l/(’ycﬂ.eluj, We pre 99/)7 fo Jéow aAn exact reforh.ulq‘ﬁok 07[ ’ﬂ»)/‘ ]DmUeu‘, a3 on SOP

La H/DPIJ/[/\} 7] 7z€w hl‘Ce ;'rtickf.’

Triekt . BeRK 05 stable & AT KT8 b5 shile.

Move guuera/(;,, a mohy E s stale F E" 5 stable. 7his 15 cloar
since £ and F7 have Fhe same eptnvalves . 115 also vse#l 7o opbserve
what'’y o l;a,mv Aonction or fhe dynamied syilen, 7(/(+,:£T7(k.
Svm)ofc we  have Pyo and  EFTPE SP (‘e Vir)=20Pn is 4
Z}QPWW function  For A, < EN), Hhen by applyiy Hhe Schor

(/OWP'{MQ'J '}Wfbﬁ (Sfar*';; 7£f0m ditfecent é’eck;) we ZUL

E'PESP © .’Hé)ye & P EFF .

~\
(HC“C‘?/ \/(')t) =P n /‘f ow desived ,Z/, 4pvnov /w (ton /,';f e ETJ7M;~/C;_
‘A/b*( ﬁw.f f" f)(i\S‘b 44,! '3 POS,‘h.\/{ J&A‘q/']‘e aq/s C)}(,\ lm/l/e) o,ﬂ P-' a’e

one over c.?o\ values of P.
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So we will inplead  look for a )ijh/)unov Fonction - AL KTRT.

M' ‘SGLW 6\7M/7/€hen7:f ara[h,
We have Po (AR )P (AT4KTBT )y
()
P \P (A5 K7RT) o
I

i) P } P

P PATPK87 | .,
AP+ B KP P
TnLK'}, A dnw?b of Variables .

Let [ =KP. Thaw we have
[

P P'L}’JrLTBT

%o )
AP+BL | 7

This 5 now o linear patux ,Aé;ml.‘?} (Lmz) m Pad L !
We Cun  Splve Fhis SemideFmitk Pobrom S Pasd L and Thn we can

5%?(} ye (oVir fl\c, (/ap.fro}/e,r K Ay
-1

K= LP.
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\ 5%45; ’I}mhb"\ wﬂlt\ DlA'fPu'} W

rHerc 'S ano‘ﬂley [,ohmfe PrbL/ay, pf sllmilar //al/ar;

n X Ny IC Fyn Kxr
Given matrites  Aelk " Bed ., Cel , dbes Thoe avis? o mabeix Xe R

Surh ﬂ\a‘)L
f}+ BKC

}S S%QLIQ?

U Ay = P+ Buk

‘j{: C, Nk

TA{J proé’ﬁh. /\5 5,‘,“;’!5, h our prmbuj ont , uu/o/’ 7‘7/»4f /;»}'fca‘/ U)l fe&J/y

Lack The full  state A fo the tontroller K, we feed bark am owfpa,f%

Which i5 oblantd From a (pbml)} now-sverfble ) Imear ’ha/)/)l;; C Fom 2.
For 1hif recson,  fhe Zudﬁ‘ah of existence of a X/ Hof makKesr Hhe p/o}e!—lo./b

s}shu\ (i, /HBKC) sTeble 15 Knorn as He "stabil)ution with ouf puf Feeback”

PrOMCM.

CQn 'ﬂ;/f PfoUCm ):Q fWhU/bﬂ‘(/J as an SDP via Sdme fl‘;‘ékr? WL ¢/o~‘7l /(hau‘

In fact, Phe txact Comylexd‘} of Jhis problem s pen. 77 is ra/an!eé as

o Vmﬂjor Open problen. i 5}57‘6».; and Conlrol 7%7 [)5 GL95).
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If one in addition re?u,h; lower and  Upper bounls on The ey of
The  tontnolle
Aij < Ty s Uiy
then Blondel and T5ifsiklis [7577’?] have  Shown Tha} The peoblem 5 NP-bard.
Lo abseuce of Hhese conshrants, howeer, The  Conplexity of He prbles is
Un Ko -
\/Ib\,k would Aesevv{ngl} recewe an B 5 ORF 523 W Yo /Drueﬁq

pol}nom‘nﬂ—‘ﬂm( al?onﬂ\h or Show Fhat i+ 15 NP-hard.

/’
)l | ake - awa} MeSsaa
’f 0 See

I+ s not a/wq}J’ oLviob/wka P /’Jml:km adms o foravlation  ar

A Sem;‘c|€7[nlu+l. PYD?/VQM. /Vzo\/( thr(jc(«;) b Jo /u;?L qure,,f/} l)a\/a < 7[\«//
AnSwer + the 7[DHDWI"‘; 7(,0»-87(/:‘(, ;U&[ﬁoxﬂ :
Under what Condihons Can o cower sef be iaifien as The Tewible sei of

an SDP  or The fm)‘zoﬁoh of the femsible set of on SDPT
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/El’ ?U\ valve ond molnx Norm 0?7%2/756‘-\\

Se)mlJfﬁt‘np.fL p/67fﬂlu}n;n /ﬂf 6}164 /4( /1747" %pb/ /l;y a/?f/‘»é;{,%;i;n, /"OLI&]
Jnvo /V,'A7 Cl'?eu value s of matviter or malvix norms. JThis 1) /’“"‘/ﬁ 5u,/9r;'I);;
in vitw of The Fuct 7hat positive semiddmbenesr of a ma’nx hoy 4

divect cl\achCw}/aﬁon m Ttrms of el;é'wnlufl‘

\/MN:'WM}[_A} 7‘4& Minim Uhn fi}mlm’u{

24 N X
a(,Q7L F) (')\): Ab—\’ Z A A{ , where /91’65 - Co»:)‘/le/ /La ?/6[; /e;\.
Max. />\r»‘ fr (l) .
% n
This ]va'o)cyh Can be wn'ﬁfh ar ﬂ»e SDP

mox, t
nt

1 1 .'1< Ao-kZ')L-.;A{
Thll (S S).n,i)l? L( Cavsce fol fz)c 1‘,’“" e}}@hv&/tlg ('Lb 07[ a ?MCVJ h,qf)'o'(

Pe$”™ we have The relaton
A (BaaT) = hB)ro
7'11'\5 )s €M5} Fo  See Lrom. Fhe Jc#{m}foh ot {,)j,fh vall/e) as falﬂLJ D7L

The chowecTeristic Po/},wow‘a\f.
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\Mlhﬂ)h\(} 7,/\} T't\(, nqax(mlln,\ €|‘?{V\ VB“/(

Simlarhy, with A\ detned as pefoe, we cay Fomulate Fhe prolle,
mine Ay, O00)

n

as the SDP
Mg t
i
A(’r\)ﬁﬁz‘lx

Question on ?2«: Can we minimy, The Selond /4707' EIyenVa/W; of

A ) vsing Spp?
(H,',,f'; Conyince ?ourfc/f that f ;ou. Conld dv Fhs, ?Dh ould Foad (for exanple )

/m7¢;]l [»,ZepehJe# sets /o f”f}” 05,‘7 5D7°.)

\./Vll'n/m/%,‘_,,g fhe 5PM

? n |
Cr-r\/eh Au/q); — 4"\\ G/P""(/ /e7L H (')():: AQ.‘_ Z)gﬂb Olnc/ ConS),)et«
7%2« op "'I‘f\u)/&j:‘a»l P)’DL/QH\

min //A (1)” :

Aed

Herz, ﬁ'ﬂ Nov, // // "5' ﬂ]e lqhoJU(tJ, LNorm [dKa fAC jpecfra/ nbm). WC

have a-/}ealyr shaed That //8//: V Jhlay /37/5 fo»« ah} mglo B
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,{d vs m/m'm};(/ the 5/14&,/(/ of 7he nom 1nglead, chnch does hof
(‘Jmkﬁ( 7LL:c D})f{mgﬂ 50/L\f7‘aq. So our Pxe.l/c». ) §

M. 18
f)?’\

A" <t
$ r)h,\,,,( Clﬁa\/cd(vgq’f[gq
M Z—
‘6,1\
A Ao 31,

] Sc hor c-,,».,]o)e»».enb

Thl') if an SDP

P(ad‘it( , W’-H‘ A (’7\) Jt 7£mcl as AC fort, 7[0/*».'-4 ’&f( The nl'm‘h?qfllo’! of
7he Frobenjs horm as an SDP:
min.. //A(%)//F

L8

Lecl10 Paage 13



Furthev Yaai;}\} for this Jectwe can include Chqﬁeré{ of [BNol)

Gnd Clmﬂ"(f/ L oand } of ELVW:().
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