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@ Upper Lowné;‘? the Jhé.‘ma number of a ?rz./al,
— SDp upper bownd of ZWQ/SL
— LP upper bowds with ch‘?u fq%hali‘r/u

@ UPPeVJ:oMnA;v\J 7‘Le SLahnO“ Cﬂ/)qc,'f} :)¥ o ?/&/21’7-

Fort Pad’ @ of The lettue, Pec e refer 7o Geo7)m.'f Stribed notey.
1 oh’} 0'4}",4(, 1’7 here:
D((('}‘):: Size 07L 7LLc ,ar/e)‘f /;Je/v{ha’cn‘} (aka 5}41,)3) J‘e?L /.'. 2 ;/'J,/J[’

G(V,E) 6w n nodes.

V(6): = max TV(JP mafrix of all ones. | The Lovas
)(eS}'t’ Tr (X)~= | Spp Jtov7s)

Xijzo 1F (ug)et

Xy

1 provef! In clais That 0((6-) < V(G‘) L, o homewor K Yon alfo
PH;VL ”\a* U'(G)SX((—;) ) whee a tf Fhe com/alemuf 7:'&/;7)1 0% 6 Mntj

/X denotes 7LLL Co[ovin/}/ Nom hor

We aljo saw o %am‘ly oF LP— based V/J/)Cr/oomJ: OA o({&))wh,‘(,}, 04
Yowr home work don will prove are ol domm/ o ted L} the Spp bound V( 6)

Lec10b Paage 1



l UPP(V boumn}S on The S}Mhhoh c@pac:'f} of @ %r@

ﬂc Zovzw} 57)/) That we Pﬂ;enfe,j Previvus )7, way Jn Fact inPrpdvced To
Taclkle a (rathe difficult) problem i Coding. Fhevry , puf HArvard by Claud
SLthOn [Slw\ 5‘43.

L/

C.'Js.) uu

SU/)/)Q)’(, Zoh }MVC an a//ﬂ;qéef wfﬂ a 7['?1/'7‘( C C C C

hu»‘]a&tf o7£ }€#€V/ l}',,,._,(h,,. 75’“ (;Mw?L 7Lrah/'m7l

w
h.e”a;lf 7£roM 7h/r a/leéof Over a ﬂol‘jg 046)%0/- CC LV w
SOhe of ?,om/ Iﬁ#érf ook Similar and Cas ;ei bontused ﬁ J JU u&-’

at ﬂ)e VCC(A.\/U eﬂJ LeCaw’t O% /)D/‘JC, Some /?f/b’j ;fon-\ the Porsian q/pbalot‘ﬁ

7—hl‘hk fv“ Q)lmn/a/c 07/ ﬂ'ﬁ /eﬁ”f d)/ancl \_’J/ rZC/’/'cféJ éere.

Considev o ?m/’h G whose nodes are The leflers and which hes an &#c
between, two podes £ Fhe two leffor can }ef ConTused. How man
L-lettr wordi Can we Send From our alphabet So 14a’ e are }aamﬁ‘ea/

to have no Confuson af The recevtr? Well 1his would be 6P<ac7‘[} d(&)/

7Lh¢ s'f’o,éf [;'i; humber D?l %46 ?fﬂwf"’)

But how M any A lefer  words Caw we send with  ho CorFution?

/Muw oy 3-leflr words? And 5o on ...
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Note that 1w K-leflty words Can be (onfvsed iff €ack of Fhei
leter; Can be Confused or ore e;ua/. (chtcaq the  homber o
K-letter  words  thet Can bt sens withsut ConFusion /y -Cxacﬂ}

2 (&),

K= 6@..0G
where G é@_,@?:@J ,
imej

OMJ @ o]eno‘}ej 7he W defned o5 Followa

Detining  Gatides 7wo gk G (h.5) ad G (4,5), «
/Vﬁ/:y, and /Vﬁ/:h«, Then Fher f}ron/~/:ﬁ/‘b7)deo7l @/}® 63 /1 4 Y&

Wiﬁq hm Wqu 149)( \,{3) where 7wWwo nodes ('C,/() “"‘l(j;ﬁ) are Comn ected

'7"[’ (L-—? 15 an ee[;c In CH or ’L:ﬂ,) QhJ (/(—-j IS an 6:]72 " g/)’ ov /(’51)

a
b C

d
Practice . Draw G,q Q@ Gg it G;;: A and G/j(,: Ze-

L <
M' X (GaQ 68)y < (6a) % (bs). (T putinhr, X(675<(6).)
M. i('}' Sl:{“"""%} J?C aQ hrﬂ)(;mq/k« J}GL/( JC/’ /'rv 4;7 ﬂnL/

Sl’ {U’,,__, l}r} be o havimum stable set @;}. Tlveh,

S/ %5y := Uguy o uie 5.,V;'e51§ i a stable set n 6@ Gg.
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14 i quite possible, however, fo have < (6, @C5) 5« (6) «(G).
Mere 757 om exXample:

,LQJ’ Gﬁ = GB :C; ()f) o Cja’e on Five hodes @ )

7Ltv\ o((@‘ﬁ) < (G—B)~ 2.2= LT éw% [l (GH® GB smee

The set {O\.'o,,alb;,ﬂgég,Q;L,,,aqlazj 9. is a slable seT m G ® 63

’Dfﬂll'm'*/on. ﬂe ﬂmnno»\ Cﬂpac,‘?‘} of o 7/7:1/;4 G, denoted b; Q(f),
/5 Jeﬂ,e! GaJ
6(¢)= b (¢t
(€)= Lo ( )
Ohe Can show [&7», é} w/'n7 Fekete’s /cm«o.) Fhat She Imif a/uwazs sy
ahc' L:E: ﬁ%m'vc/{n'ﬂ} W"'lbl(‘\ af

O(6) = sy <*ret).

E,( + ,j . ¢ N .
f/-e 5 lewmag Consider Sezuencc [q,c Fhat g Jufcrm/éﬂ'?“‘) e

Sutis hi 4 7 et Ve

Then,  Mim B¢ existy_ond {5 egret Fo Sp x.
K—e2 ;v\mU{j“} x

ﬂ see the cClaim fov 9((,«)‘ 0//7/‘? f’Lu'j /cmma 7‘b He J&Zﬂ%(t {la} o((éx))
mi olascvvc /Hmf 7LAc Sffor-g 2”?-/1'; /7KUJUof 5 asjoo/a.f,'we.
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The defmtm of Q(G) y1self 5u;/€/7‘ a hatarsf way of Défﬁ/hij
Jower bowndi:  For any K we hm
x((f} < Bls).
But how Gn we obtain an Upper bound 7
Note Thal for o Groph G with 0 ybices, we alusps have
O(6) <w )

Le Cavse c/en//} o&Cé-K)\( hk Yk. But an vpper bound of h s almo)t

al waz) verg loose .

In 19?7, .ZOVME[va??J %qw ah a{;:mflph\ 7[1)/ éo»;/?hf/.»y U/J/’Mf Aoum-/f 94

The  Shanron Cupacity  Thet resolved the exact Valve for pany mose g7iphr Than

tnoun before. In fhe process, he imented semide finde proyrammy. (0f Cowpe, he

ddt cal i} Fhat.)
We now give a prof of hir resli —7hat  O(6) QIH(6) — i Fhe Jon e of SDP.
MQ.Q.[ZDVW) O (¢) ¢vlé).

Here U’(G) iS5 The 0}77"ma, Solution of the SDP seen before

v (6) = max Tr JX Sppd
X

s.t. Ty{X):’ 5 X>7°
Xi]‘:o, «&,jcb-
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Recall that we have aJml7 Shown that For any 7@#4
‘ O((G) %\7(6') 0,

JOREY 6 @

50 ).# we L’z’jv 5Low 7”\47"

/e k
\)’(C«) < (), Q
’/'})ch we 7@‘

e O ¥
6161 Y sop ("] & sy v(65) & S9p U (6) = U(C),
I k X

huc( P(OVI'/\? The orem A -A. The /Ae%m///} /n @ )5 a direcf Co/o//ay
of the ‘fonbwv\n} theores .

\M. ?qor Olh; Fwo zmﬂu Gf] and @5 we  have

U (6@ 6s) < v (¢p). V(6g).

To prove this fheorer, we neel #o Take a fowsble s3lition 75 Sppl
opplie to Gp@Gg and FHom 44 Fruplle solutions Fo SDPL apphed
Gp  and GB' This deem't Seem lile o Sfrm%ffomw 7‘4/7 A oo
S e Showl]  Sope hoty 0!/’}"7 a reverre Konecker /mJucT" op eration 7o

Owr Ori?mbx Solution. 14 would have been muck nhicer /f we Could

Lec10b Paae 6



7LUVV\ the fﬁaj[l,flo'f} implication around i 7he ofper direction. Indetd

we Can, by TaKing 7he duadi

max  Tr JX sp24
Tv(x)=|
Xij=s, 7€l
X Yo

What is  fhe duak of  Fhi  SpP?  Re call Fhe Sfandard prigl- duat

Pa.‘r Hhat we derived before .

in I K
(), () R
Tr(AX)=b dh—m g;z;/% LC .
X%,

:]v)f L}, Paﬂe“\ mdhkirj, we see The Ju\w( of SDP A Fo be:

- !thu}x r GM_; — Mmin 7}(—])()
21
Z: 1 + Z ‘3“3 Et)’ $\J (Tr(){)ffl)(io':o,v',pk/é/ XZ»
M, T — Min € SDFP2d
€0 BV
11 -1y, 67 V3 (Ll 57,

Where Eia with o netoy wit{ o 0he /), (1‘,)) and [7;&) ;poS,.ﬁ'o« God 2o o
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det vs rewr'te s4p7d 5):‘;”9 :

May t
¢ A

st t1+A "J}/o
Ag=o , if iz} or (i,y’)%(,:-

ThliKe A/DI, SDPs do hef a/“"t}/ 6’1]'0} The property of ﬁdwh} Zerv

clual[f} ;«f-fHowe/ru, Since SDPT amd SDPLY  are both shact) Fessie
RIY dad ek Moty 7Fh

Theo 5 adeed no JM.\I’(? ?Af‘ Mence :
V(- mimt (spp2d)
6é[D}%€th"\ I

st t1 "’% ’:] }7"
Z],:):o, Uhea ‘(,:‘) 0" ("b',y)éf~

\NQ noyWw SLro 7%6{{’ U( GA®GT5) \( V(én) VCG;“) 7f/»/g7l Me Prove

[y Simflt luvm.a from Vinenr al?el-f‘i.

, hyw Yy w
oLUy.\mk l_Lr. Consile, ’/Lb«o natvices )(éS ) Yés ‘ ‘

X%lo and Y2/'o =) X®>/}?0)

wWhee @  denstel  the madriy  Krone( Ker pbeV°+~

Prvod . ng( X \m\ve, U'aen\leﬂ _)u,—~.);\ o»/»'H’\ U?&f\vwqu Vi —, Gy, nnc)
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\/ hove iyt valu S-S with ci?tu\ valveg Wi, — Wi . Then
venf)!
X @) (v 0u) £ Xvs @Yy
= ')@/‘7- Vi@,
Heee A @Y has mn ti;b\ velogg Qv );; ?]7,'/"5‘ , 2h—h, )=,

(IVh"('/L\ e 0\“ thn%&‘h.VC. D

Pno)l of TLM. 23 - id Gz‘l anJ Gﬁ ?uﬂ\/ 0 N aad mJeJ’

respechivel Y. Consider o Sfeesible solwtion  (¢ei, A cS) 40 SHPL
fo Gy and (R, BeS™) fo SDPZY fu G
We  clogm Fhat  Fhe P (tatm C) widl
C=tal, OB+, AQTn 4 ARB

s Feasible oo Spp1e applied to Ga@ G (and obuiowily has obyective
Valve {:ﬁtm. This wowd Finigh The proof- By astomption we have

ta L+ A-fove 2 TR T0 o (e 20w psdl)

€y Im 4B Ju 5o 2 TpTm + Bt o,

PJ) Lehm D\'Lf e L\que

(43 218 B8l O
(L2 4R 4@ (L57m 40 30) o @
~— —

®:7 Q:HI"‘ TH\@ (&Blh’rg)‘l' @Qi -f’o‘)@JM - Jh ® Blk‘fﬁ) — JH@D;;\}/'..
@2 (L) e kel )- (4 HM@)%JV@@M B) - 1@ dmse
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Avgraa;z? both (MTs , We ?Of

(Ealn +R) @ (4 2n4B) - ]w @m bo

D bty L 4 G OB L E A BT 4ARD ~Th Tn Yo
\_—_———-”ﬂ{’\J

Henge tle mVa;m! LMT 75 mel. Lastly, we ned fo deck

flet Cijze 4 UGEE, o if 1=

Let vs Yerndex () i Qﬁ® én ~J (;,3), (*4), ahere 2,; e nodes ),

Y

and kA are wedes in Gy The fad Thet  theve is no eJ;c between  The
soper node (%, 6) and (512) in Ca@lg meanr fhet et fag i nsl an
e&?}e i Gp or k=& s no? an ed?c n O or bott.
Jist obsewve Thet  the Ciizo becavre

Aiize and Bz . [ Ol@ B e = : : ‘. \. @
) O A P

JVDN Can“.lLr (1/, (KI/L) ¢£ ) o - - - -

+t L Bty A

)=
C <A, B }

< - k
& ,ﬂ,(u,n vy vy PR

10

A ® B

£ither Acr ov B,( must be zero. let]
1) )

SW} V.l-o,D B’(l:()v So we onlj lqave to Wnrf} 4.):0«.* ﬁﬂ'; Yo
1f Ko o thea Ikﬂ:o and e aqre L/on{. Zf K:X, Thew ’L——j Canna7l be

W eéae or else the 'Cﬁlcff twowld ?ef ComTupe] (ané hen(e (1))‘ (’(;L)€'E)./H(;hlc)

14 K=, we w1t have Az);:o. D
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EMwPlei . @(Cs ):? ‘( 3

() =TT <0 (G)
= @(C;):ﬁ; 1.93{1..
0 @(Cg)é\f(cs):ﬁ

ibvasaiuv}?] Sefled  the evact valve of Q(Cs) mort Than 20 Jews after

Sk annons Pajer ):Skm 59),

Exawp)c 2. O (C’,L\:?

Tfm‘s (5 an OP{h Ffo“Uv\!
VVC Know
%
(e)s 3. < O(G) ¢33 = 0(¢).

.TLW exact \/o.[w of C; = A;\ oLV\7LDrnchc A i ORF 52%.

. SLOLN'A?/ that Q((q)( U‘(Cﬂ (f %Vm): Autometic 100 /jo0 0n The fr! exam.
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| Vokes
F\Arﬂm,/ reaél"r} %w H:/ lecture Chn /'na/adc OAa/J?Zz/ 2 a/[L V/'Q*]

bnd  Chapter 3 of  [BNOI).

[Sl\agéj C.L. Sl)ahnoh, ﬁe 2er0-eor CllPacff} r/ahol'J] chamel. TRF

Tvans. Inform. Theorq, vol. ITZ  no. 3 pp. §-19, 1956,

[:Lw 7'9] ,/.. LD\/&:S’]:. Oh Slw.vmoh aPaCI‘%} 071 ] ﬁfﬁf)), ZEEE 77’6»\;. 0n
1nf. ﬂeo% 1979 .

[LV ][)\3 M. 15114"0\}' g,,l F Vft Henf\'n‘ .Zd{,fld/\( /VOfo On Je/m‘Jlbfl‘nl.%(

OP'}!'M:}fﬁon, 9.0/% -

[ENDI’) ﬁfo'v’T&‘»‘ &ﬂti A /\/em/mu/lf_ Z&cjuyu an MOJ@Vh
Conver  Opf.,  SIAmM, 2001
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