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M: o Jeparation of (pwvex sels with A;}’Cfplane)
o The ForKay lenmo

> 5"70'1;, u/ua//'f} of linear /’Draimmm/n;-

Sefaya}";"} }7;,]70’}3’ e f’Awftm;

77'( %o/{ob)'n} 5 ome of ﬁm n»oj]l fw,émhenfq/ theorem s abonl Gonvex ge'fs;

Thwt . let C and D be 7wo Comver sets /Pk tha? oo not mitrses)

(i-e cCN= }” 7 hen, Fhere ¢xists dt‘/,z’; oFo, Lf/Pl Svuch Fha?

o'x b YreC and aTry L VeeD.

o gh a'n7, b

7‘/))‘ I.S CﬂNZJ A “Se/')qfhhlovy". lh 7%6 Case D/ 7%2 /71‘6}'/'%, we /.') 7[6'(,} /’}ql/{

STri'et Stparation ; Je, a’n¢b VKG C  and GT'Kj L VaeD.
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Strrct separalion may nel alwigs b possiblc, tven when looth C and D

Z
7
Z

ave closed ;

N

We ol fYoVL a Spec.‘al Case of 77m 1, whith will Le /»..J %071' For our pur poies
(HHJ e will Prove 5’)»'1'(/‘} Jepqvv.f/ah m 145 SP.’Q‘M Case.) EX‘}chl}? 741 p/oof

1o a proaf of TAm1 iy left as an €xercise.

fl"h'!i- Aet C and D be two closed Convex sels /o /2"4.//7‘4 o7 Kag? ome of

Fhew bounded. Thew Fack ato, belld st

OIT'A>L VaxeD and an<b J/y(ec,.
71)6 }(7“01«/4'»«} 5 N I‘MFof}‘nnf Coroe ”nv;.

Coroﬂar}}_- Let Ce)l” be a dowd coves set and Ae/R @ port ne? 4 C.

77:0\, X and C Con be 5*”0“2 5C}MM"®J L} ] h}PerPL\hf,.

7
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beof O‘f Tl)h 2. o C

1
Ow /beb/ Follows [BV()?] Lui}l\ Some  mino” O
l C
deviations . Define
dist (¢, D)= wf [la-vjf
16, aeC
veD

This indimem is  acheived (m;z) and 1 posihue (whg?). def ceCand 4eD
be the poiats thet achtive it Lef
o:doc, be NN (Mite o)
2
Our separating hyperplane will be Fonction  f(n)- a't-b. We claim ot
Flayye, YaeD  ad F()ee YaeC
I ou are wonlenng why b s Chosen a5 qbove, shserve that
F(ad) = (o ent)- A
We $houw that Eln)ye For all XeD. The poot The! Fi)ce YUeC is Jlendiad.
Suppose For The sake of contradigtin fha? I de]) with f£(T)go.
= (7T B e (D)
De Fine j,{x): /[x-cu‘. We cloim that o/ -d is a deicent oirection forﬂ al d.
TIndeed, W= (=) (k-0) =A% -2CK + ¢ HVJr)= 29 -2C
V44 ([J-d)= @d-20) (3-4)
= 2 (=[|dII"4 s -4 2 (1l (4 )TLcTJ)
22

L (- |90+ Jﬂ%’—ﬂ—c )= =Jlf =l 4 2eT
- ,\”J-c/}l <o-
T
d#c

Lech5 Paage 3



Henee 3 Lo sb. Vae(o)d)
§ (d+< (-9) < 3 4)
ey [ deld=T) e < | et

But Fhis Contradiots that d was Fhe cluest punf Fo C. B

hyn
TAConM (Or ,[elwnaf) . LU‘ f)é/»? X‘ bc/?m' 7'}76;\ e)(qc}/} one 0/ 7‘/,2 fo//ow-"g

sets ,,.U# be tm,:f}: (<) {'xl AX:IQ, 17/0}

)yl Ao, bysd

A few Commcnfs ;

b Sas*emy (¢) and Gi) are called 577017 alfernative; )meam}‘; hat exactly one of Fhem

Can be femsble. Weak 4Ifaf4+n‘V€} are gzs‘}érﬂ; there 07 most one (an be Feasille .

o This Theyrem s pm.alm; vse ful or pww'n} /HeﬁnL/lﬁ‘} of an LP g
an {x’y)n‘c.} MnJ e«;//g-ven‘ﬁaé/e CCrh"f/arfe. jf Some ),oJ; },}rg 30« A

G oas . (1), flen Gou are Conwin ced /V..meo//‘qfe/; Hhat (<) 7s o Feasible.

0 Geometric /'nfekpre*af/bh of the FarKas femma:
7he ?comchl‘(_ Jn fgr/)w?lx.k}yn of e Farfins St Mostiate) The Connetion 72 fhe

je/oafah'n} L}p#’;{nhz Fheorem and makes The /9,,0; ﬁ"fyl»%ﬁf Word -
We nedd firﬂ 0 ftu Je;[fa/'h'onJ.
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Defn. ﬂ set C_C,/zk is clled o Cme i F

’)Lé(—) o<e/P}o(7/o :‘:7 AXX € C.

Defn . The  caip hl F a st SQ/Z: dendted by Cone(s), 1’5 The

fet of all  Conmc Gonbimtons  of  The Po»'vff)‘ in St
TN e

COha(S): { Z]i"(i/ ')ufS, )i?/s for v:l,-.',m}

o Geometric i Fevpre Fation » f Farkes' Jerman: Lot a,, )@ denTe The colvmns of A and
Cone taN“.» ) Elhb The e of all Their nov\wrﬁvc Combinations. If bf{cm .(a\,,/-,om}

7Ll\€h We Can prove ’”i[f Lw“\ a 5£IDam+M? /');/Pirp’ane-
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Pﬂ?a‘f {o-f FOH’K&) LUnM) .

First the cay; Jdirection: (1) feanble = (i) mfeasible.
Suppose the Gomtary. 3 Ny Arzb . Then ¢ 09 = 7(’/47}. Bat g, Agyso
=5 W AY go. CadvadicFion.
WNow we pove (1) infesslle = (1) Feasible.
et Gy dn be He olwns of Ao Lef C,::Cone{t:/--«,ahﬁ:{%?(;i %70y - Vite the
C is comvex (whg?) and clored (WH¥2) . Furthevmore, b C by the assmplion Thet 1)
is infeasble. By CDY\)\\M"'}/ 3, b omd C Can be (even ih.‘d‘;) s pavated:
3‘3&@”;9#0,%/? st. Wz ¢r V2eC and yTby .
Siace 06C, we mut have ryo. If ryo, we Car veplace if by re: Indeed, if
FzeC st aye, fhen Y (d2) Can be arlﬁmn'/} (B¢ 45 — od and *26C
$o, ‘}"% <o Vel and 37byo.

Since  O,,..,a eC, we see that /-}7;50. O

LK) The fat thet C is a/o)’c,! FuKes Spme ﬂou;m‘. Note Fhat conic hully oF#

elosel (ov even Ov'wfac‘}) sets ma) not be chosed

KAy %
T Cone (5)=17 Cme (5)= 1

I, class, we qy)«/oé NL} if S i oa fiiFe  set o/po/nh, /4,;, Cone () /5 closed
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We remark fl,p,]l’ f//)(; FarKas [fewma Can be

o//veoﬂ} pYoven fram S’ﬂmn;, Juo//7 a/ //héﬂy /3/0;'/37154""7.7AC
owerge f also True ! We will show these facts hex?. Nofe That There are offa-
Pmofj of LP jfrar\; walﬂ‘}/‘ €9 bosed on 7he 5’))4/)’8)( a/fon#m-wbwever The

Simplex = bised  proof does nof 7Cnm.|}/e To broader classes of Gavex programs, uhearas

ﬁ\c Sepafﬂ+"‘°) hp»l’”r\“‘h boa se 4 ?'067(5 dv.

] Fm’)(ﬁj Lu'nn«n From LpP S‘Iron?, o/nah'fy

Congider The prfmal'dual LP par:

(P)  min. o () max. by
A)l—:'o /)T;S o
.

NMote that (D) 1S fr/'\/"a//y feasible (set ‘}30), So if (P) s m Feasible, then
(T)) must be obounded or else 575#0;«;, dulz’f’], would fh/)’} that The ﬂog};ﬁma{
valug  shoull match, which is impossible snce (P) is by agonption infeasible

Rut (D) Unbounled = 3?, st /373\0) L,Tg yo. 1D

/LP S’h’onz Juah}y f/am Fa/k&S /CMMq

| —

STYW\? J\Ao\ h"}‘? ﬁ.‘eoyew\ . Con;,'Jgr a PY;MI%\-OI'AA\ L? Fm[r;

- —

(P) min N (D) max vy
Arn=b Aygc
A70

If (P) has a Finte D?’L'}v\a( Vah/@, Then So does (D) and the 7wo yalues watch .
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M. 17[ ?ou\ dor't el how T wile down Fhe dual 7 ay L), Ik vp 7%4 /f/ff

fC\\' Page;‘ g)( Chq,?f{v I)— Sf [B\/O(‘f) 7_/)4 Q/Cr/'va/':.on there workKy more éronc/[;_

(m"’ ?‘uﬂ LP)

T prove S'f'ohg ‘/Mf#} fron, 7ﬂr/<a), s vseful Fo Furf Prove  a arignf

of Fle FarKog  lemma This variarf Gome; hmd‘} whey Yom "‘M”f?m"

m 1‘eo\s.'5{l,‘f2 of an LP 7 ;',,LVo.I[/‘?, Form .

OL/QMM,\ (Far ka; Vﬂln'qn‘f’) . ,Lc]L /£) € /P»uh .

{X’ pr)(ilo} 3) QMp’fg <::> 3}7/0 s.it. ]TA:O, ’AT.L(e.
Proof = (&) Ersp (w97

(77) Re yyite he LP ) s fandard Forn and o\pp(} fhe (S*inu/l) Farkas /Jemma:

A%g\o<__4 RA(XJr—s)(-\)_;g:l, «—> <A?—/—);l)/x+); 5

-
- S
Ll NN 2 5.
y X
f;;b; 1 4L p?(&‘ (-g/;) 1y - ::ﬂs.t. bfy(\)/ /)T;]:o} Jy-. D
T
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Proot of LP 57‘/1»‘; walﬁj From FarKas lemma :
oo s

Czonﬁ,d{y -Hfm fr/'m hl c[u\n ' )’>4).V :

(P) Mia. T (P) Max. L”?
st Any st AY<ce.
N7,5

A))uh.L the DPHAAM valve of (}7) 5 Fiaite and 7M o /0"', We would bhe
JO"IC ’.7L Wwe P’DV( %Aﬂ} 7he %9/,0“""\] /n 7%0”7‘7?1 are /Chs.‘blq;
[‘}r," 7/ P* ] . @
ATy¢c
Tpleed, a9y Y saﬁm‘?.’,\j W}Sc must also et ity ;7L$P'* (aj weq k
d\mh}} (whose peost is Trivial ), So we ool 9¢1 Thal  Y7b=p*.
Ledy ve wte 0 o bit: (HT) (} < (c) SU)>}>0$€ Hlese ,l.ezm/;}/{;
§L‘f ’7)#
weve infeasble. Thew “the Farkis lewma varian] — would feoply
37:- (‘NA Se b ATAT AW =e and N -WP <o
?J r ~
= Ad b, T AP
We  Consider fwe cases,
~ ~
Cased : Adoze = Adzo, T4
~n~r _ r~
Aet A be an oFﬁmJ So’l{)’iw 7o P. Consrlev 'ﬂ:?‘(-}-/)ﬁ- Thee A'}(: A’/H' A7\fl0 and

N=Ta) 0 5 50 N 05 prmd feble. Bt Tn= CT4ID < p onl e dichal
°?ﬁml{m of M-
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coct : Foye et a= T Thon Ane LAY LAL=b, 2pe, 0l

g P'n:P*. This ag/q“n Cytra dicfy 07 beiy 7he pn)ua( DPZMJ lalue-
: o

"= CTi ¢ L
jn’ }a

et

Fwﬁm, Vaijp? Sor thiy lechre Gun 7icdode CLq/);‘c/ 2 of [BVOQJ.

) P\e'feveuu) i

o [BVOL*) S. BO‘}«[ and L. V“nle"LC’yAc. COnw,A 0}775'"/‘/,4*"0-4

Camlm!?a Peess, 2004 .
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