1 'I PRINCETON
UNIVERSITY

Eﬁ’)— : Instructor:
Amir Ali Ahmadi

Sfmrjf [owel Qna l}s;\; Spring 2017

TA: Georgina Hall
o loer Sets and Corver Purctions, |oCal and ;,lol,p.) hnmen 0] (ouex P,,,,lolew,
b ‘Miiyo‘.n’[ Conven sety, e’piam)ot\s, ¢Ma$;6{>n\l(\/ Foactions,

o Conved hulls, Cavq‘fhe’odor) ‘s the wem, rgwn%\g ahﬁ /)mblq., ay a Convex Py,)ble;n_

Consider  7he guneral  form of an o[?ﬁh»?,'h'oh problem:
min- £ o)
xeSL
The Ffeu o,?h'vvml.'f} Condihions we've Seen so Far characterye A;_ciyz o1 mal
Colutions . (ln foct, %L,e} don't Cven oy Fhat Sihee we dil nol have a
“hccessarg il coffiviet” COHJI-ffDr\.) But ideally, we wo.ll ke 4o make
State mests  about 3ivl,a\ Soluhons . This Comes af The €(pense of 1mposing Some
addibonal stvictuye on T and SL. B} and /qb’;,g} Fhe most syccessful stryctural prapeﬂ}
Fhat we Know of and ochtives this ?0“ s M 7his motivates g ;v.«deff‘. 37‘\4&2
of Convey sets amd Cowver Funchions. In shot, 7he reasons for focuging on comvex
W}{m}ah‘on ’pfol’)‘}vd ave of follows:
oThv} are P"ﬁ} much the broadtst class of problems we (an solue c{f/'c;'e»\f/}-
o They enj oy nice geomedric propertiey ({3_, local minimn are //obm/).
o There's excellead  sof Fwore that read:ly solver (a 'ur;L subset of) (onves problems.

o Wymerous imf)offm'f Problems iy Various Q})P)"c.,hby\ domains are convex |
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] Evom /OCq/ 7o ;’o‘o':' Mﬂ

_@dl; H set SLS/Z“ 'S cpavex, (f ’V(X;yfﬁ' and V]e[o,l]
Axt -2y e SL

Convey @ not Convex
o

° H po/nf 67[ The 7t0’l’h ;)ﬂ_r_ (Jr')\)} ) Ca//cJ a Convex Cormbivation of

A anc/ y AS ’A Varies between [o,)], a l‘/I'rpe :e;mevﬁ“ /5 ),e/l»’? fOVmecl Lefm.u;

du
23y
A el te

%:(l\
L

Dﬁ"(’\. H fuu/sd'ibn 78/?——)72 /‘s Conv 41X it it doman g/o;m(f) jr a Convex sef

—_—

and V’)\,}éoloyy\ {#) and V?e[,,lj, wt  have

% avd ‘} \O-|l+0-’j» )

(s (K)y) < A0+ 0 F1y).

Convert :

Geomefr,‘u.u?/ the live Scyh\uﬁ Conhah'n() (1,F(1)) to (‘2,f(7)) Shou |d 5,1 above

‘H\& %fa[’h af ﬂ')& ;uhc')';oq.
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TACOYQM‘ Cors der an DPfimié,qf/oh ﬁrob’ﬁm
ARt
min . ;(K)
sit. xell,
where £ s a lewex Punction and SL 15 a Cowex ;eT.T/;e,, ang )oc,(/ b mém

15 also @ }\obal Ml U -

Pricf . ket % be a local wminimom.
=xeSl ad Fey st £(X)g ) Y1eB(R)e).
Suppose for fhe sake of (onfvadichon fhat F EESL ei7h
(@) <+t @
But becavie of Conventy of L we have
A%+ (-0 eSL , YAce[al].
B4 C/onvwd‘} of £ we have
F (A (FN)2) < X @A) + (F7) f@)
<X FA) 4 (-2)£R)
PR
But as A=), A+ (-0)2 =% and Fhe previvws in equally

cow‘fra,li(js Ioca/of}imal/'f} of ’),l D

77))') 7L/>eure»n, ¥ 5[»./;’( as /7 1, /5 one of The ros? /'m/m/fanf ﬂ;eore/us

n Dj"‘hm}aﬁbn o det’s now delve Jp,e[)er i Convex sels and Convex Functions

to see fow far we can get.
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lConvcx Sets k

7//75 olfvlr'ﬂ/'f/'on of CanVe;xf}} VeZufre/ a ConJ,'-//oa V’)(,?GS)» @nd Vné[., /], Undles

mi ld Couo(l.*llonj, it oS /’)oss/l,)e o /,'y 1.

Dets . A ot ) gw" S m,‘JPo,‘ﬂf nvex ,f V’X’J-e_s-l—)

4 1 JL.
21+ 2}é

I1's clear #hat convey sets ave midpoin] convex. But the Converse is ako
frue éxceff In pﬂﬂoiozfcb( Case].

TIntuition:
'K 3 /—/->—’ {1' _vb’
¢

e :Z ’
2

M. A closed m[&poin‘f Conved  set SU |5 Lonvex.

Froot . Pick y,ggﬁ, ’/\é[:o,D. For ang /n?‘e}fl/ K, define e 1o be 7he - bt
Yot pnol humber  closest Fo 7 :

Ay = C(f;r O S S R
where cjefs, )}. Theo YK Ant (1-d)y eIl as ,_,_1.__,_|__,._,_,_.
We Can apply mid point  ComenTy K- Fimes ve curgively .
Bs K —oo, k1. By dosedness of S, we conclude tha? Tts (1-7) ge 3t
0 Ah example of o midprint Conver set Thats nof Convex:

- {a” rationals in ["I’]j'
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Common convex sets in optimization

(Prove convexity in each case.)

e Hyperplanes: {x| a’x = b} (a € R",b € R,a # 0)

 Halfspaces: {x| a’x < b} (a € R",b € R,a # 0)

Proof: le‘?%e{?t,QT'KS\o}. TaKe ')t;\}éq-f /
a
a’ (e (-Ny) = AaTr+ (FNaY < Abr(1-Nb=b //
AL
= I (l—’))z ¢ceM. D U\ S } ////
(Cou 3 alse ?‘US‘} Nv’k L“‘-}L‘ ’}‘:%\)
e Euclidean balls: {x| ||x — x.|| < r} (x. € R%,7 € R ||.|| 2-norm)
Pok: ket Bz { 5| lhxcller] - Take n¢B. /@r
|| 2 020 <te = | A (xx)1 1292 %,
Trianyle :';"" x’?fB
: Z ¢ l) A (1-h))]-+ |0 [p-h)”-:. Mo [+ G-NY-1)) & Ar+0r=r. 5 HDe(Ny ¢ B
ne 0

 Ellipsoids: {xlfxr— x)TP(x — xcy <r} (x, e R, reR,P>0)

(P here is an n X n symmetric matrix)
Pock: prove thot Nl”l’ P s g
Not m o‘h(l fe”em"' as  obove .
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Fancier convex sets

Many fundamental objects in mathematics have surprising convexity
properties.

For example, prove that the following two sets are convex.

e The set of (symmetric) positive semidefinite matrices:
Smxn = {p € S™"| P > 0}

Pf(;o‘)c. v{t'} H};", B%/"‘ Let ]4[°/’—J- '7LT(’AA+U’))B)7(: —X/)LTH1+(|—)¢)£§Z(} 2°_i1

— A~
2

Xy
e.g. {x; Y Zl [y Z] 7 0} Image credit: [BV04]

e The set of nonnegative polynomials in n variables and of degree d.
(A polynomial p(x;, ..., x,,) is nonnegative, if p(x) = 0,Vx € R™.)

e.g., {(c, )| 2x{ + x5 + c1x1%5 + cpx3x, > 0,V(xq, %) € R%}:
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flprov.'n} Convtx,"‘} o?L a )'e?L s ,,,7‘ a/bm;s cm;, LKe Bur /i)re,u/ow” Qxamﬂej.

2
For Uo\m/)le, ’/‘y} fo shov 1hat The fbllowrn} set i W s Convex For e pavr
of matvices Q\,O\'I.Q SNM, ny2

\P t(ﬁ@.m,ﬂ@z%)I “1”:!3

n=4;

a=randn (n) ;a=a+a';

b=rand (n) ;b=b+b';

for i=1:10000
x=randn(n, 1) ;x=x/norm(x);
plot(x.'*a*x,x."'*b*x, 'o")
hold on

end

[ U/M\A 7”16 Sdme sfn,’une’.} }io/J // e l’hJ /’1,,44 ;Mac/n}/o ﬁVMJ?

- §

§ = u{r(?n«, X Qar ,%TQW)

o Would the same statemert hold i1 we hed Fwo cuLicor;uuf/c form s ((Aomo s tweou
Pol}now‘als) Plgpi'?

S {tonnel| i

Neve's a vesull on Oam?\eu%g of fesf.hi tonvexty Fhat we' || prve [atey .

TLm[ADPTBJ G)‘vehqfo’?homio»' P of Je}/b& Z7', ) /VP,L‘WJ +o +est ul\”/vn

Jhe %ollow%vxz st i1 Lonver: {x) P(m)s)J.
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e Easy to see that intersection of two convex sets is convex:
Q, convex, (), convex = 1, N (), convex.

Proof:

Pk %Gﬁ-.ﬂﬂz ) ?éﬂl (\ﬂ';_
J/’,\e[o,l], Aa+(1=-2)y eSty (bie S, i Convex)

[1’) )u—(l—'ﬂzjéﬁﬁ. (bre Svis tonvex)

In+ (-2 € 510 3y ]

ﬁue alse for W FaiTe infersections. Trve alss For Min KowsKi suws.

¢ Obviously, the union may not be convex: )
7~/

@
k(R t

Polyhedra

e A polyhedron is the solution set of finitely many linear inequalities.
o Ubiquitous in optimization theory.
o Feasible sets of "linear programs".
e Such sets are written in the form:
{x| Ax < b},
where A is an m X n matrix, and b isanm X 1 vector.

* These sets are convex: intersection of halfspaces al x < b;,
where a’ is the i-th row of A.

-1 0 0

1 0 -1 _ 10

eg, A= 0 1 ,b = 1
1 1 3
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Epigraph

Is there a connection between convex sets and convex functions?
e We will see a couple; via epigraphs, and sublevel sets.

Definition. The epigraph epi(f) of a function f: R™ - R is a subset of R"*1
defined as

epi(f) = {(x,t)| x € domain(f), f(x) < t}.

Theorem. A function f: R"™ = R is convex if and only if its epigraph is convex
(as a set).

Froof: Soppose ¥ mof onvex = 34,9 edom(®), AeLo1)
-6 F(Ans(-2)y) » Hw+0-DHY). O
Pick (n,8m), (9, flp) e epr (F) .
O= (Mx (Y, 2F0)+0-2)£9) ) & epi ().

5ulofo;e ep/ (£) not onvex = 3 (n, tz) ) (29,15;7) , ’AGLO;IJ

se. Po0sta, Rty PO D))y Mda e 0Dty
7 B+ 0-2)Fy)

.—__-741 hot (onvey. 0
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Convexity of sublevel sets

Definition. The a-sublevel set of a function f: R™ — R is the set
Sy = {x € domain(f)| f(x) < a}.

] — R
1] o~ S —
-10 -0.5 0.0 05 1.0

Several sublevel
sets (for different
values of )

Theorem. If a function f: R™ — R is convex, then all its sublevel sets are
convex sets.

7(3
e Converse not true.

* A function whose sublevel sets are {__E_?___ﬁ——:}%
X

all convex is called quasiconvex.

Quasiconvex but not convex functions

Proof of theorem :
Pick %,9e 5%, 1e[al)
LESu = F)gar ;5 Yo S 2 Hy)se
P convex = {1(]x+(|-7l);7)\< A () + (1) FLy)
< A4 (1)
=

= A +0-7)Yye S, N
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|
v Given 7‘»,'—/7%\6/2/ a ponf of Jhe Form Yt - + A JAps

with :]1-7/;,, 27},‘;! 15 Glled 9 Convex Com.bl;d‘fo», b/ The Po,’,,'/) LIPSy %

N . N R . '
,Lehha . A 5'e7L SS_//? )5 lonvry r}f /f Contarns EUU} Convey C’amla//mf;o»,

of l-fJ' Pbs\/\rf.

%. 771& Convc;( hu/] of A Sef SQ/Z") Jtnofet’ 172, COWCS)) /) 7‘4(

st of all Convex Combinntions of fhe poits /m S

(omv ($) = ;');x;’ wgel, Yive Z?\}_—.I}.

d
flm <CD‘YQ7L’1€/ OAOFJV"’WO?)' COV\ ssder a3t 59_/2 . 74% cwr; fol'a'f‘

In anv(S) Can éc werlen o a Convex &?mbl'naﬁ“,bﬂ 0% 0/+l PO‘.‘"B l‘h S

Proot . We give fhe standard proof as, €9, in [ Bayo0]. Let A€ ton (5).
D A= XY et oAy ")M , whee L Xi=l %30, and €.
If mgdtl we are done (why?). Suppese mydel. Wl give  another representatios
of N “S;n} m-l pots. An JJevaton of 1bis cdea wonld Fumish The prost.
Cons/dev Fhe Systam of dyl azw‘h'ws: Xl'}m ot B Y=o
{\{.-{- oo+ 8mzo

o owm ovanisbles el As model, this spsTem  has infisitel} mar) $alufrons .
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,Le‘}’ Ypee, Y boe anyg nontere 55 luFiin. (We mugt have ¥ize for Some 1;-)

Zet Nz Xi-T Y S izlom,

et T= ml.in { x/}l Y’?‘j = 0;/: .

mn
C’Otl'ynf: (;) )1 7/«’, (’Lt) g},’:’/ (iii) Zq;?a- :’l‘ (/V) )’.b =0,

(i) {>\n‘: oo S(_‘L-X, 7 % - ii_,xi:o_
Y, ¥;

() 29, = 2ot —T}(;o: Lo, =)
() ZNY. = Zp-t¥%)Y, = Tay -7 Z//y. =

(v N, = o~ S8, o 3

lo

Thi . Cower Wil of S /s The guullest Convex set that Contun §; i,

if By (owvex and  SEB, Fhen Gw(3)SB.

Bost 15 an exercse onthe Aomewordk. Jeol o5 J'uﬂ‘ shov Fhat caw(s) 1 Comvex.

PrcK %Y él.nu(%) = %= /:u‘*,.._,,/; Ue , M‘équ'}7,°/ Z_/’.":l
9= Via s Ve Uie S, 20

L.Q,f /)letoﬂj'

e (1-3)9 = /)/l Wi ea Dy (D) Vi e ("”‘)7,». o, .

‘4,*,\)“-“68, ’Ai/",7l-)‘ (l”);)}l‘b" and DZ/"‘* (I'Q)Z’l-—' ]4“~IXX'—/‘~ D
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T})corem. Let )6/?“,,../2 be a lnear ﬂn@?‘?bv\) omd ﬂ_g}gﬂ be

Campncf“. ﬂeu, Mia /QU) = min /Q(X)
xe fu Xecw SL

“ be . W L
(‘}an Can remove Fhe Compaoh\lﬂ assumppion and replace “min" with "'{')

Prowt . T+ 75 clear 7hat RUs <lHS.

To show thet LASCRHS, fef X zavgmin M) .

e lonv CJ’L)

Then ,

K
N = 23;1; , with W eI Ticl, Diyga

>
p
(%2
(
~
x|
U
S
e,
gj\
WS
T

2 A 1(‘9;)
72 L mia AlY)
= M_Mﬂ(‘a;)

, {
Jymce ‘gbé% —

7/LHS. ]
Cows./ der Q }cnuw( opﬁim}a\‘h'o». prololcm;

Min FL0)
A
st weSL.
We Can rewmde i+ a5 o  Convex o?%mi)ﬂﬁbnbﬁroblem (in abstract 4£°"‘)"
Mmm
1)"(

st (M=) € Lonv i'}teﬂ_) 7L(')l)$c(3 .
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Convex optimization problems

A convex optimization problem is an optimization problem of the form

min. f(x)
st. gi(x)<0,i=1,..,m,
h](X) = 0, ] = 1, ...,k,

where f, g;: R™ — R are convex functions and h;: R™ — R are affine functions.

* Let Q denote the feasible set: O = {x € R"| g;(x) < 0, h;(x) = 0}.
o Observe that for a convex optimization problem (Q is a convex set
(why?)
o Butthe converse is not true:

» Consider for example, Q = {x € R| x> < 0}. Then Q is a convex set,
but minimizing a convex function over ) is not a convex
optimization problem per our definition.

» However, the same set can be represented as Q = {x € R| x < 0},
and then this would be a convex optimization problem with our
definition.

e Here is another example of a convex feasible set that fails our definition of a
convex optimization problem:

T (0 <

/
D=t g g, Mo
94 se
1'5 a Convex 5e7"- 73«4* r\efHuer

gl nor gl ave (Convex 7cumc‘}iom5 Cwlma?)
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Convex optimization problems (cont'd)

e We require this stronger definition because otherwise many abstract and
complex optimization problems can be formulated as optimization
problems over a convex set. (Think, e.g., of the set of nonnegative
polynomials.) The stronger definition is much closer to what we can
actually solve efficiently.

e The software CVX that we'll be using ONLY accepts convex optimization
problems defined as above.

e Beware that [CZ13] uses the weaker and more abstract definition for a
convex optimization problem (i.e., the definition that simply asks () to be
a convex set.)

Acceptable constraints in CVX:

e Convex<0
o Affine==20
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e Further reading for this lecture can include Chapter 2 of [BV04].

- [BVO04] S. Boyd and L. Vandenberghe. Convex Optimization. Cambridge
University Press, 2004.
http://stanford.edu/~boyd/cvxbook/

- [AOPT13] A.A. Ahmadi, A. Olshevsky, P.A. Parrilo, and ].N. Tsitsiklis. NP-
hardness of checking convexity of quartic forms and related problems.
Mathematical Programming, 2013.
http://web.mit.edu/~a a a/Public/Publications/convexity nphard.pdf
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