1 Introduction

1.1 Overview of the models studied here

The models we will study here are broadly described as follows. There exists a population of agents,
where the representative agent j makes an optimal choice y; € Y C R according to an optimal

decision rule of the form
1

1

yj=R" acj,zj,ﬂ]b,ﬂzj],@x,ﬂzj],sj;% . b€ RF. (1.1.1)
The goal of this paper is to characterize efficiency bounds for y/n-consistent, regular estimators of
0o under a set of semiparametric assumptions that accompany examples of behavioral models of
the type (1.1.1). Here, ﬂj”zj] is meant to denote agent j’s subjective expectation, conditional on
zj, and the subscript ‘—j’ refers to agent j’s “representative opponent”. Depending on the context,
z; could be a vector of attributes of interest to the representative agent (for example, in a model
in which agents want to anticipate the choice of other agents of a certain “type” indexed by z;).
It could also represent the information the representative agent is able to “process” in order to
construct his beliefs. In an incomplete-information game played by a fixed number of players, z;
could represent all publicly observed payoff-relevant covariates for the set of players in the game.
In principle, we can have x; C z; with x; = 2; as a special case. However, some of the results
for the more complex models we will analyze here explicitly require z; # x;. Moreover, we focus
on the case where beliefs are expectations conditioned on a continuously distributed z;. This is
the most challenging case, as it implies that rational expectations must satisfy an infinite number
of conditional moment restrictions which involve 6p, the parameter of interest (see Equation 1.1.2,
below). Whatever the context, the symmetric nature of the decision rule (1.1.1) across agents
(given their beliefs) will be maintained throughout. Furthermore, (z;,2;,¢;) will be assumed to
come from the same distribution for any agent j in the population. For notational simplicity and
by the symmetric nature of the model (we will address the issue of beliefs immediately below), we
will drop the subscript j.

Generically, € € R is meant to denote an unobserved (to the econometrician) real-valued payoff
“shock”. The observable covariates are y, x and z. The object of interest is #p, a subvector of
identifiable parameters in the agents’ decision rule R*. Subjective expectations are unobserved.
The driving assumption to pin them down consists of two parts: (i) The true data generating
process for (z, z,¢) is known to the agents and this is common knowledge. (ii) The optimal decision
rule in (1.1.1) is also common knowledge and consequently, subjective beliefs are self-consistent
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with (1.1.1). In the models examined here, we will either assume that the distribution of ¢|z, 2 is
known, or it is unknown but satisfies a known exclusion restriction. Rational expectations based
| S = = =
on (1.1.1) will produce a conditional likelihood f yla, z, BH:]; 0y | where BfJz] represents the
1]
subjective beliefs in (1.1.1). In the examples we will study, f - ,z,E-_le];Ho may or may not
have known functional form for a given =z, z, E-_le], fp —we analyze both cases—. In addition to
producing a conditional likelihood, the models we study have the peculiarity of providing auxiliary

information in the form of conditional moment restrictions involving 6,

L L]
E n x,z,@z];%[@ =0 w.p.l (1.1.2)

The restrictions in (1.1.2) result from the assumed self-consistent nature of beliefs. The
transformation 7 may or may not have known functional form for a given x,z,m,z];ﬁo . A
vast, growing number of econometric models fit the general description in (1.1.1). A list which
does justice to the enormous effort that has been poured into these models by a number of authors
goes beyond the scope of this paper. Additionally, the results we present are not meant to cover
all models in this universe. A partial list of econometric models which are more closely related to
the examples we will analyze here includes the following: Ahn and Manski (1993) in the context
of discrete choice models with rational expectations and no strategic-interaction. An extension of
Ahn (1995) (which is in a purely nonparametric context) to a linear index model would also fit
this category. Manski (1993) and Brock and Durlauf (2001) in the context of linear models with
strategic interaction and rational expectations. Nonlinear models with strategic interaction and
rational expectations closely related to the examples we will study here include examples examined
in Section 2 of Brock and Durlauf, as well as Bajari, Hong, Krainer and Nekipelov (2006) and
Aradillas-Lopez (2006). The last two examples are explicitly the product of a simultaneous game-
theoretic model with incomplete information.

The conditional moment restrictions in (1.1.2) are derived from the assumed self-consistency
of beliefs. A direct consequence of the auxiliary information contained in (1.1.2) is that the
distribution of (z, z) is not ancillary to to the problem of estimating 6p. For self-consistent beliefs,
the conditional density f %@, z, mz]; Ao I:Ivvill depend partially on a functional that involves the
conditional distribution of x|z. As we will see in the examples examined, a consequence of these

features is that the e [cieht influence function for /n-consistent, regular estimators of g in these



models can be separated into two components in the following general way
1 1]
v = Vo U5y, 2300) +v(z, 2 60)
a b D:Da b
where Vo = E 9§(y,z, 2 60) + g(x, 2:00) ¥y, z, 2 600) + g(x, 25 00)
(1.1.3)
] 5 ]
provided that this inverse exists. The terms ¢* and ¢° satisfy E Vi(y,x,z;00)%, 2 = 0 and
] ] ] ]
E 1/)3(:6,2;90)5 = 0 w.p.1, implying E 9§ (y, z, z; Ho)i/)g(x,z; 6o)’ = 0. In broad terms, this
orthogonality is a consequence of the orthogonality between the score of the conditional likelihood

f(y|z, z;00) and any measurable function of (z,z) with finite second moment. Thus,

L 1 b4l
Vo= E 9§y, z, 20005y, z,2:00) +E ¥h(x, 20095z, 2:00) (1.1.4)

The matrix Vp will be the semiparametric efficiency bound for y/n-consistent, regular estimators of
fo. As one would expect, there will be an efficiency loss vis-a-vis the case where the distribution of
(x,2) is known (in particular, 1§ (y, z, z; o) as described in the general characterization in Equation
(1.1.3) is not the efficient influence function for the case where the distribution of (z, z) is known,
see Footnote 1). We will characterize this efficiency loss in a number of the cases presented here, but
it will not be our focus. We will also see that, in some cases, the expression for the efficient influence
function vy involves a functional which does not have a closed-form expression. However, in all
cases, such functional is defined as the solution to what we could characterize as a functional fixed-
point restriction. We use the method of representers in the tangent space described in Severini and
Tripathi (2001) to systematically search for the efficiency bounds. Such methodology is particularly

useful in our setting.

1.2 Efficiency bounds in related models

A vast and significant effort has been devoted to the study of semiparametric efficiency bounds for
v/n-consistent, regular estimators of linear functionals in a semiparametric model. In this context,
we can think of the functional of interest to us as ¢/, where c is an arbitrary vector of constants. In
general terms, the property of “regularity” of an estimator of /6y describes a special type of stability
feature whereby the asymptotic distribution of such an estimator is not affected by small changes in
the true values of the unknown parameters of the semiparametric model (which include not only 6,

but all relevant distributions involved). General semiparametric models are described for example

IHowever, as we will see, Yg(y, X, z;60) as defined in the general characterization of Equation (1.1.3) is not the

e [cieht influence function for the case where the distribution of (x, z) is known.

3



in Section 2 of Severini and Tripathi (2001) or Newey (1990). We do not wish to replicate those
descriptions here, nor do we wish to present a general discussion of efficiency bounds. A precise
list of all significant work that has been undertaken in this field is beyond the scope of this paper.
A very useful and clear survey on efficiency bounds can be found in Newey (1990).

The models we study here belong to the class of models with “generated regressors” (see Pagan
1984). They differ from cases such as Robinson (1988) in that the “generated regressor” is not
a completely unknown transformation of observables, but one that must satisfy the conditional
moment restrictions in (1.1.2), which contains information about the parameters of interest. In a
number of cases —such as the nonlinear models we will analyze—, the generated regressors are in
fact also a function of dy. Local efficiency bounds for linear models with generated regressors in the
form of conditional expectations were studied by Rilstone (1993) for the case of normally distributed
unobserved disturbances. Section 4 of Li and Wooldridge (2002) analyze a partially linear model
with normal disturbances. As we mentioned previously, we wish to go beyond this specific case
by studying linear models with unknown distribution of unobservables, and by considering also
nonlinear models. In the latter case, we analyze both cases: known and unknown distribution of
unobserved disturbances.

Taking a step back, the models we study involve a special type of conditional moment restriction
generically described by the “equilibrium” condition (1.1.2). Our models have the special feature
that these conditional moment restrictions are tied to the unknown distributions involved and
the parameter of interest fy through the optimal decision rule (1.1.1) and the assumption of
rational expectations. Semiparametric efficiency bounds for models involving conditional moment
restrictions were studied first by Chamberlain (1987). More recently, Ai and Chen (2003)
characterize efficiency bounds for models which satisfy conditional moment restrictions involving

unknown functions. Specifically, the focus on models of the form (see Equation 1 in Ai and Chen)
v !
E p(v,w;,00,ho(-))4] =0, v, w,,w observable, (1.2.5)

with w, C w and hg(-) a vector of infinite-dimensional unknown functions. For given (v, w,, 6o, ho),
the “residual” function p(-) is assumed to be of known functional form. The conditional distribution
of v|w is unknown. The model described in (1.2.5) covers a vast number of interesting models. In
particular, it resembles our setting, with unobserved beliefs playing the role of the unknown vector of
functions hg and p = 7. Going back to our notation, let £= x\z. The structure of the “equilibrium”
condition (1.1.2) resembles that of (1.2.5) with p = 5, B= hg, v = (y, £And w, = w = z. However,
the models we examine naturally provide more structure to some features of the characterization
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in (1.2.5) of Ai and Chen, but they provide less structure to other features. First, by construction,
in our models the conditional distribution of v|w —specifically, the distribution of y|(4&4d)— always
depends on 6y through the optimal decision rule in (1.1.1). Second, in our models hg is always a
vector of functionals of the distribution of v|w (and in nonlinear models, it may also be a function
of fp). Third, in our models the functional form for p(-) is not always assumed to be known for
given (v, w, 6p, ho), although it will always depend on the distributions involved. The case in which
p(+) has unknown functional form will become immediately apparent in our study of nonlinear
models where the distribution of unobservables is not known. The special nature of the structural
implications in our models and their difference with the general assumptions in Ai and Chen will
necessarily impact the features of the scores, as well as those of the tangent sets involved?. Overall,
in the models we will study here, the effect of the unknown distributions on the semiparametric
efficiency bound of /n-consistent, regular estimators of #y will be neatly tied together through
the rationality of expectations as described generically in (1.1.2). The efficiency features of these
models deserve and require specialized attention.

We emphasize that our goal is the characterization of efficiency bounds and efficient influence
functions. The task of constructing an efficient estimator is not undertaken here. In this regard,
a number of different options can be explored. First, given the characterization of the efficient
influence function and the availability of a first-step y/n-consistent estimator (they can be shown
to exist for all the examples we examine here), we could try to implement the “sample splitting”
techniques described in Section 5 of Newey (1990). Alternatively, we could try to extend and adapt
the methods in Ai and Chen (2003) to this setting (see footnote 2). A natural way to proceed seems
to be a likelihood-based approach. Our models involve essentially a semiparametric likelihood with
an infinite number of constraints (the equilibrium conditions 1.1.2). In this sense, adapting the
results in Kitamura, Tripathi and Ahn (2004) to a semi-empirical likelihood approach appears to

be an attractive alternative. Adapting the methods in Wong and Severini (1991) to a constrained

2In terms solely of conditional moment restrictions, we may think about the models we study as “stacking” two
sets of moment restrictions, E [So(y|X, z, E[|z]; 60) |x, z] =0and E[n(x,z, E[-|z]; Bo) |z] =0, where So(-) denotes the
score of y|(X, z), and the second is the set of “equilibrium” restrictions. The first set of restrictions is conditioned on
(x, z) and the second set is conditioned solely on z. Viewed this way, our models and those analyzed by Ai and Chen
belong to a general class of models which combine conditional moment restrictions conditional on di[lerent sets of
variables. In their concluding remarks, Ai and Chen state the need to extend their procedure and results to models
where di [erent sets of moment restrictions hold conditional on di Cerknt sets of variables. Such an extension is beyond

the scope of this paper. We specialize on characterizing e [ciehcy bounds and e [cieht influence functions.



likelihood could also be an option. A thorough (but a bit outdated) analysis of efficient estimation
in semiparametric models can be found in Bickel et al. (1993).

Since the focus of this paper is purely the characterization of bounds, instead of presenting a
“general” result that covers all models loosely described by Equations (1.1.1) and (1.1.2), we opt
for studying individual examples. As one would expect, the properties of the scores and tangent
sets involved are very specific to the model in question. The intricacies involved would be lost in
a “general” result. To the extent that it is realistic, we wish to attract the attention of applied
researchers interested in the specific models examined here. Some familiarity of the reader with
some definitions (such as the concept of “efficient influence function”) will be implicitly assumed
here. All such concepts can be found, for example in Newey (1990) or Severini and Tripathi (2001).
The derivation of the efficiency bounds and efficient influence functions will be carefully described
in every case. The paper proceeds as follows. Section 2 focuses on linear models with unknown
distribution of unobservable shocks. The subsections there examine how the bounds change as we
add more assumptions to the conditional distribution of these shocks conditional on observables.
Section 3 examines discrete-choice models. In the presence of strategic-interaction, the nonlinear
nature of the model will bring about the possibility of multiple solutions to (1.1.2). This problem
is not present in the linear models of Section 2. Keeping this in mind, we study the semiparametric
efficiency bound of models in which the researcher assumes that there is a unique solution to (1.1.2)
everywhere in a subset Z of the support of z, but is agnostic as to what happens outside that set.
Subsection 3.1 studies a binary choice model with a symmetric population of agents. Subsection
3.4 examines the case of a 2 x 2 game with incomplete information. Subsection 3.7 concludes
with a binary choice model with rational expectations but no strategic interactions. Except for an
exclusion restriction, the distribution of unobservable “shocks” will be assumed unknown in the
linear models studied. In the discrete choice examples we will present results for the case where
such distribution is assumed known, and the case where it is unknown, except for exclusion and

location-type restrictions. The details of proofs can be found in the appendix.

1.3 Notational conventions

We will let S(z) denote the support of a random variable z. In all cases, we will assume that the
support of the unobserved shock ¢ is unbounded. We try to follow the notation used in Severini and
Tripathi (2001) as well as technical conventions typically used in the study of efficiency bounds.

We will let A denote the Lebesgue measure, and L?(S, \) denotes the set of all real-valued functions



on S that are square integrable with respect to Lebesgue measure. For a random variable z, we
will let L?(S,\;) denote the set of all functions defined on S which are square integrable with
respect to the probability distribution of z. Throughout, we will denote the pdf of a random
variable x by as the square of a square-integrable function, so we will denote it for example by
g(z) (x). This convention will also be used for conditional pdfs. This is commonly done for example,
to ensure that g3 € L?(S(x),\). Generically, we will assume (7, z) to be continuously distributed.
Restrictions in the support of = (for example, if it includes categorical variables) would be included

in the characterization of the relevant tangent sets involved.

2 Linear Models

2.1 A simple linear model with symmetric agents.

Consider the following model, which is a particular case of the Linear-in-means model studied in
Section 3.2 of Brock and Durlauf (2001). It is also a particular case of the models analyzed by
Manski (1993). We have a population of agents, each of which makes an “optimal” choice y € R

according to the following rule®
y=a'bo+ aolbflz] +¢, ao#1, zeRF, 2R, (2.1.1)

where %ﬂ z] denotes the agent’s subjective expectation, conditional on z, of the level of y chosen
by the “representative” agent in the population. Depending on the context, z could be a vector of
attributes of interest to the representative agent (for example, in a model in which agents want to
anticipate the choice of other agents of a certain “type” indexed by z). It could also represent the
information the representative agent is able to “process” in order to construct his beliefs.

In this paper we will assume that beliefs are self-consistent. The linear nature of the model
immediately yields

y=2a'80+aEylz] +e, ao#1, z€RF 2cRP, (2.1.2)

where Ely|z] denotes the population conditional expectation of y given z. Suppose that there
exists an observable function w(z,2) = w € R’ such that ¢ is independent of (z,z) conditional on
w. Unless explicitly stated otherwise, this assumption will be maintained throughout this section.

Naturally, this includes independence between (z,z) and ¢ as a special case.

3Section 2.7 will study a more general model.



2.2 Semiparametric efficiency under the assumption Ele|z, 2] = 0.

Assume that Elelw] = 0 w.p.1. Model (2.1.2) becomes

aQ

y=1a'Bo+0FE[z|z] B0+, whereyy = T (2.2.3)

_aO.

We will denote 0y = (5o, 0) € R**1 We will add the following assumptions.

Assumption A2.2.- The support of = is not contained in a proper linear subspace of R¥~1,

Furthermore, there exists z; € x with Gp_7# 0 such that E[x|z] # z,. These assumptions are made
1

for identification purposes. Denote Pr ¢ < e%,z =Pre< e% = Gp(e;w), with corresponding

conditional density given by g3(e|w), so Go(e|lw) = l%loo g8 (u|w)du. Define the following spaces of

functions
1
G= ge L R xRS A x A\): ¢%(elw) > 0, g(e|w) is bounded, continuous and differentiable w.p.1,
(I (I
da(-
Jd(w) = 9 |w): 0<  g(ejw) + ed (e|w) ’;lde < 00, g (elw)de = 1, €2g? (€elw)de < oo,
de R ] R R
and eg“(elw)de = 0 w.p.1. ;
- - 1
F= feL?RFxR”;AXN,): f2(z]z) >0, fi(z|z)de =1 wp.l. ;
- ] B
M= me L*RP;\): m?(z) >0, m?(z)dz = 1

(2.2.4)
We assume that g3(c|w) € G, f&(x|z) € F and m3(z) € M, where f2(-|z) and m3(-) denote the
conditional density of z given z, and the marginal density of z respectively. The characterization
of G ensures that ‘€1|iinoogg(e|w) = 0, and |61‘iinooeg(2)(e|w) = 0 w.p.1. This feature will be relevant
for the computation of the efficiency bound. We can reexpress (2.2.3) as y = xo + Youo(z) + &,
where 29 = 2/fp and po(z) = E[xg|z]. Note that ug(-) € R is an unknown functional given by
to(z) = gk zof§(z|z)dz, and (2.2.3) is a special type of Partially Linear Model. Note however that
if we knew 0 and fZ(-|2), we would immediately recover jo(z). Therefore, the unknown parameters

in this model are entirely summarized by 6o, g§(-|-), f&(:|-) and m3(-).

2.3 Efficiency bounds via “representers” in the tangent space

We now give a brief overview of the strategy used to compute the bounds, which will be employed in
all cases examined here. This approach was used by Severini and Tripathi (2001), henceforth (ST).
For some %o > 0, consider a curve of the form 7; = (6, g1, fr,m4) : [0, 0] — RF*1 x G x F x M with
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the property that 7 5:0: (6o, g0, fo,mp) = T0. Let p(70) be a real-valued, pathwise differentiable
functional of interest (in our case, we will focus on p(19) = 6, for an arbitrary ¢ € RF*1).
Following (ST), we focus on parametric submodels such that estimating ¢ = 0 is equivalent to
estimating p(79). That is, we focus on submodels 7, where there is a one-to-one transformation
between ¢ and p(7;) in a neighborhood of ¢ = 0. Efficient estimation of p(7p) is directly related to
that of . We now turn to the latter problem. For a given value of ¢, the joint density for observables
is given by p?(y|z, z) f2(z|2)m?(z), where p?(y|z,z) = g?(¢|lw). The score for estimating t = 0 is
given by ]
So = 2 Tog pE(yle, 2) + log f2(x2) +10gmf(2)%

= = 1 [y s ) s [ W
5 g(elw) — go(elw) V'O + v04u(z) 49 f(z|2) 49 mi(2) 7 (2.3.1)
- go(léllezl) - fo(z]2) mo(2)
=p%((yyll)§<’,zz))

where v = I%I—i— ’yOE[ac]z],,uo(z)l:el R¥*1 with po(z) = Elzolz] = %;I(xofg(x\z)dx, xo = 2'fBp. The
vector 7 = 0, §(e|w), f(z|z),m(z) can be thought of as the slope of the curve 7 = (6, gs, f1, m¢)
at t = 0. More precisely, 7 is tangent to 7 at ¢ = 0. Note that, by definition of up(z), we have
(z) = 2 gk zof(z|2) fo(x|z)dx, where f(x|z) also appears in the second term on the right hand
side of (2.3.1). This is a key aspect of the type of models we will study here, and it will be the source
of dependence between the efficiency bound of # and the features of the conditional density f2(z|z).

The tangent vector 7 belongs to the space 7 = RF*1 x lin T(G,go) x lin T(F, fo) x lin T(M,myg),

where
1 (- 1 1
lin T(G,g0) = g€ LPRxREAxA,):  glelw)golelw)de =0, eg(€lw)go(e|w)de = 0 w.p.1. ;
1 (- R
lin T(F, fo) = feL?RFxRP;AXA,): f(x)2) fo(z|z)dz = 0 w.p.1. ;
- - " -
lin T(M,mg) = 1€ L*(RP; \) : m(z)mo(z)dz =0 .
. (2.3.2)

The characterization of these tangent sets incorporates the semiparametric assumptions imposed
on the model. The proof of their validity takes place in two steps. Take for example
lin T(G, go). First, we establish that T(G,go) C lin T(G,go). This can be done by expressing
gi(elw) = go(elw) + tg(e|lw) + Ry(e;w) .  This expression is valid for any g, € G because,
by construction, ¢ is an element of T'(G,go), the tangent cone of G. The residual term R;
satisfies Ry ?—> 0 in the L?(R x R\ x A\,) norm. We would then proceed by squaring both
sides and integrating. The next step is to establish that lin T(G,g0) € T(G,g0). This can
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be approached by showing that there exists a set 7™ such that lin T(G, go) C EI’ and T* is

dense in lin T(G, go). Given our assumptions, this can be done by using 7% = ¢ : Rf x i% —

i)
)

details would resemble those in the proofs of Lemma B.2 in the Appendix of (ST). Similar steps

]
and  ¢?(e|w)de are bounded, §(e|w)go(e|lw)de =0 and  eg(e|w)go(e|w)de =0 . The

would be taken to establish the validity of lin T(F, fo). The characterization of lin T'(M,mq)
follows directly from Lemma B.1 in the Appendix of (ST). As the proofs in the appendix
show, given the structure of the model, characterizing the tangent set m simply by
lin 7(G, go) = %IE LPR x REGA x L) ¢ Iilg'](eh,u)go(e|<,u)ale = 0 will produce “representers”
(see their definition below) that automatically satisfy the condition  eg(elw)go(ejw)de =0 w.p.1.

The description of lin T'(G, go)) in (2.3.2) is a more complete characterization of the tangent space.

The Fisher information matrix for estimating ¢t = 0 reduces to

E[S2]| =4E  g(e|w) — gh(elw) V'O +y0i(z)  de +4E  f(z|z)?dz +4  1m(2)%dz
RK RP
. (11 [ I
; o 6 . '
=4F 9(elw) = go(elw) V6 +10(2) +4FE f(z]2)%de +4  1m(2)%dz.
go(elw) Rk RP
(2.3.3)
. I
Take 74,7, € 7. We use (2.3.3) to define the Fisher inner product 7,7 F as
] B e P o N = P
0O, dalele) — gh(ebe) v+ 0iale)  gn(ele) ~ sblele) T+ i)
vUF go(elw) go(elw)
1 1
+4F kfa(x\z)fb(x]z)dx +4  1hg(2)my(2)dz.
R RP
(2.3.4)
Let ||7ulle = 7o, '_sz denote the corresponding norm. The Fisher information matrix for

estimating ¢t = 0 can be expressed as |72 for some 7 € T. Let us go back to the functional
of interest, p(79) described above. If there exists a y/n-consistent regular estimator for ¢ = 0,
then the search for the efficiency bound for the corresponding estimator for p(7p) reduces to the
search for the supremum, over all nonzero tangent vectors 7 € 7, of Wp(7) ||7'H§, which is
(via the Delta Method) the Cramer-Rao lower bound for a particular submodel. Vp(7) denotes
the pathwise derivative of p(7;) evaluated at ¢t = 0. The insights and results in (ST) significantly
facilitate the search for this supremum by noting first that if Vp is a linear functional on the Hilbert

Space T, -,- - —mnote that 7 is complete by construction—, then the Riesz-Frechet Theorem
. [ I
(see Theorem A.1in ST) implies that there exists a unique 7 € 7 such that Vp(7) = 7,7° _ for

all 7 € 7. This result also builds on Wong and Severini (1991). Therefore, if Vp is a continuous
10



linear functional, the efficiency bound for any \/n-consistent, regular estimator of p(79) is given by

%p(ﬂ% TR

T T*
lb(p)= sup ——=—= sup E = HT*HE (2.3.5)
€T : 770 171 7eT : 770 171l

The element 7* of the tangent space is called the representer of Vp. Therefore, the search for
1.b(p) reduces to the problem of looking for 7* € T, that satisfies p(7) = 7,7* _ forall 7 € T, and
* HZ

computing its Fisher norm [|7*|2. We will follow these steps methodically in all the semiparametric

models examined here.

2.4 Semiparametric efficiency bound for Model (2.1.2) with Ee|z, 2] = 0.

This is the model as described in Section 2.2. Define ¢(e;w) = 990te: wgljwhere go(6w) = dgod(?w).

go(&;w)?

1 1
As before, let v = z+70E[z|z], po(z) € R with po(2) = Elzolz] = gk z0fE(2|2)dz, 20 = 2/ Bo.

Proposition 1 Let C(w) be the coe Lcieht of the orthogonal projection of ¢(¢;w) onto the linear

space spanned by ¢} conditional on w. That is, C(w) satisfies

LI (I (.
E ¢(g;w) —Clw)e xel@d =0w.p.l (2.4.1)

This yields C(w) = — (- Define

Vo(e, z,2) = —o(e5w) v — Efw] +10 0%(2) — E[0"(2)|w] - E[ w] + 0Bl (Z)\W]ECI(M)E
= S oy L Elole] £ 20B15 ()l
——bleiw) v=Elule] +0 7(0) ~ B ()] + — e
(2.4.2)
where §*(z) € L?(RF*1,)\,) satisfies
0*(2) = E é(e;w)¥q(e, x, 2) Var(zp|z). (2.4.3)
That is
BB 2R ) 5y B 102 R o BE
o* (Z) = X 1 oy rLul( )g[:_/#a:?xo‘ ) Var($0| ) (244)
where £(w) = E%Iz(s;wﬂwlj: 4 Dgg(e;w)zds, and A(w) = Y=L Define
D* * IEI 2 DD * 5 L] * 5
Y9 =F Vi(e,x,2)Vq(e,x,2) +1GFE E ¢(e;w)¥q(e, z,2)% Var(zo|2)E ¢(e;w) ¥ (e, x, 2)

(2.4.5)
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If Xy is invertible, the semiparametric e [ciehcy bound for \/n-consistent, regular estimators of g
in the model described in Section 2.2 under the assumption E[e|x, z] = 0 is well-defined and is equal
to ¥,! . The e Lcieht influence function is
—1 D* L] x (10 SR
g =%, Vale,x,2) + E ¢(e;w)¥q(e,x,2)% 20 — ElxolZ] (2.4.6)
Note that Uj(e, z, z) is the sum of two orthogonal components. The next result outlines sufficient

conditions for existence of a closed-form expression for the representer 6*(z) described in Proposition

1.

Corollary to Proposition 1
[ (|
1.— If £Jw has a normal distribution of the form N 0,0%(w) for some 02 : R — R4 or, more

generally, if ¢(g;w) = M(w)e for some M : R — R, then
E ¢(e;w)Wo(e, w,2)% = —E[§(w)v]z] = 100" (2) E[§(w)|2]; (2.4.7)

and a simple closed-form expression for §*(z) is given by

5*(2,) _ —’YoEz[f(u))’U|Z]VaI‘(£Co|Z) ) (248)
1+ E[¢(w)]2] Var (zo]z)

This implies that the second term in ¥y (see Eq. 2.4.5) is not affected by the properties of C(w)e,

the orthogonal projection of ¢(&;w) onto the column space spanned by {e}. This has an effect only

on the first term in ¥y (see the comment immediately following Proposition 1). In this case, using

(2.4.3) we can express

_ L] . 2 ll:l 2 L] . 2 ox * /EI
Y9 =E ¢(c;w)vv’ —gE ¢(e;w) 6" (2)0*(2)
(I

) ] EI:I | 5
_FYOE E ¢(€;w)\pé(€7x7z) Va‘r(xOIZ)E (ﬁ(g;w)\I/S(E’x’z) ’
(2.4.9)
: BT I S i . : . .
which shows that ;" — E ¢(g;w)*vv’ is a positive-definite matrix unless 79 = 0. The matrix
E $(g;w)?v0’ % the semiparametric efficiency bound if fZ(x|z) were known in the case where

glw ~ N 0,0%(w) or, more generally, ¢(c;w) = M(w)e for some M : R® — R.

2.— If z is independent of w, a closed-form expression for 6*(z) can be easily derived by noting that

B[] = Blh)] =
1

I 111 1
BEAWNVar(ools) Ty —Ele@hle] + B Aw)Eplull?
1+ 75E[§(w)|z]\far(:co|z) 1+ 73E[§(w)|z]Var(xo|z)

1 1
Var(zolz) ,

-7 1-F
(2.4.10)
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and plugging this on the right-hand side of (2.4.4) in Proposition 1. Note that the inverse object

O |
in curly brackets in (2.4.10) is well-defined because E[A(w)|z] = E[¢(w)|z] — E Var(5|w)_15 , SO
Y8 E[A(w)|z]Var(zo|2)
1+~2 E[¢(w)]z]Var(zo]2)

<1 w.p.l

3.— If ¢ is independent of z, 2, then €|z, z ~ g3(g) (there is no ‘w’) and all the results in Proposition
1 hold by replacing all moments that are conditioned on w with unconditional ones. The same

applies for Expression (2.4.10).

1
Part (1) of the corollary holds because if ejw ~ N 0,0?(w) , we immediately have
¢(g;w) — C(w)e = 0 w.p.1, (2.4.11)

where C(w)e is the conditional orthogonal projection described in Equation (2.4.1). The rest of the
statements in the corollary are trivial to establish. Finally, it follows from Proposition 1 that we

will have 6*(z) = 0 if Var(zo|z) = 0.

2.5 Semiparametric efficiency bound for Model (2.1.2) with Ele|z,2] =0 and

Pr(e < 0|z, 2) = k, with K known.

We continue our analysis of Model (2.1.2). Suppose we maintain the assumption that Elejw] = 0
and we add the assumption that we also know that Pr(e < O|w) = &, for known x € (0,1). We

want to see how this changes the efficiency bound for \/n-consistent, regular estimators of 6y.

Assumption A2.5.- We maintain all the conditions in Assumption A2.2, except that we now

assume that the space G is given by

1
G= ge L R xREAx A\): ¢%(elw) > 0, g(e|w) is bounded, continuous and differentiable w.p.1,
1 (- -
/ _ dg(-|lw) . / (2] 2 _ 2.2
g (|lw) = 0<  glelw) +ed' (€lw) “de < o0, g (elw)de = 1, €“g°(elw)de < o0,

- de g = R o -
ed®(elw)de =0, and  1{e <0} — k g°(elw)de = 0 for known x € (0,1).
R R
(2.5.1)

Once again, all other conditions in Assumption A2.2 are assumed to hold.

13



The corresponding tangent space lin T(G, go) now becomes

1 1 (|
lin T(G,g90) = g€ L’RxREXNXA,):  glelw)golelw)de =0, eg(€|lw)go(e|w)de = 0
R . R .
and  1I{e < 0}g(e|w)go(€elw)de = 0 w.p.1.
R

(2.5.2)

All other tangent spaces described in (2.3.3) remain the same. The characterization of this tangent
space follow from the same general steps as those described in the discussion between Equations
(2.3.2) and (2.3.3) above. As we mentioned there, given the structure of the model, the efficiency
bounds found here would be the same if we characterize lin T(G, go) simply as Ig;le L?(R x R\ x
Ao) t g 9(€lw)go(elw)de = 0 I.:IThe resulting representers will automatically satisfy the conditions
g {e < 0}g*(e|w)go(€|lw)de = 0 and Iileg*(e\w)go(e]cu)de = 0. The description in (2.5.2) is a more
complete characterization of the tangent space. Let Cij(w) and q;___@l}l):lbe the coeflicients of the
orthogonal projection of ¢(e;w) onto the linear space spanned by &, 1{¢ <0} —k  conditional

on w. That is, C1(w) and Ca(w) satisfy

[N (I

E ¢(55w) — Ci(w)e — Co(w) E]ll{&t <0}—-k xe@ =0
(] - 5 O] (2.5.3)
E ¢(gw)—Ci(w)e—C(w) H{e <0} —r x I{e<0} -k =0

1 ] %D
Note that F ¢(e;w) — Ci(w)e — C2(w) 1{e <0} — & = 0 because |l‘im gé(elw) = 0. The

characterization in (2.5.3) is analogous to that of (2.4.1), except that now we add the extra moment

L] ]
condition £ (1{e <0} — k)% = 0. We have

O O
B GBOw)E el{e < 0}@_‘ +r(l—k)
k(1 — k)Var(e|lw) — E el{e < 0}d]2’

Ci(w) =

]
Colw) = g2 (0|w)Var(e|w) + E el{e < 0} =]
]

k(1 — k)Var(e|lw) — E el{e < 0}]2"
(2.5.4)

Now define

] =R

=
e, ,2) = ~dlesw) 0 Bl +fyo:|%'z>—E[>|w]

[1T11 ]
~ Blol] +0BER)]  Cw)e + Colw) Te <0}~
(2.5.5)
$e 2, 2) will now play the role of Wj(e, z, z), defined in (2.4.2). Accordingly, b2) e L2(RFL ),
satisfies
O] (|
F&) = wE o(e;w) e, 2, z)% Var(xo|2), (2.5.6)
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]
which is analogous to (2.4.3). As we did in Eq. (2.4.4), define {(w) = E%Iz(s;w)ku =
1]
4 gh(e;w)?de and let
[T} Cl II{EI:I
E g¢5(0lw)e+ 1{e <0} -k
Ad) = ¢(w) - —= = (2.5.7)

= =
k(1 — k)Var(elw) — E el{e < 0}@
Then, &) satisfies

-
—E'%'@)vﬁ% E%@z)EMw] @ﬂ 'YOE%@J)E%L(,Z)@E@

8€=) = 0 X n WgEg(w)@Tfar(xo]z) Var(xzolz), (2.5.8)

which is analogous to (2.4.4). The efficiency bound and the efficient influence function will have

_ o95lsw)
- 298(s;w)’

dgo(e;w) ] L orer 2
=5 Also, let v = =z +yFE[x|z],po(z) € R, with po(2) = Elzolz] = g zofy(z]z)dz,

expressions equivalent to those of Proposition 1. As before, let ¢(e;w) where gg(6;w) =

Tro = x/ﬁo.

Proposition 2 Define

L= E%@g, z, 2) e, z)'E—II— ’ygEDE%I(E; w) e, 2, z)%%ar(xo]z)E%l(a; w) e, 2, z)%i,I
(2.5.9)

where the objects involved are as defined in (2.5.3) — (2.5.8). If Assumption A2.5 holds, the
semiparametric e [ciehcy bound for /n-consistent, regular estimators of 6y in Model (2.1.2) under
Assumption A2.5 is given by ggl provided that this matrix is invertible. The e Lcieht influence

function is - 5]
= ggl ez, 2) + fyoEI;bI(g;w)e,x, z) D]a%lo — Elxolz] (2.5.10)

The results in the Corollary to Proposition 1 extend to the case of Proposition 2. In particular,
1 ]
since the condition Ele|w] = 0 is maintained, if we have e|w ~ N 0,02(w) , then the conditional

L1 (I
orthogonal projection C1(w)e + C2(w) 1{e <0} — k described in Equation (2.5.3) satisfies
L1 (I
d(e;w) — Cr(w)e — Co(w) e <0} —k =0 w.p.l (2.5.11)

The remaining two statements in the Corollary to Proposition 1 can be adapted to Proposition 2
trivially. These cases provide sufficient conditions for existence of a straightforward closed-form

expression for the representer ) in Proposition 2.

2.6 Semiparametric efficiency bound for Model (2.1.2) with Ele|z,2] =0 and

E[A(g)|z, 2] =0 for a known vector of functions A € R?

This Section presents a generalization of the results in Propositions 1 and 2 when FEle|z,z] = 0
and an additional vector of conditional moments E[A(g)|z, z] = 0 are assumed to be satisfied w.p.1.

15



The result in Proposition 2 is a special case, with A(e) = 1{e < 0} — k.

— (I ]
Assumption A2.6.- Let A(e) = £,A(s) € R9*1. We maintain all the conditions in Assumption

A2.2, except that we now assume that the space G is given by
1
G= geL?’RxR5Ax)\,): g?(ew) >0, g(eJw) is bounded, continuous and differentiable w.p.1,

o 1 (-
Jd(|w) = dg| ): 0<  glelw) + eg'(e|w)|;|de < 00, Rgz(6|<,u)de =1, i‘ﬂe) %%dw)de < 00,

o % R 1

and  A(e)g?(e|lw)de = 0 w.p.1.

R
(2.6.1)

Once again, all other conditions in Assumption A2.2 are assumed to hold. Maintaining the

assumption Ele|w] = 0 ensures that Eq. (2.2.3) still holds.

The corresponding tangent space lin T(G, go) now becomes
1 1 1 L1
lin T(G,g0) = g€ LPRxREAXA,):  glelw)golelw)de =0, A(e)g(elw)go(e|w)de = 0 w.p.1.
R R

(2.6.2)

All other tangent spaces described in (2.3.3) remain the same. The characterization of this tangent

g6lew)
go(ew)’

. ] 1]
%Z'w). Also, let v = z + YE[z|z], po(z) € R¥1, with po(z) = Elzolz] = gw zofé(z]2)dz,

space follows from our previous discussions. As before, let ¢(c;w) = 2 where gj(e;w) =

x0 = 2'y. The following result is a generalization of those in Propositions 1 and 2.

(. _ ]
Proposition 3 Let P ¢(c;w) L A(e)% denote the orthogonal projection, conditional on w, of
_ (. _ (.
¢(g;w) onto the linear space spanned by A(e). Note that P ¢(s;w) L A(e)% can be expressed as

| _ HO ) O O _ D
P d(e;w) L Ale)d = C(w)'A(e), where C € L*(R?,)\,) and E A(e) € — C(w)"A(e) =0 w.p.1.
- - (2.6.3)
If £ A(E)K(e)’% is invertible, then C(w) = EEEE Ae 5 Define

[ - O -
Uo'th2,2) = ~d(esw) v — Elolw] MOE’%' EE)w] — EBlolw] + BB )] Cw)R(e),
(2.6.4)

where §*(z) € L2(RF*1 \,) satisfies

L] SD
6*(2) = 0 FE ¢(g;w) Vo (e, 7, 2)# Var(zo|2). (2.6.5)
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_ oEf BVaron
) = 1+7§E w)lz

YwE Elv|w] +70EI:‘%% E¢5w (e;w) — C(w E@%Var:cdz

" i +75E[5<w>| ]
(2.6.6)
where ¢(w) = E[¢?(e;w)|w]. Define
O O, Ho 5 .
Yo =E Wo"(e,z,2) V0" (¢, 2, 2)' +v%E E qb(s w)Wo*(e,z,2)% Var(zo|z)E gb(e w)Wo* (e, 2, 2)
(2.6.7)

If 3y is invertible, the semiparametric e [ciehcy bound for \/n-consistent, regular estimators of
6o in Model (2.1.2) under Assumption A2.6 is well-defined and is equal to Eﬁ‘l . The e Lcieht

influence function is
LY, . . BDII =R
Yo =29 = Wo'(e,2,2) + WE d(e;w)¥o™(g,2,2)= 0 — Elzol2] (2.6.8)

As before, the results in the Corollary to Proposition 1 extend to the case of Proposition 3. In
_ 1 1
particular, since the identity function {¢} is included in A(e), if we have g|w ~ N 0,02(w) , then

the conditional orthogonal projection C(w)'A(g) described in Equation (2.6.3) satisfies
P(g;w) — C(w)'A(e) = 0 w.p.1. (2.6.9)

The implications of the remaining two statements in the Corollary to Proposition 1 extend to the
current case in a straightforward way. As before, these cases constitute sufficient conditions for

having a closed-form expression for the representer 0*(z) described in Proposition 3.

2.7 Semiparametric efficiency for a more general version of Model (2.2.3).

Consider the following model

y = a'fo + Elz1|2)'v1, + Els|z] 720 + &y ¢ (21,59) (2.7.1)

1 1
where s ¢ x and z1 is a subvector of z with the property that Pr E[z1]|z] # x1 > 0.This
could include z; = = as a special case. Equation (2.7.1) could represent the “reduced form” of
a more general version of Model (2.1.1). For example, suppose the “optimal” choice y € R for our

population of symmetric agents is now given by

y = 01,2 + 05 Elx|z] + 03, E[s|z] + aoEly|2] + &, with ag # 1. (2.7.2)
17



As before, let v9 = ap/(1 — ap). Suppose Ele|z] = 0. We would get

- [
Y=+ 1001 + (1+70)02  Elr]z] + (1+0)0% Elsl2] + ¢ (2.7.3)

S

Split = (24, 25)’, and 0py, = 0 - 512) for p = 1,2. If z, is deterministic conditional on z, we

Ppo’ “po

obtain the expression in (2.7.1) by denoting
I:1IE' 20 20 20 1 1
Bro = 01, , 0%, 7003, + (1 +70)02, 5 710 =001, + (1 +70)02,5 720 = (1 +70)d3,- (2.7.4)

Many other structural behavioral models can be generically characterized by the reduced form
(2.7.1). What is important for our purposes is the fact that y0 = (y14,72,) Will summarize the
vector of identified parameters (provided additional full-rank conditions to be described below). In
other words, the “reflection problem” (see Manski 1993) is already internalized in the reduced-form
(2.7.1). Moreover, we will not necessarily interpret (2.7.1) as a reduced-form of an underlying
structural model. In particular, we will no longer maintain the assumption that Fle|z, z] = 0. We
will clarify this in Assumption A2.7, below.

Let v = (z,s) € R", ug = (x1,s) € R™ and let k denote the dimension of (z,u1). If we let

70 = (Y10, 720) € R™, we can reexpress (2.7.1) as

y = 200 + Elua|z]' 0 + €. (2.7.5)

The parameter vector of interest is 0y = (5o,v0). We will characterize the efficiency bound for
v/n-consistent, regular estimators of p under the assumption that E[Y(e)|z, z] = 0 for a known
vector of functions T € RY, which may not necessarily include {¢} as an element (in other words,

we do not necessarily assume E[e|z, z] = 0).

Assumption A2.7.- The support of x, Efus|z] I:ils not contained in any proper linear subspace of
R*. There exists an observable function w(u, z) = w such that ¢ is independent of (u, z) conditional
on w. Denote Pr(e < €|u, z) = Pr(e < €|lw) = Go(€|lw), with corresponding conditional density given
by g3(e|lw). Define

1

G= geL’(R xR, A% \,)

L g
o % 1
gt w) = dgé' ): 0< . g(elw) + eg%dw)gde < o0, Rgz(e|w)de =1, fi—:?'(e) Igz(dw)de < o0,

2(elw) > 0, g(€|w) is bounded, continuous and differentiable w.p.1,

o -
and Y(€)g?(e|lw)de = 0 w.p.1. ;
— - 1
F= feL?R" xRP;Ax \,): f2(ulz) >0, f2(ulz)du=1wp.l. ;
- ] S -
M= me L*RP;)\): m?(z) >0, m?(z)dz = 1
RpP

(2.7.6)
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where Y(-) € R? is a known vector of functions. We assume that g3(e|w) € G, f&(ulz) € F
and m3(z) € M, where f2(:|z) and m3(-) denote the conditional density of u given 2z, and the

marginal density of z respectively. As in the previous sections, the characterization of G ensures

that ‘1|im gé(elw) = 0 w.p.1. It also imposes E[Y(¢)|u,2z] = 0 for a known vector of functions
€[— OO
T € RY. The features of the tangent space are familiar to us by now
1 1 1 1
lin T(G,90) = g€ L?RxREAX A g(elw)gole|w)de = 0, T(e)g(e|lw)go(elw)de =0 w.p.1. ;
] - S
lin T(F, fo) = feL?R" xR AxA):  fulz)fo(ulz)du=0wp.l. ;
k
1 - . ]
lin T(M,mg) = 1 € L*(RP;\) : m(z)mo(z)dz =0 .
RP
(2.7.7)
(| (|
d
As before, denote ¢(s;w) = QZBEEEB where gj(€lw) = %E‘W). Define now €= =, E[u1|z] € R
The efficiency bound in this model is a generalization of the result in Proposition 2.

1 1]
Proposition 4 Let P ¢(g;w) L T(a)% denote the orthogonal projection, conditional on w, of

¢(g;w) onto the linear space spanned by Y(g). Then

] HO L O -
P dle;w) L Y ()& =D(w)(e), where D € LR, )\,) and E Y(¢) € — D(w)"(¢) =0 w.p.l.
(2.7.8)
Let
Lo(e,u, 2) = —¢(e;w) B[R] + A™(2) - E[A™(2)lw] yo — E[tlud]+E[A™(2)|w]yo D(w)'T(e)
(2.7.9)
where A*(z) is a k x r; matrix (recall that u; € R™) in L?(RF x R"; )\,) that satisfies
] EI:I
A*(z) = E ¢(g;w)T§ (e, u, 2) 2 vpVar(ug|z). (2.7.10)
That is,
(I dﬁl:l/ 1 ] am 111 / |:,| 1
A*(z) = —E {(w)tH yVar(ulz) + E[fd +E A%(z)'@ v ¢(e;w) = D(w)'Y(e) yoVar(ualz)
- L}
x I, + E[¢(w)|z]v0Var(ui]z) , where I, is the r; x ry identity matrix.
(2.7.11)
Define
i O O 5 Ol e
Xy = E Io(e,u, 2)Io(e,u,2)" + E ¢(e;w)lo(e,u, 2) 2 yoVar(uilz)wE é(e;w)lo(e, u, 2)

(2.7.12)

If X} is invertible, the semiparametric e [ciehcy bound for \/n-consistent, regular estimators of 6o

in Model 2.7.1 under Assumption A2.7 is well-defined and is equal to ¥, . The e [cieht influence
19



function is
]

L] O 5!
o(g;w)T0(e,u, 2)% vo ur — Elug|z] (2.7.13)

U5 =5yt To(e,u,2) + B
Sufficient conditions for existence of a closed-form expression of the representer A*(z) described in
Proposition 4 can be characterized along the lines of the Corollary to Proposition 1. Such sufficient

conditions are:
1. If g3(e|w) is such that for some R : R — RY we have ¢(g;w) = R(w)'Y(¢) w.p.1, then
é(g;w) — D(w)'Y(e) = 0 w.p.1, (2.7.14)

where D(w)' Y (g) is the conditional orthogonal projection described in (2.7.8). Part (1) of the
Corollary to Proposition 1 is a special case. If would hold in this case if the identity function

{€} is included in the vector of functions Y(¢).
2. If (x, z) are independent of €, or more generally, if z is independent of w.

The next section presents efficiency bounds for discrete choice models with rational expectations.

3 Discrete choice models with rational expectations.

We analyze three general types of models here. Subsections 3.1-3.3 study a simple interactions-
based model in a population of symmetric agents. A 2 x 2 incomplete information game is analyzed
in 3.4-3.6. Finally, a discrete choice model with rational expectations but no strategic interactions

is studied in Subsection 3.7.

3.1 A binary choice model with strategic interaction among symmetric agents.

Consider a population of agents, each of which has to make a binary choice. Suppose the

representative agent’s decision rule is described by

1 L1
y=1 2/8+ aolryL 1|z) —e >0 , with 6p = (fo, ap) € R¥*2. (3.1.1)

Here, He(y 1= 1|z) denotes the agent’s subjective probability (beliefs), conditional on z, of
the proportion of agents in the population who will choose y = 1. The covariate ¢ is a
continuously distributed, privately observed shock with unbounded support conditional on (z, z),

whose distribution is assumed to be common knowledge among the agents. We will assume that

agents use their information rationally, and this is common knowledge among them. Let Pr(y = 1|z)
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denote the true probability that y = 1 conditional on z (as opposed to F@L 1]z), which describes

a subjective probability), and denote Pr(e < €|z, z) = Ho(e|z, z). Using (3.1.1), we have
] ] @ ([

Pr(y = 1|z) = E Hy /0o + ooy 12)@, 2z 3 (3.1.2)
Next, for an arbitrary constant m € R define
cl BI:I
R(m;00,2) = E Ho(x'fo + aor|z, 2) ; and  o(m;0p,2) =7 — R(m; 0o, 2) (3.1.3)

Our assumptions imply that Eq. (3.1.2) is common knowledge among the agents. On the other
hand, beliefs are deterministic conditional on z. Since equilibrium beliefs must coincide with ex-post

conditional choice probabilities, they must solve the fixed-point problem
o(m;6p,2) =0 (3.1.4)
2 : I
Let h§(-|x, z) denote the density of Ho(-|z,z), so Ho(e|z,2z) = " hi(u|z, z)du. We have
(I
Vep(m; 6p,z) =1 — aoEI%% %’ﬁo + aowg, z% = J(m; 6, 2). (3.1.5)

Since h3(-|z,2z) > 0 w.p.1, an immediate consequence is that if ag < 0, each realization of z will
produce a unique solution to (3.1.4) w.p.1. If ag > 0, some realizations of z may produce multiple
solutions to (3.1.4), but other realizations may produce a unique solution. Figure 1 depicts an
example of the behavior of (3.1.4) in the case ag > 0 for two different realizations of z, labeled z,

and z5. Realization z, induces three candidate solutions to (3.1.4), whereas z; induces a unique

solution.
MR R
1 - 1
' R(1500,25)

RIDI0.@x)

R(0;00,z5) <
R(m;00,28)
AR 2,)
RIDIO:E,) <
- e n
(A) ! (B) !

Figure 1: Solutions to the equilibrium system (3.1.4) for two different realizations of z.

A distinctive feature of Figure 1 is that 53(1;00,2 )—R(0; 60, 25 E> 52 1560, 25 ) — R(0; 69, = )Bln
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fact, it is easy to see that realizations of z that make E%o(x’ﬂom, z)BE’L E%o(x’ﬁo + aplz, z)B
eliminate the existence of multiple solutions. The simplest case in which this may happen is if (x, z)
are independent of ¢ and there exists z; with (g, # 0 such that x, € (z N z) and z, has unbounded
support conditional on (x \ zy) U (2 \ x¢). In this setting, we could think of z; as a realization
where x 0y, is “large and positive”. It is clear that under the assumptions of our model, for any

realization z such that (3.1.4) has a unique solution, agents’ choices will be simply given by

1 ] [
Yy = ]llgrlﬁo + agpmo(o,z) — >0, where 7|[Q_F00,Z) = F Hy %’ﬁ%aowo(%,z)g,zgm

= Pr(y = 1|z) for all z with a unique solution to (3.1.4).
(3.1.6)

We will characterize the efficiency bounds for /n-consistent, regular estimators of 6y that are
obtained under the assumption that (3.1.4) has a unique solution in a known subset of realizations
of z, labelled Z. This implies that agents’ choices are given by (3.1.6) whenever z € Z. This will
immediately pin down an expression for the conditional likelihood of y given (z,z). The latter

would be given by Hy %%Bo + aomo (o, 2) |z, 2 5 1— Hy %’%o + agmo(bo, 2)|z, zIIily whenever z € Z.

Assumption A3.1.- There exists a known subset Z C S(z) such that every z € Z has a unique
solution to (3.1.4). Notice the following: suppose a given z* € S(z) induces a unique solution to
(3.1.4). We would have J mo(z*,600);60,2* = 0 if and only if the curve R(7;6p,2") crosses the
45-degree line at a point of tangency. A simple visual inspection of Figure 1 shows that this cannot
be compatible with having a unique equilibrium (i.e, a unique point of crossing between the curve

R(m; 0o, 2*) and the 45-degree line). Since each z € Z has a unique equilibrium, it must follow that
1] 1
J mo(z,60);00,2 =T (2) #0 forall z € Z, (3.1.7)

where mo(+,6p) is as described in (3.1.6). In fact, Figure 1 shows that we must have J(z) > 0 for
all z € Z. We will strengthen (3.1.7) by assuming that for some d > 0,

L] 5
12;7(2) = 122 1-— QOE% %’50 + apmo (o, z)a, ZEB > d. (3.1.8)

Uniqueness yields

= =
y=1 26y + awomo(bp,z) —€ >0 whenever z € Z. (3.1.9)

Let p3(y|z,z) denote the conditional density of y given (z,z). Then,

oy

— Hy l%lﬁo + apmo(bo, 2) |z, leﬂy whenever z € Z.
(3.1.10)

P§(yle, z) = Ho %lﬁo + agmo(bo, 2) |, 2
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We will assume nothing about the cardinality of equilibria when z ¢ Z. Since no equilibrium
selection mechanisms will ever be introduced here, this means that we will be agnostic about the
exact expression for pg(y|z,z) when z ¢ Z except for the assumption that it is a well-defined
density. That is, pg(1|x, z) + p§(0|x,2) = 1 w.p.1. We stress once again that the case Z = S(2) is

a special case of this model.

3.2 Efficiency bound for Model (3.1.1) when Hy(:|z, ) is known.

We will characterize the efficiency bound for y/n-consistent, regular estimators of fp in model (3.1.1)
under Assumption A3.1 when Pr(e < €|z, z) is of known functional form. Suppose the following
holds.

Assum%on A3.2.- The conditions in Assumption A3.1 are satisfied. Define —

1 1
Q= qeL? 70,1} x R* x RP; Moy X Azyz o P (ylz,z) >0, ¢*(1|z,2) + 0]z, 2) = 1 w.p.1

|- (| 1
F= feL?RFxRPAXN,): fi(z|z) >0, f2(x|2)dr =1 w.p.l. ; (3.2.1)
] 1 B
M= me L*RP;\) : m?(z) >0, m?(z)dz = 1
RP

We have f2(z|z) € F and mj(z) € M, where f& and mj3 denote the conditional density of = given
z and the marginal density of z respectively. Let p3(y|x, z) denote the conditional density of y given

(z,z) and let
1 1
Iz=1{z€ 2} and wup =260+ aoPr(y=1]z) =2'Fo+ agmo(bp,z) forall z€ Z  (3.2.2)

where g is as defined in Eq. (3.1.6). Then,

Lo oo | L) [ Gy
pg(y]x,z) = Hpy wplz,z ° 1 — Hp uolx,thly X qg(y]x,z) “ where o € Q, (3.2.3)

and Ho(e|z,z) = °__ h§(ulz, z)du where h§(-|z, z) has a known functional form.

Note that Assumption A3.2 assumes nothing beyond the features of a well-defined density
concerning the distributional properties of y|z, z when z ¢ Z. If we had any additional information
concerning p3(y|z,z) (e.g, moment conditions, etc.), we would include it in the characterization of

Q. The tangent Is:etls that correspond to (3.2.1) are given by

- 1 1]
lin T(Q,po) = ¢ € L? {0,1} x R* x RP; Aoy X Aez : G(Lz, 2)po(1]z, 2) + ¢(0]x, 2)po(0]x, 2) = 0 w.p.1.

1 1 1
O o,
lin T(F,fo)= feL°R*xRP;AXA, f(z|2) folz|z)dz =0 ;
= - R -
lin T(M,mg) = 1€ L? RP;\) : m(z)mo(z)dz =0 .
RP

(3.2.4)

1
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The validity of lin T'(M,mg) given our assumptions follows from the same denseness arguments

as those in Lemma B.1 in the Appendix of (ST), while those in Lemma B.2 would be used to

establish the features of lin 7(Q, po) and lin T'(F, fo). The unknown parameters of the model are

70 = (0o, 90, fo, mo), and the corresponding tangent space is T = RF1 xlin T(Q,po)xlin T(F, fo) X
m. As before, we are looking for the efficiency bound of /n-consistent, regular
estimators of #y. As we did in the previous sections, our search for this bound focuses on parametric
submodels indexed by a one-dimensional parameter ‘¢’. The procedure is as described in Section
2.3: for some tg > 0, consider a curve of the form v = (6s, g, fi,m¢) : [0,t0] — RF*1 x Q x F x M

with the property that TtE| (6o, qo, fo,mo) = 10. Define

=0
1 1 1 1
Oo(uglz, z) = Ho(uo|z,2) 1 — Ho(uolz,2) , v= =z, ,m(fo,z2) . (3.2.5)
The score for estimating ¢ = 0 is given by
a ™ %
So = = log iR (yla, =) + log fZ(a]2) +log m? (2)
= L] I:ql(YI )
= 1—1 X,z
=u) s i B
y — Ho(uo|z,2) e . O B Hle,2) | flzlz) | 1i(z)
=1 hg(uo|x, z) v 0+ apm(bp,z) +2 1—1 +2 + 2 .
2 douofe ) ool 00 a0l 2 tolule.2) " Folele) T Cmolz)
[T ]
—p BEIx.2)
POYIX.2)
(3.2.6)
. . - . |:I - . . .
where the tangent vectors 7 = 6,4, f,mm € 7. The tangent vector 7 is an easy to characterize

functional of 6 and f when z € Z. To see this, note that for any z € Z, we immediately have

m0(60, 2) = gk Ho(uo|z, 2) f¢(x|2)dx. Therefore,

7(0o, z) = R (uo|z, z) V"0 + (6o, z) Je(x|z)dr +2  Ho(uo|z, 2)f(x|2) folz|z)dx ¥ z € Z
Rk Rk

(3.2.7)

As defined in Equatlon (3.1.7), let J(2) =1— QOE% (uolz, z) 5 We get

i -

#(00,2) = Gl “}‘() e + L0 veez, whe i) =2 Ho(uole.2)f(alo)fo(el:)ds
(3.2.8)

The score in (3.2.6) becomes

(OE - :
N y — Ho(uolz, ) f1(2) 2 Di @(ykﬂaz) f(z|z) n(z)

So = 1z Bo(uolz, 2) w + aoj(z) hi(uolz,2) +2 1 — 12 w0Wlz.2) + 2fo(x|z) + 2mo(z)’
(3.2.9)

where ml |

wzv+%Eh&WuJWB (3.2.10)

J(2)
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Note that the uniqueness and regularity conditions in Assumption A3.1 (specifically, Equation
3 1.8) Elarantee that 1z x J(z ) is well-defined. For any 7,7, € T x ’T the Fisher inner product

Tava F
] 1 [T
I:T'I g I:IZE ]127hé(uo|:r,z) wh, + a fla(2) Wy + o fin(2)
ar b @ @O(UO) a Oj(z) b Oj(z)
5 n=L o -
T4E 1-1z  ¢a(0fz,2)(O0)z, 2) + da(1], 2)dp (L], 2)  +4E  fa(z|z)fo(z[2)dr +4  ria(2)imn(2)dz
Rk RP

(3.2.11)

s _ _hf(uo|z.2) =_1_ i
Proposition 5 Let ¢(up|z,z) = \/;OTM and b(z) = 7+ Where and &y and 7 are as defined
in (3.2.5) and (3.1.7) respectively. Define

] ]
Mg (z,z) = 1z¢(uglx, 2) w+ apd*(z) , (3.2.12)
where ¢* satisfies
, | H- O HO
0*(2) = —apb(2)°E ¢(up|z, z) M (x, z)@ Var Ely|x, 2] . (3.2.13)
X 2)°E wo(ugl|z, z Elylx, z
5 (2) = —aolz l . V(j; [2,2) % N, By, 2] (3.2.14)
1+ afb(2)°E ¢ (uolz, 2)d Var Ely|z, 2]
Define
Qg =
o, Ho Ho O] HEC] 5@
(3.2.15)
The above expressions use the fact that 1zHo(uglr,z) = 1zEly|zr,z] and 1zVar(y|z,z) =

1zPo(uglx, z). If Qy is invertible, the semiparametric e [ciehcy bound for /n-consistent, regular
estimators of 6y in Model (3.1.1) under Assumption A3.2 is well-defined and is equal to Q;l. The

e [Ccieht influence function is
—1

] (] ]
g = Qp ! %]:MO x,z)—aoE b(2)¢ (ud:c,z)MS‘(m,z)S Ely|z,z|—Elylz] . (3.2.16)

Using (3.2.13), we can reexpress )y as

]
Qy = [ﬂg¢ (uglz, 2 ww&l 2E 1z¢° (uolx, 2)0* (2)6* (2)

L1 O Citd
—a3FE E b( Yo (uo|z, z) My (x, z)= Var E[y\x,z]a E b(z)p(uolx, z) Mg (z, 2) B@
(3.2.17)
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which immediately implies that le — E[lz¢?(ug|z, z)ww'] ™t is a positive definite matrix unless
(. (.

ap =0 or Var E[y|:c,z]5 =0 for all z € Z. The term E[1z¢?(uo|z, z)ww']! is the efficiency

bound when f&(z|z) has known functional form. Equation (3.2.17) summarizes the efficiency cost

of not knowing f2(x|2).

3.3 Efficiency bound for Model (3.1.1) when Hg(:|z, 2) is unknown.

We now assume that the exact functional form of the conditional distribution of ¢ given (z, z) is
unknown. Such distribution will not be allowed to be completely arbitrary. We will assume an
index exclusion-restriction, and a symmetry condition on Ho(:|x,z). While the index exclusion-
restriction is fairly common, as we will see, the symmetry condition combined with the introduction
of the assumption that the support S(2’p|z) is unbounded for each z € Z, will provide tractability

of the tangent vectors involved.

Assumption A3.3.- Let ug = 2’8y + aoPr(y = 1]z) as defined in (3.2.2). The exact functional
form of the distribution of ¢|(z, z) is now unknown, but it will be allowed to depend on z,z only
through wg. This way, Model (3.1.1) will effectively become an index model for all z € Z. We will
also assume that the distribution of €|ug is symmetric around zero. Due to the complicated nature
of the functional derivatives involved, this symmetry restriction combined with the introduction of
the assumption that the support S(z'(Gp|z) is unbounded for each z € Z, will provide tractability to
the problem of characterizing the “representer” of the tangent vectors. Symmetry will also provide
a location normalization, although it is much stronger than what we would need for that purpose
(fixing a quantile of e|ug would suffice). Before stating formally the space of functions in which this
distribution lives, we introduce a parameter normalization. This will be a scale normalization for

l6o]|. Split © = (¢, x_¢), where it is known that 5y, # 0. Reexpress Equation (3.1.1) as

i 0
y=1 aj+a’ o+ oty L 1]2) £ >0 xzz%@e, 505%:%P05§—5555—H
Zo 60 ZO 0

{4
(3.3.1)
(I I
The parameter of interest is 79 = do, po . Let ug be as defined in Eq. (3.2.2) and denote
_ W * /
vo = —— =, +x_,00 + poPr(y = 1]z). (3.3.2)
’ﬁfo‘
The exclusion restriction described immediately above (3.3.1) yields
Pré<uld,z =Pr{<u = Go(ulvo). (3.3.3)
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Clearly, given the one-to-one transformation between the linear indices ug and vg, we could replace
all statements conditional on vg with statements conditional on ug. We will keep vg in order to be
consistent with our new parameter normalization. The assumed symmetry of the distribution of

elug is preserved for that of {|vg. Formally, let

1 I
G= g€ LZ(R x RFFP: ) x Az,z) © with probability one, g(§|z,z) = g(§|vo), gz(§|vo)d§ =1,
R
= - 1 (3.3.4)
and G Evo)de =1~ g*(Eluo)dé V k € R

Then q
Go(ulvg) = g3 (€lvg)d€  for some gy € G. (3.3.5)

—o0
g3(-|vg) is the conditional density of £|z,z, whose exact functional form is unknown. The
characterization of G immediately implies that ~__ 93 (&|vo)dé = % w.p.1. A location normalization
of this sort is necessary to identify v9. Symmetry is much stronger, but as we shall see, is useful
for tractability of the functional derivatives involved. Reexpress the equilibrium conditions (3.1.4)

in terms of our normalized parameters. For any scalar n € R, let

1 S s R o o A 50 O O ] o
R n;v0,2 = E Go x; + 2400 + pon . @MY,z =n—R nv,2 (3.3.6)

The reparameterized equilibrium conditions become

1 1
© n;%,2 = 0. (3.3.7)
We maintain the conditions in Assumption A3.1 but remain agnostic as to what happens outside
the set Z, except for the assumption that the conditional density of y|z,z is well-defined there
too, but of unknown functional form. This extends the results in Equations (3.1.8) — (3.1.9) to the

reparameterized system (3.3.7) as

= =1
 —| | ‘]ZH)] E}l | L'I‘li‘l
inf 1—poFE gg x; + 2400 + pono(0, 2) @ >0, and (3.3.8)

Z€EZ
—1
y=1 z; + 2" 00 + pono(70,2) —& >0 whenever z € Z.

Where

1 1 @OI 1
n0(10,2) = E Go x; + 2’400 + pono(70, 2) Z . (3.3.9)

7o is the reparameterized expression for mp as defined in (3.1.6). By construction, it follows from

Assumption A3.1 that no(v0, 2) = mo(fo, 2) = Pr(y = 1|2) holds whenever z € Z (in fact, whenever
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z is such that the equilibrium conditions (3.1.4) have a unique solution). Let p§(y|x, z) denote the

conditional density of y given (x, z) and let Go(vo|vo) = Go(vo). Then,
) L] O L, L,

po(ylz, 2) = Go(vo)” 1 — Go(vo) X gb(yle, 2) where ¢ € Q, (3.3.10)
and Go(elz, z) = %IOO g3 (u|z, z)du for some go € G. The space Q is as described in Assumption
A3.2, Eq. (3.2.1). Equation (3.3.10) replaces (3.2.3). We now move on to the distributional
assumptions for (z,z). We maintain the assumption that fZ(z|z) € F and m3(z) € M, where
F and M_are as defined in Assumption A3.2, Eq. (3.2.1). We add the assumption that the
support S z; + 2’ ,00 is unbounded for each z € Z. By construction, this amounts to the
assumption that the support S(z'fg|z) is unbounded for each z € Z. We will also assume that
E 1z = Pr(z € Z|vg) > 0 w.p.1. Both conditions would be immediately satisfied, for example,

if both zy and z have unbounded support conditional on each other and conditional on z_,.

The tangent sets lin 7'(Q,po), lin T'(F, fo) and lin T(M,mg) remain as described in Equation
(3.2.4). The one that corresponds to the space G is given by
L1
lin T(QvQO) = g € LZ(R X Rk+p;>‘ X )\a:,z) : g(g|l‘,2) = g(ﬂvO)a g(§|vo)go(§|vo)d§ = 0;
1, " -
and 9(€lvo)go(§lvo)ds = = g(£lvo)go(€lvo)dE Yk ER wp.l

(3.3.11)

This characterization immediately implies that l%loo g(&lvg)d€ = 0 w.p.1. Given our assumptions,

the steps to establish the validity of (3.3.11) would involve the kind of denseness arguments used

in Lemma B.3 in the Appendix of (ST). The unknown parameters of the model are now 79 =
[
70, 90, 40, fo,mo . As before, we take a curve of the form 7 = (V¢, g, Gz, f1, me) = [0, t0] — RF x G x

Q x F x M with the property that 74 5:02 (70, 90, 90, fo,m0) = T0. Denote go(vo|vo) = go(vo) and
Go(vo|vo) = Go(vp), and define

EI ] 1] ]
@Uo Go Uo 1—G0(Uo) 5 13 :C_g,no(’}/(),z) . (3.3.12)

The score for estimating ¢ = 0 in the parametric submodel 73 is given by
1]

d
So= o log pZ (y|z, 2) + log fZ(x|2) + logmZ(2)
t=0
O O
= 1-1» Q(yllxx,zz))
Wiy 5 51 = [ i

W) . i) )
0T 2) | fo(zlz) T “molz)’
1

y — Go(vo
=1z _y—Golw)_ X g5(vo) %'-FPOUVm ) +Ao)  +2(1-1z)

oduo)

[ [T11
— POIX.2)
Po(YIx.2)
. = o
where A(k) =2 9(&lvo)go(&|vo)dE  for some ¢ € lin T(G, go),

(3.3.13)
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1 . [
and 4,4, f,m € RF xlin T(Q, qo) x lin T(F, fo) x lin T(M,myp). For all z € Z, the tangent
vector 7) is a functional of f and A, where these are given by (3.3.13) . We illustrate this next. By

construction, whenever z € Z, we have no(y0,2) = gk Go(vo)f&(z|z)dz. Therefore,

1 1
0= gl o0 B i, L ) el 2  Golw)f (&) fo(sl2)da
(3.3.14)
This yields
] I
(10, 2) = oo paed ) o  where EE)=2  Gofn) el olelelda
FE) FE) F) RK 5a1s)

for all z € Z, where J— as defined in Eq. (3.3.8). This equation is directly comparable with
(3.2.8). Clearly, lack of knowledge about the functional form of Gg results in the appearance of the
term F A(’Uo)B . The characterization of the tangent set lin T(G, go) implies that A(k) = —A(—k)
for all k € R. The assumption that S% + x’_géogl:lz R for all z € Z implies S(vg|z) = R for all
z € Z. These facts yield

=== . . -
E A(vg)¥ =0 forall z€ Z, and any A such that A(k) = 9(&lvo)go(&|vo)dé and g € G.

o (3.3.16)

The score in (3.3.13) becomes

CO0eh N 1 : _
y — Go(vo) 2(, uﬂﬂp@ + Avo) +2§]_ﬂ2@(ylx@) o J(alz) o m(2)

S = ]1 )
R =) go(ylz,2) " folalz) T “mo(z)
(3.3.17)
where ]
= E 303 3.3.18
POT)- (3.3.18)
The Fisher inner product -, - . is derived from (3.3.17). We characterize the efficiency bound next.

Proposition 6 As before, denote go(volvo) = go(vo) and Go(wvo|ve) = Golwo). Let b =
where i as defined in Eq. (3.3.8). Let

$eh) = %P):) : (3.3.19)
o

where $glis as defined in (3.3.12). Now let

; E ]1250 7L‘ﬁo E ]1250*2 T 3] OIIEI]
Witelz) = 1206h) E@go% E?Zﬂﬂj ’
(3.3.20)
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where é=(%) satisfies
|:| 1 |:|
]
|z, 2]

F&) = —pobh2E @0 N 2)E Var Ely (3.3.21)
Finally, denote
0, =
ED,z) (] 2) ’EpOEiI%)@O @\/arcta % E b)) Mgl E@
(3.3.22)

The above expressions use the fact that 1zGo(vo) = 1zE[y|x, z] and 1z Var(y|z, z) = Tzdofvg). If
2, is invertible, the semiparametric e Cciehcy bound for \/n-consistent, regular estimators of o in

Model (3.3.1) under Assumption A3.3 is well-defined and is equal to Q;l. The e Ccieht influence

function is
_ Biylod] m o
vy =05 %%a—peﬁ%(vo)z@ Elylr.s) - Elyls] . (3329

Note from (3 3.20) that E[Mig{e]2)|vo] = 0. Using this and (3.3.21), we can reexpress (2, as

i1l
R sV i S A N

E izl E izlh
- CErT
— RE 17h)? Eﬂzaoé%ﬂ FE?I]?@ZBU Eﬂzaoé%ﬂ @%@’50 (3.3.24)
° |:|Z E]lZ E]lz%
] F
_2p £ R M B var .- B b i

which immediately implies that

d4
by Ere e T ™ B o

an P na (3.3.25)

is a positive definite matrix unless pg = 0 or Var I:IE[y|:c, Z]Bl:l: 0 for all z € Z. The second
term on Equation (3.3.25) is the efficiency bound when the distribution Ho(-|x, z) is unknown but
f&(z|2) has known functional form (in this case, the term involving the tangent vector 77 would not
be present in the expression for the score Sp in 3.3.13, above). Equation (3.3.25) summarizes the

efficiency cost of not knowing f2(x|z).

3.4 A 2 X2 simultaneous game.

Consider a game-theoretic model where two players have to simultaneously choose (i.e, they must
make their choices before observing that of their opponent) among two actions, labeled y, € {0,1}
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in an incomplete information environment. Suppose that their optimal choice rules are summarized

by
1 1 1 1

yr =1 2161+ arHerlsd = 1]2) —e1 >0, yo =1 2h8s + agyHrr{i] = 1]2) — 2 >0 ; with

— ] ] ] ]
T = (xlaxZ) € Rtk = Rkv y= (ylayZ) € sz 0o = Pro,1, € Rkl-.-lv b2 = P2y, 1, € sz-.-la

] o -
0o = 01,00, € RF*2
(3.4.1)

Here, 13%' denotes player p’s subjective beliefs. The “shock” ¢, is only privately observed by
player p, and is a source of incomplete information among players. Some of the elements in x, may
also be only privately observed. Whatever the information structure of the game, we will simply
think of (3.4.1) as a reduced-form expression for players’ optimal behavior. In fact, the expression
in (3.4.1) may even be justified by a bounded rationality argument in a complete information
environment (e.g, if players are only capable of making ex-ante inferences about their opponent’s
behavior conditional on z). As in the previous two sections, we will only assume that (3.4.1) is
common knowledge among the players, and that their beliefs are “rational”, in that they correspond
to their optimal ex-post conditional choice probabilities.

As in Section 3.1, we will normalize the scale of ¢, to one for p = 1,2. We will also assume

throughout that 1 and e are independent of each other conditional on (z, z),
Pr(e1 < e1,e2 < ez|x, z) = Pr(e1 < e1|z, 2)Pr(e2| < e2lx, 2) = Hiy(e1|x, 2) Hoy (2|2, 2).  (3.4.2)

For efficiency bounds purposes this assumption is not necessary. However, if it were not true,
then (3.4.1) could only be justified by a bounded rationality argument: any rational player would
condition his beliefs at least partially on the realization of his own ¢, since it contains information
about e_,, even after conditioning on (z, z). As we have made clear throughout, the results in this

paper are valid only for beliefs and expectations conditioned on observables (to the econometrician).

Let Pr(y, = 1]z) denote the true probability that y, = 1 conditional on z. Given (3.4.1), we have
I I [

[ 1
Pr(yl = 1|Z) =K Hlo xiﬂlo + alo}% = 1|Z) ,2 [
I I % acra (3.4.3)
Pr(y2 = 1|z) = E Hp, 90,2520 + 0420}%! = 1]2)[@, 2

The equilibrium properties of games like (3.4.1) are easy to study. Fix an arbitrary pair of scalars

L2l

7 = (m1,m2) € R? and let
] ] ] ]
Ry(m2;00,2) = E Hy, I%llﬂlo +a107T25,Z% . Ro(m1300,2) = E Hp, %lzﬂzo +azoW15,Z% ;
1 1
(E(T(', 6072) =T — R1(7T2;00,Z) ) RZ(T(']_;HO,Z) .
(3.4.4)
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Equilibrium beliefs must solve the fixed-point problem
p(m;60,2) =0, (3.4.5)

which is analogous to the equilibrium system (3.1.4) in the symmetric agents model of Section
(3.1). As in the latter case, uniqueness of a solution to (3.4.5) is an issue that must be addressed

in order to characterize the identified features of the model. Define the Jacobian

1 |—|_:,:|
1 *aloE%lo Igi!L:‘ﬂlo +Oflo7'r2@azl:B —1

J(m;60,2) = Vap(m;bo,2) = E!]) O
%2 - fazoE%o T502, + agowlg,z[:a 1

(3.4.6)
Sufficient conditions for uniqueness of a solution to (3.4.5) can be provided in terms of the properties
of the principal minors of J (7; 6o, z). Immediately, since h;o(-|x, z) > 0 w.p.1, we will have a unique
equilibrium for every realization of z if aj,ap, < 0. More generally, as in the discussion between
Equations (3.1.5) and (3.1.6), realizations of z that make R,(0;00,2) ~ Ry(1;6p,2) for p = 1 or
p = 2 (not necessarily both) will induce a unique equilibrium. Further details for a slightly more
complicated game can be found in Aradillas-Lopez (2006). Suppose z is such that (3.4.5) has a

unique solution. For such a z define

1 C 111 [ % 1
/ + 0 ) ) 2
m0(0o, 2) = (%0 2) ::II%10 é]lﬂl" 1072060, 2) ‘Mo (3.4.7)
- 71'20(00,2’) E H20 x/2/820 + OC207T10(607Z) y % 2

1] BI:I I
For any such z, we clearly have mo(o,2) = Pry = (1,1)% = Ely|z]. Let det A denote the
determinant of a matrix ‘A’. It is not hard to show that any realization z that induces a unique
solution to (3.4.5) must satisfy
Lo - O O
det J mo(0o,2);60,2 =det J(z) #0, (3.4.8)

which is analogous to Equation (3.1.7).

Assumption A3.4.- There exists a known subset Z C S(z) such that every z € Z has a unique

solution to (3.4.5). We strengthen (3.4.8) by assuming that for some d > 0,

I

inf det J(z2) >d>0. (3.4.9)
z€Z ~

Uniqueness yields

1 1
Y1 = ]1?1510 + 1,2y (00, 2) —€1 >0 5 yo = ﬂl%lzﬁzo + iy, (0o, 2) —e2 > 0 whenever z € Z.
(3.4.10)
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Let —p denote player p’s opponent and define

] — 0 m
Ho %%’ z = Hyo 2p8po + Qo T—po (00, 2) |, ZI;ID 1 — Hy, %ﬁpo + po T—po (Opos 2) |2, 2 ®

p=1

..;;

(3.4.11)

5 (I 5 EI
Let p§ y'#,z denote the density of y conditional on (z,2). Assumption 3.4 yields pj3 yE,z =
Ho 5, z;00 whenever z € Z. As in Section 3.1, We will remain agnostic as to the equilibrium

properties and the resulting expression for Po 5 z whenever z ¢ Z.

3.5 Efficiency bound for Model (3.4.1) when Hpy(-|z,2) is known for p=1,2.

We will characterize the efficiency bound for /n-consistent, regular estimators of g in Model (3.4.1)

when the conditional distributions in (3.4.2) are known. Suppose the following holds.

Assumption A3.5.- The conditions in Assumption A3.4 are satisfied. Define

L] - ] — —
Q= q¢ L? {0,1}% x RF x RP: A jo132 X Az @ (ylz, z) >0, “(ylz,z) =1 w.p.l
ye{0,1}2
(3.5.1)
Let
1 1 ] ]
Upy = TpBpo + poPr(y—p = 1|2) = 2,8p0 + poT™ (00, 2) forall z € Z 5 ug = i, , ug, ,

(3.5.2)

where 7, is as defined in Equation (3.4.7). Let p%(g[x, z) denote the conditional density of y given
(z,2). As before, let 1z = 1{z € Z}. Then

-
=] %D ':t@ iy
pg%‘ Hp, upog P 1— Do upa Ty, X qg Y,z Z,Where q € 9,

p=1
(3.5.3)

and Hp,(€|lz, z) = (ulz, z)du where h3 (-], z) has a known functional form for p = 1,2. We

oopo

will assume that f2(z|2) and m3(z) belong to the spaces F and M as described in Equation (3.2.1)
of Assumption A3.2, with k replaced with k.

The tangent set that corresponds to Q in (3.5.1) is

L1 1 _ C1 L1
lin T(Q,po) = ¢ €L* {0,1}* xRF xRP; A\jg 132 X Ay q(ylz, z)po(ylz,2) =0 w.p.l. ;
ye{0,1}?

(3.5.4)
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The tangent sets lin T'(F, fo) and lin T (M, mg) are as described in Eq. (3.2.4), with k replaced
with k. The unknown parameters are 79 = (6o, qo, fo,m0). As we have done throughout this
paper, we focus on submodels 7; indexed by one-dimensional parameter ¢ with the property that

Tt lo= To- For p=1,2 define

| 1 [
Do (upo|®, 2) = Hpo(upo|w, 2) 1 — Hpg(upol|z,2) ,  vp = 2p, m_po(bo, 2) - (3.5.5)
The score for estimating ¢ = 0 is given by
d 2 2 2 E@
So = = log R (yla, =) + log Z(]2) + log m2(2)
t=0
O Cekyixo
= 171z oxn
L1 1 L1 1 - LI H
i:]llyp*Hpo(UpoL’UaZ) 22 (s )E@ t o ( )D+2%] . q(ylz, ) 550
= > Upo | T, 2) U Qo T—p (00, 2 -z ——— 5.
- Tplupole,z) 7o\ ol T ) Tl T e B0yl 2)
[T 1
Plylx.2)
=2poIxD

falz) ()
fo(@lz) " Zmo(z)

+2

where the tangent vectors 7 = 6,4, f ,m € 7. Whenever z € Z , the tangent vector 7 is an easy
to characterize functional of 6 and f. The following results are a straightforward extension of the

results in (3.2.7) and (3.2.8). For any z € Z, we have

— o P hio (Uo7, 2)% —ifo, 2) o(Uto]®, 2)v1 2 1 + fun(2) —
—a B hy (uz |7, 2) 1 7r2(bo, 2) E hgy(uze |2, 2)v2 2 02 + fi2(2)
=3 (2)
1
where  fip(2) =2 Hpo(upo |2, 2) f(2]2) fo(]|2)dz  for p=1,2.
R
(3.5.7)

From the regularity conditions in Assumption A3.4 (see Equation 3.4.9), 1zJ(z) is invertible and

bounded (in a matrix-norm sense) w.p.1. We will express J “1(2) as

1 |:|:| 1
VA VA ~ ) )/
Tz = r(2) el =] (3.5.8)
do1(z) daa(z) da(2)
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Define
- -
wz) = pa(z), pa(z) ;

2x1
L1
| . ;
wp = g +a10d21(z)E%o(ulo|x,z)015 , a19d22(2)E h20 (uge|z, 2) vzg (3.5.9)
(k+2)x1
1
] d:'
wy = azodll(z)EEhEO(ulolx,z)m% , Uy + apodiz(2)E h20 (uge |, 2) 025
(k+2)x1
Using (3.5.7) — (3.5.9), the score in (3.5.6) becomes
L1 1 L1 :
S— R S = o O r4Wlz. 2)
So = 1z 3 Dt (Upo |2, 2) wﬂ% +apedp(2)T(z)  +21—-1z ————
p=1 Po(upokcaz) ~ - QO(QL’U,Z) (3.5.10)
flalz)  1i(2)
+2 +2 .
fo(z[z) = mo(2)
The Fisher inner product for any two 7,, 7, € T is
L1, o hi, (uso|, o
= . _ . 1N !
TasTo = @10(U ]sz) wh B, + a1,da(2) fta(2) w10y + a10d2(2) f15(2)
— 30 (2ol o)
+E ﬂgm whl, + a20d1(2) f1a(2) Wyl + azedi(2) fuy(2)
T E— 1 1 [
+4FE 1-1z da(ylz, 2)dp(ylx,2) +4E  fo(z|2) fo(z]z)de +4  mge(2)mp(z)dz
~ ~ RK RP
ye{0,1}?
(3.5.11)
We characterize the efficiency bound for 6y next
Proposition 7 For p =1,2 let
h2 (up, |z, 2
bp(Upo |, 2) = pol?:2) . (3.5.12)
Do (upo |, 2)
Let di, d, be as defined in Eq. (3.5.8) and define
(I (|
Miy(x,2) = zgn(uge |7, 2) w1+ 1,07 (2)d2(2) ;
(I 1 (3.5.13)
My (x,2) = Dz¢2(uz|w, 2) w2 + 07 (2)d1(2) -
where §* is a (k + 2) x 2 matrix that satisfies
1 (I 1
(il%) =—F a B ¢1(U10|35‘,Z)M1?£C,Z)5 d~2(z)m+ az b ¢2(U20|£C,Z)legl‘,z)5 ql(z)ljvar E Y ’Z% .
(3.5.14)
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That is,

] ] ] 1
0" (z) = -1z aloE%(ulom,z)wl@ c?vz(z)'+a20E%(uzo|x,z)wz da (2 ) Var E [%
L1 Hj_i
x Ip+ alOE%(ulom 2) B da(2)da(2)’ +a%0E%(uzo|x,z) %Il z' Var E 5 %
(3.5.15)

where I, is the 2 x 2 identity matrix. These expressions reflect the fact that 1zH,,(up,|x,2) =

an%ﬁ,szor p = 1,2. They are directly comparable with (3.2.13) — (3.2.14) in Proposition 5.
Let

A*(z:)—EEI EEI y EARY s > BD ’I:I
= 10E ¢1(utelw, 2) My (z,2)% da(2) + ago B g2(uge|x, 2) M3y (2, 2) di(2)

Qg = E%Iﬁo (z,2) M7, (x, z)' E—Ii— E%IIZ*O (z,2) M5 (x, z)' E—Il— E|1:4I*(Z)Var DE[Q]x, 2] BEI*(Z)' -

(3.5.16)

If Qg is invertible, the semiparametric e [ciehcy bound for \/n-consistent, regular estimators of 6

in Model (3.4.1) under Assumption A3.5 is well-defined and is equal to Q;l. The e Lcieht influence

By O =
o gl Byl ) = =

g = Q My (z,2) — A*(2) Elylz, 2] — Elylz] (3.5.17)

function is

=1 Var(yplz,2)

Using (3.5.13), we can express

L 2 /|:I L 2 /IZI Ll % /|:I
Qp =E 1z6% (uso|z, 2)wrwy + E Tz3(ugo|, 2)wawy — o, E ]12¢1(U10|90 z)d (Z)dz(Z)dz(Z) ()

] /*/I:I D* B*
6By ToB(uzgl, 0" () (2)dy (o) & () — B A*(2)Var Elylr, 2|3 A
()

which shows that the matrix Qe_l — B 1z¢%(ugo |z, 2)wiwy, + E 1z¢5(up|z, 2)wowh is
C1
positive definite unless ay, = az, = 0 or Var Efy|z, ]B = 0 for all z € Z. The term
O O ]
E 1z¢2 (ugy |z, 2)wiw) + E Nz¢5(uz|z, 2)wawh is the efficiency bound when fZ(x|z) has

known functional form. Equation (3.5.18) summarizes the efficiency cost of not knowing f2(z|z).

3.6 Efficiency bound for Model (3.4.1) when H,,(-|z,2) is unknown.

We now assume that the exact functional form of the conditional distribution of ¢, given (z, z) is
unknown for p = 1,2. We will maintain the assumption that €1 and €5 are independent of each other
conditional on (z,z). We will assume that each Hp(-|z,z) satisfies the conditions in Assumption
A3.3. As we will see, the results in this section will alter those in Proposition 7 in the same way as
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Proposition 6 altered those in Proposition 5.

Assumption A3.6.- As in the previous section, we assume that €1 and &2 are independent
conditional on (z,z). We will assume that all the conditions in Assumption A3.2 hold for the
distributions of ¢, |(w, 2) for p = 1,2. Namely, ¢, |, 2 ~ ep|up,, Where up, = x;,8p0 0 Pr(y—p = 1]2)
as defined in Eq. (3.5.2), and & |uy, is symmetrically distributed around zero w.p.1. Also, S(},p,2)
has unbounded support for p = 1,2. As in Assumption A3.2, we will impose the condition
E[lz|vy] > 0 w.p.1 for p = 1,2. These conditions would be immediately satisfied, for example, if
x1,.7# x2.and z have unbounded support conditional on each other and conditional on z1_ Uzo_ .,
We will normalize the scale of 6,, as in (3.3.1): split x, = (2p,zp_), Where it is known that

ﬁp@ # 0. Reexpress Equation (3.4.1) as
1 1
yp =1 x, + x;_gpo + ppofi%'_p =1lz) =& >0  forp=1,2,

- i , L (36
where z; = o Opo = %—55 ppo = H L] ¢, = g—a
Pigl Dol Pigl Pigl
) ) (I (| 1
The parameter of interest is 70 = 714,720 » Where v, = Bpo, ppo - Define
u
Upo = ﬁ = Tp; + Tp_ Gpo + PpoPr(y—p = 1]2). (3.6.2)
Pigl
As it was the case in Assumption A3.2, our exclusion restrictions imply that
(| [ I B 1
Pr & <ul,z =Pr § Sultp, = Gpo(uluy). (3.6.3)
The symmetry of Hp,(-|up,) is inherited by Gp,(-|vp,). Let
L1 I
Gp= gp€ L3(R x Rzﬂ’; A X Ag ) with probability one, g,(&|%,2) = gp(§p|Upo), g§(§|vpo)d€ =1,
R
ra, - (-
and  gp(Elup)ds =1~ gi(Elupe)dE YEER
(3.6.4)
For p = 1,2, we will assume that
= 2
Gpo (u|vpy) = Gpo (€lvpe)dE  for some gy, € G, (3.6.5)

—0o0
Denote Gpo(Upo|tpy) = Gpo(Upy). We maintain the uniqueness and regularity conditions detailed
in A3.4 for the reparameterized model. Summarized, this implies that pg(y|z, z), the conditional
density of y given (z, z) is given by
i et

X qg Yy, 2 ,where o € Q, (3.6.6)

) | % pr [ v
Po hZ = Gpo(Vpo)” 1 — Gpo Vpo)

p=1
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Q is as described in Eq. (3.5.1) and Gpo(ulvy,) =~ 1270(§|vp0)d§ for some g, € G,. We will

assume that f&(r|z) and mj(z) belong to the spaces F and M as described in Equation (3.2.1)
of Assumption A3.2, with k replaced with k. The tangent sets lin T(Q, po), lin T(F, fo) and

lin T'(M,mg) are as described in Subsection 3.5. The tangent set for G, is

- B -]
lin T(Gys gp0) = 9p € LARXRETIN X As) 0 3p(6le,2) = 3(6lt): 3o Eplvpo)mm (G lino)dE = 0,
1, | 1
and g-p(fh’po)ng (ﬂ%o)df = - gp(§|vpo)gpo (§|Upo)d€ VkeR wpl

(3.6.7)
This characterization immediately implies that L_io Gp(&lvpe)dE = 0 w.p.1. As it was the case in
Proposition 6, this feature along with the unbounded support of x;ﬂpolz will provide tractability
to the problem of searching for the representers, given the complicated structure of the functional

derivatives involved. Let
0 1 Eﬂ [ o [ &= L1
Mo (10, 2) = E Gpg x;j" x;_gpo + Ppol—po (10, 2) Wy &, o 70,2 = Mo (705 2) » M20(705 2)
(3.6.8)

1o is the reparameterized expression for mo as defined in Eq. (3.4.7). Whenever z € Z, we have

1m0(70, 2) = To(fo, 2) = Eylz]. Let

] | [ 1
(%)I(Upo) = Gpo(Upo) 1= Gpo(Upo) , B @p_1-po (70, 2) - (3.6.9)
The unknown parameters are 79 = (70, 90, 90, fo,m0). The score for estimating ¢ = 0 in the
parametric submodel 7 is given by
a ) E@
So = — logpf(yl, 2) +log fE(w]2) +logmi(z) H =
I 7 t=0 51
? y;v_GPo(Upo) « ?(U )% + . (’)/ Z)I:JIrA (v ) +2(17 1 )q(y|:v,z)
o ) porfrol Ty Protlyion =5 Sete # oyl 2)
fale) _,i(z) - o S
+ 2f0(:C|Z) + 2m0(z)’ where Ap(k) =2 . gp(€|v;vo)g;l)o (f'vpo)dg for some g, € lin T(g;vagpo)a

(3.6.10)

For any z € Z, we have

1 IED:I [ b O . 1
- 1 - 7p10E%%0(010)5 E'ﬁl ’YO,Z) —l O(Ulo)dﬁél + Eél(vlo)gﬁ Cl(z) 1
m—pzoE%owzo)@ I " n.) Eﬁgzo(uzo)ﬁﬁ 4 B R0 &o(2)
=H(z)
1

where  (p(2) =2 Gpo(vpo ) f(z|2) folz|2)dz  for p=1,2.
: (3.6.11)
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Symmetry of A,(-) and unboundedness of S(20p|2) yield
(I ]
E Ap(vp)s =0 w.p.l. (3.6.12)
. = o
for all A, such that Ap(k) =2 " Gp(&[vpg)gpo (€|vpe)dE for some g, € lin T'(Gp, gy ). Uniqueness and

uniform regularity of equilibria in Z implies that H(z) is invertible everywhere in Z. Express

—1 —— 1
z) ez ae)'
H(z) "t = resf2) el )|::| EI .
2x2 c21(z)  c22(2) ca(z)

Define
()= Gl2), Ql2) ;

2x1 -
g = m p1oc21(2)E %0 (Ulo)’dﬁm, proc22(2)E %0 (vzo)dﬁd:;l (3.6.14)

kx1
1
1= oncll(z)E%o (Ulo)d?ﬁm, (P p20012(Z)E%0(vzo)¢£d:.l

kx1

Using (3.6.11) — (3.6.14), the score in (3.6.10) becomes

| S—rs e (Y )I__D—JI:I ] - 5 .

So = p:lllz %# X goy (vpe) WD, + PpoC;p(z)%(%,z) F A (vp)  +2(1— HZ)W
@) T imo(e)

(3.6.15)

The next result describes the efficiency bound for ~g.

Proposition 8 For p =1, 2, let

Soon,) = (Golj) (3.6.16)

%‘(Upo)
Let c1,c, be as defined in Eq. (3.6.13) and define

[} I%:u
e n S T )D%[Inzmo]mmzmlo]:' Szl a() — F s
o\, 2) = dz 1o

Ellz[ur,] 0 Ellz[ur,] 0
mam C Dy o s (=) — B Do 6oy (=) o, T
W) — B[lz |va, iz} E[lzelzfby,] Z1720)% A7) ~ 4 0
o 7Z) - ]IZ(QUZO) z E[]IZ|U20]Z 2 + P20 E[]IZ|U20]

(3.6.17)
where §*1s a & x 2 matrix that satisfies

| 1 =i
52— b B VT 9 2005y 5B 9, o G )P B2 B (301
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Let
[

]
EmoE%éulo f+pzoE%;<'uzo>,z> a(e)
0, = 1 M W, - 5 R v B, By
v = o\ (2, 2) +E1\m ,z) +E Ad)Var Elylz, 2] A2)

(3.6.19)
If Q, is invertible, the semiparametric e [Cciehcy bound for /n-consistent, regular estimators of o

in Model (3.6.1) under Assumption A3.6 is well-defined and is equal to Q;l. The e Lcieht influence

e =
-1 =z 2] _E)E =

hy =Q =M (4 2) y\x z] — Elylz] . (3.6.20)
Y Y =1 Var(yp|:c, Z) po Z
L =y
Denote Rifr, 2) = m []12|U10]”Z) —-F ]lg”z )ez(z 510 and define ®3{z, z) anal-
ogously by interchanging all subscripts involved. Note from (3.6.17) that FE []\H 2)|vpe] = 0 for
p =1,2. Using this and (3 6.18), we can reexpress ), as

function is

1
E 1z 51O UILIH—,—ZP P—Zldﬁlo E 1z 51O UILIH—,—ZP P—Zldﬁlo
0 =B Izdfh,)* E 1z @10 E 1z @10
1
E ﬂsz dﬁz E ]1252 dﬁz
L E b, Eﬁ:ﬁ I2 E@g Iz (3.6.21)
| S— | [ D
- pEOE HZ@U;)O)%,Z)}%,Z)D —E A Var lylz, 2] Blﬁ%

which immediately implies that

O — O . O Chd I,
o T g E L G e, SRR s e

E 74, E 174,

p=1

is a positive definite matrix unless p1, = p2, = 0 or Var%[y@,z]%lj: 0 for all z € Z.
The second term on Equation (3.6.22) is the efficiency bound when the distributions Hy,(-|x, 2)
are unknown but f&(z|z) has known functional form. If this were the case, the terms involving
the tangent vector 7, would not be present in the expression for the score Sp in (3.6.10), above.

Equation (3.6.22) summarizes the efficiency cost of not knowing f&(z|2).

3.7 A binary choice model with rational expectations but no strategic interac-

tions.

We conclude by analyzing the following model, which includes that in Ahn and Manski (1993) as
a special case,
. I:I / / ]
y_]l .’L'ﬁo—f—E[fI)l‘Z] 7710+E[3‘Z] 7720 _520 ) yg_f (TI,']_,S), (371)
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where s ¢ x and x1 is a subvector of z, with the property that Pr(FE[z1|z] # z1) > 0. We will let
u=(z,5) €R", ug = (v1,s) € R™, (x,u1) € R*. As we have done throughout, we assume z € RP.
We will assume that the support of (z, Ffui|z]) is not contained in any proper linear subspace
of R¥. We can think of the linear index in (3.7.1) as a reduced form that involves the vector of
identifiable parameters 6o = (080,714, 72,) € R*. We will denote the distribution function of e|u, z
as Pr(e < elu, 2) = Ho(e|u, ), with density h(e|u,z). Let

1 (I -
F= feLl?R xRP;AxA): f3(ulz) >0, f2(ulz)du =1 w.p.l. ;
[ ] S (3.7.2)
M= meL?*RP;\): m?(z) >0, m?(z2)dz =1 .
RP

The following assumption deals with the case where Hg has known functional form.

Assumption A3.7.1.- The support of (x, Fu1|z]) is not contained in any proper linear subspace
of R¥. The conditional distribution Hy(e|u, z) has known functional form. The density of u|z and
the marginal density of z, denoted by f2(u|z) and mj(z) are unknown, but they satisfy f& € F and
m§ € M.

Strategic interactions are absent from this model and there is no notion equilibrium involved.
Consequently, there are no concerns about multiple equilibria. For this reason, unlike the cases in
Subsections 3.1.1-3.6, no trimming set Z will be considered now. The expression for the score Sy

that is equivalent to Equation (3.2.6) in Subsection 3.2 is now given by

O
d
So log p? (y|u, z) + log fZ(ulz) + log mf(Z)E%

Tt 1
Hofuolu. 2 O o Ol i) T
— — Hottol, 2 . ulz m(z
- (I)O(U0|U,Z) ho(U,o|’U/,Z) v +/J/(Z)[:’l]0 +2f0(u|z) +2m0(2),
(I L] (I
where v = =z, Elui|z] , nm0 = (N1,,720) € R™, and ®o(uol|u, z) = Ho(uo|u,z) 1 — Ho(uolu, z) .
Since E[uq|z] can be expressed as E[uy|z] = ugf&(u|z)du (recall that u; C u), we can express the
corresponding tangent vector as i(z) = 2 u1f(u|2) fo(u|z)du.
Proposition 9 Let 7y = (n15,72,) € R™,
7' Bo + El[z1|2)'m, + E[s]2]' 2o = 2’ o + Elu1|2]'no = wo, (3.7.4)
and ¢(uglu, z) = Igolud) yyhere @ (uolu, z) = Ho(ug|u z)Ell—H (uolu z)DDefine
0 ) - \/W ’ 0 0 ) — 0 0 ) 0 0 ) -
O . ] ]
v= xz,Elu1lz] €R%  Dg(u,z) = ¢p(uolu,z) v+T*"(z)no , (3.7.5)
where T'*(z) satisfies
k><7‘1 |:| 5[1
I'*(z) = —E ¢o(uo|u, z) Dy (u, 2)= noVar(uy|z). (3.7.6)
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Define

Qg = E%Ej(u, 2)Dq (u, z)'l:—ll— EI:IE%IO(U,O\U, 2)Dq (u, z)B%Var (ug|z)mo E gbo (uolu, z)Dq(u, 2) 5@

(3.7.7)

If Assumption A3.7.1 holds and €y is invertible, the semiparametric e [ciehcy bound for /n-

consistent, regular estimators of 6y in Model (3.7.1) is well-defined and given by Q;l. The e Lcieht

influence functitl)n:ils 1
Yy = Qe_l %%Dé(u, z) — E%Io(uo\u, 2)Dg (u, 2)5% %Il — Flu|z] I:I. (3.7.8)

Using (3.7.6), we can express
]
Qp = E%lz(uo\u, 2o’ — E%lz(uo]u, 2)T* (2)nomol*( z)'
23 GE e
— E E ¢o(uolu, 2)Dg(u, z)= nyVar(ug|z)noE gbo (uolu, 2)D§(u, 2)
(3.7.9)

which shows that the matrix Q,* — E%Iz(uolu, z)vv’zll

is positive definite unless 79 = 0 or
Var(ui|z) = 0 w.p.l. The term E ¢=(uglu, z)vv’ = is the efficiency bound for the case where

f&(u|z) has known functional form. Equation (3.7.9) summarizes the efficiency cost of not knowing

f(ul2).

Next, we consider the case where the functional form of Hp is unknown. We begin with a

reparameterization of (3.7.1).

Assumption A3.7.2.-
(i) Reparameterization.- Split x = (xy, x_y), where it is known that (s, # 0. Reexpress Equation

(3.7.1) as

]

=

]1 * / 5 / _ I:I
xp + " y00 + Elui|z]'po— £ >0 ;

1 ] =
%Z—E Y% = do,p0 €R
0]

(3.7.10)

]
y=1 27 +al,00 + E[$1|Z]/plo + E[s|2]'p2y =€ >0

where xp = ¢

|||
)
o
Il
Iy
Il

L 1
The parameter of interest is 79 = dg,p0 € R

(ii) Exclusion restriction and quantile normalization.- Let vg = z} + 2’ ,00 + E[u1|z] po
Then, Pr(¢ < €|u,z) = Pr(¢ < €|vg) = Go(e|vg). The functional form of Gg is unknown, but it
satisfies -

Golelvo) = g3(Elvo)dé Y eeR and g3 €g, (3.7.11)

—00
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where gé € G, where

L1 ]
G= geL*RxR™;\x \;.): with probability one, g(¢|z,z) = g({lvo),  ¢*(&|vo)dé =1,
R
L4 L1
and g?(€lvo)dé = 7 for a known ki,

(3.7.12)
That is, Go(-|vo) has known 7" quantile. If x includes a constant term, we could fix k, = 0 in

(3.7.12) by absorbing k; into the constant term.

On the Impact of Strategic Interactions on the Characterization of Tangent Sets.

The tangent set corresponding to (3.7.12) is given by

1 1
inT(G,go) = g€ LPRXR*P: A% Ap.): §(lz, 2) = §(€lvo), (€Jvo)go(€|vo)dE = 0,
= ]
and 9(€lvo)go(&lvo)dE =0 w.p.1
- (3.7.13)
The score Sp for estimating ¢ = 0 in the parametric submodel 7; is given by
at [@
So = at log pZ (y|u, z) + log fZ(ulz) + log m?(z) 1
- Mixl I:Iv %M )P = Av 14_3_:; f(ul2) 4 9. (2) (3.7.14)
@’Uo) go 0 N 0 O fo(U|Z) mo(z)’

where A(k) =2 L_fl 3(€|vo)go(€|vo)de for some ¢ € lin T(G, go), 2 (z_¢, Eluz|2]), and $ofvg) =

Go(vg) 1—Go(vo) Ij_CI:Iith Go(vo|vg) = Go(vg). Unlike the strategic-interactions model of Subsection
3.3, the tangent vector f is simply fi(z) = 2 wu1f(u|2)fo(u|z)du and it does not involve the term
E[A(v0)|2] (see Equations 3.3.13 — 3.3.15). Symmetry of g8 and unbounded support of vg|z would
yield E[A(vg)|z] = 0. Without strategic interactions we no longer impose either of these conditions.

We merely impose the usual location (quantile) restriction for identification purposes.

Proposition 10 Denote gg(v0|vo) = g (vo), Go(volvo) = Go(vp), and let
C]
(Qvo = Go(vo) 1 — Go(vo) , (@0 % and &= (z_y, EJu1|z]) € RFL, (3.7.15)
boduo)
Let

B, 2) = EE% + I{E{'z Eh 50 00 (3.7.16)

where () satisfies
(k‘—l) Xr1

= —E% [@u z) OVar (u1]2). (3.7.17)



Define

—E%uzl@uz +FE E%‘U l@uz OVarul\ OE%U_QU l@uz@ﬁi&?w

If Assumption A3.7.2 holds and 2, is invertible, the semiparametric e [ciehcy bound for /n-
consistent, regular estimators of vo in Model (3.7.10) is well-defined and given by Q;l. The e [cieht

influence function is
—1 10 |:I

Var(y]u z)

IZI
Note from (3.7.16) that Elﬁu z2)wo = 0. Using (3. 7.17), this means we can reexpress

1]
Q, =E gg—fe‘uo)?zlE EE% - E <5—2_e‘uo E%%BO PoPo Eﬁ Boﬂ|
]
B B dufho) B, )3 peVar(us|2)poE dofho) BFFh, 2) 3

which shows that the matrix

(3.7.20)

N | -
1 FE ) 43 E %E% (3.7.21)

is positive definite unless po = 0 or Var(ui|z) = 0 w.p.l. The second term in (3.7.21) is the
efficiency bound when the distribution Hg (and therefore Gg) is unknown but f&(u|z) is known.

Equation (3.7.20) summarizes the efficiency cost of not knowing f&(ulz).

4 Concluding Remarks

The efficient influence functions and the corresponding semiparametric efficiency bounds for the
various models with rational expectations analyzed here involved a functional which solved a
fixed-point problem. In all cases examined this functional was, in fact, a transformation of the
(observable) covariates upon which agents’ beliefs were assumed to be conditioned. Even though
its structure was case-specific, the general expression for the fixed-point problem was the same
in all cases. This was true in linear and nonlinear models, as well as those with and without
strategic interactions. In a number of cases, a closed-form expression for this functional was readily
available, while in others such closed form expression did not seem feasible. A group of interesting
examples involved discrete choice models with strategic interaction where the distribution function
of unobservables was assumed unknown (subsections 3.3 and 3.6). In these cases, the self-consistent
properties of equilibrium beliefs produced a complicated structure for the scores in the tangent
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space. Assuming a symmetric distribution for the unobservables, the structure of the scores was
simplified if the support of the agents’ private information was rich enough conditional on the signals
upon which their opponents’ beliefs were conditioned. For a model such as that of Subsection
3.6, existence of \/n-consistent estimators without symmetry has been established, for example, in
Aradillas-Lopez (2007). We leave the characterization of efficiency bounds for these types of models

under conditions weaker than symmetry for future research.
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A Mathematical Appendix

A.1 Proof of Proposition 1:

The functional of interest is p(70) = ¢fp for an arbitrary vector ¢ € RF*1. This yields Vp(7) = ¢/6.
Let 7 be the tangent space described in (2.3.2). We want to find the representer 7* € 7 such that
1 [ . .

7, 7" S 0. Given (2.3.4), this amounts to finding 7* = (6%, g*, f*,m*) € 7 such that, for any

nonzero 7 € T

O mEEE 0, . CFCo
i —gp  IEW) —golelw) V0" +y0u"(2)  glelw) — golelw) V'O +y0/(2)
1] el 1 g (A.11)
+4E  f(zl2)ff(@)2)de +4  m(z)m*(2)dz,
Rk RP

[ I [
where, as we detailed before, f1(2) =2 px wof(2]2) fo(z]2)dr and p*(2) =2 gk xof*(2]2) fo(x|2)dx.

Since we want (A.1.1) to hold for all nonzero 7 € T, it must be the case that the representers make

all terms on the right hand side of (4.1.1) that do not involve # equal to zero. Let §*(z) satisfy
]

L Leh - — 1 LHI
_ o(g;w) ego(elw) (] Wy Iy
SHE) = 29oF o(ew) E|wl+vE[6 ) w] x gg(5|w)+72var(€|w) golelw) v+v00 %) = Var o
(A.1.2)
where as in Section 2.4, we have ¢(g;w) = 22583 Define
1 I —
oy — ; / £go(e|w)
" (g;w) = Efvfw] +wE["(2)lw] x golelw) + ST ——5
2Var(e|w)
= N (A.1.3)
\ P*(e;w) — golelw) v+ 00" (2)
Uo(e,z,2) =2 )
Using this notation, we can reexpress (A.1.2) simply as
I |:|
SHE) = W E ¢(e;w) U, x, 2) Var (z0l2) (A.14)

We claim that the representers are given by
n o =y ml - E@'
0 ZCDE\IIO%,m,Z)\IIO%,m,Z)D-‘r’YOEE¢Ew (%;sz 2 Var(zo|2)E ¢(e;w) U5, z, 2)
[N 1

9" Clw) = 0 iw); f%|2)=9'ﬂ§E o(ew) Wt 2, 2)E 30— Elwols] folwl2); m'Eh) =0,

(A.1.5)
To show this we decompose the terms on the right-hand side of (A.1.1). We begin with the terms
that are multlplylng g(e|w). Using the representer in (A.1.5), we have
1

@
[ -
Eb|w] + wE[*E)|w] egolelw)ilelw)
+0°k Var(e|w) Ry 0
(A.1.6)
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which follows because by assumption, (z, z) is independent of € conditional on w, so the expectation

of the first term conditional on (g,w) is zero. The expectation of the second term conditional on w
is equal to (.
<0 Blol] + 20E[5* ()]
2Var(e|w)

R&tgo elw)g(e|lw)de = 0, (A.1.7)

because ¢(c|w) € lin T'(G, go) (see Eq. 2.3.2). Finally, to verify that ¢*(¢|lw) € lin T(G, go), note

Ele|w]
, o cao(el) 2 _
SElIelIe + i yelehte =sbekIE s T =0
(cle) 1 ) Var(el)
ego(elw ar(e|w
shelwlem(elo)de + ST hemel)de = 5 cb(el) — ablel)de g 2 =0
R I e Y o e o Y |
(A.1.8)
Note that the last line can be re-expressed as
11 . 1 1 (I ! 1 E%D
N 90[(€|W)+2VT(E|W)QO(E|W) ego(elw)de = 2 $(e5w)—C(w)e egd(elw)de = §E ¢ g w)
(A.1.9)

This illustrates why, in order to look for the representer ¢*(¢|w), we need to look for the function
C(w) that satisfies the orthogonal projection condition in (2.4.1). It is clear that if 6* = 0, we can
always choose f*(z|z) = 0, which would lead to g*(e|w) = 0. These representers would work, and by
the Riesz-Frechet Theorem, they would be unique. Henceforth, we will express f*(z|z) = H*E;f*(x\z),
where t*(x|z) € R is a vector of elements in lin T(F, fo). Consequently, we have p*(z) =
6*2 gk Tot*(z]2) fo(z|2)dr = 9*%*(,2), where 6*(z) € R¥*! is given by 2 gy zot*(z[2) fo(z|2)dz.
With this in mind, we now group the terms that involve f(z|z). Using the notation in (A4.1.3), we

have

O L -]
arlele) 91 — oblele) T ontel)
8 el o) i) 4B (el Telz)de
1 — [ 111
—FE ¢(c;w) (% x,z2)pu(z) +E t%|z)f(:c z)dx
oo = ] (A.1.10)

1]
:9% vk (b(E;W)\I/é%Laxaz)g f1(z) +4 Rkt%lz)f-(xz dx

Lh 1 ] 1 L1
-0k —270F ¢(g;w)V{E, z, 2) I & zofolx|z) + 4t k|2) f(x|z)dz

Rk

— gt

In order to make the last line equal to zero for all f(z|z) € lin T(F, fo), we use the representer

(
] AN ]
t*(x|z) = ?E gb(e;w)\llé(s,x,z)% xo — Elzolz] fo(x|2). (A.1.11)

The integral in square brackets becomes
1

[z0]2] " fo(x)2) f(z]z)dz = 0, (A.1.12)

L] EI:I
—27E ¢(;w)Vp(e,x,2)2 E
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which follows from the properties of lin T'(F, fo). To see that t*(z|z) belongs in this tangent set,
note that
]

Ol Rl
kt*(:c|z)f0(:c|z)dx = %E qb(s;w)\llg(s,x,z)% _To— Elzo|z] % . (A.1.13)
R
Given that f*(z|z) = H*Etl*(:c|z), Eq. (A.1.11) yields the expression for f*(x|z) in (A.1.5). Using
(A.1.11) and the definition of §*(z), we have
= - .
(z) =2  zot™(z|2) fo(z|z)de = yE ¢(g;w)Pq(e, x, 2) = Var(xo|z) (A.1.14)
Rk
which establishes Eq. (A4.1.4). Using m*(z) = 0 € lin T (M, mo), (A.1.1) becomes
1 1 ]
b= 40"k 790E(5|w) P w) — golelw) v +10dE) ap;
go(e|w) go(e|w) -
=1 e - 5
-9 E Uit z,2) Ui, z, 2)Y — 2 m@%,x,z)@%; +70E ¢(e;w)T5R, 2, 2)6 52 6.
0
(A.1.15)
We have
1 1

1 . o _
E M\Il(%,:c,z)@%,w) =

1
w) Leh . 7 y
90l B ) 20 T — BBl + Bloll + 0Bl =2 g,
go( lw) 4o (o .

gé(e|w)Var(g|w)
ortlhﬂonal to (e, w)
IJ_CE[UM +20E )] I:I€go( Ego(elw) :2l = re
Var(e|w) A 9 (elw gott |w) + |‘|‘1{)"1var E|w go(5|w)dT:|E[’U|W] +'YOE[5% )|w] =0
=—3+3=0

(A.1.16)
Establishing the last line in (A.1.16) is even simpler once we express the objects involved in terms
of orthogonal projections.

= L cgolelw) -
o I |:|]:| [
- %E E|w] + E[6"¢)|w] C(W)E ¢ ¢(g;w E% E|w] + wE["¢)w] =0,
[ I_m

=0 w.p.1.
(A.1.17)
which follows precisely because Clgl)e is tl}ﬁl%thogonal proj%%i@, conditional on w, of ¢(g;w)

onto the linear space spanned by ¢}, so E ¢ ¢(s;w) — C(w)e =0 w.p.1. Using (A.1.14), we
have
O O =
YE é(g;w) Uik, z, 2)6HE)P f'yOE(,bsw O'%é:cz\far(:cdzEgbsw (l,%é:cza
0 (A.1.18)
—’yOEEcéaw (%ng\/aracdqubsw 0'“_’(%3025@
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Eq. (A.1.15) becomes
= O O] @lﬁ
D=0 E Uot, x, 2) 0t 2, 2)Y ++3E E qﬁ(s;w)\llol%é,:c,z)a Var(xzo|z)E d)(e;w)\llc%,x,z)g 6.
(A.1.19)
Which yields the expression for 8* described in Eq. (A.1.5). The Fisher inner product evaluated

at the representer 7* is
] ] (e L] ] ]
I;l;lrr—l::l: =5 Uit z, 2) U, 2, 2)P0 3 4E k) 2) Y 2)de = =5 Uit z, 2) Ui, z, 2) P
| R
2
+40t 0 E%I(e;w)\llc%axvz)ggl Iglo — Elfxol2] @fg(ng)de%l(g;w)\I/(%,x,z)@ ot

Rk
. Lo O O Blﬁel‘j

0 B U2 ) Ul 0, ) 4 A2E B Bl w0) SR, 2, 2) 3 Var(nol) B Bl ) U 0, 2)

g,

I:I (.
=Y B Uit 2, 2)05E, z, 2)" +’yOEE¢)€w (%szVarzdz)Egbsw TSt @, 2)

= c%e_lc.
(A.1.20)
Since c is arbitrary, we have [.b(0) = E;l. The efficient influence function for the functional /6

is simply the Score evaluated at the representer 7,

* A |:!9* * = * *
g =2 ) VO ) el (D

(elw) Jo(z|z) — mo(2) (A.1.21)
P P ] EIIEI 1
= CEG \118(5’x’z) +CE¢9 YoE ¢(5;w)\1/0(5’;p’z) Lo —E[$0|Z]
Since c is arbitrary, this yields the efficient influence function for 6
-1 D* L] * SD:D
Yo =X, Vple,,2) +10E ¢(e;w)Vo(e,z,2)% 0 — Elxolz] . (A.1.22)

This establishes Proposition 1. [ 1

A.2 Proof of Proposition 2:

We follow the same procedure as in the proof of Proposition 1. Denote the representers now
[ [
as T = W E|w), fik|2), m712) . As we did in the proof of Proposition 1, we will have*

FlEw) = 6552e: ) and f1lk|2) = 8 |2), with s;w), £&|2) € Iin T(G, go) x lin T(F, fo),
where m is as described in (2.3.2), but lin T(G, go) is as defined in (2.5.2). Denote
) =2 o x07§3| ) fo(z|2)dz and let

$e; ) r Efo|w]+10EF)lw] x gé(Elw)—Dﬁl(W)EJrAz(W)EﬂI{E < 0}—&%(5@) I7:(IA-2-1)

“4See the discussion following Eq. A.1.9 in the proof of Proposition 1.
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we want to A1, Ap € Lz(Rf; Aw)psuch thed (i) &*lz; w) € lin T(G, go) (as defined in Eq. 2.5.2),
and (i), E & ;w)fgj'éiLTigv+705@)]
any nonzero §(elw) € lin T(G, go). Then, for any such g(eJw) and with probability one, Aq, Az

g(e|lw) =0 (see Eq. A.1.6 in the proof of Proposition 1) for

must satisfy

11 1 O 5 1
golelw) — Ar(w)e + Az(w) e <0} —k  go(elw) golelw)de =0;  (A)
] ] L1
golelw) = Ar(w)e + Az(w) Te <0} -k go(elw) ego(elw)de =0; (B
R - 1 (A.2.2)
golelw) = Ar(w)e + Az(w) Te <0} — 5 go(elw) 1{e < 0}go(elw)de = 0; (C)
R e

Ol a=y
i Ag(w)e + Ag(w) I{e <0} — kK  gole|w)g(elw)de = 0. (D)

A.2.2(A) follows immediately because ‘ 1|im g3(elw) = 0, Elglw] = 0, E[I{e <0} — k] = 0
€[— 0O I:I
w.p.1. (this highlights why we use Aj(w)e + Az(w) 1{e <0} — k instead of simply Aj(w)e +
Ar(w)l1{e <0}). A.2.2(D) holds for any g(¢|w) € lin T(g,go)Dﬁctoringl%ut go(e|w), A.QE.]Q(B) and
A.2.2(C) imply that A and Az must solve the restrictions E__ ¢(e;w)—2 Aj(w)e+ Az(w) 1{e <0} —
i O Ol -
eld =0and F ¢(g5w)—2 Aj(w)e+Az(w) I{e <0}—x 1{e <0}
and 2x Ay must correspond to the coefficients (fun@ns of w) @e orthogonal projection of ¢(&; w)

=0 w.p.1l. In words, 2x A,

R

onto the linear space spanned by the functions e, 1{e < 0} %ditional on w. %Om A22(A),
this the same as projecting onto the linear space spanned by &, (1{e <0} — k) . Therefore, we
can express 2 X Aj(w) = C1(w) and 2 x Ap(w) = C2(w), where C1,C; € LZ(RZ7 Aw) must solve w.p.1

the conditional moment restrictions

(11 O - -
E ¢(w)— Cw)e+Cw) H{e <0} —k e =0;

[ O - - (A.2.3)
E ¢(gw)— Ciwe+C(w) H{e <0} —k e <0} -« =0.

The answer is given by

1] ]
B GBOW)E el{e < 0}%_‘ +r(l =)

) = o Var(el) — B 2z < 37

]
Colw) = g5 (0|w)Var(e|w) + B el{e <0} ﬁ]
2 - @]

k(1 — k)Var(e|lw) — E el{e < 0}]2’
(A.2.4)

The representer becomes
(. |:|:| = - ey (.
$z;0) = Epujw]+0E[EE)|w] X go(elw)—5 Ca(w)e+Ca(w) e <O}—r go(clw) . (A.2.5)

O -
By defining ¥, z,2) =2 2 ( '“’)_gae(l“’)[)vﬂoé Ol we arrive at

go(elw
L O &

B3t .2) = ~o(ese) 0 Bluke] +30. ) - B

I:I @ (A.2.6)
— Ellw]+ 0B w]  Ciw)e +Cow) He <0} —r
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This is the expression in Eq. (2.5.5). The rest of the proof proceed&l with the same st%s as
tose that follow Eq. (A.1.10) in the proof of Proposition 1 replacing 0%, f*, g*, ¥§, ®*,0* with
. In both cases, we have 'b*]z) = m*(z) = 0. In particular, the result
equivalent to Eq. (A.1.16) in the proof of Proposition 1 follows in a transparent way, because

1 g 1
1 elw) LEN ] 5
Gtto )b -5 2B S plol) * 0 ) - mER

go(elw) g5(elw) o

orthogonal to (e, w). .
1] [IT1 ]
— Epl] + 0B W] Gwle+Cw) He<0}—r  @ftw)”

" -

:%E E[v]w] + 10E[fR)w] x

= Ol e O Ol II%D

E C(w)e+Cw) He<0t—r  ¢(gw) — Cr(w)e+Co(w) I{e <0} —k X

[ [T 1
=0 w.p.1.

(-
Eolw] + 0B E)e] =0,

(A.2.7)
1 [

which follows because C1(w)e+Ca(w) 1{e <0} —k +Cye is the orthogonal projection, conditional

on w, of ¢(g;w) onto the linear space spanned by ¢, (1{e <0} — k) . This is the same reasoning

we used in the proof of Proposition 1, Eq. (A.1.17).

A.3 Proof of Proposition 3:

The steps and ideas of the proof become redundant given the proofs of Propositions 2 and 4 (below).

It is therefore omitted.

A.4 Proof of Proposition 4:

Our starting point is the model as expressed in Eq. (2.7.5). Namely, y = 2/8p + E[u1|z]'v0 + €.
Note that we can express Eu1|z] = g u1f§(ulz)du, where the elements in u\ uy (if any) integrate
out. The corresponding tangent vector for Efuy|z] is therefore ji(z) = 2 . ug f (u|2) fo(u|z)du,
where f(-|z) € lin T(F, fo) is the tangent vector for fo(u|z) and lin T(F, fo) is as described in
Eq. (2.7.7). As it has been the case throughout, the functional of interest is ¢’y for an arbitrary

¢ € R¥. The structure of the Fisher inner product -, - - is an extension of Eq. (A.1.1) in the proof
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of Proposition 1. We want to find the representer 7* that satisfies

L1 ) ] ) L L1 ) .
i B g Elw) —golelw) EOT +pp7(2)  glelw) — gplelw) EBH 70/ (2)
©F go(elw) go(elw)
i
+4E  flul2)ff(ulz)du +4  m(z)m*(2)dz,
Rr RP

(A4.1)

[ I 1]
where fi(2) = 2 pru1f(ul2) fo(u|z)du and p*(2) = 2 e u1f*(ul2) fo(u|z)du. Proceeding as in the
previous proofs, it is easy to show that if there is a solution to (A.4.1) with 6* = 0, then 7* = 0 solves
(A.4.1). By the Riesz-Frechet Theorem, this would be the unique solution. Therefore, as we did
before we can express g*(¢|lw) = 9*%*(6; w) and f*(ulz) = 9*%*(u|z), where ®*(¢;w) and t*(u|z) are

k-dimensional tangent vectors whose elements belong to lin T(G, go) and lin T'(F, fo) respectively.
As before, 1 (z) is ancillary to our problem, and we will use m*(z) = 0. This characterization leads
to p*(2) = 6* A*(z), where A*(2) is the k x r matrix given by A*(z) = 2 %1 t*(u|2) fo(u|z)u)du.
This yields z*(z)'70 = 6* A*(2)y0. This yields

* / |:I /% |:I I:* / I:I *
g"(elw) — golelw) EBY +op"(2) _ puo P(esw) — gol(esw) & A%(2)v0 (A42)
(efw) go(elw)
Let D(w)'Y(e) be the projection defined in Proposition 4 and take
TR wew Lowy o
o) = BIRTEA (B 70 x ghlele) - 2D T(ENgolele) (A43)

which is an extension, for example, of Eq. (A.2.5) in the proof of Proposition 2. This representer

belongs to lin T'(G, go) since
11 1

bl - %D(u})[’Y(E)go(ﬂw) go(e|w)de :% e Em ——D DE T(e 5 —0
- - 1 1 1 |:|]:|_° e (A.4.4)
. golelw) — §D(w)gf(s)go(s|w) Y (e)go(e|w)de = §E b(g;w) — D(w) T (e) Y(e) =0,

where the last equality follows because D(w)'Y(¢) is the orthogonal projection, conditional on

w, of ¢(g;w) onto the linear space spanned by Y(e). The representer ®* also satisfies for any

g €lin T(G, 90)
111

i S e B
Ot w g(',:(sw @A% E|w)

w I [
[T 1
orthogonal to (e, w).
1 L] .
- - < )+ B[] =
= Rl 1 BIAT) o D)) S99 _ g P D) T(E)golelw)glelw)de
2 go(elw) 2 0 O

=0

(A.4.5)
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Define T'§(g,u,2) = 2 P iw) —gple|w)v+AE ol
0Nl 90(elw)

1 ] [T 1

—0"'E ¢(e;w)Th(e, u, 2)7bi(z) +40° E . t*(ul2) f (u|z)du (A.4.6)

. Grouping the terms in (A.4.1) that involve 1,

We want to find the representer vector ¢t*(u|z) such that (A.4.6) is equal to zero. This equation

can be expressed as

=Y - - i S
) . —2F qb(s;w)F(%,u,z)é ot fo(ulz) + 4t i) z)  f(ulz)du (A.4.7)
Using O O
Cl
tHh|z) = %E qb(aw)l’%,u,z)é 7(',:%'1 — Flui|z] fo(ulz), (A.4.8)

S (I
we make (A.4.7) equal to zero for any f € lin T'(F, fo). Note also that g, t*(u|2)fo(u|z)du = 0
w.p.1, so f* € lin T(F, fo). Using the definition of A*(2),

1 ] BD
A =2t fo(uls)uftu = B oleswD5E, u 2) B 26Var(un2) (A.49)
Plugging in these results in (A.4.1), we have
[ ] :ID i IZFI% DL w)0
B =0"k fgb(e;w)F%,u,z)@:H@ ET§,u, 2)0§¢,u, 2)" — E =2 ’1‘;"(2(3' ) iw)
olE|w
- ——
+ E ¢(e;w)To(E,u, 2)10AE)" 6
(A.4.10)
We have
] 1 [
U,z w)H [Eh 1 . O
p DG G p ) R g S A - FAT)]
go(elw) 1 [T ]
rthogonal (e, w).
1 1 %I%’ w)mfil I:LIE_I—I 1 (I)%;w)ljl:l
~ Bl + BA o D)T(e) — 2k =B EEd + BAT) o DT
1 % 1 3 I:EED:I
=—3F E[tld] + E[AYE)|who D) E T(e) ¢(e;w) — D(w)™(e) E[#ld] + E[A"E)|wle =0
[ [T1 [

=0
(A.4.11)

Since D(w)'Y(e) is the orthogonal projection, conditional on w, of ¢(g;w) onto the linear space
spanned by Y(g). Using (A.4.9) and (A.4.11), Equation (A4.4.10) becomes

= 1

=t
b=0"F Lo, u, 2)T ¢, u, z)ﬂ E E%I(s;w)l“é%%, U, Z)B%/ar(uﬂz)fyoE%(e;w)F%,u, 2)5

which leads to 6* = ¢'¥; %, provided that this inverse exists. We defined f*(z|z) = 01 (z|2),

where t*(u|z) is as defined in (A.4.8). The efficiency bound for y/n-consistent, regular estimators
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/ : : 2
of c'tlp is given by [|7%[|Z,
L1 ]
2 L /EI / U / 1
17512 = 6" F T§(e,u, 2)Th(e,u,2) 0" + 46" E  t*(ul2)t*(ulz)'du 6* = 0* S50 = 552
RI"
(A.4.13)
Since ¢ is arbitrary, this implies that the efficiency bound for y/n-consistent, regular estimators
of g is simply E;_l. The efficient influence function for estimators of ¢’y is given by the score

evaluated at the representer, that is

I L i) — gbleiw) BBATE )0 1)
- go(=lw) Folul?)
| |:H:|
— B TR0, 2) + B gles) T w 2)B 2 s — Bl

(A.4.14)

Since c is arbitrary, the efficient influence function for ¢ is as described in Proposition 4.

A.5 Proof of Proposition 5:

Rk:+l

The functional of interest is ¢’fg for an arbitrary ¢ € As before, we are looking for the

representer 7° € 7 that satisfies ¢'0 = 7,7*  for all 7 € 7. Using Eq. (3.2.11), this becomes
L] - 1] =
1 hduola,2) il2) )
C%—E nzm w@—l—aoj(z) w'%:—‘raOW
51 = 1 I R I
+4E 1-1z 0z, 2)¢" 0|z, 2) + ¢(1|z, 2)¢" |z, 2) +4F f(x|2)fY|2)de +4  m(z)m E)dz.
RK RP

(A.5.1)
We will fix the representers ¢* = 0 and m* = 0. Clearly, they both belong to the tangent space
7. Similar to the cases in the previous proofs, it is not difficult to see that if * = 0 solves (A.5.1),
then 7% = 0 solves (A.5.1). By the Riesz-Frechet Theorem, this would be the unique solution.
Therefore, without loss of generality we can express the representer f*(z|z) as f*(x|z) = 0*1*(z|2),
where t* € RF belongs element-wise to m. Accordingly, up*
20*" gk Ho(uo|z, 2)t*(z|2) fo(z|2)dr = 0*'m*(z), where m*(z) = 2 gk Ho(uo|z, 2)t*(z|2) fo(z|2)dz.
Grouping the terms that involve f on the right-hand side of (A.5.1), we have

can be written as p*(z) =

? - 1 (- (- 1
=) RK ;?Z)ZE ¢(uo|, 2)? w+aon}l§)) = Ho(uol, 2) fo(x|2) + 4t"(k|2)  f(x|2)dw (A.5.2)
The following representer makes (A.5.2) equal to zero for all f € lin T(F, fo),
- 1 i) (O - 51
tek|2) = *QOTTZ)E (uolz, 2)? erOéon}(Z) 4 Ho(uolz,2) — E Ho(uolx,2)E fo(z|2)
- = O (A.5.3)
= —t0g75F dluole,2)? wtaozrs B Elyle,2] - Elyle] folal2),

where the last line follows because 1z Ho(up|z, z) = 1z E[y|x, z]. It is easy to see that such t*(z|z)
makes (A.5.2) equal to zero because p fo(x|2)f(x|z)dz = 0 for any f € lin T(F, fo). It follows
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| | =l )
that ¢*(x|z) belongs to this tangent set element-wise because g« Ely|z, 2] — Ely|z] f

o(z|z
w.p.1. From now on, define §*(z|z) = %f? Using (A.5.3) and the definition of m*(z), we have

1, EI 1 [ él:]
sHh) = —Oéo 720 b(uolz, 2)? w—l—aoé% 2 Var E [y|z, 2]

) (A.5.4)
= —aob(2)%E (uo|x 2) Mk, 2) Var Ey|x z EJI:I

where Mg and b are as defined in the statement of Proposition 5. Using this notation, (A.5.3) can

be reexpressed as
= 1 -
tk|2) = -5 E b(2)¢(uolw, 2) Mo h, 2)E  Elyle, 2] — Elylz] fo(z]2). (A.5.5)

Equation (A.5.1) becomes
= GIEE%I(UOM,Z)MO%,Z)w@: 0= B My, 2) MEth, 2)P = aoE <Z>(uo|x 2) Mgk, 5'1_%)& 9

.
= GIEI E Mo%aZ)Mo%aZ)dj
Lo O O
+a03E E b( )b (udx,z)Mé{’v,z)%‘ Var E[y|x,z]5

DEI%%z)gf)(udx,z)Mo%,z)% 6 = 0=0y0.

(A.5.6)
. . . . . wU —1
where the third equality follows directly from (A.5.4). Equation (A.5.6) yields 6* = /Q,",

provided that this inverse exists. Given this, the statement in Proposition 5 follows because

11 1 ]
4F ka%|z)f'%’ﬂ|z)d:c :QE&gE E%&z)d)(uokc,z)Mo%,Z)Bl%lfarDE[ymZ]BDEI%%Z)QZ)(UOM,z)Mo%,z)Bl%ID

A5.7
and consequently, 7*,7° .= 0*%790* = /Q, "c. Since c is arbitrary, it follows that the efficiency
bound for /n-consistent, regular estimators of g is Qe_l. The efficient influence function for /n-

consistent, regular estimators of ¢’y is given by the score Sp, evaluated at the representer,
[ 1]

T B N = R 11 ) e
Do (uplz, 2) ol @L[{ﬁ:@l:] fo(zl]2) Eﬁﬁj

_ Eile o - e e
= oyt _g‘;Em: Mgk, 2) — aoE b(2)p(uolz, 2) Mk, 2 é Ely|z,z] — Elylz]

Var(y|z, z)

wc@ = Gfﬂz

(A.5.8)
where we have used the fact that 1z Ho(uo|z,2) = 1zE[y|z, 2] and 1zPg(ug|x, 2) = 1z Var(y|z, z).
Since c is arbitrary, (A.5.8) yields the expression for the efficient influence function of y/n-consistent,

regular estimators of g in Proposition 5.
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A.6 Proof of Proposition 6:
1
Using Eq. (3.3.17), the condition ¢4 = 7,7* _ becomes
0 CJ ) 111 o |
1z 2 ) Z) A
H=E go(vo) WA po===t +Abo)  g5(vo) Uﬁﬂp + A(vo)
bofuo) ) ° FI)

L [ 0

& :
+4F I%If 1z (0|2, 2)¢"b|x, 2) + 4(1|z, 2)¢" Y|z, 2)  +4E . fx)2) fHk|2)de + 4 Rpm(z)m%)dz,

(I
F

o o (A6.1)
where ((2) = 2 g Go(vo)f(x ’z)fO(':b 2)dz, ¢*(2) = 2 g Go(vo)f*(x|2) fo(z|z)dz, A(k) =
2 7 9(&lvo)go(€lvo)dé and A*(k) =2 " g*(§|vo)go(€lvo)dE, where g, g* € lin T(G, go), with the

latter as described in Eq. (3.3.11). As in the proof of Proposition 5, we will fix the representers
¢* = 0 and m* = 0, which belong to the tangent space 7. We group first the terms that involve

A(vo), o I -
E Mz g5 (vo) uﬂ]‘% pog% +A%o (A.6.2)
bofuo) F)
Conditioning first on vp, the expectation in (A.6.2) is equal to zero if we have
- 51
- ﬂzC ) 95(vo)
Athy) = — E 1z :-L oF (A.6.3)
Fe)

[ﬂzlvo]

Abbreviate Go(-|vg) = Go(+) and consider,

1I:I I:]Il%l IZI]II:I <§<OI:I ]lI%I £E< - ]1I:I 13
< —o —v9 £ €S <<&< 1o o <
g%l“O)=§ 1{vo = 0}

Go(—t0)  Go(0) = Go(—v0)  Golto) —Go(0) 1= Golwo)

I ¢ D]1D<g<0:I ]1'? €< 1= ¢
< Vo vo €< <¢&< - —v <
Go(vo)  Go(0) — Go(vo) + Go(—wv0) — Go(0) 1 — Go(—w0) A'tbo)go(&]vo)

1 1 ] 1 1 ] [
_ Ve fwl 1 w60 B0<<fool BTl <€ g
Go(—|vo])  Go(0) — Go(—Jwo])  Go(lvol) — Go(0) 1 — Go(Jvo) 0)g0(fvo
(A.6.4)

We have ¢*(lvg) € lin T(G,g0) as defined in (3.3.11). For any |k| > |vo|, we have
=kl «(0, \ Go(=|k * 1-Go(lk g (
~ 1 g* (€lvo)go(€lvo)ds = FA*(uo) SEEHY = JA*(vo) fmo0lED = T g (€luo)go(€lvo)dé wop.1.

+ 1{wg < 0}

—OO
Go(0)—-G k Go(|k|)—Go(0
For any [k| < vo, we have _ ! g*(€[vo)go (|vo)dE = A% (vo) S2P=GZEY = L A% (vg) SN0 —

g*(€|vo) go(&|vo)dE, which establishes symmetry. It is also easy to verify that  g*(£|vo)go(§|vo)dE =

0 w.p.1. By construction, we have

L,
2 g"(€lvo)go(€luo)de = A*(vo) w.p.1. (A.6.5)

—o
We will use g*(-|vg) as the representer for A*(vp). Using (A.6.1), we get

S o =1 - =
&) E E@) 1 )
dﬂ]@r—p ) +A‘¥% 2(vo) =] B 7= o ‘@)—E%ZW [ 1, ED .

o6



As in all previous proofs, it is easy to verify that if v* = 0 solves (A.6.1) for all 7 € 7, then 7* = 0
is the unique solution to (A4.6.1). Without loss of generality, we will reexpress f*(z|z) = v* *(x2),
with t* € lin T'(F, fo) element-wise. Define

1

Eo) - ﬂ%)  Golw)t*(al2) folal)da. (A6.7)

Equation (A.6.6) becomes
1 1 e 1 1 =
96 (vo) d@qﬂoc%) +A%o)='yi%§(vo) @M + po @Z)_L@M
‘-@) E[HZ|UO] E[]lz|vo]
o Bw) B B
=7 Biplg  Elzlvolt= E{lzEmb] +po Bllz|wlRr) - Bl1z 5wl
(A.6.8)

Grouping the terms in (A.6.1) that involve f and using our previous results along with the notation

in Proposition 6,
L1 L1 L1 B mm 1

Iz g5(vo) WA+ poC%) + A'tho)  g§(vo)po () +4F FHel2) f (2]2)da
Fofal 7 ) e
I o O O R
e 5 KIIFR ) () + 1 Sl ) (A.6.9)

Eh - [ R

=1 2po 5 @)M)Mr}%@é Elylz, 2)fo(x|2) + 4t'(kl2)  f(alz)dz

Rk

E

where the last line uses the fact that 1zGo(vo) = 1z E|y|z, z]. The following representer makes
the last line in (4.6.9) equal to zero for all f € lin T(F, fo)

@ ]
t'tk]z) = E @)é@o Elylz, 2] — Elylz] fo(xl2) (A.6.10)

1. I
which holds because i f(z[z)fo(z|z)dx = 0 for any l:fl £4in T'(F, fo). Itpsjalso immediate to
verify that t*(z|z) € lin T(F, fo) element-wise because g Ely|z,z]— Ely|z] fé(z|2)dz =0 w.p.1.
Using the definition in (A.6.7),

(| él:l
85k) = —pob( E b)) M) 2) Val‘ E ylz, 2] (A.6.11)
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Using these results, (A.6.1) becomes

] ]
M =" dech) N 2)Zx
]

4
S B N ) M )Y

(- =
ﬁx 1z [h%ﬂEﬂZdﬁ) Jr]lpoE]lzglﬁz Eﬂz(@ﬂo
’Uo ZUO

Iinl
X%‘:ﬂlz = ok nz% BolﬁlpoE%bl‘Eo@ )8 5

orthogonal to any meﬁx.l.[lable function of wvg.

[

L g L=
) MR ) MR )T ot k) )67 5

% ]
Y R R ey Ry R e = = W = Loy R e =

= y%wﬁ
(A.6.12)
where the second-to last line follows from (A.6.11). This yields 'y*D: a0y ! provided that this

inverse exists. Using (A4.6.10),
M D Do

B SR = B RGN var Bl 15 B RS i
(A.6.13)

. . . . I:I I:I 1 . . .
This, along with our previous results yields 7%, 7% . = 'y*E&LZA/y* =c 22 "¢, which is the efficiency
bound for y/n-consistent, regular estimators of ¢’yg. Since ¢ is arbitrary, it follows immediately
that 1 is the efficiency bound for y/n-consistent, regular estimators of fg. The efficient influence

function is the score evaluated at 7%,

wcq:c@);l —Z%I% OE%W) (vo ) ML B Ely|x,z] — E[y|z] . (A.6.14)

Since c is arbitrary, we immediately obtain the result in Proposition 6.

A.7 Proof of Proposition 7:

From Eq. (3.5.11), we have

=, 111 =
A= B 1z Tk and()) ullF asde() W)
b (g . 2) 1 [T =
+E ﬂzm wzh + azedi(2) Tu(z)  wph = azoda(2)PE) (A7.1)
| — 1 I:D]_ L1 [
+4FE 1-1z Q(g|x,z)q@|x,z) +4F er(:c|z)f%|z)da: +4 ., m(z)m k) dz

o8



We will set ¢ = 0. As before, we wish to find the representer 7* € 7 (the tangent space)

=0, m*
EI ‘1
that satisfies 7,7° . =c '0 for all 7 € T and arbitrary c. For the same reasons as in the previous

proofs, without loss of generality we will express f*(z|2) = 6* *(x|2), where t*(z|z) € lin T(F, fo),

the tangent space described in Eq. (?t%él) Withﬁeplaced with k. Using this[ﬁtation, we also have

p*(z) = 0"(2)'0%, where 0*(2) = 2 pet*(2]2) Hig(uelz, 2) , Hag(uzelw,2) fo(z|2)dz. Grouping
the terms that involve f(z|z) in (A.7.1), we have

LA 1 1 1

0°F  asgbn(us,le, 2)Mista, 2)da ()% azeba(ug|w, 2) Mgtz 2)da(2)7 ju(z) + 4 t56h|2) f(x]2)de
- RK

(A.7.2)

Wh d Mg d ibed in Equati 3.5.12) — (3.5.13). Recall f 3.5.7) = (3.5.9

el'“e ¢p an | Myoqre as described in Equa 1q3qi|( ) —( ) ecall from ( ) —( )

that (z) = 2 e Hig(utelw, 2) , Hoo(ugelw,2)  f(z]2) fo(x|2)dz. Since Hy,(us,|z,2) = E[Y)|z, 2]

for all z € Z, we can reexpress (A.7.2) as

L+ Cm -
ele 2 alo(bl(ulolxaZ)Mllgx’z)d?(z)m'i_ a20¢2(u20|$aZ)M20qx’Z)Cél(z)lj ,E%Eaz f(x|'z)fo($|z)daj
Rk - —
+4  tYh|2) f(2|2)dx
RK

(A.7.3)
The following representer makes the expected value of (A.7.3) equal to zero for any f (z|z) in the

tangent space,

t'h]z) =
[

1 O] O] ] O] L ]
—5 a1, F ¢1(u10|x,z)Mlloj(‘x,z)5 d~2(z)D—l— 20 E G (uzy|, 2) My{z, 2) di(2) = E%@,z —E%@ fo(x|z).

fl

- = N (A.7.4)
0*(z) satisfies 6*(2) = 2 pet*(x|z) Hig(ui,lw,2) , Hoo(uzelz,2) fo(z|z)dx. Using (A.7.4), for

any z € Z we have

- 1
[ ] 1 ]
") = —E ai E ¢1(u10|$,z)M1ﬁx,z) cl;(z)m—i— az, F ¢2(uzo|x,z)Mzﬂx,z)5 di(2) Hvar E E@
(A.7.5)

which establishes (3.5.14) in Proposition 7. We now go back to the terms involving 6 in (A.7.1),
L1 L1 L1 L1
o= o1 (u1,|z, z)Mlli':c, 2w+ d2(uz, |, z)lei':c, 2wy 0= o= Mlli':c, z)Mloq:c, 2)Ht Mzoq:c, z)Mzﬁx, 2)H 0
L1 L1
— 0" o1 (uso |, 2) M{ T, 2)da (2) 4 a2 2 iz, |2, 2) My, 2)da (2) 7 5€)'8
(A.7.6)
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' O Ho O] 0o
Abbreviate A*(z) = a1, E ¢1(utelz, 2) M7 (7, 2) % d2(2) + g B ¢2(ug,|w, 2) M3 (2, 2)

Taking expectations and using (A.7.5), we obtain

1 1
0% <Z)1(u10|x,z)Mlloj('ac,z)w1D+ ¢2(uzo|x,z)M2|0j('x,z)w2 0 =
= L O O]
0= E Mlloj(':c,z)Mloq:x,z)ErE qugc z) ';—(':c,z)derE AE)var E[gj|x,z]5 AN 4.
[ T 1
=Qp
(A.7.7)
The statement in Proposition 7 follows by equating (A.7.7) to ¢ 0.
A.8 Proof of Proposition 8:
1
Using Equation (3.6.15), the Fisher-inner product 7,7* Pl
1
7.5
L BO IZIZEI O = =
E gﬁ 93, (v1,) = P1oc2(z %% +A%10 910 (V1,) dilE_kj+p10c~2(z)E§(z) + A (v1,)
0\Y1o
L O - o o =
+E T g%O(UZO) @q pZOC}(z)L_SL%) + A%}ZO) Q%O(UZO) @JFPZOC}(Z)%(Z) + AZ(UZO)
20
S — oo 0=
+4FE 1-1z Wz, 2)g " Ylz,2) +4E  f(z|2)fYh|z)de +4  m(z)mE)dz
yoy? - R ke
(A.8.1)

We will set ¢ = 0 and m* = 0 and express f*(z|z) = 9*%*(m|z) where t*(x|2) € lin T(F, fo), the
tangent space described in Eq. (3.2.4) with Eeplaced with k. Es_llng this notation, we also have
mz , where 0%(2) = 2 prt*(w|z) Gig(viy) , Goo(v2,) fo(z[2)dx. Choosing

glo (’Ulo) *D EI

Al(viy) = Bz E lzdyB, +p1oE ﬂzﬁz )ea(z B1o —’Y =5 (1)
0
(A.8.2)
v
Aj(vze) = 9[2](;;202 ] " E ]lzdﬁz + p2o ]IZWZ Jei(z %z =" ~20 (v2)
0

will make all the terms in (A.8.1) that involve Aq and A, equal to zero. Given our assumptions,
the representers g; € lin T(Gy, gp,) (as described in Equation 3.6.7) that produce Aj(vp,) =
2% g5 (€lvpo ) gpo (§lvpe)d§ w.p.1 would be constructed exactly as in Equation (A.6.4) in the proof

of Proposition 6. Using these representers and the terms that involve f(x|z) in (4.8.1), we have
e - -
1E probrfbug) WG, 2)c2(9) oot WG, 2)a(9)7 E(2) 44t flal)de , (A83)

where ¢, ép:land ]\@re as defined in the statement of Proposition 8. Parallel to Equations

(A.7.4) — (A.7.5), the following representer makes the expected value of (A.8.3) equal to zero for
60



any f(ac|z) in the tangent space,

tk]z) =

L1
1 O -
B Y e L= TS T S S = 2 )= S Lok = B ob = NPT )
Using the definition of ﬁz), for any z € Z we have

1 1] 1
) = 5 o B D, ) b W B P ver 2 (a85)

This is the condition described in Equation (3.6.18) in Proposition 8. The terms involving % in

(A8.1),
1 1 1

1
¥ Grflosg) MELE, 2) ki dfloog) MELE, 2)ish 4 = 4 MELE, 2) NECE, 2) ™4 M, 2) e, )7 4
1 1
- 'YIEI plomlo)ﬂ%v Z)Eﬂvlo)[‘"’_ p2om)20)1\% “H'Ulo v

L1 L1

= plo@”hﬂ‘%v Jr pZOQUZo 1\% Cl(z)D @)%v

(A.8.6)
-
where =7 is as defined in Eq. (A.8.2). Note that F fo 1o Eh 520 = 0, which

implies that the second term on the right hand side of (A.8.6) is zero. Letting ) be as defined
in Equation (3.6.19) in Proposition 8 and using (A.8.5), the expectation of (A.8.6) becomes

1 mi - - O g ——
g W, )N, )0 + B WL, )R )0 + £ Avar Blyle A3 A0 5 (A8
[ [T 1
EQV

The statement in Proposition 8 follows by equating (A.8.7) to /7.

A.9 Proof of Propositions 9 and 10:

Given the expressions for the scores Sp in Equations (3.7.3) and (3.7.14), the steps for the proof

are very similar to those of Propositions 5 and 6. For this reason we will omit the details.
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