
1 Introduction

1.1 Overview of the models studied here

The models we will study here are broadly described as follows. There exists a population of agents,

where the representative agent j makes an optimal choice yj ∈ Y ⊆ R according to an optimal

decision rule of the form

yj = R∗
(
xj , zj , Êj [y−j|zj ], Êj [x−j|zj ], εj ; θ0

)
, θ0 ∈ R

k. (1.1.1)

The goal of this paper is to characterize efficiency bounds for
√
n-consistent, regular estimators of

θ0 under a set of semiparametric assumptions that accompany examples of behavioral models of

the type (1.1.1). Here, Êj [·|zj ] is meant to denote agent j’s subjective expectation, conditional on

zj , and the subscript ‘−j’ refers to agent j’s “representative opponent”. Depending on the context,

zj could be a vector of attributes of interest to the representative agent (for example, in a model

in which agents want to anticipate the choice of other agents of a certain “type” indexed by zj).

It could also represent the information the representative agent is able to “process” in order to

construct his beliefs. In an incomplete-information game played by a fixed number of players, zj

could represent all publicly observed payoff-relevant covariates for the set of players in the game.

In principle, we can have xj ⊆ zj with xj = zj as a special case. However, some of the results

for the more complex models we will analyze here explicitly require zj 6= xj. Moreover, we focus

on the case where beliefs are expectations conditioned on a continuously distributed zj . This is

the most challenging case, as it implies that rational expectations must satisfy an infinite number

of conditional moment restrictions which involve θ0, the parameter of interest (see Equation 1.1.2,

below). Whatever the context, the symmetric nature of the decision rule (1.1.1) across agents

(given their beliefs) will be maintained throughout. Furthermore, (xj , zj , εj) will be assumed to

come from the same distribution for any agent j in the population. For notational simplicity and

by the symmetric nature of the model (we will address the issue of beliefs immediately below), we

will drop the subscript j.

Generically, ε ∈ R is meant to denote an unobserved (to the econometrician) real-valued payoff

“shock”. The observable covariates are y, x and z. The object of interest is θ0, a subvector of

identifiable parameters in the agents’ decision rule R∗. Subjective expectations are unobserved.

The driving assumption to pin them down consists of two parts: (i) The true data generating

process for (x, z, ε) is known to the agents and this is common knowledge. (ii) The optimal decision

rule in (1.1.1) is also common knowledge and consequently, subjective beliefs are self-consistent
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with (1.1.1). In the models examined here, we will either assume that the distribution of ε|x, z is

known, or it is unknown but satisfies a known exclusion restriction. Rational expectations based

on (1.1.1) will produce a conditional likelihood f
(
y

∣∣x, z, Ê[·|z]; θ0
)
, where Ê[·|z] represents the

subjective beliefs in (1.1.1). In the examples we will study, f
(
·
∣∣x, z, Ê[·|z]; θ0

)
may or may not

have known functional form for a given
(
x, z, Ê[·|z]; θ0

)
—we analyze both cases—. In addition to

producing a conditional likelihood, the models we study have the peculiarity of providing auxiliary

information in the form of conditional moment restrictions involving θ0,

E
[
η

(
x, z, Ê[·|z]; θ0

)∣∣z
]

= 0 w.p.1. (1.1.2)

The restrictions in (1.1.2) result from the assumed self-consistent nature of beliefs. The

transformation η may or may not have known functional form for a given
(
x, z, Ê[·|z]; θ0

)
. A

vast, growing number of econometric models fit the general description in (1.1.1). A list which

does justice to the enormous effort that has been poured into these models by a number of authors

goes beyond the scope of this paper. Additionally, the results we present are not meant to cover

all models in this universe. A partial list of econometric models which are more closely related to

the examples we will analyze here includes the following: Ahn and Manski (1993) in the context

of discrete choice models with rational expectations and no strategic-interaction. An extension of

Ahn (1995) (which is in a purely nonparametric context) to a linear index model would also fit

this category. Manski (1993) and Brock and Durlauf (2001) in the context of linear models with

strategic interaction and rational expectations. Nonlinear models with strategic interaction and

rational expectations closely related to the examples we will study here include examples examined

in Section 2 of Brock and Durlauf, as well as Bajari, Hong, Krainer and Nekipelov (2006) and

Aradillas-Lopez (2006). The last two examples are explicitly the product of a simultaneous game-

theoretic model with incomplete information.

The conditional moment restrictions in (1.1.2) are derived from the assumed self-consistency

of beliefs. A direct consequence of the auxiliary information contained in (1.1.2) is that the

distribution of (x, z) is not ancillary to to the problem of estimating θ0. For self-consistent beliefs,

the conditional density f
(
y

∣∣x, z, Ê[·|z]; θ0
)

will depend partially on a functional that involves the

conditional distribution of x|z. As we will see in the examples examined, a consequence of these

features is that the efficient influence function for
√
n-consistent, regular estimators of θ0 in these
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models can be separated into two components in the following general way

ψθ = Vθ

[
ψa

θ (y, x, z;θ0) + ψb
θ(x, z; θ0)

]
,

where Vθ =

{
E

[(
ψa

θ (y, x, z; θ0) + ψb
θ(x, z; θ0)

)(
ψa

θ (y, x, z; θ0) + ψb
θ(x, z; θ0)

)′]
}−1

,

(1.1.3)

provided that this inverse exists. The terms ψa and ψb satisfy E
[
ψa

θ (y, x, z; θ0)
∣∣x, z

]
= 0 and

E
[
ψb

θ(x, z; θ0)
∣∣z

]
= 0 w.p.1, implying E

[
ψa

θ (y, x, z; θ0)ψ
b
θ(x, z; θ0)

′
]

= 0. In broad terms, this

orthogonality is a consequence of the orthogonality between the score of the conditional likelihood

f(y|x, z; θ0) and any measurable function of (x, z) with finite second moment1. Thus,

Vθ =

{

E

[
ψa

θ (y, x, z; θ0)ψ
a
θ (y, x, z; θ0)

′

]
+ E

[
ψb

θ(x, z; θ0)ψ
b
θ(x, z; θ0)

′

]}−1

, (1.1.4)

The matrix Vθ will be the semiparametric efficiency bound for
√
n-consistent, regular estimators of

θ0. As one would expect, there will be an efficiency loss vis-a-vis the case where the distribution of

(x, z) is known (in particular, ψa
θ (y, x, z; θ0) as described in the general characterization in Equation

(1.1.3) is not the efficient influence function for the case where the distribution of (x, z) is known,

see Footnote 1). We will characterize this efficiency loss in a number of the cases presented here, but

it will not be our focus. We will also see that, in some cases, the expression for the efficient influence

function ψθ involves a functional which does not have a closed-form expression. However, in all

cases, such functional is defined as the solution to what we could characterize as a functional fixed-

point restriction. We use the method of representers in the tangent space described in Severini and

Tripathi (2001) to systematically search for the efficiency bounds. Such methodology is particularly

useful in our setting.

1.2 Efficiency bounds in related models

A vast and significant effort has been devoted to the study of semiparametric efficiency bounds for
√
n-consistent, regular estimators of linear functionals in a semiparametric model. In this context,

we can think of the functional of interest to us as c′θ0, where c is an arbitrary vector of constants. In

general terms, the property of “regularity” of an estimator of c′θ0 describes a special type of stability

feature whereby the asymptotic distribution of such an estimator is not affected by small changes in

the true values of the unknown parameters of the semiparametric model (which include not only θ0,

but all relevant distributions involved). General semiparametric models are described for example

1However, as we will see, ψa
θ (y, x, z; θ0) as defined in the general characterization of Equation (1.1.3) is not the

efficient influence function for the case where the distribution of (x, z) is known.
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in Section 2 of Severini and Tripathi (2001) or Newey (1990). We do not wish to replicate those

descriptions here, nor do we wish to present a general discussion of efficiency bounds. A precise

list of all significant work that has been undertaken in this field is beyond the scope of this paper.

A very useful and clear survey on efficiency bounds can be found in Newey (1990).

The models we study here belong to the class of models with “generated regressors” (see Pagan

1984). They differ from cases such as Robinson (1988) in that the “generated regressor” is not

a completely unknown transformation of observables, but one that must satisfy the conditional

moment restrictions in (1.1.2), which contains information about the parameters of interest. In a

number of cases —such as the nonlinear models we will analyze—, the generated regressors are in

fact also a function of θ0. Local efficiency bounds for linear models with generated regressors in the

form of conditional expectations were studied by Rilstone (1993) for the case of normally distributed

unobserved disturbances. Section 4 of Li and Wooldridge (2002) analyze a partially linear model

with normal disturbances. As we mentioned previously, we wish to go beyond this specific case

by studying linear models with unknown distribution of unobservables, and by considering also

nonlinear models. In the latter case, we analyze both cases: known and unknown distribution of

unobserved disturbances.

Taking a step back, the models we study involve a special type of conditional moment restriction

generically described by the “equilibrium” condition (1.1.2). Our models have the special feature

that these conditional moment restrictions are tied to the unknown distributions involved and

the parameter of interest θ0 through the optimal decision rule (1.1.1) and the assumption of

rational expectations. Semiparametric efficiency bounds for models involving conditional moment

restrictions were studied first by Chamberlain (1987). More recently, Ai and Chen (2003)

characterize efficiency bounds for models which satisfy conditional moment restrictions involving

unknown functions. Specifically, the focus on models of the form (see Equation 1 in Ai and Chen)

E
[
ρ(v,wz , θ0, h0(·))

∣∣w] = 0, v, wz , w observable, (1.2.5)

with wz ⊂ w and h0(·) a vector of infinite-dimensional unknown functions. For given (v,wz , θ0, h0),

the “residual” function ρ(·) is assumed to be of known functional form. The conditional distribution

of v|w is unknown. The model described in (1.2.5) covers a vast number of interesting models. In

particular, it resembles our setting, with unobserved beliefs playing the role of the unknown vector of

functions h0 and ρ ≡ η. Going back to our notation, let x̃ ≡ x\z. The structure of the “equilibrium”

condition (1.1.2) resembles that of (1.2.5) with ρ ≡ η, Ê ≡ h0, v ≡ (y, x̃) and wz = w ≡ z. However,

the models we examine naturally provide more structure to some features of the characterization
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in (1.2.5) of Ai and Chen, but they provide less structure to other features. First, by construction,

in our models the conditional distribution of v|w —specifically, the distribution of y|(x̃, z)— always

depends on θ0 through the optimal decision rule in (1.1.1). Second, in our models h0 is always a

vector of functionals of the distribution of v|w (and in nonlinear models, it may also be a function

of θ0). Third, in our models the functional form for ρ(·) is not always assumed to be known for

given (v,w, θ0, h0), although it will always depend on the distributions involved. The case in which

ρ(·) has unknown functional form will become immediately apparent in our study of nonlinear

models where the distribution of unobservables is not known. The special nature of the structural

implications in our models and their difference with the general assumptions in Ai and Chen will

necessarily impact the features of the scores, as well as those of the tangent sets involved2. Overall,

in the models we will study here, the effect of the unknown distributions on the semiparametric

efficiency bound of
√
n-consistent, regular estimators of θ0 will be neatly tied together through

the rationality of expectations as described generically in (1.1.2). The efficiency features of these

models deserve and require specialized attention.

We emphasize that our goal is the characterization of efficiency bounds and efficient influence

functions. The task of constructing an efficient estimator is not undertaken here. In this regard,

a number of different options can be explored. First, given the characterization of the efficient

influence function and the availability of a first-step
√
n-consistent estimator (they can be shown

to exist for all the examples we examine here), we could try to implement the “sample splitting”

techniques described in Section 5 of Newey (1990). Alternatively, we could try to extend and adapt

the methods in Ai and Chen (2003) to this setting (see footnote 2). A natural way to proceed seems

to be a likelihood-based approach. Our models involve essentially a semiparametric likelihood with

an infinite number of constraints (the equilibrium conditions 1.1.2). In this sense, adapting the

results in Kitamura, Tripathi and Ahn (2004) to a semi-empirical likelihood approach appears to

be an attractive alternative. Adapting the methods in Wong and Severini (1991) to a constrained

2In terms solely of conditional moment restrictions, we may think about the models we study as “stacking” two

sets of moment restrictions, E
ˆ
S0

`
y

˛̨
x, z, bE[·|z]; θ0

´˛̨
x, z

˜
= 0 and E

ˆ
η

`
x, z, bE[·|z]; θ0

´˛̨
z

˜
= 0, where S0(·) denotes the

score of y|(x, z), and the second is the set of “equilibrium” restrictions. The first set of restrictions is conditioned on

(x, z) and the second set is conditioned solely on z. Viewed this way, our models and those analyzed by Ai and Chen

belong to a general class of models which combine conditional moment restrictions conditional on different sets of

variables. In their concluding remarks, Ai and Chen state the need to extend their procedure and results to models

where different sets of moment restrictions hold conditional on different sets of variables. Such an extension is beyond

the scope of this paper. We specialize on characterizing efficiency bounds and efficient influence functions.
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likelihood could also be an option. A thorough (but a bit outdated) analysis of efficient estimation

in semiparametric models can be found in Bickel et al. (1993).

Since the focus of this paper is purely the characterization of bounds, instead of presenting a

“general” result that covers all models loosely described by Equations (1.1.1) and (1.1.2), we opt

for studying individual examples. As one would expect, the properties of the scores and tangent

sets involved are very specific to the model in question. The intricacies involved would be lost in

a “general” result. To the extent that it is realistic, we wish to attract the attention of applied

researchers interested in the specific models examined here. Some familiarity of the reader with

some definitions (such as the concept of “efficient influence function”) will be implicitly assumed

here. All such concepts can be found, for example in Newey (1990) or Severini and Tripathi (2001).

The derivation of the efficiency bounds and efficient influence functions will be carefully described

in every case. The paper proceeds as follows. Section 2 focuses on linear models with unknown

distribution of unobservable shocks. The subsections there examine how the bounds change as we

add more assumptions to the conditional distribution of these shocks conditional on observables.

Section 3 examines discrete-choice models. In the presence of strategic-interaction, the nonlinear

nature of the model will bring about the possibility of multiple solutions to (1.1.2). This problem

is not present in the linear models of Section 2. Keeping this in mind, we study the semiparametric

efficiency bound of models in which the researcher assumes that there is a unique solution to (1.1.2)

everywhere in a subset Z of the support of z, but is agnostic as to what happens outside that set.

Subsection 3.1 studies a binary choice model with a symmetric population of agents. Subsection

3.4 examines the case of a 2 × 2 game with incomplete information. Subsection 3.7 concludes

with a binary choice model with rational expectations but no strategic interactions. Except for an

exclusion restriction, the distribution of unobservable “shocks” will be assumed unknown in the

linear models studied. In the discrete choice examples we will present results for the case where

such distribution is assumed known, and the case where it is unknown, except for exclusion and

location-type restrictions. The details of proofs can be found in the appendix.

1.3 Notational conventions

We will let S(x) denote the support of a random variable x. In all cases, we will assume that the

support of the unobserved shock ε is unbounded. We try to follow the notation used in Severini and

Tripathi (2001) as well as technical conventions typically used in the study of efficiency bounds.

We will let λ denote the Lebesgue measure, and L2(S, λ) denotes the set of all real-valued functions
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on S that are square integrable with respect to Lebesgue measure. For a random variable x, we

will let L2(S, λx) denote the set of all functions defined on S which are square integrable with

respect to the probability distribution of x. Throughout, we will denote the pdf of a random

variable x by as the square of a square-integrable function, so we will denote it for example by

g2
0(x). This convention will also be used for conditional pdfs. This is commonly done for example,

to ensure that g2
0 ∈ L2(S(x), λ). Generically, we will assume (x, z) to be continuously distributed.

Restrictions in the support of x (for example, if it includes categorical variables) would be included

in the characterization of the relevant tangent sets involved.

2 Linear Models

2.1 A simple linear model with symmetric agents.

Consider the following model, which is a particular case of the Linear-in-means model studied in

Section 3.2 of Brock and Durlauf (2001). It is also a particular case of the models analyzed by

Manski (1993). We have a population of agents, each of which makes an “optimal” choice y ∈ R

according to the following rule3

y = x′β0 + α0Ê[y|z] + ε, α0 6= 1, x ∈ R
k, z ∈ R

p, (2.1.1)

where Ê[y|z] denotes the agent’s subjective expectation, conditional on z, of the level of y chosen

by the “representative” agent in the population. Depending on the context, z could be a vector of

attributes of interest to the representative agent (for example, in a model in which agents want to

anticipate the choice of other agents of a certain “type” indexed by z). It could also represent the

information the representative agent is able to “process” in order to construct his beliefs.

In this paper we will assume that beliefs are self-consistent. The linear nature of the model

immediately yields

y = x′β0 + α0E[y|z] + ε, α0 6= 1, x ∈ R
k, z ∈ R

p, (2.1.2)

where E[y|z] denotes the population conditional expectation of y given z. Suppose that there

exists an observable function ω(x, z) ≡ ω ∈ R
ℓ such that ε is independent of (x, z) conditional on

ω. Unless explicitly stated otherwise, this assumption will be maintained throughout this section.

Naturally, this includes independence between (x, z) and ε as a special case.

3Section 2.7 will study a more general model.
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2.2 Semiparametric efficiency under the assumption E[ε|x, z] = 0E[ε|x, z] = 0E[ε|x, z] = 0.

Assume that E[ε|ω] = 0 w.p.1. Model (2.1.2) becomes

y = x′β0 + γ0E[x|z]′β0 + ε, where γ0 ≡ α0

1 − α0
. (2.2.3)

We will denote θ0 ≡ (β0, γ0) ∈ R
k+1. We will add the following assumptions.

Assumption A2.2.- The support of x is not contained in a proper linear subspace of R
k−1.

Furthermore, there exists xℓ ∈ x with β0ℓ 6= 0 such that E[xℓ|z] 6= xℓ. These assumptions are made

for identification purposes. Denote Pr
(
ε ≤ ǫ

∣∣x, z
)

= Pr
(
ε ≤ ǫ

∣∣ω
)
≡ G0(ǫ;ω), with corresponding

conditional density given by g2
0(ǫ|ω), so G0(ǫ|ω) =

∫ ǫ
−∞ g2

0(u|ω)du. Define the following spaces of

functions

G =

{
g ∈ L2(R × R

ℓ;λ× λω) : g2(ǫ|ω) > 0, g(ǫ|ω) is bounded, continuous and differentiable w.p.1,

g′(·|ω) ≡ dg(·|ω)

dε
: 0 <

∫

R

[
g(ǫ|ω) + ǫg′(ǫ|ω)

]2
dǫ <∞,

∫

R

g2(ǫ|ω)dǫ = 1,

∫

R

ǫ2g2(ǫ|ω)dǫ <∞,

and

∫

R

ǫg2(ǫ|ω)dǫ = 0 w.p.1.

}
;

F =

{
f ∈ L2(Rk × R

p;λ× λz) : f2(x|z) > 0,

∫

Rk
f2(x|z)dx = 1 w.p.1.

}
;

M =

{
m ∈ L2(Rp;λ) : m2(z) > 0,

∫

Rp
m2(z)dz = 1

}
.

(2.2.4)

We assume that g2
0(ε|ω) ∈ G, f2

0 (x|z) ∈ F and m2
0(z) ∈ M, where f2

0 (·|z) and m2
0(·) denote the

conditional density of x given z, and the marginal density of z respectively. The characterization

of G ensures that lim
|ǫ|→∞

g2
0(ǫ|ω) = 0, and lim

|ǫ|→∞
ǫg2

0(ǫ|ω) = 0 w.p.1. This feature will be relevant

for the computation of the efficiency bound. We can reexpress (2.2.3) as y = x0 + γ0µ0(z) + ε,

where x0 ≡ x′β0 and µ0(z) ≡ E[x0|z]. Note that µ0(·) ∈ R is an unknown functional given by

µ0(z) =
∫

Rk x0f
2
0 (x|z)dx, and (2.2.3) is a special type of Partially Linear Model. Note however that

if we knew θ0 and f2
0 (·|z), we would immediately recover µ0(z). Therefore, the unknown parameters

in this model are entirely summarized by θ0, g
2
0(·|·), f2

0 (·|·) and m2
0(·).

2.3 Efficiency bounds via “representers” in the tangent space

We now give a brief overview of the strategy used to compute the bounds, which will be employed in

all cases examined here. This approach was used by Severini and Tripathi (2001), henceforth (ST).

For some t0 > 0, consider a curve of the form τt ≡ (θt, gt, ft,mt) : [0, t0] → R
k+1 ×G ×F ×M with
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the property that τt
∣∣
t=0= (θ0, g0, f0,m0) ≡ τ0. Let ρ(τ0) be a real-valued, pathwise differentiable

functional of interest (in our case, we will focus on ρ(τ0) = c′θ0, for an arbitrary c ∈ R
k+1).

Following (ST), we focus on parametric submodels such that estimating t = 0 is equivalent to

estimating ρ(τ0). That is, we focus on submodels τt where there is a one-to-one transformation

between t and ρ(τt) in a neighborhood of t = 0. Efficient estimation of ρ(τ0) is directly related to

that of t. We now turn to the latter problem. For a given value of t, the joint density for observables

is given by p2
t (y|x, z)f2

t (x|z)m2
t (z), where p2

t (y|x, z) = g2
t (ε|ω). The score for estimating t = 0 is

given by

S0 =
d

dt

[
log p2

t (y|x, z) + log f2
t (x|z) + logm2

t (z)
]∣∣∣∣

t=0

= 2

[
ġ(ε|ω) − g′0(ε|ω)

[
v′θ̇ + γ0µ̇(z)

]

g0(ε|ω)

]

︸ ︷︷ ︸
= ṗ(y|x,z)

p0(y|x,z)

+2

[
ḟ(x|z)
f0(x|z)

]

+ 2

[
ṁ(z)

m0(z)

]

, (2.3.1)

where v =
(
x + γ0E[x|z], µ0(z)

)
∈ R

k+1, with µ0(z) = E[x0|z] =
∫

Rk x0f
2
0 (x|z)dx, x0 ≡ x′β0. The

vector τ̇ ≡
(
θ̇, ġ(ε|ω), ḟ (x|z), ṁ(z)

)
can be thought of as the slope of the curve τt ≡ (θt, gt, ft,mt)

at t = 0. More precisely, τ̇ is tangent to τt at t = 0. Note that, by definition of µ0(z), we have

µ̇(z) = 2
∫

Rk x0ḟ(x|z)f0(x|z)dx, where ḟ(x|z) also appears in the second term on the right hand

side of (2.3.1). This is a key aspect of the type of models we will study here, and it will be the source

of dependence between the efficiency bound of θ and the features of the conditional density f2
0 (x|z).

The tangent vector τ̇ belongs to the space Ṫ = R
k+1 × lin T (G, g0)× lin T (F , f0)× lin T (M,m0),

where

lin T (G, g0) =

{
ġ ∈ L2(R × R

ℓ;λ× λω) :

∫

R

ġ(ǫ|ω)g0(ǫ|ω)dǫ = 0,

∫

R

ǫġ(ǫ|ω)g0(ǫ|ω)dǫ = 0 w.p.1.

}
;

lin T (F , f0) =
{
ḟ ∈ L2(Rk × R

p;λ× λz) :

∫

Rk
ḟ(x|z)f0(x|z)dx = 0 w.p.1.

}
;

lin T (M,m0) =
{
ṁ ∈ L2(Rp;λ) :

∫

Rp
ṁ(z)m0(z)dz = 0

}
.

(2.3.2)

The characterization of these tangent sets incorporates the semiparametric assumptions imposed

on the model. The proof of their validity takes place in two steps. Take for example

lin T (G, g0). First, we establish that T (G, g0) ⊆ lin T (G, g0). This can be done by expressing

gt(ε|ω) = g0(ε|ω) + tġ(ε|ω) + Rt(ε;ω) . This expression is valid for any gt ∈ G because,

by construction, ġ is an element of T (G, g0), the tangent cone of G. The residual term Rt

satisfies Rt

/
t → 0 in the L2(R × R

ℓ;λ × λω) norm. We would then proceed by squaring both

sides and integrating. The next step is to establish that lin T (G, g0) ⊆ T (G, g0). This can
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be approached by showing that there exists a set T ∗ such that lin T (G, g0) ⊆ T ∗, and T ∗ is

dense in lin T (G, g0). Given our assumptions, this can be done by using T ∗ =
{
ġ : R

ℓ × R →
R : ġ(ǫ|ω)

g0(ǫ|ω) and
∫
ġ2(ǫ|ω)dǫ are bounded,

∫
ġ(ǫ|ω)g0(ǫ|ω)dǫ = 0 and

∫
ǫġ(ǫ|ω)g0(ǫ|ω)dǫ = 0

}
. The

details would resemble those in the proofs of Lemma B.2 in the Appendix of (ST). Similar steps

would be taken to establish the validity of lin T (F , f0). The characterization of lin T (M,m0)

follows directly from Lemma B.1 in the Appendix of (ST). As the proofs in the appendix

show, given the structure of the model, characterizing the tangent set lin T (G, g0) simply by

lin T (G, g0) =
{
ġ ∈ L2(R × R

ℓ;λ × λω) :
∫

R
ġ(ǫ|ω)g0(ǫ|ω)dǫ = 0

}
will produce “representers”

(see their definition below) that automatically satisfy the condition
∫

R
ǫġ(ǫ|ω)g0(ǫ|ω)dǫ = 0 w.p.1.

The description of lin T (G, g0)) in (2.3.2) is a more complete characterization of the tangent space.

The Fisher information matrix for estimating t = 0 reduces to

E[S2
0 ] = 4E

[∫

R

(
ġ(ε|ω) − g′0(ε|ω)

[
v′θ̇ + γ0µ̇(z)

])2
dε

]
+ 4E

[∫

Rk
ḟ(x|z)2dx

]
+ 4

∫

Rp
ṁ(z)2dz

= 4E

[(
ġ(ε|ω) − g′0(ε|ω)

[
v′θ̇ + γ0µ̇(z)

]

g0(ε|ω)

)2]

+ 4E

[∫

Rk
ḟ(x|z)2dx

]
+ 4

∫

Rp
ṁ(z)2dz.

(2.3.3)

Take τ̇a, τ̇b ∈ Ṫ . We use (2.3.3) to define the Fisher inner product
〈
τ̇a, τ̇b

〉
F as

〈
τ̇a, τ̇b

〉
F =4E

[(
ġa(ε|ω) − g′0(ε|ω)

[
v′θ̇a + γ0µ̇a(z)

]

g0(ε|ω)

)(
ġb(ε|ω) − g′0(ε|ω)

[
v′θ̇b + γ0µ̇b(z)

]

g0(ε|ω)

)]

+ 4E

[∫

Rk
ḟa(x|z)ḟb(x|z)dx

]
+ 4

∫

Rp
ṁa(z)ṁb(z)dz.

(2.3.4)

Let ‖τ̇a‖F =
〈
τ̇a, τ̇b

〉1/2
F denote the corresponding norm. The Fisher information matrix for

estimating t = 0 can be expressed as ‖τ̇‖2
F

for some τ̇ ∈ Ṫ . Let us go back to the functional

of interest, ρ(τ0) described above. If there exists a
√
n-consistent regular estimator for t = 0,

then the search for the efficiency bound for the corresponding estimator for ρ(τ0) reduces to the

search for the supremum, over all nonzero tangent vectors τ̇ ∈ Ṫ , of
∣∣∇ρ(τ̇)

∣∣2/
‖τ̇‖2

F
, which is

(via the Delta Method) the Cramer-Rao lower bound for a particular submodel. ∇ρ(τ̇) denotes

the pathwise derivative of ρ(τt) evaluated at t = 0. The insights and results in (ST) significantly

facilitate the search for this supremum by noting first that if ∇ρ is a linear functional on the Hilbert

Space
(
Ṫ ,

〈
·, ·

〉
F

)
—note that Ṫ is complete by construction—, then the Riesz-Frechet Theorem

(see Theorem A.1 in ST) implies that there exists a unique τ∗ ∈ Ṫ such that ∇ρ(τ̇) =
〈
τ̇ , τ∗

〉
F

for

all τ̇ ∈ Ṫ . This result also builds on Wong and Severini (1991). Therefore, if ∇ρ is a continuous

10



linear functional, the efficiency bound for any
√
n-consistent, regular estimator of ρ(τ0) is given by

l.b(ρ) = sup
τ̇∈Ṫ : τ̇ 6=0

∣∣∇ρ(τ̇)
∣∣2

‖τ̇‖2
F

= sup
τ̇∈Ṫ : τ̇ 6=0

(〈
τ̇ , τ∗

〉
F

‖τ̇‖F

)2

= ‖τ∗‖2
F
. (2.3.5)

The element τ∗ of the tangent space is called the representer of ∇ρ. Therefore, the search for

l.b(ρ) reduces to the problem of looking for τ∗ ∈ Ṫ , that satisfies ρ(τ̇ ) =
〈
τ̇ , τ∗

〉
F

for all τ̇ ∈ Ṫ , and

computing its Fisher norm ‖τ∗‖2
F
. We will follow these steps methodically in all the semiparametric

models examined here.

2.4 Semiparametric efficiency bound for Model (2.1.2) with E[ε|x, z] = 0E[ε|x, z] = 0E[ε|x, z] = 0.

This is the model as described in Section 2.2. Define φ(ε;ω) = 2
g′

0(ε;ω)
g0(ε;ω) , where g′0(ǫ;ω) = dg0(ǫ;ω)

dε .

As before, let v =
(
x+γ0E[x|z], µ0(z)

)
∈ R

k+1, with µ0(z) = E[x0|z] =
∫

Rk x0f
2
0 (x|z)dx, x0 ≡ x′β0.

Proposition 1 Let C(ω) be the coefficient of the orthogonal projection of φ(ε;ω) onto the linear

space spanned by
{
ε} conditional on ω. That is, C(ω) satisfies

E
[(
φ(ε;ω) − C(ω)ε

)
× ε

∣∣∣ω
]

= 0 w.p.1. (2.4.1)

This yields C(ω) = − 1
Var(ε|ω) . Define

Ψ∗
0(ε, x, z) = −φ(ε;ω)

[(
v − E[v|ω]

)
+ γ0

(
δ∗(z) − E[δ∗(z)|ω]

)]
−

(
E[v|ω] + γ0E[δ∗(z)|ω]

)
C(ω)ε

= −φ(ε;ω)
[(
v − E[v|ω]

)
+ γ0

(
δ∗(z) − E[δ∗(z)|ω]

)]
+

(
E[v|ω] + γ0E[δ∗(z)|ω]

)

Var(ε|ω)
ε,

(2.4.2)

where δ∗(z) ∈ L2(Rk+1, λz) satisfies

δ∗(z) = γ0E
[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

]
Var(x0|z). (2.4.3)

That is,

δ∗(z) = γ0 ×
[
−E

[
ξ(ω)v

∣∣z
]
+ E

[
∆(ω)E[v|ω]

∣∣z
]
+ γ0E

[
∆(ω)E

[
δ∗(z)

∣∣ω
]∣∣z

]

1 + γ2
0E

[
ξ(ω)

∣∣z
]
Var(x0|z)

]

Var(x0|z), (2.4.4)

where ξ(ω) = E
[
φ2(ε;ω)|ω

]
= 4

∫
g′0(ε;ω)2dε, and ∆(ω) = Var(ε|ω)ξ(ω)−1

Var(ε|ω) . Define

Σθ = E
[
Ψ∗

0(ε, x, z)Ψ
∗
0(ε, x, z)

′
]
+ γ2

0E
[
E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

]
Var(x0|z)E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

]′]
.

(2.4.5)
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If Σθ is invertible, the semiparametric efficiency bound for
√
n-consistent, regular estimators of θ0

in the model described in Section 2.2 under the assumption E[ε|x, z] = 0 is well-defined and is equal

to Σ−1
θ . The efficient influence function is

ψθ = Σ−1
θ

[
Ψ∗

0(ε, x, z) + γ0E
[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

](
x0 − E[x0|z]

)]
(2.4.6)

Note that Ψ∗
0(ε, x, z) is the sum of two orthogonal components. The next result outlines sufficient

conditions for existence of a closed-form expression for the representer δ∗(z) described in Proposition

1.

Corollary to Proposition 1

1.− If ε|ω has a normal distribution of the form N
(
0, σ2(ω)

)
for some σ2 : R

ℓ → R++ or, more

generally, if φ(ε;ω) = M(ω)ε for some M : R
ℓ → R, then

E
[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

]
= −E[ξ(ω)v|z] − γ0δ

∗(z)E[ξ(ω)|z], (2.4.7)

and a simple closed-form expression for δ∗(z) is given by

δ∗(z) =
−γ0E[ξ(ω)v|z]Var(x0|z)
1 + γ2

0E[ξ(ω)|z]Var(x0|z)
. (2.4.8)

This implies that the second term in Σθ (see Eq. 2.4.5) is not affected by the properties of C(ω)ε,

the orthogonal projection of φ(ε;ω) onto the column space spanned by {ε}. This has an effect only

on the first term in Σθ (see the comment immediately following Proposition 1). In this case, using

(2.4.3) we can express

Σθ =E
[
φ(ε;ω)2vv′

]
− γ2

0E
[
φ(ε;ω)2δ∗(z)δ∗(z)′

]

− γ2
0E

[
E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

]
Var(x0|z)E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

]′]
,

(2.4.9)

which shows that Σ−1
θ − E

[
φ(ε;ω)2vv′

]−1
is a positive-definite matrix unless γ0 = 0. The matrix

E
[
φ(ε;ω)2vv′

]−1
is the semiparametric efficiency bound if f2

0 (x|z) were known in the case where

ε|ω ∼ N
(
0, σ2(ω)

)
or, more generally, φ(ε;ω) = M(ω)ε for some M : R

ℓ → R.

2.− If z is independent of ω, a closed-form expression for δ∗(z) can be easily derived by noting that

E[δ∗(z)|ω] = E[δ∗(z)] =

− γ0

{

1 − E

[
γ2

0E[∆(ω)|z]Var(x0|z)
1 + γ2

0E[ξ(ω)|z]Var(x0|z)

]}−1

E

[(
−E[ξ(ω)v|z] + E

[
∆(ω)E[v|ω]

∣∣z
]

1 + γ2
0E[ξ(ω)|z]Var(x0|z)

)

Var(x0|z)
]

,

(2.4.10)

12



and plugging this on the right-hand side of (2.4.4) in Proposition 1. Note that the inverse object

in curly brackets in (2.4.10) is well-defined because E[∆(ω)|z] = E[ξ(ω)|z] − E
[
Var(ε|ω)−1

∣∣z
]
, so

γ2
0E[∆(ω)|z]Var(x0|z)

1+γ2
0E[ξ(ω)|z]Var(x0|z) < 1 w.p.1.

3.− If ε is independent of x, z, then ε|x, z ∼ g2
0(ε) (there is no ‘ω’) and all the results in Proposition

1 hold by replacing all moments that are conditioned on ω with unconditional ones. The same

applies for Expression (2.4.10).

Part (1) of the corollary holds because if ε|ω ∼ N
(
0, σ2(ω)

)
, we immediately have

φ(ε;ω) − C(ω)ε = 0 w.p.1, (2.4.11)

where C(ω)ε is the conditional orthogonal projection described in Equation (2.4.1). The rest of the

statements in the corollary are trivial to establish. Finally, it follows from Proposition 1 that we

will have δ∗(z) = 0 if Var(x0|z) = 0.

2.5 Semiparametric efficiency bound for Model (2.1.2) with E[ε|x, z] = 0E[ε|x, z] = 0E[ε|x, z] = 0 and

Pr(ε ≤ 0|x, z) = κPr(ε ≤ 0|x, z) = κPr(ε ≤ 0|x, z) = κ, with κκκ known.

We continue our analysis of Model (2.1.2). Suppose we maintain the assumption that E[ε|ω] = 0

and we add the assumption that we also know that Pr(ε ≤ 0|ω) = κ, for known κ ∈ (0, 1). We

want to see how this changes the efficiency bound for
√
n-consistent, regular estimators of θ0.

Assumption A2.5.- We maintain all the conditions in Assumption A2.2, except that we now

assume that the space G is given by

G =

{
g ∈ L2(R × R

ℓ;λ× λω) : g2(ǫ|ω) > 0, g(ǫ|ω) is bounded, continuous and differentiable w.p.1,

g′(·|ω) ≡ dg(·|ω)

dε
: 0 <

∫

R

[
g(ǫ|ω) + ǫg′(ǫ|ω)

]2
dǫ <∞,

∫

R

g2(ǫ|ω)dǫ = 1,

∫

R

ǫ2g2(ǫ|ω)dǫ <∞,

∫

R

ǫg2(ǫ|ω)dǫ = 0, and

∫

R

(
1l{ε ≤ 0} − κ

)
g2(ǫ|ω)dǫ = 0 for known κ ∈ (0, 1).

}

(2.5.1)

Once again, all other conditions in Assumption A2.2 are assumed to hold.
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The corresponding tangent space lin T (G, g0) now becomes

lin T (G, g0) =

{
ġ ∈ L2(R × R

ℓ;λ× λω) :

∫

R

ġ(ǫ|ω)g0(ǫ|ω)dǫ = 0,

∫

R

ǫġ(ǫ|ω)g0(ǫ|ω)dǫ = 0

and

∫

R

1l{ε ≤ 0}ġ(ǫ|ω)g0(ǫ|ω)dǫ = 0 w.p.1.

}
.

(2.5.2)

All other tangent spaces described in (2.3.3) remain the same. The characterization of this tangent

space follow from the same general steps as those described in the discussion between Equations

(2.3.2) and (2.3.3) above. As we mentioned there, given the structure of the model, the efficiency

bounds found here would be the same if we characterize lin T (G, g0) simply as
{
ġ ∈ L2(R×R

ℓ;λ×
λω) :

∫
R
ġ(ǫ|ω)g0(ǫ|ω)dǫ = 0

}
. The resulting representers will automatically satisfy the conditions

∫
R

1l{ε ≤ 0}g∗(ǫ|ω)g0(ǫ|ω)dǫ = 0 and
∫

R
ǫg∗(ǫ|ω)g0(ǫ|ω)dǫ = 0. The description in (2.5.2) is a more

complete characterization of the tangent space. Let C1(ω) and C2(ω) be the coefficients of the

orthogonal projection of φ(ε;ω) onto the linear space spanned by
{
ε,

(
1l{ε ≤ 0} − κ

)}
conditional

on ω. That is, C1(ω) and C2(ω) satisfy

E
[(
φ(ε;ω) − C1(ω)ε− C2(ω)

(
1l{ε ≤ 0} − κ

))
× ε

∣∣∣ω
]

= 0

E
[(
φ(ε;ω) − C1(ω)ε− C2(ω)

(
1l{ε ≤ 0} − κ

))
×

(
1l{ε ≤ 0} − κ

)∣∣∣ω
]

= 0
(2.5.3)

Note that E
[
φ(ε;ω) − C1(ω)ε − C2(ω)

(
1l{ε ≤ 0} − κ

)∣∣∣ω
]

= 0 because lim
|ǫ|→∞

g2
0(ǫ|ω) = 0. The

characterization in (2.5.3) is analogous to that of (2.4.1), except that now we add the extra moment

condition E
[
(1l{ε ≤ 0} − κ)

∣∣ω
]

= 0. We have

C1(ω) = − g2
0(0|ω)E

[
ε1l{ε ≤ 0}

∣∣ω
]
+ κ(1 − κ)

κ(1 − κ)Var(ε|ω) − E
[
ε1l{ε ≤ 0}

∣∣ω]2
; C2(ω) =

g2
0(0|ω)Var(ε|ω) + E

[
ε1l{ε ≤ 0}

∣∣ω]

κ(1 − κ)Var(ε|ω) −E
[
ε1l{ε ≤ 0}

∣∣ω]2
.

(2.5.4)

Now define

Ψ̃∗
0(ε, x, z) = −φ(ε;ω)

[(
v − E[v|ω]

)
+ γ0

(
δ̃∗(z) − E[δ̃∗(z)|ω]

)]

−
(
E[v|ω] + γ0E[δ̃∗(z)|ω]

)(
C1(ω)ε+ C2(ω)

(
1l{ε ≤ 0} − κ

))
.

(2.5.5)

Ψ̃∗
0(ε, x, z) will now play the role of Ψ∗

0(ε, x, z), defined in (2.4.2). Accordingly, δ̃∗(z) ∈ L2(Rk+1, λz)

satisfies

δ̃∗(z) = γ0E
[
φ(ε;ω)Ψ̃∗

0(ε, x, z)
∣∣z

]
Var(x0|z), (2.5.6)
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which is analogous to (2.4.3). As we did in Eq. (2.4.4), define ξ(ω) = E
[
φ2(ε;ω)|ω

]
=

4
∫
g′0(ε;ω)2dε and let

∆̃(ω) = ξ(ω) − E
[(
g2

0(0|ω)ε +
(
1l{ε ≤ 0} − κ

))2∣∣ω
]

κ(1 − κ)Var(ε|ω) − E
[
ε1l{ε ≤ 0}

∣∣ω
]2 . (2.5.7)

Then, δ̃∗(z) satisfies

δ̃∗(z) = γ0 ×
[
−E

[
ξ(ω)v

∣∣z
]
+ E

[
∆̃(ω)E[v|ω]

∣∣z
]
+ γ0E

[
∆̃(ω)E

[
δ∗(z)

∣∣ω
]∣∣z

]

1 + γ2
0E

[
ξ(ω)

∣∣z
]
Var(x0|z)

]

Var(x0|z), (2.5.8)

which is analogous to (2.4.4). The efficiency bound and the efficient influence function will have

expressions equivalent to those of Proposition 1. As before, let φ(ε;ω) = 2
g′

0(ε;ω)
g0(ε;ω) , where g′0(ǫ;ω) =

dg0(ǫ;ω)
dε . Also, let v =

(
x + γ0E[x|z], µ0(z)

)
∈ R

k+1, with µ0(z) = E[x0|z] =
∫

Rk x0f
2
0 (x|z)dx,

x0 ≡ x′β0.

Proposition 2 Define

Σ̃θ = E
[
Ψ̃∗

0(ε, x, z)Ψ̃
∗
0(ε, x, z)

′
]
+ γ2

0E
[
E

[
φ(ε;ω)Ψ̃∗

0(ε, x, z)
∣∣z

]
Var(x0|z)E

[
φ(ε;ω)Ψ̃∗

0(ε, x, z)
∣∣z

]′]
,

(2.5.9)

where the objects involved are as defined in (2.5.3) − (2.5.8). If Assumption A2.5 holds, the

semiparametric efficiency bound for
√
n-consistent, regular estimators of θ0 in Model (2.1.2) under

Assumption A2.5 is given by Σ̃−1
θ provided that this matrix is invertible. The efficient influence

function is

ψ̃θ = Σ̃−1
θ

[
Ψ̃∗

0(ε, x, z) + γ0E
[
φ(ε;ω)Ψ̃∗

0(ε, x, z)
∣∣z

](
x0 − E[x0|z]

)]
(2.5.10)

The results in the Corollary to Proposition 1 extend to the case of Proposition 2. In particular,

since the condition E[ε|ω] = 0 is maintained, if we have ε|ω ∼ N
(
0, σ2(ω)

)
, then the conditional

orthogonal projection C1(ω)ε+ C2(ω)
(
1l{ε ≤ 0} − κ

)
described in Equation (2.5.3) satisfies

φ(ε;ω) − C1(ω)ε− C2(ω)
(
1l{ε ≤ 0} − κ

)
= 0 w.p.1. (2.5.11)

The remaining two statements in the Corollary to Proposition 1 can be adapted to Proposition 2

trivially. These cases provide sufficient conditions for existence of a straightforward closed-form

expression for the representer δ̃∗(z) in Proposition 2.

2.6 Semiparametric efficiency bound for Model (2.1.2) with E[ε|x, z] = 0E[ε|x, z] = 0E[ε|x, z] = 0 and

E[Λ(ε)|x, z] = 0E[Λ(ε)|x, z] = 0E[Λ(ε)|x, z] = 0 for a known vector of functions Λ ∈ R
qΛ ∈ R
qΛ ∈ R
q

This Section presents a generalization of the results in Propositions 1 and 2 when E[ε|x, z] = 0

and an additional vector of conditional moments E[Λ(ε)|x, z] = 0 are assumed to be satisfied w.p.1.
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The result in Proposition 2 is a special case, with Λ(ε) = 1l{ε ≤ 0} − κ.

Assumption A2.6.- Let Λ(ε) ≡
(
ε,Λ(ε)

)
∈ R

q+1. We maintain all the conditions in Assumption

A2.2, except that we now assume that the space G is given by

G =

{
g ∈ L2(R × R

ℓ;λ× λω) : g2(ǫ|ω) > 0, g(ǫ|ω) is bounded, continuous and differentiable w.p.1,

g′(·|ω) ≡ dg(·|ω)

dε
: 0 <

∫

R

[
g(ǫ|ω) + ǫg′(ǫ|ω)

]2
dǫ <∞,

∫

R

g2(ǫ|ω)dǫ = 1,

∫

R

∥∥Λ(ε)
∥∥2
g2(ǫ|ω)dǫ <∞,

and

∫

R

Λ(ε)g2(ǫ|ω)dǫ = 0 w.p.1.

}

(2.6.1)

Once again, all other conditions in Assumption A2.2 are assumed to hold. Maintaining the

assumption E[ε|ω] = 0 ensures that Eq. (2.2.3) still holds.

The corresponding tangent space lin T (G, g0) now becomes

lin T (G, g0) =

{
ġ ∈ L2(R × R

ℓ;λ× λω) :

∫

R

ġ(ǫ|ω)g0(ǫ|ω)dǫ = 0,

∫

R

Λ(ǫ)ġ(ǫ|ω)g0(ǫ|ω)dǫ = 0 w.p.1.

}
.

(2.6.2)

All other tangent spaces described in (2.3.3) remain the same. The characterization of this tangent

space follows from our previous discussions. As before, let φ(ε;ω) = 2
g′

0(ε;ω)
g0(ε;ω) , where g′0(ǫ;ω) =

dg0(ǫ;ω)
dε . Also, let v =

(
x + γ0E[x|z], µ0(z)

)
∈ R

k+1, with µ0(z) = E[x0|z] =
∫

Rk x0f
2
0 (x|z)dx,

x0 ≡ x′β0. The following result is a generalization of those in Propositions 1 and 2.

Proposition 3 Let P
(
φ(ε;ω) ⊥ Λ(ε)

∣∣ω
)

denote the orthogonal projection, conditional on ω, of

φ(ε;ω) onto the linear space spanned by Λ(ε). Note that P
(
φ(ε;ω) ⊥ Λ(ε)

∣∣ω
)

can be expressed as

P
(
φ(ε;ω) ⊥ Λ(ε)

∣∣ω
)

= C
e

(ω)′Λ(ε), where C
e

∈ L2(Rq, λω) and E
[
Λ(ε)

(
ε− C

e

(ω)′Λ(ε)
)∣∣∣ω

]
= 0 w.p.1.

(2.6.3)

If E
[
Λ(ε)Λ(ε)′

∣∣ω
]

is invertible, then C
e

(ω) = E
[
Λ(ε)Λ(ε)′

∣∣ω
]−1

E
[
Λ(ε)ε

∣∣ω
]
. Define

Ψ0
e

∗(ε, x, z) = −φ(ε;ω)
[(
v − E[v|ω]

)
+ γ0

(
δ
e

∗(z) − E[δ
e

∗(z)|ω]
)]

−
(
E[v|ω] + γ0E[δ

e

∗(z)|ω]
)
C
e

(ω)′Λ(ε),

(2.6.4)

where δ
e

∗(z) ∈ L2(Rk+1, λz) satisfies

δ
e

∗(z) = γ0E
[
φ(ε;ω)Ψ0

e

∗(ε, x, z)
∣∣z

]
Var(x0|z). (2.6.5)
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That is,

δ
e

∗(z) = −γ0E
[
ξ(ω)v

∣∣z
]
Var(x0|z)

1 + γ2
0E[ξ(ω)|z]

+

γ0E

[(
E[v|ω] + γ0E

[
δ
e

∗(z)
∣∣ω

])
E

[
φ(ε;ω)

(
φ(ε;ω) − C

e

(ω)′Λ(ε)
)∣∣∣ω

]∣∣∣∣z
]
Var(x0|z)

1 + γ2
0E[ξ(ω)|z] ,

(2.6.6)

where ξ(ω) = E[φ2(ε;ω)|ω]. Define

Σθ
e

= E
[
Ψ0

e

∗(ε, x, z)Ψ0
e

∗(ε, x, z)′
]
+γ2

0E
[
E

[
φ(ε;ω)Ψ0

e

∗(ε, x, z)
∣∣z

]
Var(x0|z)E

[
φ(ε;ω)Ψ0

e

∗(ε, x, z)
∣∣z

]′]
.

(2.6.7)

If Σθ
e

is invertible, the semiparametric efficiency bound for
√
n-consistent, regular estimators of

θ0 in Model (2.1.2) under Assumption A2.6 is well-defined and is equal to Σθ
e

−1 . The efficient

influence function is

ψθ
e

= Σθ
e

−1
[
Ψ0

e

∗(ε, x, z) + γ0E
[
φ(ε;ω)Ψ0

e

∗(ε, x, z)
∣∣z

](
x0 − E[x0|z]

)]
(2.6.8)

As before, the results in the Corollary to Proposition 1 extend to the case of Proposition 3. In

particular, since the identity function {ε} is included in Λ(ε), if we have ε|ω ∼ N
(
0, σ2(ω)

)
, then

the conditional orthogonal projection C
e

(ω)′Λ(ε) described in Equation (2.6.3) satisfies

φ(ε;ω) − C
e

(ω)′Λ(ε) = 0 w.p.1. (2.6.9)

The implications of the remaining two statements in the Corollary to Proposition 1 extend to the

current case in a straightforward way. As before, these cases constitute sufficient conditions for

having a closed-form expression for the representer δ
e

∗(z) described in Proposition 3.

2.7 Semiparametric efficiency for a more general version of Model (2.2.3)(2.2.3)(2.2.3).

Consider the following model

y = x′β0 + E[x1|z]′γ10 + E[s|z]′γ20 + ε; y /∈ (x1, s) (2.7.1)

where s /∈ x and x1 is a subvector of x with the property that Pr
(
E[x1|z] 6= x1

)
> 0.This

could include x1 = x as a special case. Equation (2.7.1) could represent the “reduced form” of

a more general version of Model (2.1.1). For example, suppose the “optimal” choice y ∈ R for our

population of symmetric agents is now given by

y = δ′10x+ δ′20E[x|z] + δ′30E[s|z] + α0E[y|z] + ε, with α0 6= 1. (2.7.2)
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As before, let γ0 ≡ α0/(1 − α0). Suppose E[ε|z] = 0. We would get

y = δ′10x+
(
γ0δ10 + (1 + γ0)δ20

)′
E[x|z] + (1 + γ0)δ

′
30E[s|z] + ε (2.7.3)

Split x ≡ (x′1, x
′
2)

′, and δp0 ≡
(
δ1′
p0
, δ2′

p0

)′
for p = 1, 2. If x2 is deterministic conditional on z, we

obtain the expression in (2.7.1) by denoting

β10 ≡
(
δ1′

10 , δ2′

10 + γ0δ
2′

10 + (1 + γ0)δ
2′

20

)′
; γ10 ≡ γ0δ

1
10 + (1 + γ0)δ

1
20 ; γ20 ≡ (1 + γ0)δ30 . (2.7.4)

Many other structural behavioral models can be generically characterized by the reduced form

(2.7.1). What is important for our purposes is the fact that γ0 ≡ (γ10 , γ20) will summarize the

vector of identified parameters (provided additional full-rank conditions to be described below). In

other words, the “reflection problem” (see Manski 1993) is already internalized in the reduced-form

(2.7.1). Moreover, we will not necessarily interpret (2.7.1) as a reduced-form of an underlying

structural model. In particular, we will no longer maintain the assumption that E[ε|x, z] = 0. We

will clarify this in Assumption A2.7, below.

Let u ≡ (x, s) ∈ R
r, u1 ≡ (x1, s) ∈ R

r1 and let k denote the dimension of (x, u1). If we let

γ0 ≡ (γ10 , γ20) ∈ R
r1, we can reexpress (2.7.1) as

y = x′β0 + E[u1|z]′γ0 + ε. (2.7.5)

The parameter vector of interest is θ0 ≡ (β0, γ0). We will characterize the efficiency bound for
√
n-consistent, regular estimators of θ0 under the assumption that E[Υ(ε)|x, z] = 0 for a known

vector of functions Υ ∈ R
q, which may not necessarily include {ε} as an element (in other words,

we do not necessarily assume E[ε|x, z] = 0).

Assumption A2.7.- The support of
(
x,E[u1|z]

)
is not contained in any proper linear subspace of

R
k. There exists an observable function ω(u, z) ≡ ω such that ε is independent of (u, z) conditional

on ω. Denote Pr(ε ≤ ǫ|u, z) = Pr(ε ≤ ǫ|ω) ≡ G0(ǫ|ω), with corresponding conditional density given

by g2
0(ǫ|ω). Define

G =

{
g ∈ L2(R × R

ℓ;λ× λω) : g2(ǫ|ω) > 0, g(ǫ|ω) is bounded, continuous and differentiable w.p.1,

g′(·|ω) ≡ dg(·|ω)

dε
: 0 <

∫

R

[
g(ǫ|ω) + ǫg′(ǫ|ω)

]2
dǫ <∞,

∫

R

g2(ǫ|ω)dǫ = 1,

∫

R

∥∥Υ(ǫ)
∥∥2
g2(ǫ|ω)dǫ <∞,

and

∫

R

Υ(ǫ)g2(ǫ|ω)dǫ = 0 w.p.1.

}
;

F =

{
f ∈ L2(Rr × R

p;λ× λz) : f2(u|z) > 0,

∫

Rk
f2(u|z)du = 1 w.p.1.

}
;

M =

{
m ∈ L2(Rp;λ) : m2(z) > 0,

∫

Rp
m2(z)dz = 1

}
.

(2.7.6)
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where Υ(·) ∈ R
q is a known vector of functions. We assume that g2

0(ε|ω) ∈ G, f2
0 (u|z) ∈ F

and m2
0(z) ∈ M, where f2

0 (·|z) and m2
0(·) denote the conditional density of u given z, and the

marginal density of z respectively. As in the previous sections, the characterization of G ensures

that lim
|ǫ|→∞

g2
0(ǫ|ω) = 0 w.p.1. It also imposes E[Υ(ε)|u, z] = 0 for a known vector of functions

Υ ∈ R
q. The features of the tangent space are familiar to us by now

lin T (G, g0) =

{
ġ ∈ L2(R × R

ℓ;λ× λω) :

∫

R

ġ(ǫ|ω)g0(ǫ|ω)dǫ = 0,

∫

R

Υ(ε)ġ(ǫ|ω)g0(ǫ|ω)dǫ = 0 w.p.1.

}
;

lin T (F , f0) =
{
ḟ ∈ L2(Rr × R

p;λ× λz) :

∫

Rk
ḟ(u|z)f0(u|z)du = 0 w.p.1.

}
;

lin T (M,m0) =
{
ṁ ∈ L2(Rp;λ) :

∫

Rp
ṁ(z)m0(z)dz = 0

}
.

(2.7.7)

As before, denote φ(ε;ω) = 2
g′

0(ε|ω)
g0(ε|ω) where g′0(ǫ|ω) = dg0(ǫ|ω)

dε . Define now ṽ =
(
x,E[u1|z]

)
∈ R

k.

The efficiency bound in this model is a generalization of the result in Proposition 2.

Proposition 4 Let P
(
φ(ε;ω) ⊥ Υ(ε)

∣∣ω
)

denote the orthogonal projection, conditional on ω, of
φ(ε;ω) onto the linear space spanned by Υ(ε). Then

P
(
φ(ε;ω) ⊥ Υ(ε)

∣∣ω
)

= D(ω)′Υ(ε), where D ∈ L2(Rq, λω) and E
[
Υ(ε)

(
ε−D(ω)′Υ(ε)

)∣∣∣ω
]

= 0 w.p.1.

(2.7.8)

Let

Γ∗
0(ε, u, z) = −φ(ε;ω)

[(
ṽ−E[ṽ|ω]

)
+

(
∆∗(z)−E[∆∗(z)|ω]

)
γ0

]
−

(
E[ṽ|ω]+E[∆∗(z)|ω]γ0

)
D(ω)′Υ(ε)

(2.7.9)

where ∆∗(z) is a k × r1 matrix (recall that u1 ∈ R
r1) in L2(Rk × R

r1 ;λz) that satisfies

∆∗(z) = E
[
φ(ε;ω)Γ∗

0(ε, u, z)
∣∣z

]
γ′0Var(u1|z). (2.7.10)

That is,

∆∗(z) =
[
− E

[
ξ(ω)ṽ

∣∣z
]
γ′0Var(u1|z) +

(
E[ṽ|ω] + E

[
∆∗(z)

∣∣ω
]
γ0

)(
φ(ε;ω) −D(ω)′Υ(ε)

)
γ′0Var(u1|z)

]

×
[
Ir1 + E[ξ(ω)|z]γ0γ

′
0Var(u1|z)

]−1
, where Ir1 is the r1 × r1 identity matrix.

(2.7.11)

Define

Σ∗
θ = E

[
Γ∗

0(ε, u, z)Γ
∗
0(ε, u, z)

′
]
+E

[
φ(ε;ω)Γ∗

0(ε, u, z)
∣∣z

]
γ′0Var(u1|z)γ0E

[
φ(ε;ω)Γ∗

0(ε, u, z)
∣∣z

]′

(2.7.12)

If Σ∗
θ is invertible, the semiparametric efficiency bound for

√
n-consistent, regular estimators of θ0

in Model 2.7.1 under Assumption A2.7 is well-defined and is equal to Σ−1
θ . The efficient influence
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function is

ψ∗
θ = Σ∗−1

θ

[
Γ∗

0(ε, u, z) + E
[
φ(ε;ω)Γ∗

0(ε, u, z)
∣∣z

]
γ′0

(
u1 − E[u1|z]

)]
(2.7.13)

Sufficient conditions for existence of a closed-form expression of the representer ∆∗(z) described in

Proposition 4 can be characterized along the lines of the Corollary to Proposition 1. Such sufficient

conditions are:

1. If g2
0(ε|ω) is such that for some R : R

ℓ → R
q we have φ(ε;ω) = R(ω)′Υ(ε) w.p.1, then

φ(ε;ω) −D(ω)′Υ(ε) = 0 w.p.1, (2.7.14)

where D(ω)′Υ(ε) is the conditional orthogonal projection described in (2.7.8). Part (1) of the

Corollary to Proposition 1 is a special case. If would hold in this case if the identity function

{ε} is included in the vector of functions Υ(ε).

2. If (x, z) are independent of ε, or more generally, if z is independent of ω.

The next section presents efficiency bounds for discrete choice models with rational expectations.

3 Discrete choice models with rational expectations.

We analyze three general types of models here. Subsections 3.1-3.3 study a simple interactions-

based model in a population of symmetric agents. A 2×2 incomplete information game is analyzed

in 3.4-3.6. Finally, a discrete choice model with rational expectations but no strategic interactions

is studied in Subsection 3.7.

3.1 A binary choice model with strategic interaction among symmetric agents.

Consider a population of agents, each of which has to make a binary choice. Suppose the

representative agent’s decision rule is described by

y = 1l
{
x′β0 + α0P̂r(y = 1|z) − ε ≥ 0

}
, with θ0 ≡ (β0, α0) ∈ R

k+1. (3.1.1)

Here, P̂r(y = 1|z) denotes the agent’s subjective probability (beliefs), conditional on z, of

the proportion of agents in the population who will choose y = 1. The covariate ε is a

continuously distributed, privately observed shock with unbounded support conditional on (x, z),

whose distribution is assumed to be common knowledge among the agents. We will assume that

agents use their information rationally, and this is common knowledge among them. Let Pr(y = 1|z)
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denote the true probability that y = 1 conditional on z (as opposed to P̂r(y = 1|z), which describes

a subjective probability), and denote Pr(ε ≤ ǫ|x, z) = H0(ǫ|x, z). Using (3.1.1), we have

Pr(y = 1|z) = E
[
H0

(
x′β0 + α0P̂r(y = 1|z)

∣∣∣x, z
)∣∣∣z

]
(3.1.2)

Next, for an arbitrary constant π ∈ R define

R(π; θ0, z) = E
[
H0(x

′β0 + α0π|x, z)
∣∣z

]
; and ϕ(π; θ0, z) = π −R(π; θ0, z) (3.1.3)

Our assumptions imply that Eq. (3.1.2) is common knowledge among the agents. On the other

hand, beliefs are deterministic conditional on z. Since equilibrium beliefs must coincide with ex-post

conditional choice probabilities, they must solve the fixed-point problem

ϕ(π; θ0, z) = 0 (3.1.4)

Let h2
0(·|x, z) denote the density of H0(·|x, z), so H0(ǫ|x, z) =

∫ ǫ
−∞ h2

0(u|x, z)du. We have

∇πϕ(π; θ0, z) = 1 − α0E
[
h2

0
(
x′β0 + α0π

∣∣x, z
)∣∣z

]
≡ J (π; θ0, z). (3.1.5)

Since h2
0(·|x, z) > 0 w.p.1, an immediate consequence is that if α0 ≤ 0, each realization of z will

produce a unique solution to (3.1.4) w.p.1. If α0 > 0, some realizations of z may produce multiple

solutions to (3.1.4), but other realizations may produce a unique solution. Figure 1 depicts an

example of the behavior of (3.1.4) in the case α0 > 0 for two different realizations of z, labeled zA

and zB . Realization zA induces three candidate solutions to (3.1.4), whereas zB induces a unique

solution.

  1 

R

R zA)

(A)
  1 

                     R zA)

               R zA)

  1 

R

R zB)

(B)
  1 

                    R zB)

             R zB)

Figure 1: Solutions to the equilibrium system (3.1.4) for two different realizations of z.

A distinctive feature of Figure 1 is that
∣∣R(1; θ0, zA)−R(0; θ0, zA)

∣∣ >
∣∣R(1; θ0, zB )−R(0; θ0, zB )

∣∣. In
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fact, it is easy to see that realizations of z that make E
[
H0(x

′β0|x, z)
∣∣z

]
≈ E

[
H0(x

′β0 +α0|x, z)
∣∣z

]

eliminate the existence of multiple solutions. The simplest case in which this may happen is if (x, z)

are independent of ε and there exists xℓ with βℓ0 6= 0 such that xℓ ∈ (x ∩ z) and xℓ has unbounded

support conditional on (x \ xℓ) ∪ (z \ xℓ). In this setting, we could think of zB as a realization

where xℓBβℓ0 is “large and positive”. It is clear that under the assumptions of our model, for any

realization z such that (3.1.4) has a unique solution, agents’ choices will be simply given by

y = 1l
{
x′β0 + α0π0(θ0, z) − ε ≥ 0

}
, where π0(θ0, z) = E

[
H0

(
x′β0 + α0π0(θ0, z)

∣∣x, z
)∣∣z

]
︸ ︷︷ ︸
= Pr(y = 1|z) for all z with a unique solution to (3.1.4).

(3.1.6)

We will characterize the efficiency bounds for
√
n-consistent, regular estimators of θ0 that are

obtained under the assumption that (3.1.4) has a unique solution in a known subset of realizations

of z, labelled Z. This implies that agents’ choices are given by (3.1.6) whenever z ∈ Z. This will

immediately pin down an expression for the conditional likelihood of y given (x, z). The latter

would be given by H0
(
x′β0 + α0π0(θ0, z)|x, z

)y[
1 −H0

(
x′β0 + α0π0(θ0, z)|x, z

)]1−y
whenever z ∈ Z.

Assumption A3.1.- There exists a known subset Z ⊆ S(z) such that every z ∈ Z has a unique

solution to (3.1.4). Notice the following: suppose a given z∗ ∈ S(z) induces a unique solution to

(3.1.4). We would have J
(
π0(z

∗, θ0); θ0, z
∗
)

= 0 if and only if the curve R(π; θ0, z
∗) crosses the

45-degree line at a point of tangency. A simple visual inspection of Figure 1 shows that this cannot

be compatible with having a unique equilibrium (i.e, a unique point of crossing between the curve

R(π; θ0, z
∗) and the 45-degree line). Since each z ∈ Z has a unique equilibrium, it must follow that

J
(
π0(z, θ0); θ0, z

)
≡ J (z) 6= 0 for all z ∈ Z, (3.1.7)

where π0(·, θ0) is as described in (3.1.6). In fact, Figure 1 shows that we must have J (z) > 0 for

all z ∈ Z. We will strengthen (3.1.7) by assuming that for some d > 0,

inf
z∈Z

J (z) ≡ inf
z∈Z

(
1 − α0E

[
h2

0
(
x′β0 + α0π0(θ0, z)

∣∣x, z
)∣∣z

])
> d. (3.1.8)

Uniqueness yields

y = 1l
{
x′β0 + α0π0(θ0, z) − ε ≥ 0

}
whenever z ∈ Z. (3.1.9)

Let p2
0(y|x, z) denote the conditional density of y given (x, z). Then,

p2
0(y|x, z) = H0

(
x′β0 + α0π0(θ0, z)|x, z

)y[
1 −H0

(
x′β0 + α0π0(θ0, z)|x, z

)]1−y
whenever z ∈ Z.

(3.1.10)
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We will assume nothing about the cardinality of equilibria when z /∈ Z. Since no equilibrium

selection mechanisms will ever be introduced here, this means that we will be agnostic about the

exact expression for p2
0(y|x, z) when z /∈ Z except for the assumption that it is a well-defined

density. That is, p2
0(1|x, z) + p2

0(0|x, z) = 1 w.p.1. We stress once again that the case Z = S(z) is

a special case of this model.

3.2 Efficiency bound for Model (3.1.1)(3.1.1)(3.1.1) when H0(·|x, z)H0(·|x, z)H0(·|x, z) is known.

We will characterize the efficiency bound for
√
n-consistent, regular estimators of θ0 in model (3.1.1)

under Assumption A3.1 when Pr(ε ≤ ǫ|x, z) is of known functional form. Suppose the following

holds.

Assumption A3.2.- The conditions in Assumption A3.1 are satisfied. Define

Q =

{
q ∈ L2(

{0, 1} × R
k × R

p;λ{0,1} × λx,z

)
: q2(y|x, z) > 0, q2(1|x, z) + q2(0|x, z) = 1 w.p.1

}

F =

{
f ∈ L2(Rk × R

p;λ× λz) : f2(x|z) > 0,

∫

Rk
f2(x|z)dx = 1 w.p.1.

}
;

M =

{
m ∈ L2(Rp;λ) : m2(z) > 0,

∫

Rp
m2(z)dz = 1

}
.

(3.2.1)

We have f2
0 (x|z) ∈ F and m2

0(z) ∈ M, where f2
0 and m2

0 denote the conditional density of x given

z and the marginal density of z respectively. Let p2
0(y|x, z) denote the conditional density of y given

(x, z) and let

1lZ ≡ 1l{z ∈ Z} and u0 ≡ x′β0 + α0Pr(y = 1|z)
(
= x′β0 + α0π0(θ0, z) for all z ∈ Z

)
(3.2.2)

where π0 is as defined in Eq. (3.1.6). Then,

p2
0(y|x, z) =

(
H0

(
u0|x, z

)y[
1 −H0

(
u0|x, z

)]1−y
)1lZ ×

(
q2

0(y|x, z)
)1−1lZ

where q0 ∈ Q, (3.2.3)

and H0(ǫ|x, z) =
∫ ǫ
−∞ h2

0(u|x, z)du where h2
0(·|x, z) has a known functional form.

Note that Assumption A3.2 assumes nothing beyond the features of a well-defined density

concerning the distributional properties of y|x, z when z /∈ Z. If we had any additional information

concerning p2
0(y|x, z) (e.g, moment conditions, etc.), we would include it in the characterization of

Q. The tangent sets that correspond to (3.2.1) are given by

lin T (Q, p0) =

{
q̇ ∈ L2(

{0, 1} × R
k × R

p;λ{0,1} × λx,z

)
: q̇(1|x, z)p0(1|x, z) + q̇(0|x, z)p0(0|x, z) = 0 w.p.1.

}
;

lin T (F , f0) =

{
ḟ ∈ L2(

R
k × R

p;λ× λz

)
:

∫

Rk
ḟ(x|z)f0(x|z)dx = 0

}
;

lin T (M,m0) =

{
ṁ ∈ L2(

R
p;λ) :

∫

Rp
ṁ(z)m0(z)dz = 0

}
.

(3.2.4)
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The validity of lin T (M,m0) given our assumptions follows from the same denseness arguments

as those in Lemma B.1 in the Appendix of (ST), while those in Lemma B.2 would be used to

establish the features of lin T (Q, p0) and lin T (F , f0). The unknown parameters of the model are

τ0 ≡ (θ0, q0, f0,m0), and the corresponding tangent space is Ṫ ≡ R
k+1×lin T (Q, p0)×lin T (F , f0)×

lin T (M,m0). As before, we are looking for the efficiency bound of
√
n-consistent, regular

estimators of θ0. As we did in the previous sections, our search for this bound focuses on parametric

submodels indexed by a one-dimensional parameter ‘t’. The procedure is as described in Section

2.3: for some t0 > 0, consider a curve of the form τt ≡ (θt, gt, ft,mt) : [0, t0] → R
k+1 ×Q×F ×M

with the property that τt
∣∣
t=0= (θ0, q0, f0,m0) ≡ τ0. Define

Φ0(u0|x, z) ≡ H0(u0|x, z)
[
1 −H0(u0|x, z)

]
, v ≡

(
x, π0(θ0, z)

)
. (3.2.5)

The score for estimating t = 0 is given by

S0 =
d

dt

[
log p2

t (y|x, z) + log f2
t (x|z) + logm2

t (z)
]∣∣∣∣

t=0

= 1lZ

[(
y −H0(u0|x, z)

)

Φ0(u0|x, z)

]

h2
0(u0|x, z)

(
v′θ̇ + α0π̇(θ0, z)

)
+ 2

=
(

1−1lZ

)
q̇(y|x,z)

p0(y|x,z)
︷ ︸︸ ︷
(
1 − 1lZ

) q̇(y|x, z)
q0(y|x, z)

︸ ︷︷ ︸
=2 ṗ(y|x,z)

p0(y|x,z)

+2
ḟ(x|z)
f0(x|z)

+ 2
ṁ(z)

m0(z)
.

(3.2.6)

where the tangent vectors τ̇ ≡
(
θ̇, q̇, ḟ , ṁ

)
∈ Ṫ . The tangent vector π̇ is an easy to characterize

functional of θ̇ and ḟ when z ∈ Z. To see this, note that for any z ∈ Z, we immediately have

π0(θ0, z) =
∫

Rk H0(u0|x, z)f2
0 (x|z)dx. Therefore,

π̇(θ0, z) =

∫

Rk
h2

0(u0|x, z)
[
v′θ̇ + α0π̇(θ0, z)

]
f2

0 (x|z)dx + 2

∫

Rk
H0(u0|x, z)ḟ (x|z)f0(x|z)dx ∀ z ∈ Z

(3.2.7)

As defined in Equation (3.1.7), let J (z) = 1 − α0E
[
h2

0(u0|x, z)
∣∣z

]
. We get

π̇(θ0, z) =
E

[
h2

0(u0|x, z)v
∣∣z

]′
θ̇

J (z)
+
µ̇(z)

J (z)
∀ z ∈ Z, where µ̇(z) = 2

∫

Rk
H0(u0|x, z)ḟ(x|z)f0(x|z)dx.

(3.2.8)

The score in (3.2.6) becomes

S0 = 1lZ

[ (
y −H0(u0|x, z)

)

Φ0(u0|x, z)

](
w′θ̇ + α0

µ̇(z)

J (z)

)
h2

0(u0|x, z) + 2
(
1 − 1lZ

) q̇(y|x, z)
q0(y|x, z)

+ 2
ḟ(x|z)
f0(x|z)

+ 2
ṁ(z)

m0(z)
,

(3.2.9)

where

w ≡ v + α0
E

[
h2

0(u0|x, z)v
∣∣z

]

J (z)
. (3.2.10)
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Note that the uniqueness and regularity conditions in Assumption A3.1 (specifically, Equation

3.1.8) guarantee that 1lZ ×J (z)−1 is well-defined. For any τ̇a, τ̇b ∈ Ṫ × Ṫ , the Fisher inner product
〈
τ̇a, τ̇b

〉
F

is

〈
τ̇a, τ̇b

〉
F

= E

[

1lZ
h4

0(u0|x, z)
Φ0(u0)

(
w′θ̇a + α0

µ̇a(z)

J (z)

)(
w′θ̇b + α0

µ̇b(z)

J (z)

)]

+ 4E

[(
1 − 1lZ

)(
q̇a(0|x, z)q̇b(0|x, z) + q̇a(1|x, z)q̇b(1|x, z)

)]
+ 4E

[∫

Rk
ḟa(x|z)ḟb(x|z)dx

]
+ 4

∫

Rp
ṁa(z)ṁb(z)dz

(3.2.11)

Proposition 5 Let φ(u0|x, z) =
h2

0(u0|x,z)√
Φ0(u0|x,z)

and b(z) ≡ 1
J (z) , where and Φ0 and J are as defined

in (3.2.5) and (3.1.7) respectively. Define

M∗
0 (x, z) = 1lZφ(u0|x, z)

[
w + α0δ

∗(z)
]
, (3.2.12)

where δ∗ satisfies

δ∗(z) = −α0b(z)
2E

[
φ(u0|x, z)M∗

0 (x, z)
∣∣∣z

]
Var

(
E[y|x, z]

∣∣z
)
. (3.2.13)

That is,

δ∗(z) = −α01lZ

[
b(z)2E

[
wφ2(u0|x, z)

∣∣z
]
Var

(
E[y|x, z]

∣∣z
)

1 + α2
0b(z)

2E
[
φ2(u0|x, z)

∣∣z
]
Var

(
E[y|x, z]

∣∣z
)

]

. (3.2.14)

Define

Ωθ =

E
[
M∗

0 (x, z)M∗
0 (x, z)′

]
+ α2

0E
[
E

[
b(z)φ(u0|x, z)M∗

0 (x, z)
∣∣z

]
Var

(
E[y|x, z]

∣∣z
)
E

[
b(z)φ(u0|x, z)M∗

0 (x, z)
∣∣z

]′]
.

(3.2.15)

The above expressions use the fact that 1lZH0(u0|x, z) = 1lZE[y|x, z] and 1lZVar(y|x, z) =

1lZΦ0(u0|x, z). If Ωθ is invertible, the semiparametric efficiency bound for
√
n-consistent, regular

estimators of θ0 in Model (3.1.1) under Assumption A3.2 is well-defined and is equal to Ω−1
θ . The

efficient influence function is

ψθ = Ω−1
θ

((
y −E[y|x, z]

)
√

Var(y|x, z)
M∗

0 (x, z)−α0E
[
b(z)φ(u0|x, z)M∗

0 (x, z)
∣∣z

](
E[y|x, z]−E[y|z]

)
)

. (3.2.16)

Using (3.2.13), we can reexpress Ωθ as

Ωθ =E[1lZφ
2(u0|x, z)ww′] − α2

0E
[
1lZφ

2(u0|x, z)δ∗(z)δ∗(z)′
]

− α2
0E

[
E

[
b(z)φ(u0|x, z)M∗

0 (x, z)
∣∣z

]
Var

(
E[y|x, z]

∣∣z
)
E

[
b(z)φ(u0|x, z)M∗

0 (x, z)
∣∣z

]′]
,

(3.2.17)
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which immediately implies that Ω−1
θ − E[1lZφ

2(u0|x, z)ww′]−1 is a positive definite matrix unless

α0 = 0 or Var
(
E[y|x, z]

∣∣z
)

= 0 for all z ∈ Z. The term E[1lZφ
2(u0|x, z)ww′]−1 is the efficiency

bound when f2
0 (x|z) has known functional form. Equation (3.2.17) summarizes the efficiency cost

of not knowing f2
0 (x|z).

3.3 Efficiency bound for Model (3.1.1)(3.1.1)(3.1.1) when H0(·|x, z)H0(·|x, z)H0(·|x, z) is unknown.

We now assume that the exact functional form of the conditional distribution of ε given (x, z) is

unknown. Such distribution will not be allowed to be completely arbitrary. We will assume an

index exclusion-restriction, and a symmetry condition on H0(·|x, z). While the index exclusion-

restriction is fairly common, as we will see, the symmetry condition combined with the introduction

of the assumption that the support S(x′β0|z) is unbounded for each z ∈ Z, will provide tractability

of the tangent vectors involved.

Assumption A3.3.- Let u0 ≡ x′β0 + α0Pr(y = 1|z) as defined in (3.2.2). The exact functional

form of the distribution of ε|(x, z) is now unknown, but it will be allowed to depend on x, z only

through u0. This way, Model (3.1.1) will effectively become an index model for all z ∈ Z. We will

also assume that the distribution of ε|u0 is symmetric around zero. Due to the complicated nature

of the functional derivatives involved, this symmetry restriction combined with the introduction of

the assumption that the support S(x′β0|z) is unbounded for each z ∈ Z, will provide tractability to

the problem of characterizing the “representer” of the tangent vectors. Symmetry will also provide

a location normalization, although it is much stronger than what we would need for that purpose

(fixing a quantile of ε|u0 would suffice). Before stating formally the space of functions in which this

distribution lives, we introduce a parameter normalization. This will be a scale normalization for

‖θ0‖. Split x = (xℓ, x−ℓ), where it is known that βℓ0 6= 0. Reexpress Equation (3.1.1) as

y = 1l
{
x∗ℓ + x′−ℓδ0 + ρ0P̂r(y = 1|z) − ξ ≥ 0

}
; x∗ℓ ≡ βℓ0∣∣βℓ0

∣∣xℓ, δ0 ≡ β0−ℓ∣∣βℓ0

∣∣ , ρ0 ≡ α0∣∣βℓ0

∣∣ , ξ ≡
ε∣∣βℓ0

∣∣ .

(3.3.1)

The parameter of interest is γ0 ≡
(
δ0, ρ0

)
. Let u0 be as defined in Eq. (3.2.2) and denote

v0 ≡ u0

|βℓ0 |
= x∗ℓ + x′−ℓδ0 + ρ0Pr(y = 1|z). (3.3.2)

The exclusion restriction described immediately above (3.3.1) yields

Pr
(
ξ ≤ u

∣∣x, z
)

= Pr
(
ξ ≤ u

∣∣v0
)
≡ G0(u|v0). (3.3.3)
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Clearly, given the one-to-one transformation between the linear indices u0 and v0, we could replace

all statements conditional on v0 with statements conditional on u0. We will keep v0 in order to be

consistent with our new parameter normalization. The assumed symmetry of the distribution of

ε|u0 is preserved for that of ξ|v0. Formally, let

G =

{

g ∈ L2(R × R
k+p;λ× λx,z) : with probability one, g(ξ|x, z) = g(ξ|v0),

∫

R

g2(ξ|v0)dξ = 1,

and

∫ −k

−∞
g2(ξ|v0)dξ = 1 −

∫ k

−∞
g2(ξ|v0)dξ ∀ k ∈ R

}

.

(3.3.4)

Then

G0(u|v0) =

∫ u

−∞
g2

0(ξ|v0)dξ for some g0 ∈ G. (3.3.5)

g2
0(·|v0) is the conditional density of ξ|x, z, whose exact functional form is unknown. The

characterization of G immediately implies that
∫ 0
−∞ g2

0(ξ|v0)dξ = 1
2 w.p.1. A location normalization

of this sort is necessary to identify γ0. Symmetry is much stronger, but as we shall see, is useful

for tractability of the functional derivatives involved. Reexpress the equilibrium conditions (3.1.4)

in terms of our normalized parameters. For any scalar η ∈ R, let

R
(
η; γ0, z

)
= E

[
G0

(
x∗ℓ + x′−ℓδ0 + ρ0η

∣∣v0
)∣∣z

]
, ϕ

(
η; γ0, z

)
= η −R

(
η; γ0, z

)
(3.3.6)

The reparameterized equilibrium conditions become

ϕ
(
η; γ0, z

)
= 0. (3.3.7)

We maintain the conditions in Assumption A3.1 but remain agnostic as to what happens outside

the set Z, except for the assumption that the conditional density of y|x, z is well-defined there

too, but of unknown functional form. This extends the results in Equations (3.1.8)− (3.1.9) to the

reparameterized system (3.3.7) as

inf
z∈Z

≡ eJ (z)
︷ ︸︸ ︷(

1 − ρ0E
[
g2

0

(
x∗ℓ + x′−ℓδ0 + ρ0η0(γ0, z)

∣∣∣v0

)∣∣∣z
])

> 0, and

y = 1l
{
x∗ℓ + x′−ℓδ0 + ρ0η0(γ0, z) − ξ ≥ 0

}
whenever z ∈ Z.

(3.3.8)

Where

η0(γ0, z) = E
[
G0

(
x∗ℓ + x′−ℓδ0 + ρ0η0(γ0, z)

∣∣∣v0

)∣∣∣z
]
. (3.3.9)

η0 is the reparameterized expression for π0 as defined in (3.1.6). By construction, it follows from

Assumption A3.1 that η0(γ0, z) = π0(θ0, z) = Pr(y = 1|z) holds whenever z ∈ Z (in fact, whenever
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z is such that the equilibrium conditions (3.1.4) have a unique solution). Let p2
0(y|x, z) denote the

conditional density of y given (x, z) and let G0(v0|v0) ≡ G0(v0). Then,

p2
0(y|x, z) =

(
G0(v0)

y
[
1 −G0(v0)

]1−y
)1lZ ×

(
q2

0(y|x, z)
)1−1lZ

where q0 ∈ Q, (3.3.10)

and G0(ǫ|x, z) =
∫ ǫ
−∞ g2

0(u|x, z)du for some g0 ∈ G. The space Q is as described in Assumption

A3.2, Eq. (3.2.1). Equation (3.3.10) replaces (3.2.3). We now move on to the distributional

assumptions for (x, z). We maintain the assumption that f2
0 (x|z) ∈ F and m2

0(z) ∈ M, where

F and M are as defined in Assumption A3.2, Eq. (3.2.1). We add the assumption that the

support S
(
x∗ℓ + x′−ℓδ0

∣∣z
)

is unbounded for each z ∈ Z. By construction, this amounts to the

assumption that the support S(x′β0|z) is unbounded for each z ∈ Z. We will also assume that

E
[
1lZ

∣∣v0
]

= Pr(z ∈ Z|v0) > 0 w.p.1. Both conditions would be immediately satisfied, for example,

if both xℓ and z have unbounded support conditional on each other and conditional on x−ℓ.

The tangent sets lin T (Q, p0), lin T (F , f0) and lin T (M,m0) remain as described in Equation

(3.2.4). The one that corresponds to the space G is given by

lin T (G, g0) =

{
ġ ∈ L2(R × R

k+p;λ× λx,z) : ġ(ξ|x, z) = ġ(ξ|v0),

∫

R

ġ(ξ|v0)g0(ξ|v0)dξ = 0,

and

∫ −k

−∞
ġ(ξ|v0)g0(ξ|v0)dξ = −

∫ k

−∞
ġ(ξ|v0)g0(ξ|v0)dξ ∀ k ∈ R w.p.1

}

(3.3.11)

This characterization immediately implies that
∫ k
−∞ ġ(ξ|v0)dξ = 0 w.p.1. Given our assumptions,

the steps to establish the validity of (3.3.11) would involve the kind of denseness arguments used

in Lemma B.3 in the Appendix of (ST). The unknown parameters of the model are now τ0 =
(
γ0, g0, q0, f0,m0

)
. As before, we take a curve of the form τt ≡ (γt, gt, qt, ft,mt) : [0, t0] → R

k ×G×
Q×F ×M with the property that τt

∣∣
t=0= (γ0, g0, q0, f0,m0) ≡ τ0. Denote g0(v0|v0) ≡ g0(v0) and

G0(v0|v0) ≡ G0(v0), and define

Φ̃0(v0) ≡ G0(v0)
[
1 −G0(v0)

]
, ṽ ≡

(
x−ℓ, η0(γ0, z)

)
. (3.3.12)

The score for estimating t = 0 in the parametric submodel τt is given by

S0 =
d

dt

[
log p2

t (y|x, z) + log f2
t (x|z) + logm2

t (z)
]∣∣∣∣

t=0

= 1lZ

{[ (
y −G0(v0)

)

Φ̃0(v0)

]

×
(
g2

0(v0)
[
ṽ′γ̇ + ρ0η̇(γ0, z)

]
+ ∆̇(v0)

)}

+ 2

=
(

1−1lZ
)

q̇(y|x,z)
p0(y|x,z)

︷ ︸︸ ︷

(1 − 1lZ)
q̇(y|x, z)
q0(y|x, z)

︸ ︷︷ ︸
=2 ṗ(y|x,z)

p0(y|x,z)

+2
ḟ(x|z)
f0(x|z)

+ 2
ṁ(z)

m0(z)
,

where ∆̇(k) = 2

∫ k

−∞
ġ(ξ|v0)g0(ξ|v0)dξ for some ġ ∈ lin T (G, g0),

(3.3.13)
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and
(
γ̇, q̇, ḟ , ṁ

)
∈ R

k × lin T (Q, q0) × lin T (F , f0) × lin T (M,m0). For all z ∈ Z, the tangent

vector η̇ is a functional of ḟ and ∆̇, where these are given by (3.3.13) . We illustrate this next. By

construction, whenever z ∈ Z, we have η0(γ0, z) =
∫

Rk G0(v0)f
2
0 (x|z)dx. Therefore,

η̇(γ0, z) =

∫

Rk

(
g2

0(v0)
[
ṽ′γ̇ + ρ0η̇(γ0, z)

]
+ ∆̇(v0)

)
f2

0 (x|z)dx + 2

∫

Rk
G0(v0)ḟ(x|z)f0(x|z)dx

(3.3.14)

This yields

η̇(γ0, z) =
E

[
g2

0(v0)ṽ
∣∣z

]′
γ̇

J̃ (z)
+
E

[
∆̇(v0)

∣∣z
]

J̃ (z)
+
ζ̇(z)

J̃ (z)
, where ζ̇(z) ≡ 2

∫

Rk
G0(v0)ḟ(x|z)f0(x|z)dx

(3.3.15)

for all z ∈ Z, where J̃ is as defined in Eq. (3.3.8). This equation is directly comparable with

(3.2.8). Clearly, lack of knowledge about the functional form of G0 results in the appearance of the

term E
[
∆̇(v0)

∣∣z
]
. The characterization of the tangent set lin T (G, g0) implies that ∆̇(k) = −∆̇(−k)

for all k ∈ R. The assumption that S
(
x∗ℓ + x′−ℓδ0

∣∣z
)

= R for all z ∈ Z implies S(v0|z) = R for all

z ∈ Z. These facts yield

E
[
∆̇(v0)

∣∣z
]

= 0 for all z ∈ Z, and any ∆̇ such that ∆̇(k) =

∫ k

−∞
ġ(ξ|v0)g0(ξ|v0)dξ and ġ ∈ G.

(3.3.16)

The score in (3.3.13) becomes

S0 = 1lZ

[ (
y −G0(v0)

)

Φ̃0(v0)

][
g2

0(v0)

(
w̃′γ̇ + ρ0

ζ̇(z)

J̃ (z)

)
+ ∆̇(v0)

]
+ 2

(
1 − 1lZ

) q̇(y|x, z)
q0(y|x, z)

+ 2
ḟ(x|z)
f0(x|z)

+ 2
ṁ(z)

m0(z)
,

(3.3.17)

where

w̃ ≡ ṽ + ρ0
E

[
g2

0(v0)ṽ
∣∣z

]

J̃ (z)
. (3.3.18)

The Fisher inner product
〈
·, ·

〉
F

is derived from (3.3.17). We characterize the efficiency bound next.

Proposition 6 As before, denote g0(v0|v0) ≡ g0(v0) and G0(v0|v0) ≡ G0(v0). Let b̃(z) = 1
eJ (z)

,

where J̃ is as defined in Eq. (3.3.8). Let

φ̃(v0) =
g2

0(v0)√
Φ̃0(v0)

, (3.3.19)

where Φ̃0 is as defined in (3.3.12). Now let

M̃∗
0 (x, z) = 1lZ φ̃(v0)

[(
E

[
1lZ

∣∣v0
]
w̃ − E

[
1lZw̃

∣∣v0
]

E
[
1lZ

∣∣v0
]

)

+ ρ0

(
E

[
1lZ

∣∣v0
]
δ̃∗(z) − E

[
1lZ δ̃

∗(z)
∣∣v0

]

E
[
1lZ

∣∣v0
]

)]

,

(3.3.20)
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where δ̃∗(z) satisfies

δ̃∗(z) = −ρ0b̃(z)
2E

[
φ̃(v0)M̃

∗
0 (x, z)

∣∣∣z
]
Var

(
E[y|x, z]

∣∣∣z
)
. (3.3.21)

Finally, denote

Ωγ =

E
[
M̃∗

0 (x, z)M̃∗
0 (x, z)′

]
+ ρ2

0E

[
E

[
b̃(z)φ̃(v0)M̃

∗
0 (x, z)

∣∣∣z
]
Var

(
E

[
y

∣∣x, z
]∣∣∣z

)
E

[
b̃(z)φ̃(v0)M̃

∗
0 (x, z)

∣∣∣z
]′]
.

(3.3.22)

The above expressions use the fact that 1lZG0(v0) = 1lZE[y|x, z] and 1lZVar(y|x, z) = 1lZ Φ̃0(v0). If

Ωγ is invertible, the semiparametric efficiency bound for
√
n-consistent, regular estimators of γ0 in

Model (3.3.1) under Assumption A3.3 is well-defined and is equal to Ω−1
γ . The efficient influence

function is

ψγ = Ω−1
γ

((
y − E[y|x, z]

)
√

Var(y|x, z)
M̃∗

0 (x, z) − ρ0E
[
b̃(z)φ(v0)M̃

∗
0 (x, z)

∣∣z
](
E[y|x, z] − E[y|z]

)
)

. (3.3.23)

Note from (3.3.20) that E[M̃∗
0 (x, z)|v0] = 0. Using this and (3.3.21), we can reexpress Ωγ as

Ωγ = E

[

1lZ φ̃(v0)
2

(
E

[
1lZ

∣∣v0
]
w̃ − E

[
1lZ w̃

∣∣v0
]

E
[
1lZ

∣∣v0
]

)(
E

[
1lZ

∣∣v0
]
w̃ − E

[
1lZ w̃

∣∣v0
]

E
[
1lZ

∣∣v0
]

)′]

− ρ2
0E

[

1lZ φ̃(v0)
2

(
E

[
1lZ

∣∣v0
]
δ̃∗(z) − E

[
1lZ δ̃

∗(z)
∣∣v0

]

E
[
1lZ

∣∣v0
]

)(
E

[
1lZ

∣∣v0
]
δ̃∗(z) − E

[
1lZ δ̃

∗(z)
∣∣v0

]

E
[
1lZ

∣∣v0
]

)′]

− ρ2
0E

[
E

[
b̃(z)φ̃(v0)M̃

∗
0 (x, z)

∣∣∣z
]
Var

(
E

[
y

∣∣x, z
]∣∣∣z

)
E

[
b̃(z)φ̃(v0)M̃

∗
0 (x, z)

∣∣∣z
]′

]
,

(3.3.24)

which immediately implies that

Ω−1
γ − E

[

1lZ φ̃(v0)
2

(
E

[
1lZ

∣∣v0
]
w̃ − E

[
1lZw̃

∣∣v0
]

E
[
1lZ

∣∣v0
]

)(
E

[
1lZ

∣∣v0
]
w̃ − E

[
1lZw̃

∣∣v0
]

E
[
1lZ

∣∣v0
]

)′]−1

(3.3.25)

is a positive definite matrix unless ρ0 = 0 or Var
(
E[y|x, z]

∣∣z
)

= 0 for all z ∈ Z. The second

term on Equation (3.3.25) is the efficiency bound when the distribution H0(·|x, z) is unknown but

f2
0 (x|z) has known functional form (in this case, the term involving the tangent vector η̇ would not

be present in the expression for the score S0 in 3.3.13, above). Equation (3.3.25) summarizes the

efficiency cost of not knowing f2
0 (x|z).

3.4 A 2 × 22 × 22 × 2 simultaneous game.

Consider a game-theoretic model where two players have to simultaneously choose (i.e, they must

make their choices before observing that of their opponent) among two actions, labeled yp ∈ {0, 1}
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in an incomplete information environment. Suppose that their optimal choice rules are summarized

by

y1 = 1l
{
x′1β10 + α10P̂r1(y2 = 1|z) − ε1 ≥ 0

}
, y2 = 1l

{
x′2β20 + α20P̂r2(y1 = 1|z) − ε2 ≥ 0

}
; with

x ≡ (x1, x2) ∈ R
k1+k2 ≡ R

k, y
e

≡ (y1, y2) ∈ R
2, θ10 ≡

(
β10 , α10

)
∈ R

k1+1, θ20 ≡
(
β20 , α10

)
∈ R

k2+1,

θ0 ≡
(
θ10 , θ20

)
∈ R

k+2.

(3.4.1)

Here, P̂rp(·) denotes player p’s subjective beliefs. The “shock” εp is only privately observed by

player p, and is a source of incomplete information among players. Some of the elements in xp may

also be only privately observed. Whatever the information structure of the game, we will simply

think of (3.4.1) as a reduced-form expression for players’ optimal behavior. In fact, the expression

in (3.4.1) may even be justified by a bounded rationality argument in a complete information

environment (e.g, if players are only capable of making ex-ante inferences about their opponent’s

behavior conditional on z). As in the previous two sections, we will only assume that (3.4.1) is

common knowledge among the players, and that their beliefs are “rational”, in that they correspond

to their optimal ex-post conditional choice probabilities.

As in Section 3.1, we will normalize the scale of εp to one for p = 1, 2. We will also assume

throughout that ε1 and ε2 are independent of each other conditional on (x, z),

Pr(ε1 ≤ ǫ1, ε2 ≤ ǫ2|x, z) = Pr(ε1 ≤ ǫ1|x, z)Pr(ε2| ≤ ǫ2|x, z) ≡ H10(ǫ1|x, z)H20(ǫ2|x, z). (3.4.2)

For efficiency bounds purposes this assumption is not necessary. However, if it were not true,

then (3.4.1) could only be justified by a bounded rationality argument: any rational player would

condition his beliefs at least partially on the realization of his own εp, since it contains information

about ε−p even after conditioning on (x, z). As we have made clear throughout, the results in this

paper are valid only for beliefs and expectations conditioned on observables (to the econometrician).

Let Pr(yp = 1|z) denote the true probability that yp = 1 conditional on z. Given (3.4.1), we have

Pr(y1 = 1|z) = E
[
H10

(
x′1β10 + α10P̂r1(y2 = 1|z)

∣∣∣x, z
)∣∣∣z

]

Pr(y2 = 1|z) = E
[
H20

(
x′2β20 + α20P̂r2(y1 = 1|z)

∣∣∣x, z
)∣∣∣z

] (3.4.3)

The equilibrium properties of games like (3.4.1) are easy to study. Fix an arbitrary pair of scalars

π ≡ (π1, π2) ∈ R
2 and let

R1(π2; θ0, z) = E
[
H10

(
x′1β10 + α10π2

∣∣x, z
)∣∣z

]
, R2(π1; θ0, z) = E

[
H20

(
x′2β20 + α20π1

∣∣x, z
)∣∣z

]
;

ϕ
e

(π; θ0, z) ≡ π −
(
R1(π2; θ0, z) , R2(π1; θ0, z)

)
.

(3.4.4)
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Equilibrium beliefs must solve the fixed-point problem

ϕ
e

(π; θ0, z) = 0, (3.4.5)

which is analogous to the equilibrium system (3.1.4) in the symmetric agents model of Section

(3.1). As in the latter case, uniqueness of a solution to (3.4.5) is an issue that must be addressed

in order to characterize the identified features of the model. Define the Jacobian

J
e

(π; θ0, z)

2×2

≡ ∇πϕ
e

(π; θ0, z) =



 1 −α10E
[
h2

10

(
x′

1β10 + α10π2
∣∣x, z

)∣∣z
]

−α20E
[
h2

20

(
x′

2β20 + α20π1
∣∣x, z

)∣∣z
]

1





(3.4.6)

Sufficient conditions for uniqueness of a solution to (3.4.5) can be provided in terms of the properties

of the principal minors of J
e

(π; θ0, z). Immediately, since h2
p0

(·|x, z) > 0 w.p.1, we will have a unique

equilibrium for every realization of z if α10α20 ≤ 0. More generally, as in the discussion between

Equations (3.1.5) and (3.1.6), realizations of z that make Rp(0; θ0, z) ≈ Rp(1; θ0, z) for p = 1 or

p = 2 (not necessarily both) will induce a unique equilibrium. Further details for a slightly more

complicated game can be found in Aradillas-Lopez (2006). Suppose z is such that (3.4.5) has a

unique solution. For such a z define

π0
e

(θ0, z) ≡



π10(θ0, z)

π20(θ0, z)



 =




E

[
H10

(
x′1β10 + α10π20(θ0, z)

∣∣∣x, z
)∣∣∣z

]

E
[
H20

(
x′2β20 + α20π10(θ0, z)

∣∣∣x, z
)∣∣∣z

]



 (3.4.7)

For any such z, we clearly have π0
e

(θ0, z) = Pr
(
y
e

= (1, 1)
∣∣z

)
= E[y

e

|z]. Let det
(
A

)
denote the

determinant of a matrix ‘A’. It is not hard to show that any realization z that induces a unique

solution to (3.4.5) must satisfy

det
(
J
e

(
π0
e

(θ0, z); θ0, z
))

≡ det
(
J
e

(z)
)
6= 0, (3.4.8)

which is analogous to Equation (3.1.7).

Assumption A3.4.- There exists a known subset Z ⊆ S(z) such that every z ∈ Z has a unique

solution to (3.4.5). We strengthen (3.4.8) by assuming that for some d > 0,

inf
z∈Z

{
det

(
J
e

(z)
)}

> d > 0. (3.4.9)

Uniqueness yields

y1 = 1l
{
x′1β10 + α10π20(θ0, z) − ε1 ≥ 0

}
; y2 = 1l

{
x′2β20 + α20π10(θ0, z) − ε2 ≥ 0

}
whenever z ∈ Z.

(3.4.10)
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Let −p denote player p’s opponent and define

H0
e

(
y
e

∣∣x, z
)

=

2∏

p=1

Hp0

(
x′pβp0 + αp0π−p0(θ0, z)|x, z

)yp[
1 −Hp0

(
x′pβp0 + αp0π−p0(θp0, z)|x, z

)]1−yp

(3.4.11)

Let p2
0
(
y
e

∣∣x, z
)

denote the density of y
e

conditional on (x, z). Assumption 3.4 yields p2
0
(
y
e

∣∣x, z
)

=

H0
e

(
y
e

∣∣x, z; θ0
)

whenever z ∈ Z. As in Section 3.1, we will remain agnostic as to the equilibrium

properties and the resulting expression for p2
0
(
y
e

∣∣x, z
)

whenever z /∈ Z.

3.5 Efficiency bound for Model (3.4.1)(3.4.1)(3.4.1) when Hp0(·|x, z)Hp0(·|x, z)Hp0(·|x, z) is known for p = 1, 2p = 1, 2p = 1, 2.

We will characterize the efficiency bound for
√
n-consistent, regular estimators of θ0 in Model (3.4.1)

when the conditional distributions in (3.4.2) are known. Suppose the following holds.

Assumption A3.5.- The conditions in Assumption A3.4 are satisfied. Define

Q
e

=

{

q ∈ L2
(
{0, 1}2 × R

k × R
p;λ{0,1}2 × λx,z

)
: q2(y

e

|x, z) > 0,
∑

ey∈{0,1}2

q2(y
e

|x, z) = 1 w.p.1.

}

(3.5.1)

Let

up0 = x′pβp0 + αp0Pr(y−p = 1|z)
(
= x′pβp0 + αp0π−p0(θ0, z) for all z ∈ Z

)
; u0

e

≡
(
u10 , u20

)
,

(3.5.2)

where πp0 is as defined in Equation (3.4.7). Let p2
0(y

e

|x, z) denote the conditional density of y
e

given

(x, z). As before, let 1lZ ≡ 1l{z ∈ Z}. Then

p2
0
(
ỹ

∣∣x, z
)

=

( 2∏

p=1

Hp0

(
up0

∣∣x, z
)yp[

1 −Hp0

(
up

∣∣x, z
)]1−yp

)1lZ

×
(
q2

0
(
y
e

∣∣x, z
))1−1lZ

,where q0 ∈ Q
e

,

(3.5.3)

and Hp0(ǫ|x, z) =
∫ ǫ
−∞ h2

p0(u|x, z)du where h2
p0(·|x, z) has a known functional form for p = 1, 2. We

will assume that f2
0 (x|z) and m2

0(z) belong to the spaces F and M as described in Equation (3.2.1)

of Assumption A3.2, with k replaced with k.

The tangent set that corresponds to Q
e

in (3.5.1) is

lin T (Q
e

, p0) =

{
q̇ ∈ L2

(
{0, 1}2 ×R

k ×R
p;λ{0,1}2 ×λx,z

)
:

∑

y
e

∈{0,1}2

q̇(y
e

|x, z)p0(y
e

|x, z) = 0 w.p.1.

}
;

(3.5.4)
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The tangent sets lin T (F
e

, f0) and lin T (M
e

,m0) are as described in Eq. (3.2.4), with k replaced

with k. The unknown parameters are τ0 ≡ (θ0, q0, f0,m0). As we have done throughout this

paper, we focus on submodels τt indexed by one-dimensional parameter t with the property that

τt
∣∣
t=0= τ0. For p = 1, 2 define

Φp0(up0|x, z) ≡ Hp0(up0 |x, z)
[
1 −Hp0(up0|x, z)

]
, vp ≡

(
xp, π−p0(θ0, z)

)
. (3.5.5)

The score for estimating t = 0 is given by

S0 =
d

dt

[
log p2

t (y
e

|x, z) + log f2
t (x|z) + logm2

t (z)
]∣∣∣∣

t=0

=

2∑

p=1

[

1lZ

(
yp −Hp0(up0 |x, z)

Φp0(up0 |x, z)

)

h2
p0

(up0 |x, z)
(
v′

pθ̇p + αp0 π̇−p(θ0, z)
)
]

+ 2

=
(

1−1lZ
) q̇(y

e

|x,z)

p0(y
e

|x,z)

︷ ︸︸ ︷
(
1 − 1lZ

) q̇(y
e

|x, z)

q0(y
e

|x, z)
︸ ︷︷ ︸

=2
ṗ(y

e

|x,z)

p0(y
e

|x,z)

+ 2
ḟ(x|z)
f0(x|z)

+ 2
ṁ(z)

m0(z)
.

(3.5.6)

where the tangent vectors τ̇ ≡
(
θ̇, q̇, ḟ , ṁ

)
∈ Ṫ . Whenever z ∈ Z, the tangent vector π̇ is an easy

to characterize functional of θ̇ and ḟ . The following results are a straightforward extension of the

results in (3.2.7) and (3.2.8). For any z ∈ Z, we have



 1 −α10E
[
h2

10
(u10 |x, z)

∣∣z
]

−α20E
[
h2

20
(u20 |x, z)

∣∣z
]

1





︸ ︷︷ ︸
=J

e

(z)



π̇1(θ0, z)

π̇2(θ0, z)



 =



E
[
h2

10
(u10 |x, z)v1

∣∣z
]′
θ̇1 + µ̇1(z)

E
[
h2

20
(u20 |x, z)v2

∣∣z
]′
θ̇2 + µ̇2(z)





where µ̇p(z) = 2

∫

Rk
Hp0(up0 |x, z)ḟ(x|z)f0(x|z)dx for p = 1, 2.

(3.5.7)

From the regularity conditions in Assumption A3.4 (see Equation 3.4.9), 1lZJ
e

(z) is invertible and

bounded (in a matrix-norm sense) w.p.1. We will express J
e

−1(z) as

J
e

−1(z)

(2×2)

≡



d11(z) d12(z)

d21(z) d22(z)



 ≡





d1
e

(z)′

d2
e

(z)′




 . (3.5.8)
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Define

µ̇
e

(z)

2×1

≡
(
µ̇1(z) , µ̇2(z)

)′
;

w1
(k+2)×1

≡
(
v′1 + α10d21(z)E

[
h2

10(u10 |x, z)v1
∣∣z

]′
, α10d22(z)E

[
h2

20(u20 |x, z)v2
∣∣z

]′
)′

;

w2
(k+2)×1

≡
(
α20d11(z)E

[
h2

10(u10 |x, z)v1
∣∣z

]′
, v′2 + α20d12(z)E

[
h2

20(u20 |x, z)v2
∣∣z

]′
)′

.

(3.5.9)

Using (3.5.7) − (3.5.9), the score in (3.5.6) becomes

S0 =

2∑

p=1

[

1lZ

(
yp −Hp0(up0 |x, z)

Φp0(up0 |x, z)

)

h2
p0

(up0 |x, z)
(
w′

pθ̇p + αp0d-p
e

(z)′µ̇
e

(z)
)]

+ 2
(
1 − 1lZ

) q̇(y
e

|x, z)

q0(y
e

|x, z)

+ 2
ḟ(x|z)
f0(x|z)

+ 2
ṁ(z)

m0(z)
.

(3.5.10)

The Fisher inner product for any two τ̇a, τ̇b ∈ Ṫ is

〈
τ̇a, τ̇b

〉
F

= E

[

1lZ
h4

10
(u10 |x, z)

Φ10(u10 |x, z)

(
w′

1θ̇a + α10d2
e

(z)′µ̇a
e

(z)

)(
w′

1θ̇b + α10d2
e

(z)′µ̇b
e

(z)

)]

+ E

[

1lZ
h4

20
(u20 |x, z)

Φ20(u20 |x, z)

(
w′

2θ̇a + α20d1
e

(z)′µ̇a
e

(z)

)(
w′

2θ̇b + α20d1
e

(z)′µ̇b
e

(z)

)]

+ 4E

[(
1 − 1lZ

) ∑

y
e

∈{0,1}2

q̇a(y
e

|x, z)q̇b(y
e

|x, z)
]

+ 4E

[∫

Rk
ḟa(x|z)ḟb(x|z)dx

]
+ 4

∫

Rp
ṁa(z)ṁb(z)dz

(3.5.11)

We characterize the efficiency bound for θ0 next

Proposition 7 For p = 1, 2 let

φp(up0 |x, z) =
h2

p0(up0 |x, z)√
Φp0(up0 |x, z)

. (3.5.12)

Let d1
e

, d2
e

be as defined in Eq. (3.5.8) and define

M∗
10(x, z) = 1lZφ1(u10 |x, z)

[
w1 + α10δ

∗

e

(z)d2
e

(z)
]
;

M∗
20

(x, z) = 1lZφ2(u20 |x, z)
[
w2 + α20δ

∗

e

(z)d1
e

(z)
]
.

(3.5.13)

where δ∗
e

is a (k + 2) × 2 matrix that satisfies

δ∗
e

(z) = −E
[
α10E

[
φ1(u10 |x, z)M∗

10
(x, z)

∣∣z
]
d2
e

(z)′ + α20E
[
φ2(u20 |x, z)M∗

20
(x, z)

∣∣z
]
d1
e

(z)′
]
Var

(
E

[
y
e

∣∣x, z
]∣∣∣z

)
.

(3.5.14)
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That is,

δ∗
e

(z) = −1lZ

[
α10E

[
φ2

1(u10 |x, z)w1
∣∣z

]
d2
e

(z)′ + α20E
[
φ2

2(u20 |x, z)w2
∣∣z

]
d1
e

(z)′
]
Var

(
E

[
y
e

∣∣x, z
]∣∣∣z

)

×
[

I2 +

(
α2

10
E

[
φ2

1(u10 |x, z)
∣∣z

]
d2
e

(z)d2
e

(z)′ + α2
20
E

[
φ2

2(u20 |x, z)
∣∣z

]
d1
e

(z)d1
e

(z)′
)

Var
(
E

[
y
e

∣∣x, z
]∣∣∣z

)]−1

,

(3.5.15)

where I2 is the 2 × 2 identity matrix. These expressions reflect the fact that 1lZHp0(up0 |x, z) =

1lZE
[
yp

∣∣x, z
]

for p = 1, 2. They are directly comparable with (3.2.13) − (3.2.14) in Proposition 5.

Let

A∗(z) = E

[
α10E

[
φ1(u10 |x, z)M∗

10
(x, z)

∣∣z
]
d2
e

(z)′ + α20E
[
φ2(u20 |x, z)M∗

20
(x, z)

∣∣z
]
d1
e

(z)′
]

Ωθ = E
[
M∗

10(x, z)M
∗
10(x, z)

′
]
+ E

[
M∗

20(x, z)M
∗
20(x, z)

′
]
+ E

[
A∗(z)Var

(
E[y

e

|x, z]
∣∣z

)
A∗(z)′

]

(3.5.16)

If Ωθ is invertible, the semiparametric efficiency bound for
√
n-consistent, regular estimators of θ0

in Model (3.4.1) under Assumption A3.5 is well-defined and is equal to Ω−1
θ . The efficient influence

function is

ψθ = Ω−1
θ

[ 2∑

p=1

(
yp − E[yp|x, z]

)
√

Var(yp|x, z)
M∗

p0
(x, z) −A∗(z)

(
E[y

e

|x, z] − E[y
e

|z]
)
]

(3.5.17)

Using (3.5.13), we can express

Ωθ =E
[
1lZφ

2
1(u10 |x, z)w1w

′
1
]
+ E

[
1lZφ

2
2(u20 |x, z)w2w

′
2
]
− α2

10E
[
1lZφ

2
1(u10 |x, z)δ∗

e

(z)d2
e

(z)d2
e

(z)′δ∗
e

(z)′
]

− α2
20E

[
1lZφ

2
2(u20 |x, z)δ∗

e

(z)d1
e

(z)d1
e

(z)′δ∗
e

(z)′
]
− E

[
A∗(z)Var

(
E[y

e

|x, z]
∣∣z

)
A∗(z)′

]
,

(3.5.18)

which shows that the matrix Ω−1
θ −

{
E

[
1lZφ

2
1(u10 |x, z)w1w

′
1
]

+ E
[
1lZφ

2
2(u20 |x, z)w2w

′
2
]}−1

is

positive definite unless α10 = α20 = 0 or Var
(
E[y

e

|x, z]
∣∣z

)
= 0 for all z ∈ Z. The term

{
E

[
1lZφ

2
1(u10 |x, z)w1w

′
1
]

+ E
[
1lZφ

2
2(u20 |x, z)w2w

′
2
]}−1

is the efficiency bound when f2
0 (x|z) has

known functional form. Equation (3.5.18) summarizes the efficiency cost of not knowing f2
0 (x|z).

3.6 Efficiency bound for Model (3.4.1)(3.4.1)(3.4.1) when Hp0(·|x, z)Hp0(·|x, z)Hp0(·|x, z) is unknown.

We now assume that the exact functional form of the conditional distribution of εp given (x, z) is

unknown for p = 1, 2. We will maintain the assumption that ε1 and ε2 are independent of each other

conditional on (x, z). We will assume that each Hp(·|x, z) satisfies the conditions in Assumption

A3.3. As we will see, the results in this section will alter those in Proposition 7 in the same way as
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Proposition 6 altered those in Proposition 5.

Assumption A3.6.- As in the previous section, we assume that ε1 and ε2 are independent

conditional on (x, z). We will assume that all the conditions in Assumption A3.2 hold for the

distributions of εp|(x, z) for p = 1, 2. Namely, εp|x, z ∼ εp|up0 , where up0 = x′pβp0+αp0Pr(y−p = 1|z)
as defined in Eq. (3.5.2), and εp|up0 is symmetrically distributed around zero w.p.1. Also, S(x′pβp0 |z)
has unbounded support for p = 1, 2. As in Assumption A3.2, we will impose the condition

E[1lZ |vp0 ] > 0 w.p.1 for p = 1, 2. These conditions would be immediately satisfied, for example, if

x1ℓ 6= x2ℓ and z have unbounded support conditional on each other and conditional on x1−ℓ ∪x2−ℓ .

We will normalize the scale of θp0 as in (3.3.1): split xp = (xpℓ , xp−ℓ), where it is known that

βpℓ0
6= 0. Reexpress Equation (3.4.1) as

yp = 1l
{
x∗pℓ

+ x′p−ℓ
δp0 + ρp0P̂rp(y−p = 1|z) − ξp ≥ 0

}
for p = 1, 2,

where x∗pℓ
≡

βpℓ0∣∣βpℓ0

∣∣xpℓ, δp0 ≡
βp−ℓ0∣∣βpℓ0

∣∣ , ρp0 ≡ αp0∣∣βpℓ0

∣∣ , ξp ≡ εp∣∣βpℓ0

∣∣ .
(3.6.1)

The parameter of interest is γ0 ≡
(
γ10 , γ20

)
, where γp0 ≡

(
βp0 , ρp0

)
. Define

vp0 ≡ up0

|βpℓ0
| = xp

∗
ℓ + x′p−ℓ

δp0 + ρp0Pr(y−p = 1|z). (3.6.2)

As it was the case in Assumption A3.2, our exclusion restrictions imply that

Pr
(
ξp ≤ u

∣∣x, z
)

= Pr
(
ξp ≤ u

∣∣vp0

)
≡ Gp0(u|vp0). (3.6.3)

The symmetry of Hp0(·|up0) is inherited by Gp0(·|vp0). Let

Gp =

{

gp ∈ L2(R × R
k+p;λ× λx,z) : with probability one, gp(ξp|x, z) = gp(ξp|vp0),

∫

R

g2
p(ξ|vp0)dξ = 1,

and

∫ −k

−∞
g2

p(ξ|vp0 )dξ = 1 −
∫ k

−∞
g2

p(ξ|vp0)dξ ∀ k ∈ R

}

.

(3.6.4)

For p = 1, 2, we will assume that

Gp0(u|vp0) =

∫ u

−∞
g2
p0(ξ|vp0)dξ for some gp0 ∈ Gp. (3.6.5)

Denote Gp0(vp0 |vp0) ≡ Gp0(vp0). We maintain the uniqueness and regularity conditions detailed

in A3.4 for the reparameterized model. Summarized, this implies that p2
0(y

e

|x, z), the conditional

density of y
e

given (x, z) is given by

p2
0
(
ỹ

∣∣x, z
)

=

( 2∏

p=1

Gp0(vp0)
yp

[
1 −Gp0

(
vp0)

]1−yp

)1lZ

×
(
q2

0
(
y
e

∣∣x, z
))1−1lZ

,where q0 ∈ Q
e

, (3.6.6)
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Q
e

is as described in Eq. (3.5.1) and Gp0(u|vp0) =
∫ u
−∞ g2

p0
(ξ|vp0)dξ for some gp0 ∈ Gp. We will

assume that f2
0 (x|z) and m2

0(z) belong to the spaces F and M as described in Equation (3.2.1)

of Assumption A3.2, with k replaced with k. The tangent sets lin T (Q
e

, p0), lin T (F
e

, f0) and

lin T (M
e

,m0) are as described in Subsection 3.5. The tangent set for Gp is

lin T (Gp, gp0) =

{
ġp ∈ L2(R × R

k+p;λ× λx,z) : ġp(ξp|x, z) = ġ(ξp|vp0),

∫

R

ġp(ξp|vp0)gp0(ξp|vp0)dξ = 0,

and

∫ −k

−∞
ġp(ξ|vp0)gp0(ξ|vp0)dξ = −

∫ k

−∞
ġp(ξ|vp0 )gp0(ξ|vp0 )dξ ∀ k ∈ R w.p.1

}

(3.6.7)

This characterization immediately implies that
∫ k
−∞ ġp(ξ|vp0)dξ = 0 w.p.1. As it was the case in

Proposition 6, this feature along with the unbounded support of x′pβp0 |z will provide tractability

to the problem of searching for the representers, given the complicated structure of the functional

derivatives involved. Let

ηp0(γ0, z) = E
[
Gp0

(
x∗pℓ

+ x′p−ℓ
δp0 + ρp0η−p0(γ0, z)

∣∣∣vp0

)∣∣∣z
]
, η0

e

(
γ0, z

)
≡

(
η10(γ0, z) , η20(γ0, z)

)′

(3.6.8)

η0
e

is the reparameterized expression for π0
e

as defined in Eq. (3.4.7). Whenever z ∈ Z, we have

η0
e

(γ0, z) = π0
e

(θ0, z) = E[y
e

|z]. Let

Φ̃p0(vp0) ≡ Gp0(vp0)
[
1 −Gp0(vp0)

]
, ṽp ≡

(
xp−ℓ , η−p0(γ0, z)

)
. (3.6.9)

The unknown parameters are τ0 ≡ (γ0, g0, q0, f0,m0). The score for estimating t = 0 in the

parametric submodel τt is given by

S0 =
d

dt

[
log p2

t (y
e

|x, z) + log f2
t (x|z) + logm2

t (z)
]∣∣∣∣

t=0
=

2∑

p=1

1lZ

{[ (
yp −Gp0(vp0 )

)

Φ̃p0(vp0 )

]

×
(
g2

p0
(vp0 )

[
ṽ′

pγ̇p + ρp0 η̇p(γ0, z)
]

+ ∆̇p(vp0)

)}

+ 2(1 − 1lZ)
q̇(y|x, z)
q0(y|x, z)

+ 2
ḟ(x|z)
f0(x|z)

+ 2
ṁ(z)

m0(z)
, where ∆̇p(k) = 2

∫ k

−∞
ġp(ξ|vp0 )gp0(ξ|vp0)dξ for some ġp ∈ lin T (Gp, gp0),

(3.6.10)

For any z ∈ Z, we have


 1 −ρ10E
[
g2

10
(v10)

∣∣z
]

−ρ20E
[
g2

20
(v20)

∣∣z
]

1





︸ ︷︷ ︸
≡H

e

(z)



η̇1(γ0, z)

η̇2(γ0, z)



 =



E
[
g2

10
(v10 )ṽ1

∣∣z
]′
γ̇1 + E

[
∆̇1(v10)

∣∣z
]
+ ζ̇1(z)

E
[
g2

20
(u20)ṽ2

∣∣z
]′
γ̇2 + E

[
∆̇2(v20)

∣∣z
]
+ ζ̇2(z)





where ζ̇p(z) = 2

∫

Rk
Gp0(vp0 )ḟ(x|z)f0(x|z)dx for p = 1, 2.

(3.6.11)
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Symmetry of ∆̇p(·) and unboundedness of S(x′pβp0 |z) yield

E
[
∆̇p(vp0)

∣∣z
]

= 0 w.p.1. (3.6.12)

for all ∆̇p such that ∆̇p(k) = 2
∫ k
−∞ ġp(ξ|vp0)gp0(ξ|vp0)dξ for some ġp ∈ lin T (Gp, gp0). Uniqueness and

uniform regularity of equilibria in Z implies that H
e

(z) is invertible everywhere in Z. Express

H
e

(z)−1

2×2

≡



c11(z) c12(z)

c21(z) c22(z)



 ≡





c1
e

(z)′

c2
e

(z)′




 (3.6.13)

Define

ζ̇
e

(z)

2×1

≡
(
ζ̇1(z) , ζ̇2(z)

)′
;

w̃1
k×1

≡
(
ṽ′1 + ρ10c21(z)E

[
g2

10
(v10)ṽ1

∣∣z
]′

, ρ10c22(z)E
[
g2

20
(v20)ṽ2

∣∣z
]′

)′

;

w̃2
k×1

≡
(
ρ20c11(z)E

[
g2

10(v10)ṽ1
∣∣z

]′
, ṽ′2 + ρ20c12(z)E

[
g2

20(v20)ṽ2
∣∣z

]′
)′

.

(3.6.14)

Using (3.6.11) − (3.6.14), the score in (3.6.10) becomes

S0 =

2∑

p=1

1lZ

{[ (
yp −Gp0 (vp0)

)

Φ̃p0(vp0)

]

×
(
g2

p0
(vp0)

[
w̃′

pγ̇p + ρp0c-p
e

(z)′ζ̇
e

(γ0, z)
]

+ ∆̇p(vp0)

)}

+ 2(1 − 1lZ)
q̇(y|x, z)
q0(y|x, z)

+ 2
ḟ(x|z)
f0(x|z)

+ 2
ṁ(z)

m0(z)
(3.6.15)

The next result describes the efficiency bound for γ0.

Proposition 8 For p = 1, 2, let

φ̃p(vp0) =
g2
p0(vp0)√
Φ̃p0(vp0)

. (3.6.16)

Let c1
e

, c2
e

be as defined in Eq. (3.6.13) and define

M̃∗
10

(x, z) = 1lZ φ̃1(v10)

[(
E[1lZ |v10 ]w̃1 − E[1lZ w̃1|v10 ]

E[1lZ |v10 ]

)

+ ρ10

(E[1lZ |v10 ]δ̃
∗

e

(z)c2
e

(z) − E
[
1lZ δ̃

∗
e

(z)c2
e

(z)
∣∣v10

]

E[1lZ |v10 ]

)]

M̃∗
20

(x, z) = 1lZ φ̃2(v20)

[(
E[1lZ |v20 ]w̃2 − E[1lZ w̃2|v20 ]

E[1lZ |v20 ]

)

+ ρ20

(E[1lZ |v20 ]δ̃
∗

e

(z)c1
e

(z) − E
[
1lZ δ̃

∗
e

(z)c1
e

(z)
∣∣v20

]

E[1lZ |v20 ]

)]

,

(3.6.17)

where δ̃∗
e

is a k × 2 matrix that satisfies

δ̃∗
e

(z) = −E
[
ρ10E

[
φ̃1(v10)M̃

∗
10

(x, z)
∣∣z

]
c2
e

(z)′ + ρ20E
[
φ̃2(v20)M̃

∗
20

(x, z)
∣∣z

]
c1
e

(z)′
]
Var

(
E

[
y
e

∣∣x, z
]∣∣∣z

)
. (3.6.18)
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Let

Ã∗(z) = E

[
ρ10E

[
φ̃1(v10)M̃

∗
10

(x, z)
∣∣z

]
c2
e

(z)′ + ρ20E
[
φ̃2(v20)M̃

∗
20

(x, z)
∣∣z

]
c1
e

(z)′
]

Ωγ = E
[
M̃∗

10
(x, z)M̃∗

10
(x, z)′

]
+ E

[
M̃∗

20
(x, z)M̃∗

20
(x, z)′

]
+ E

[
Ã∗(z)Var

(
E[y

e

|x, z]
∣∣z

)
Ã∗(z)′

]

(3.6.19)

If Ωγ is invertible, the semiparametric efficiency bound for
√
n-consistent, regular estimators of γ0

in Model (3.6.1) under Assumption A3.6 is well-defined and is equal to Ω−1
γ . The efficient influence

function is

ψγ = Ω−1
γ

[ 2∑

p=1

(
yp − E[yp|x, z]

)
√

Var(yp|x, z)
M̃∗

p0(x, z) − Ã∗(z)
(
E[y

e

|x, z] − E[y
e

|z]
)
]

. (3.6.20)

Denote R̃∗
1(x, z) = 1

E[1lZ |v10 ]

[
E[1lZ |v10 ]δ̃

∗

e

(z)c2
e

(z) −E
[
1lZ δ̃

∗

e

(z)c2
e

(z)
∣∣v10

]]
and define R̃∗

2(x, z) anal-

ogously by interchanging all subscripts involved. Note from (3.6.17) that E[M̃∗
p0(x, z)|vp0 ] = 0 for

p = 1, 2. Using this and (3.6.18), we can reexpress Ωγ as

Ωγ = E

[

1lZ φ̃(v10)
2

(
E

[
1lZ

∣∣v10

]
w̃1 − E

[
1lZ w̃1

∣∣v10

]

E
[
1lZ

∣∣v10

]

)(
E

[
1lZ

∣∣v10

]
w̃1 − E

[
1lZ w̃1

∣∣v10

]

E
[
1lZ

∣∣v10

]

)′]

+ E

[

1lZ φ̃(v20)
2

(
E

[
1lZ

∣∣v20

]
w̃2 − E

[
1lZ w̃2

∣∣v20

]

E
[
1lZ

∣∣v20

]

)(
E

[
1lZ

∣∣v20

]
w̃2 − E

[
1lZ w̃2

∣∣v20

]

E
[
1lZ

∣∣v20

]

)′]

−
2∑

p=1

ρ2
p0
E

[
1lZ φ̃

2
p(vp0)R̃

∗
p(x, z)R̃

∗
p(x, z)

′
]
− E

[
Ã∗(z)Var

(
E[y

e

|x, z]
∣∣z

)
Ã∗(z)′

]

(3.6.21)

which immediately implies that

Ω−1
γ −

{
2∑

p=1

E

[

1lZ φ̃(vp0 )2

(
E

[
1lZ

∣∣vp0

]
w̃p − E

[
1lZ w̃p

∣∣vp0

]

E
[
1lZ

∣∣vp0

]

)(
E

[
1lZ

∣∣vp0

]
w̃p − E

[
1lZw̃p

∣∣vp0

]

E
[
1lZ

∣∣vp0

]

)′]}−1

(3.6.22)

is a positive definite matrix unless ρ10 = ρ20 = 0 or Var
(
E[y|x, z]

∣∣z
)

= 0 for all z ∈ Z.

The second term on Equation (3.6.22) is the efficiency bound when the distributions Hp0(·|x, z)
are unknown but f2

0 (x|z) has known functional form. If this were the case, the terms involving

the tangent vector η̇p would not be present in the expression for the score S0 in (3.6.10), above.

Equation (3.6.22) summarizes the efficiency cost of not knowing f2
0 (x|z).

3.7 A binary choice model with rational expectations but no strategic interac-

tions.

We conclude by analyzing the following model, which includes that in Ahn and Manski (1993) as

a special case,

y = 1l
{
x′β0 + E[x1|z]′η10 + E[s|z]′η20 − ε ≥ 0

}
, y /∈ (x1, s), (3.7.1)
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where s /∈ x and x1 is a subvector of x, with the property that Pr(E[x1|z] 6= x1) > 0. We will let

u ≡ (x, s) ∈ R
r, u1 ≡ (x1, s) ∈ R

r1, (x, u1) ∈ R
k. As we have done throughout, we assume z ∈ R

p.

We will assume that the support of (x,E[u1|z]) is not contained in any proper linear subspace

of R
k. We can think of the linear index in (3.7.1) as a reduced form that involves the vector of

identifiable parameters θ0 ≡ (β0, η10 , η20) ∈ R
k. We will denote the distribution function of ε|u, z

as Pr(ε ≤ ǫ|u, z) = H0(ǫ|u, z), with density h2
0(ǫ|u, z). Let

F =

{
f ∈ L2(Rr × R

p;λ× λz) : f2(u|z) > 0,

∫

Rr
f2(u|z)du = 1 w.p.1.

}
;

M =

{
m ∈ L2(Rp;λ) : m2(z) > 0,

∫

Rp
m2(z)dz = 1

}
.

(3.7.2)

The following assumption deals with the case where H0 has known functional form.

Assumption A3.7.1.- The support of (x,E[u1|z]) is not contained in any proper linear subspace

of R
k. The conditional distribution H0(ǫ|u, z) has known functional form. The density of u|z and

the marginal density of z, denoted by f2
0 (u|z) and m2

0(z) are unknown, but they satisfy f2
0 ∈ F and

m2
0 ∈ M.

Strategic interactions are absent from this model and there is no notion equilibrium involved.

Consequently, there are no concerns about multiple equilibria. For this reason, unlike the cases in

Subsections 3.1.1-3.6, no trimming set Z will be considered now. The expression for the score S0

that is equivalent to Equation (3.2.6) in Subsection 3.2 is now given by

S0 =
d

dt

[
log p2

t (y|u, z) + log f2
t (u|z) + logm2

t (z)
]∣∣∣∣

t=0

=

[(
y −H0(u0|u, z)

)

Φ0(u0|u, z)

]

h2
0(u0|u, z)

(
v′θ̇ + µ̇(z)′η0

)
+ 2

ḟ(u|z)
f0(u|z)

+ 2
ṁ(z)

m0(z)
,

(3.7.3)

where v ≡
(
x,E[u1|z]

)
, η0 ≡ (η10 ,η20) ∈ R

r1, and Φ0(u0|u, z) ≡ H0(u0|u, z)
[
1 − H0(u0|u, z)

]
.

Since E[u1|z] can be expressed as E[u1|z] =
∫
u1f

2
0 (u|z)du (recall that u1 ⊆ u), we can express the

corresponding tangent vector as µ̇(z) = 2
∫
u1ḟ(u|z)f0(u|z)du.

Proposition 9 Let η0 ≡ (η10 ,η20) ∈ Rr1,

x′β0 + E[x1|z]′η10 + E[s|z]′η20 ≡ x′β0 + E[u1|z]′η0 ≡ u0, (3.7.4)

and φ(u0|u, z) =
h2

0(u0|u,z)√
Φ0(u0|u,z)

, where Φ0(u0|u, z) ≡ H0(u0|u, z)
[
1 −H0(u0|u, z)

]
. Define

v ≡
(
x,E[u1|z]

)
∈ R

k; D∗
0(u, z) = φ(u0|u, z)

[
v + Γ∗(z)η0

]
, (3.7.5)

where Γ∗(z)
k×r1

satisfies

Γ∗(z) = −E
[
φ0(u0|u, z)D∗

0(u, z)
∣∣z

]
η′0Var(u1|z). (3.7.6)
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Define

Ωθ = E
[
D∗

0(u, z)D
∗
0(u, z)′

]
+ E

[
E

[
φ0(u0|u, z)D∗

0(u, z)
∣∣z

]
η′0Var(u1|z)η0E

[
φ0(u0|u, z)D∗

0(u, z)
∣∣z

]′]
.

(3.7.7)

If Assumption A3.7.1 holds and Ωθ is invertible, the semiparametric efficiency bound for
√
n-

consistent, regular estimators of θ0 in Model (3.7.1) is well-defined and given by Ω−1
θ . The efficient

influence function is

ψθ = Ω−1
θ

(
(y − E[y|u, z])
√

Var(y|u, z)
D∗

0(u, z) − E
[
φ0(u0|u, z)D∗

0(u, z)
∣∣z

]
η′0

(
u1 − E[u1|z]

)
)

. (3.7.8)

Using (3.7.6), we can express

Ωθ = E
[
φ2(u0|u, z)vv′

]
− E

[
φ2(u0|u, z)Γ∗(z)η0η

′
0Γ

∗(z)′
]

− E
[
E

[
φ0(u0|u, z)D∗

0(u, z)
∣∣z

]
η′0Var(u1|z)η0E

[
φ0(u0|u, z)D∗

0(u, z)
∣∣z

]′]
,

(3.7.9)

which shows that the matrix Ω−1
θ − E

[
φ2(u0|u, z)vv′

]−1
is positive definite unless η0 = 0 or

Var(u1|z) = 0 w.p.1. The term E
[
φ2(u0|u, z)vv′

]−1
is the efficiency bound for the case where

f2
0 (u|z) has known functional form. Equation (3.7.9) summarizes the efficiency cost of not knowing

f2
0 (u|z).

Next, we consider the case where the functional form of H0 is unknown. We begin with a

reparameterization of (3.7.1).

Assumption A3.7.2.-

(i) Reparameterization.- Split x = (xℓ, x−ℓ), where it is known that βℓ0 6= 0. Reexpress Equation

(3.7.1) as

y = 1l
{
x∗ℓ + x′−ℓδ0 + E[x1|z]′ρ10 + E[s|z]′ρ20 − ξ ≥ 0

}
≡ 1l

{
x∗ℓ + x′−ℓδ0 + E[u1|z]′ρ0 − ξ ≥ 0

}
;

where x∗ℓ ≡ βℓ0∣∣βℓ0

∣∣xℓ, δ0 ≡ β0−ℓ∣∣βℓ0

∣∣ , ρ0 ≡ η0∣∣βℓ0

∣∣ , ξ ≡ ε∣∣βℓ0

∣∣ , γ0 ≡
(
δ0, ρ0

)
∈ R

k−1.

(3.7.10)

The parameter of interest is γ0 ≡
(
δ0, ρ0

)
∈ R

k−1.

(ii) Exclusion restriction and quantile normalization.- Let v0 ≡ x∗ℓ + x′−ℓδ0 + E[u1|z]′ρ0.

Then, Pr(ξ ≤ ǫ|u, z) = Pr(ξ ≤ ǫ|v0) ≡ G0(ǫ|v0). The functional form of G0 is unknown, but it

satisfies

G0(ǫ|v0) =

∫ ǫ

−∞
g2

0(ξ|v0)dξ ∀ ǫ ∈ R and g2
0 ∈ G, (3.7.11)
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where g2
0 ∈ G, where

G =

{

g ∈ L2(R × R
r+p;λ× λx,z) : with probability one, g(ξ|x, z) = g(ξ|v0),

∫

R

g2(ξ|v0)dξ = 1,

and

∫ kτ

−∞
g2(ξ|v0)dξ = τ for a known kτ

}

.

(3.7.12)

That is, G0(·|v0) has known τ th quantile. If x includes a constant term, we could fix kτ = 0 in

(3.7.12) by absorbing kτ into the constant term.

On the Impact of Strategic Interactions on the Characterization of Tangent Sets.

The tangent set corresponding to (3.7.12) is given by

lin T (G, g0) =

{
ġ ∈ L2(R × R

k+p;λ× λx,z) : ġ(ξ|x, z) = ġ(ξ|v0),

∫

R

ġ(ξ|v0)g0(ξ|v0)dξ = 0,

and

∫ kτ

−∞
ġ(ξ|v0)g0(ξ|v0)dξ = 0 w.p.1

}

(3.7.13)

The score S0 for estimating t = 0 in the parametric submodel τt is given by

S0 =
d

dt

[
log p2

t (y|u, z) + log f2
t (u|z) + logm2

t (z)
]∣∣∣∣

t=0

=

{[ (
y −G0(v0)

)

Φ̃0(v0)

]

×
(
g2

0(v0)
[
ṽ′γ̇ + µ̇(z)′ρ0

]
+ ∆̇(v0)

)}

+ 2
ḟ(u|z)
f0(u|z)

+ 2
ṁ(z)

m0(z)
,

(3.7.14)

where ∆̇(k) = 2
∫ k
−∞ ġ(ξ|v0)g0(ξ|v0)dξ for some ġ ∈ lin T (G, g0), ṽ ≡ (x−ℓ, E[u1|z]), and Φ̃0(v0) =

G0(v0)
[
1−G0(v0)

]
, with G0(v0|v0) ≡ G0(v0). Unlike the strategic-interactions model of Subsection

3.3, the tangent vector µ̇ is simply µ̇(z) = 2
∫
u1ḟ(u|z)f0(u|z)du and it does not involve the term

E[∆̇(v0)|z] (see Equations 3.3.13 − 3.3.15). Symmetry of g2
0 and unbounded support of v0|z would

yield E[∆̇(v0)|z] = 0. Without strategic interactions we no longer impose either of these conditions.

We merely impose the usual location (quantile) restriction for identification purposes.

Proposition 10 Denote g2
0(v0|v0) ≡ g2

0(v0), G0(v0|v0) ≡ G0(v0), and let

Φ̃0(v0) = G0(v0)
[
1 −G0(v0)

]
, φ̃(v0) =

g2
0(v0)√
Φ̃0(v0)

, and ṽ ≡ (x−ℓ, E[u1|z]) ∈ R
k−1. (3.7.15)

Let

D̃∗
0(u, z) = φ̃(v0)

[(
ṽ − E

[
ṽ

∣∣v0
])

+
(
Γ̃∗(z) − E

[
Γ̃∗(z)

∣∣v0
])
ρ0

]
, (3.7.16)

where Γ̃∗(z)
(k−1)×r1

satisfies

Γ̃∗(z) = −E
[
φ̃0(v0)D̃

∗
0(u, z)

∣∣z
]
ρ′0Var(u1|z). (3.7.17)
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Define

Ωγ = E
[
D̃∗

0(u, z)D̃
∗
0(u, z)′

]
+E

[
E

[
φ̃0(v0)D̃

∗
0(u, z)

∣∣z
]
ρ′0Var(u1|z)ρ0E

[
φ̃0(v0)D̃

∗
0(u, z)

∣∣z
]′]
. (3.7.18)

If Assumption A3.7.2 holds and Ωγ is invertible, the semiparametric efficiency bound for
√
n-

consistent, regular estimators of γ0 in Model (3.7.10) is well-defined and given by Ω−1
γ . The efficient

influence function is

ψγ = Ω−1
γ

(
(y − E[y|u, z])√

Var(y|u, z)
D̃∗

0(u, z) − E
[
φ̃0(v0)D̃

∗
0(u, z)

∣∣z
]
ρ′0

(
u1 −E[u1|z]

)
)

. (3.7.19)

Note from (3.7.16) that E
[
D̃∗

0(u, z)
∣∣v0

]
= 0. Using (3.7.17), this means we can reexpress

Ωγ = E

[
φ̃2(v0)

(
ṽ − E

[
ṽ

∣∣v0
])(

ṽ − E
[
ṽ

∣∣v0
])′

]
− E

[
φ̃2(v0)

(
Γ̃∗(z) − E

[
Γ̃∗(z)

∣∣v0
])
ρ0ρ

′
0

(
Γ̃∗(z) − E

[
Γ̃∗(z)

∣∣v0
])′

]

− E
[
E

[
φ̃0(v0)D̃

∗
0(u, z)

∣∣z
]
ρ′

0Var(u1|z)ρ0E
[
φ̃0(v0)D̃

∗
0(u, z)

∣∣z
]′

]
,

(3.7.20)

which shows that the matrix

Ω−1
γ −E

[
φ̃2(v0)

(
ṽ − E

[
ṽ

∣∣v0
])(

ṽ − E
[
ṽ

∣∣v0
])′

]−1
(3.7.21)

is positive definite unless ρ0 = 0 or Var(u1|z) = 0 w.p.1. The second term in (3.7.21) is the

efficiency bound when the distribution H0 (and therefore G0) is unknown but f2
0 (u|z) is known.

Equation (3.7.20) summarizes the efficiency cost of not knowing f2
0 (u|z).

4 Concluding Remarks

The efficient influence functions and the corresponding semiparametric efficiency bounds for the

various models with rational expectations analyzed here involved a functional which solved a

fixed-point problem. In all cases examined this functional was, in fact, a transformation of the

(observable) covariates upon which agents’ beliefs were assumed to be conditioned. Even though

its structure was case-specific, the general expression for the fixed-point problem was the same

in all cases. This was true in linear and nonlinear models, as well as those with and without

strategic interactions. In a number of cases, a closed-form expression for this functional was readily

available, while in others such closed form expression did not seem feasible. A group of interesting

examples involved discrete choice models with strategic interaction where the distribution function

of unobservables was assumed unknown (subsections 3.3 and 3.6). In these cases, the self-consistent

properties of equilibrium beliefs produced a complicated structure for the scores in the tangent
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space. Assuming a symmetric distribution for the unobservables, the structure of the scores was

simplified if the support of the agents’ private information was rich enough conditional on the signals

upon which their opponents’ beliefs were conditioned. For a model such as that of Subsection

3.6, existence of
√
n-consistent estimators without symmetry has been established, for example, in

Aradillas-Lopez (2007). We leave the characterization of efficiency bounds for these types of models

under conditions weaker than symmetry for future research.
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A Mathematical Appendix

A.1 Proof of Proposition 1:

The functional of interest is ρ(τ0) = c′θ0 for an arbitrary vector c ∈ R
k+1. This yields ∇ρ(τ̇) = c′θ̇.

Let Ṫ be the tangent space described in (2.3.2). We want to find the representer τ∗ ∈ Ṫ such that
〈
τ̇ , τ∗

〉
F

= c′θ̇. Given (2.3.4), this amounts to finding τ∗ ≡ (θ∗, g∗, f∗,m∗) ∈ Ṫ such that, for any

nonzero τ̇ ∈ Ṫ ,

c′θ̇ =4E

[(
g∗(ε|ω) − g′0(ε|ω)

[
v′θ∗ + γ0µ

∗(z)
]

g0(ε|ω)

)(
ġ(ε|ω) − g′0(ε|ω)

[
v′θ̇ + γ0µ̇(z)

]

g0(ε|ω)

)]

+ 4E

[∫

Rk
ḟ(x|z)f∗(x|z)dx

]
+ 4

∫

Rp
ṁ(z)m∗(z)dz,

(A.1.1)

where, as we detailed before, µ̇(z) = 2
∫

Rk x0ḟ(x|z)f0(x|z)dx and µ∗(z) = 2
∫

Rk x0f
∗(x|z)f0(x|z)dx.

Since we want (A.1.1) to hold for all nonzero τ̇ ∈ Ṫ , it must be the case that the representers make

all terms on the right hand side of (A.1.1) that do not involve θ̇ equal to zero. Let δ∗(z) satisfy

δ∗(z) = 2γ0E

[
φ(ε;ω)

g0(ε|ω)

{(
E[v|ω]+γ0E[δ∗(z)|ω]

)
×

(
g′

0(ε|ω)+
εg0(ε|ω)

2Var(ε|ω)

)
−g′

0(ε|ω)
[
v+γ0δ

∗(z)
]
}∣∣∣∣∣
z

]

Var
[
x0

∣∣z
]
,

(A.1.2)

where as in Section 2.4, we have φ(ε;ω) = 2
g′

0(ε|ω)
g0(ε|ω) . Define

Φ∗(ε;ω) =

(
E[v|ω] + γ0E[δ∗(z)|ω]

)
×

(
g′0(ε|ω) +

εg0(ε|ω)

2Var(ε|ω)

)

Ψ∗
0(ε, x, z) = 2

[
Φ∗(ε;ω) − g′0(ε|ω)

[
v + γ0δ

∗(z)
]

g0(ε|ω)

]

.

(A.1.3)

Using this notation, we can reexpress (A.1.2) simply as

δ∗(z) = γ0E
[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣∣z

]
Var(x0|z) (A.1.4)

We claim that the representers are given by

θ∗′
= c′

(

E
[
Ψ∗

0(ε, x, z)Ψ
∗
0(ε, x, z)

′
]

+ γ2
0E

[
E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣∣z

]
Var(x0|z)E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣∣z

]′
])−1

g∗(ε|ω) = θ∗′
Φ∗(ε;ω); f∗(x|z) = θ∗′ γ0

2
E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣∣z

](
x0 − E[x0|z]

)
f0(x|z); m∗(z) = 0.

(A.1.5)

To show this we decompose the terms on the right-hand side of (A.1.1). We begin with the terms

that are multiplying ġ(ε|ω). Using the representer in (A.1.5), we have

E

[(
g∗(ε|ω) − g′

0(ε|ω)
[
v′θ∗ + γ0µ

∗(z)
]

g2
0(ε|ω)

)

ġ(ε|ω)

]

= − θ∗′
E

[((
v − E[v|ω]

)
+ γ0

(
δ∗(z) − E[δ∗(z)|ω]

)) ġ(ε;ω)φ(ε;ω)

g0(ε|ω)

]

+ θ∗′
E

[(
E[v|ω] + γ0E[δ∗(z)|ω]

2Var(ε|ω)

)
εg0(ε|ω)ġ(ε|ω)

g2
0(ε|ω)

]

= 0,

(A.1.6)
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which follows because by assumption, (x, z) is independent of ε conditional on ω, so the expectation

of the first term conditional on (ε, ω) is zero. The expectation of the second term conditional on ω

is equal to

θ∗
′

(
E[v|ω] + γ0E[δ∗(z)|ω]

2Var(ε|ω)

) ∫

R

εg0(ε|ω)ġ(ε|ω)dε = 0, (A.1.7)

because ġ(ε|ω) ∈ lin T (G, g0) (see Eq. 2.3.2). Finally, to verify that g∗(ε|ω) ∈ lin T (G, g0), note

that
∫

R

g′0(ε|ω)g0(ε|ω)dε +

∫

R

εg0(ε|ω)

2Var(ε|ω)
g0(ε|ω)dε = g2

0(ε|ω)
∣∣∣
∞

−∞
+

E[ε|ω]

2Var(ε|ω)
= 0

∫

R

g′0(ε|ω)εg0(ε|ω)dε +

∫

R

εg0(ε|ω)

2Var(ε|ω)
εg0(ε|ω)dε =

1

2

[
εg2

0(ε|ω)
∣∣∣
∞

−∞︸ ︷︷ ︸
=0

−
∫

R

g2
0(ε|ω)dε

︸ ︷︷ ︸
=1

]
+

Var(ε|ω)

2Var(ε|ω)
= 0

(A.1.8)

Note that the last line can be re-expressed as
∫

R

[
g′

0(ε|ω)+
ε

2Var(ε|ω)
g0(ε|ω)

]
εg0(ε|ω)dε =

1

2

∫

R

[
φ(ε;ω)−C(ω)ε

]
εg2

0(ε|ω)dε =
1

2
E

[(
φ(ε;ω)−C(ω)ε

)
ε
∣∣∣ω

]
= 0

(A.1.9)

This illustrates why, in order to look for the representer g∗(ε|ω), we need to look for the function

C(ω) that satisfies the orthogonal projection condition in (2.4.1). It is clear that if θ∗ = 0, we can

always choose f∗(x|z) = 0, which would lead to g∗(ε|ω) = 0. These representers would work, and by

the Riesz-Frechet Theorem, they would be unique. Henceforth, we will express f∗(x|z) = θ∗
′
t∗(x|z),

where t∗(x|z) ∈ R
k+1 is a vector of elements in lin T (F , f0). Consequently, we have µ∗(z) =

θ∗
′
2

∫
Rk x0t

∗(x|z)f0(x|z)dx ≡ θ∗
′
δ∗(z), where δ∗(z) ∈ R

k+1 is given by 2
∫

Rk x0t
∗(x|z)f0(x|z)dx.

With this in mind, we now group the terms that involve ḟ(x|z). Using the notation in (A.1.3), we

have

− 4γ0E

[
g′

0(ε|ω)

g0(ε|ω)

(
g∗(ε|ω) − g′

0(ε|ω)
[
v′θ∗ + γ0µ

∗(z)
]

g0(ε|ω)

)

µ̇(z)

]

+ 4E

[∫

Rk
ḟ(x|z)f∗(x|z)dx

]

= θ∗′
[
−γ0E

[
φ(ε;ω)Ψ∗

0(ε, x, z)µ̇(z)
]

+ E

[∫

Rk
t∗(x|z)ḟ(x|z)dx

]]

= θ∗′
E

[

−γ0E
[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣∣z

]
µ̇(z) + 4

∫

Rk
t∗(x|z)ḟ(x|z)dx

]

= θ∗′
E

[∫

Rk

(
−2γ0E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣∣z

]
x0f0(x|z) + 4t∗(x|z)

)
ḟ(x|z)dx

]

(A.1.10)

In order to make the last line equal to zero for all ḟ(x|z) ∈ lin T (F , f0), we use the representer

t∗(x|z) =
γ0

2
E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

](
x0 − E[x0|z]

)
f0(x|z). (A.1.11)

The integral in square brackets becomes

−2γ0E
[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

]
E[x0|z]

∫

Rk
f0(x|z)ḟ(x|z)dx = 0, (A.1.12)
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which follows from the properties of lin T (F , f0). To see that t∗(x|z) belongs in this tangent set,

note that

∫

Rk
t∗(x|z)f0(x|z)dx =

γ0

2
E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

] ∫

Rk

(
x0 −E[x0|z]

)
f2

0 (x|z) = 0. (A.1.13)

Given that f∗(x|z) = θ∗
′
t∗(x|z), Eq. (A.1.11) yields the expression for f∗(x|z) in (A.1.5). Using

(A.1.11) and the definition of δ∗(z), we have

δ∗(z) = 2

∫

Rk
x0t

∗(x|z)f0(x|z)dx = γ0E
[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

]
Var(x0|z) (A.1.14)

which establishes Eq. (A.1.4). Using m∗(z) = 0 ∈ lin T (M,m0), (A.1.1) becomes

c′θ̇ = 4θ∗′
E

[

−g
′
0(ε|ω)

g0(ε|ω)

(
Φ∗(ε;ω) − g′

0(ε|ω)
[
v + γ0δ

∗(z)
]

g0(ε|ω)

)

v′

]

θ̇

= θ∗′

{

E
[
Ψ∗

0(ε, x, z)Ψ
∗
0(ε, x, z)

′
]
− 2E

[
1

g0(ε|ω)
Ψ∗

0(ε, x, z)Φ
∗(ε;ω)′

]

+ γ0E
[
φ(ε;ω)Ψ∗

0(ε, x, z)δ
∗(z)′

]}

θ̇.

(A.1.15)

We have

E

[
1

g0(ε|ω)
Ψ∗

0(ε, x, z)Φ
∗(ε;ω)′

]

=

E

[{

−2
g′

0(ε|ω)

g2
0(ε|ω)

((
v − E[v|ω]

)
+ γ0

(
δ∗(z) − E[δ∗(z)|ω]

))

︸ ︷︷ ︸
orthogonal to (ε, ω).

+
(
E[v|ω] + γ0E[δ∗(z)|ω]

) εg0(ε|ω)

g2
0(ε|ω)Var(ε|ω)

}

Φ∗(ε;ω)′

]

= E

[(
E[v|ω] + γ0E[δ∗(z)|ω]

)

Var(ε|ω)

∫

R

εg0(ε|ω)

g2
0(ε|ω)

(
g′

0(ε|ω) +
εg0(ε|ω)

2Var(ε|ω)

)
g2

0(ε|ω)dε

︸ ︷︷ ︸
=− 1

2 + 1
2 =0

(
E[v|ω] + γ0E[δ∗(z)|ω]

)′
]

= 0

(A.1.16)

Establishing the last line in (A.1.16) is even simpler once we express the objects involved in terms

of orthogonal projections.

E

[(
E[v|ω] + γ0E[δ∗(z)|ω]

) εg0(ε|ω)

g2
0(ε|ω)Var(ε|ω)

Φ∗(ε;ω)

]
=

− 1

2
E

[(
E[v|ω] + γ0E[δ∗(z)|ω]

)
C(ω)E

[
ε
(
φ(ε;ω) − C(ω)ε

)∣∣∣ω
]

︸ ︷︷ ︸
= 0 w.p.1.

(
E[v|ω] + γ0E[δ∗(z)|ω]

)′
]

= 0,

(A.1.17)

which follows precisely because C(ω)ε is the orthogonal projection, conditional on ω, of φ(ε;ω)

onto the linear space spanned by
{
ε}, so E

[
ε
(
φ(ε;ω) − C(ω)ε

)∣∣∣ω
]

= 0 w.p.1. Using (A.1.14), we

have

γ0E
[
φ(ε;ω)Ψ∗

0(ε, x, z)δ
∗(z)′

]
= γ2

0E
[
φ(ε;ω)Ψ∗

0(ε, x, z)Var(x0|z)E
[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

]′
]

= γ2
0E

[
E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

]
Var(x0|z)E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

]′
]
.

(A.1.18)
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Eq. (A.1.15) becomes

c′θ̇ = θ∗′

(

E
[
Ψ∗

0(ε, x, z)Ψ
∗
0(ε, x, z)

′
]

+ γ2
0E

[
E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

]
Var(x0|z)E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

]′
])

θ̇.

(A.1.19)

Which yields the expression for θ∗ described in Eq. (A.1.5). The Fisher inner product evaluated

at the representer τ∗ is

〈
τ∗, τ∗〉

F
= θ∗′

E
[
Ψ∗

0(ε, x, z)Ψ
∗
0(ε, x, z)

′
]
θ∗ + 4E

[∫

Rk
f∗(x|z)f∗(x|z)dx

]
= θ∗′

E
[
Ψ∗

0(ε, x, z)Ψ
∗
0(ε, x, z)

′
]
θ∗

+ 4θ∗′ γ2
0
4
E

[
E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

] ∫

Rk

(
x0 − E[x0|z]

)2
f2

0 (x|z)dxE
[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

]′
]
θ∗

= θ∗′

(

E
[
Ψ∗

0(ε, x, z)Ψ
∗
0(ε, x, z)

′
]

+ γ2
0E

[
E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

]
Var(x0|z)E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

]′
])

θ∗

= c′

(

E
[
Ψ∗

0(ε, x, z)Ψ
∗
0(ε, x, z)

′
]

+ γ2
0E

[
E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

]
Var(x0|z)E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

]′
])−1

c

≡ c′Σ−1
θ c.

(A.1.20)

Since c is arbitrary, we have l.b(θ) = Σ−1
θ . The efficient influence function for the functional c′θ0

is simply the Score evaluated at the representer τ∗,

ψc′θ = 2
g∗(ε|ω) − g′0(ε|ω)

[
v′θ∗ + γ0µ

∗(z)
]

g0(ε|ω)
+ 2

f∗(x|z)
f0(x|z)

+ 2
m∗(z)

m0(z)

= c′Σ−1
θ Ψ∗

0(ε, x, z) + c′Σ−1
θ γ0E

[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

](
x0 − E[x0|z]

)
(A.1.21)

Since c is arbitrary, this yields the efficient influence function for θ

ψθ = Σ−1
θ

[
Ψ∗

0(ε, x, z) + γ0E
[
φ(ε;ω)Ψ∗

0(ε, x, z)
∣∣z

](
x0 − E[x0|z]

)]
. (A.1.22)

This establishes Proposition 1. �.

A.2 Proof of Proposition 2:

We follow the same procedure as in the proof of Proposition 1. Denote the representers now

as τ̃∗ =
(
θ̃∗, g̃∗(ε|ω), f̃∗(x|z), m̃∗(z)

)
. As we did in the proof of Proposition 1, we will have4

g̃∗(ε|ω) = θ̃∗
′
Φ̃∗(ε;ω) and f̃∗(x|z) = θ̃∗

′
t̃∗(x|z), with Φ̃∗(ε;ω), t̃∗(x|z) ∈ lin T (G, g0) × lin T (F , f0),

where lin T (F , f0) is as described in (2.3.2), but lin T (G, g0) is as defined in (2.5.2). Denote

δ̃∗(z) = 2
∫

Rk x0t̃
∗(x|z)f0(x|z)dx and let

Φ̃∗(ε;ω) =

(
E[v|ω]+γ0E[δ̃∗(z)|ω]

)
×

(
g′0(ε|ω)−

[
∆1(ω)ε+∆2(ω)

(
1l{ε ≤ 0}−κ

)]
g0(ε|ω)

)
, (A.2.1)

4See the discussion following Eq. A.1.9 in the proof of Proposition 1.
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we want to find ∆1,∆2 ∈ L2(Rℓ;λω) such that (i) Φ̃∗(ε;ω) ∈ lin T (G, g0) (as defined in Eq. 2.5.2),

and (ii), E
[(

eΦ∗(ε;ω)−g′
0(ε|ω)[v+γ0eδ∗(z)]
g2

0(ε|ω)

)
ġ(ε|ω)

]
= 0 (see Eq. A.1.6 in the proof of Proposition 1) for

any nonzero ġ(ε|ω) ∈ lin T (G, g0). Then, for any such ġ(ε|ω) and with probability one, ∆1,∆2

must satisfy

∫

R

(
g′

0(ε|ω) −
[
∆1(ω)ε+ ∆2(ω)

(
1l{ε ≤ 0} − κ

)]
g0(ε|ω)

)
g0(ε|ω)dε = 0; (A)

∫

R

(
g′

0(ε|ω) −
[
∆1(ω)ε+ ∆2(ω)

(
1l{ε ≤ 0} − κ

)]
g0(ε|ω)

)
εg0(ε|ω)dε = 0; (B)

∫

R

(
g′

0(ε|ω) −
[
∆1(ω)ε+ ∆2(ω)

(
1l{ε ≤ 0} − κ

)]
g0(ε|ω)

)
1l{ε ≤ 0}g0(ε|ω)dε = 0; (C)

∫

R

[
∆1(ω)ε+ ∆2(ω)

(
1l{ε ≤ 0} − κ

)]
g0(ε|ω)ġ(ε|ω)dε = 0. (D)

(A.2.2)

A.2.2(A) follows immediately because lim
|ǫ|→∞

g2
0(ǫ|ω) = 0, E[ε|ω] = 0, E[1l{ε ≤ 0} − κ] = 0

w.p.1. (this highlights why we use ∆1(ω)ε + ∆2(ω)
(
1l{ε ≤ 0} − κ

)
instead of simply ∆1(ω)ε +

∆2(ω)1l{ε ≤ 0}). A.2.2(D) holds for any ġ(ε|ω) ∈ lin T (G, g0). Factoring out g0(ε|ω), A.2.2(B) and

A.2.2(C) imply that ∆1 and ∆2 must solve the restrictions E
[(
φ(ε;ω)−2

[
∆1(ω)ε+∆2(ω)

(
1l{ε ≤ 0}−

κ
)])

ε
∣∣∣ω

]
= 0 and E

[(
φ(ε;ω)−2

[
∆1(ω)ε+∆2(ω)

(
1l{ε ≤ 0}−κ

)])
1l{ε ≤ 0}

∣∣∣ω
]

= 0 w.p.1. In words, 2×∆1

and 2×∆2 must correspond to the coefficients (functions of ω) of the orthogonal projection of φ(ε;ω)

onto the linear space spanned by the functions
{
ε, 1l{ε ≤ 0}

}
conditional on ω. From A.2.2(A),

this the same as projecting onto the linear space spanned by
{
ε, (1l{ε ≤ 0} − κ)

}
. Therefore, we

can express 2×∆1(ω) = C1(ω) and 2×∆2(ω) = C2(ω), where C1, C2 ∈ L2(Rℓ, λω) must solve w.p.1

the conditional moment restrictions

E

[(
φ(ε;ω) −

[
C1(ω)ε+ C2(ω)

(
1l{ε ≤ 0} − κ

)])
ε

∣∣∣∣ω
]

= 0;

E

[(
φ(ε;ω) −

[
C1(ω)ε+ C2(ω)

(
1l{ε ≤ 0} − κ

)])(
1l{ε ≤ 0} − κ

)∣∣∣∣ω
]

= 0.

(A.2.3)

The answer is given by

C1(ω) = − g2
0(0|ω)E

[
ε1l{ε ≤ 0}

∣∣ω
]
+ κ(1 − κ)

κ(1 − κ)Var(ε|ω) − E
[
ε1l{ε ≤ 0}

∣∣ω]2
; C2(ω) =

g2
0(0|ω)Var(ε|ω) + E

[
ε1l{ε ≤ 0}

∣∣ω]

κ(1 − κ)Var(ε|ω) −E
[
ε1l{ε ≤ 0}

∣∣ω]2
.

(A.2.4)

The representer becomes

Φ̃∗(ε;ω) =

(
E[v|ω]+γ0E[δ̃∗(z)|ω]

)
×

(
g′0(ε|ω)−1

2

[
C1(ω)ε+C2(ω)

(
1l{ε ≤ 0}−κ

)]
g0(ε|ω)

)
. (A.2.5)

By defining Ψ̃∗
0(ε, x, z) = 2

[
eΦ∗(ε;ω)−g′

0(ε|ω)[v+γ0eδ∗(z)]
g0(ε|ω)

]
, we arrive at

Ψ̃∗
0(ε, x, z) = −φ(ε;ω)

[(
v − E[v|ω]

)
+ γ0

(
δ̃∗(z) − E[δ̃∗(z)|ω]

)]

−
(
E[v|ω] + γ0E[δ̃∗(z)|ω]

)(
C1(ω)ε+ C2(ω)

(
1l{ε ≤ 0} − κ

))
.

(A.2.6)

50



This is the expression in Eq. (2.5.5). The rest of the proof proceeds with the same steps as

those that follow Eq. (A.1.10) in the proof of Proposition 1 replacing
(
θ∗, f∗, g∗,Ψ∗

0,Φ
∗, δ∗

)
with

(
θ̃∗, f̃∗, g̃∗, Ψ̃∗

0, Φ̃
∗, δ̃∗

)
. In both cases, we have m̃∗(z) = m∗(z) = 0. In particular, the result

equivalent to Eq. (A.1.16) in the proof of Proposition 1 follows in a transparent way, because

E

[
1

g0(ε|ω)
Ψ̃∗

0(ε, x, z)Φ̃∗(ε;ω)′
]

= E

[{

−2
g′

0(ε|ω)

g2
0(ε|ω)

((
v − E[v|ω]

)
+ γ0

(
δ̃∗(z) − E[δ̃∗(z)|ω]

))

︸ ︷︷ ︸
orthogonal to (ε, ω).

−
(
E[v|ω] + γ0E[δ̃∗(z)|ω]

)(
C1(ω)ε+ C2(ω)

(
1l{ε ≤ 0} − κ

))}

Φ∗(ε;ω)′

]

= −1

2
E

[(
E[v|ω] + γ0E[δ̃∗(z)|ω]

)
×

E

[(
C1(ω)ε+ C2(ω)

(
1l{ε ≤ 0} − κ

))(
φ(ε;ω) −

(
C1(ω)ε+ C2(ω)

(
1l{ε ≤ 0} − κ

)))∣∣∣∣ω
]

︸ ︷︷ ︸
= 0 w.p.1.

×

(
E[v|ω] + γ0E[δ̃∗(z)|ω]

)′
]

= 0,

(A.2.7)

which follows because C1(ω)ε+C2(ω)
(
1l{ε ≤ 0}−κ

)
+C2ε is the orthogonal projection, conditional

on ω, of φ(ε;ω) onto the linear space spanned by
{
ε, (1l{ε ≤ 0} − κ)

}
. This is the same reasoning

we used in the proof of Proposition 1, Eq. (A.1.17).

A.3 Proof of Proposition 3:

The steps and ideas of the proof become redundant given the proofs of Propositions 2 and 4 (below).

It is therefore omitted.

A.4 Proof of Proposition 4:

Our starting point is the model as expressed in Eq. (2.7.5). Namely, y = x′β0 + E[u1|z]′γ0 + ε.

Note that we can express E[u1|z] =
∫

Rr u1f
2
0 (u|z)du, where the elements in u \u1 (if any) integrate

out. The corresponding tangent vector for E[u1|z] is therefore µ̇(z) = 2
∫

Rr u1ḟ(u|z)f0(u|z)du,
where ḟ(·|z) ∈ lin T (F , f0) is the tangent vector for f0(u|z) and lin T (F , f0) is as described in

Eq. (2.7.7). As it has been the case throughout, the functional of interest is c′θ0 for an arbitrary

c ∈ R
k. The structure of the Fisher inner product

〈
·, ·

〉
F

is an extension of Eq. (A.1.1) in the proof
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of Proposition 1. We want to find the representer τ∗ that satisfies

c′θ̇ =
〈
τ̇ , τ∗

〉
F

=4E

[(
g∗(ε|ω) − g′0(ε|ω)

[
ṽ′θ∗ + γ′0µ

∗(z)
]

g0(ε|ω)

)(
ġ(ε|ω) − g′0(ε|ω)

[
ṽ′θ̇ + γ′0µ̇(z)

]

g0(ε|ω)

)]

+ 4E

[∫

Rr
ḟ(u|z)f∗(u|z)du

]
+ 4

∫

Rp
ṁ(z)m∗(z)dz,

(A.4.1)

where µ̇(z) = 2
∫

Rr u1ḟ(u|z)f0(u|z)du and µ∗(z) = 2
∫

Rr u1f
∗(u|z)f0(u|z)du. Proceeding as in the

previous proofs, it is easy to show that if there is a solution to (A.4.1) with θ∗ = 0, then τ∗ = 0 solves

(A.4.1). By the Riesz-Frechet Theorem, this would be the unique solution. Therefore, as we did

before we can express g∗(ε|ω) = θ∗
′
Φ∗(ε;ω) and f∗(u|z) = θ∗

′
t∗(u|z), where Φ∗(ε;ω) and t∗(u|z) are

k-dimensional tangent vectors whose elements belong to lin T (G, g0) and lin T (F , f0) respectively.

As before, ṁ(z) is ancillary to our problem, and we will use m∗(z) = 0. This characterization leads

to µ∗(z)′ = θ∗
′
∆∗(z), where ∆∗(z) is the k × r matrix given by ∆∗(z) = 2

∫
Rr t

∗(u|z)f0(u|z)u′1du.
This yields µ∗(z)′γ0 = θ∗

′
∆∗(z)γ0. This yields

g∗(ε|ω) − g′0(ε|ω)
[
ṽ′θ∗ + γ′0µ

∗(z)
]

g0(ε|ω)
= θ∗

′

(
Φ∗(ε;ω) − g′0(ε;ω)

[
ṽ + ∆∗(z)γ0

]

g0(ε|ω)

)

(A.4.2)

Let D(ω)′Υ(ε) be the projection defined in Proposition 4 and take

Φ∗(ε;ω) =
(
E

[
ṽ

∣∣ω
]
+E

[
∆∗(z)

∣∣ω
]
γ0

)
×

(
g′0(ε|ω) − 1

2
D(ω)′Υ(ε)g0(ε|ω)

)
, (A.4.3)

which is an extension, for example, of Eq. (A.2.5) in the proof of Proposition 2. This representer

belongs to lin T (G, g0) since
∫

R

(
g′

0(ε|ω) − 1

2
D(ω)′Υ(ε)g0(ε|ω)

)
g0(ε|ω)dε =

1

2
g2

0(ǫ|ω)
∣∣∣
ǫ=∞

ǫ=−∞︸ ︷︷ ︸
=0

−1

2
D(ω)′ E

[
Υ(ε)

∣∣ω
]

︸ ︷︷ ︸
=0

= 0

∫

R

(
g′

0(ε|ω) − 1

2
D(ω)′Υ(ε)g0(ε|ω)

)
Υ(ε)g0(ε|ω)dε =

1

2
E

[(
φ(ε;ω) −D(ω)′Υ(ε)

)
Υ(ε)

∣∣∣ω
]

= 0,

(A.4.4)

where the last equality follows because D(ω)′Υ(ε) is the orthogonal projection, conditional on

ω, of φ(ε;ω) onto the linear space spanned by Υ(ε). The representer Φ∗ also satisfies for any

ġ ∈ lin T (G, g0),

E

[(
Φ∗(ε;ω) − g′

0(ε;ω)
[
ṽ + ∆∗(z)γ0

]

g0(ε|ω)

)
ġ(ε|ω)

g0(ε|ω)

]

= E

[{

− g0(ε|ω)′

g0(ε|ω)

[(
ṽ − E[ṽ|ω]

)
+

(
∆∗(z) − E[∆∗(z)|ω]

)
γ0

]

︸ ︷︷ ︸
orthogonal to (ε, ω).

− 1

2

(
E[ṽ|ω] + E[∆∗(z)|ω]γ0

)
D(ω)′Υ(ε)

}
ġ(ε|ω)

g0(ε|ω)

]

= E

[ (
E[ṽ|ω] + E[∆∗(z)|ω]γ0

)

2
D(ω)′

∫

R

Υ(ε)g0(ε|ω)ġ(ε|ω)dε

︸ ︷︷ ︸
=0

]

= 0.

(A.4.5)
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Define Γ∗
0(ε, u, z) = 2

(
Φ∗(ε;ω)−g′

0(ε|ω)[v+∆∗(z)γ0]
g0(ε|ω)

)
. Grouping the terms in (A.4.1) that involve ḟ ,

−θ∗′
E

[
φ(ε;ω)Γ∗

0(ε, u, z)γ
′
0µ̇(z)

]
+ 4θ∗

′
E

[∫

Rr
t∗(u|z)ḟ (u|z)du

]
(A.4.6)

We want to find the representer vector t∗(u|z) such that (A.4.6) is equal to zero. This equation

can be expressed as

θ∗′
E

[∫

Rr

{

−2E
[
φ(ε;ω)Γ∗

0(ε, u, z)
∣∣∣z

]
γ′

0u1f0(u|z) + 4t∗(u|z)
}

ḟ(u|z)du
]

(A.4.7)

Using

t∗(u|z) =
1

2
E

[
φ(ε;ω)Γ∗

0(ε, u, z)
∣∣∣z

]
γ′

0
[
u1 − E[u1|z]

]
f0(u|z), (A.4.8)

we make (A.4.7) equal to zero for any ḟ ∈ lin T (F , f0). Note also that
∫

Rr t
∗(u|z)f0(u|z)du = 0

w.p.1, so f∗ ∈ lin T (F , f0). Using the definition of ∆∗(z),

∆∗(z) = 2

∫

R

t∗(u|z)f0(u|z)u′
1du = E

[
φ(ε;ω)Γ∗

0(ε, u, z)
∣∣∣z

]
γ′

0Var(u1|z) (A.4.9)

Plugging in these results in (A.4.1), we have

c′θ̇ = θ∗′
E

[
−φ(ε;ω)Γ∗

0(ε, u, z)ṽ
′
]
θ̇ = θ∗′

{

E
[
Γ∗

0(ε, u, z)Γ
∗
0(ε, u, z)

′] − E

[
Γ∗

0(ε, u, z)Φ
∗(ε;ω)′

g0(ε|ω)

]

+ E
[
φ(ε;ω)Γ∗

0(ε, u, z)γ
′
0∆

∗(z)′
]}

θ̇

(A.4.10)

We have

E

[
Γ∗

0(ε, u, z)Φ
∗(ε;ω)′

g0(ε|ω)

]

= E

[{

−φ(ε;ω)
[(
ṽ − E[ṽ|ω]

)
+

(
∆∗(z) − E[∆∗(z)|ω]

)
γ0

]

︸ ︷︷ ︸
orthogonal to (ε, ω).

−
(
E[ṽ|ω] + E[∆∗(z)|ω]γ0

)
D(ω)′Υ(ε)

}
Φ∗(ε;ω)′

g0(ε|ω)

]

= −E
[(
E[ṽ|ω] + E[∆∗(z)|ω]γ0

)
D(ω)′Υ(ε)

Φ∗(ε;ω)′

g0(ε|ω)

]

= −1

2
E

[(
E[ṽ|ω] + E[∆∗(z)|ω]γ0

)
D(ω)′ E

[
Υ(ε)

(
φ(ε;ω) −D(ω)′Υ(ε)

)∣∣∣ω
]

︸ ︷︷ ︸
=0

(
E[ṽ|ω] + E[∆∗(z)|ω]γ0

)′
]

= 0

(A.4.11)

Since D(ω)′Υ(ε) is the orthogonal projection, conditional on ω, of φ(ε;ω) onto the linear space

spanned by Υ(ε). Using (A.4.9) and (A.4.11), Equation (A.4.10) becomes

c′θ̇ = θ∗′
(
E

[
Γ∗

0(ε, u, z)Γ
∗
0(ε, u, z)

′] + E

[
E

[
φ(ε;ω)Γ∗

0(ε, u, z)
∣∣z

]
γ′

0Var(u1|z)γ0E
[
φ(ε;ω)Γ∗

0(ε, u, z)
∣∣z

]′
)]
θ̇ ≡ θ∗′

Σ∗
θ θ̇

(A.4.12)

which leads to θ∗ = c′Σ∗−1
θ , provided that this inverse exists. We defined f∗(x|z) = θ∗

′
t∗(x|z),

where t∗(u|z) is as defined in (A.4.8). The efficiency bound for
√
n-consistent, regular estimators
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of c′θ0 is given by ‖τ∗‖2
F
,

‖τ∗‖2
F

= θ∗
′
E

[
Γ∗

0(ε, u, z)Γ
∗
0(ε, u, z)

′
]
θ∗ + 4θ∗

′
E

[∫

Rr
t∗(u|z)t∗(u|z)′du

]
θ∗ = θ∗

′
Σ∗

θθ
∗′

= c′Σ∗−1
θ c′.

(A.4.13)

Since c is arbitrary, this implies that the efficiency bound for
√
n-consistent, regular estimators

of θ0 is simply Σ∗−1
θ . The efficient influence function for estimators of c′θ0 is given by the score

evaluated at the representer, that is

ψ∗
c′θ = θ∗′

(

2
Φ∗(ε;ω) − g′

0(ε;ω)
[
ṽ + ∆∗(z)γ0

]

g0(ε|ω)
+ 2

t∗(u|z)
f0(u|z)

)

= c′Σ∗−1
θ

(
Γ∗

0(ε, u, z) + E
[
φ(ε;ω)Γ∗

0(ε, u, z)
∣∣z

]
γ′

0
[
u1 − E[u1|z]

])

(A.4.14)

Since c is arbitrary, the efficient influence function for θ is as described in Proposition 4.

A.5 Proof of Proposition 5:

The functional of interest is c′θ0 for an arbitrary c ∈ R
k+1. As before, we are looking for the

representer τ∗ ∈ Ṫ that satisfies c′θ̇ =
〈
τ̇ , τ∗

〉
F

for all τ̇ ∈ Ṫ . Using Eq. (3.2.11), this becomes

c′θ̇ = E

[

1lZ
h4

0(u0|x, z)
Φ0(u0|x, z)

(
w′θ̇ + α0

µ̇(z)

J (z)

)(
w′θ∗ + α0

µ∗(z)

J (z)

)]

+ 4E

[(
1 − 1lZ

)(
q̇(0|x, z)q∗(0|x, z) + q̇(1|x, z)q∗(1|x, z)

)]
+ 4E

[∫

Rk
ḟ(x|z)f∗(x|z)dx

]
+ 4

∫

Rp
ṁ(z)m∗(z)dz.

(A.5.1)

We will fix the representers q∗ = 0 and m∗ = 0. Clearly, they both belong to the tangent space

Ṫ . Similar to the cases in the previous proofs, it is not difficult to see that if θ∗ = 0 solves (A.5.1),

then τ∗ = 0 solves (A.5.1). By the Riesz-Frechet Theorem, this would be the unique solution.

Therefore, without loss of generality we can express the representer f∗(x|z) as f∗(x|z) = θ∗
′
t∗(x|z),

where t∗ ∈ R
k belongs element-wise to lin T (F , f0). Accordingly, µ∗ can be written as µ∗(z) =

2θ∗
′ ∫

Rk H0(u0|x, z)t∗(x|z)f0(x|z)dx ≡ θ∗
′
m∗(z), where m∗(z) ≡ 2

∫
Rk H0(u0|x, z)t∗(x|z)f0(x|z)dx.

Grouping the terms that involve ḟ on the right-hand side of (A.5.1), we have

θ∗′
E

[∫

Rk

{
2α01lZ
J (z)

E

[
φ(u0|x, z)2

(
w + α0

m∗(z)

J (z)

)∣∣∣∣z
]
H0(u0|x, z)f0(x|z) + 4t∗(x|z)

}

ḟ(x|z)dx
]

(A.5.2)

The following representer makes (A.5.2) equal to zero for all ḟ ∈ lin T (F , f0),

t∗(x|z) = −α0
1lZ

2J (z)
E

[
φ(u0|x, z)2

(
w + α0

m∗(z)

J (z)

)∣∣∣∣z
](
H0(u0|x, z) − E

[
H0(u0|x, z)

∣∣∣z
])
f0(x|z)

= −α0
1lZ

2J (z)
E

[
φ(u0|x, z)2

(
w + α0

m∗(z)

J (z)

)∣∣∣∣z
](
E[y|x, z] − E[y|z]

)
f0(x|z),

(A.5.3)

where the last line follows because 1lZH0(u0|x, z) = 1lZE[y|x, z]. It is easy to see that such t∗(x|z)
makes (A.5.2) equal to zero because

∫
Rk f0(x|z)ḟ (x|z)dx = 0 for any ḟ ∈ lin T (F , f0). It follows
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that t∗(x|z) belongs to this tangent set element-wise because
∫

Rk

(
E[y|x, z] − E[y|z]

)
f2

0 (x|z) = 0

w.p.1. From now on, define δ∗(x|z) ≡ m∗(z)
J (z) . Using (A.5.3) and the definition of m∗(z), we have

δ∗(z) = −α0
1lZ

J 2(z)
E

[
φ(u0|x, z)2

(
w + α0δ

∗(z)
)∣∣∣z

]
Var

(
E[y|x, z]

∣∣∣z
)

≡ −α0b(z)
2E

[
φ(u0|x, z)M∗

0 (x, z)
∣∣∣z

]
Var

(
E[y|x, z]

∣∣z
)
,

(A.5.4)

where M∗
0 and b are as defined in the statement of Proposition 5. Using this notation, (A.5.3) can

be reexpressed as

t∗(x|z) = −α0

2
E

[
b(z)φ(u0|x, z)M∗

0 (x, z)
∣∣∣z

](
E[y|x, z] − E[y|z]

)
f0(x|z). (A.5.5)

Equation (A.5.1) becomes

c′θ̇ = θ∗′
E

[
φ(u0|x, z)M∗

0 (x, z)w′]θ̇ = θ∗′
{
E

[
M∗

0 (x, z)M∗
0 (x, z)′] − α0E

[
φ(u0|x, z)M∗

0 (x, z)δ∗(z)′]
}
θ̇

= θ∗′
{
E

[
M∗

0 (x, z)M∗
0 (x, z)′]

+ α2
0E

[
E

[
b(z)φ(u0|x, z)M∗

0 (x, z)
∣∣z

]
Var

(
E[y|x, z]

∣∣z
)
E

[
b(z)φ(u0|x, z)M∗

0 (x, z)
∣∣z

]′
]}
θ̇ ≡ θ∗′

Ωθ θ̇.

(A.5.6)

where the third equality follows directly from (A.5.4). Equation (A.5.6) yields θ∗
′

= c′Ω−1
θ ,

provided that this inverse exists. Given this, the statement in Proposition 5 follows because

4E

[∫

Rk
f∗(x|z)f∗(x|z)dx

]
= θ∗′

α2
0E

[
E

[
b(z)φ(u0|x, z)M∗

0 (x, z)
∣∣z

]
Var

(
E[y|x, z]

∣∣z
)
E

[
b(z)φ(u0|x, z)M∗

0 (x, z)
∣∣z

]′
]
θ∗

(A.5.7)

and consequently,
〈
τ∗, τ∗

〉
F

= θ∗
′
Ωθθ

∗ = c′Ω−1
θ c. Since c is arbitrary, it follows that the efficiency

bound for
√
n-consistent, regular estimators of θ0 is Ω−1

θ . The efficient influence function for
√
n-

consistent, regular estimators of c′θ0 is given by the score S0, evaluated at the representer,

ψc′θ = θ∗′
1lZ

[(
y −H0(u0|x, z)

)

Φ0(u0|x, z)

](
w + α0δ

∗(z)
)
h2

0(u0|x, z) + 2
(
1 − 1lZ

) q∗(y|x, z)
q0(y|x, z)︸ ︷︷ ︸

=0

+θ∗′
2
t∗(x|z)
f0(x|z)

+ 2
m∗(z)

m0(z)︸ ︷︷ ︸
=0

= c′Ω−1
θ

{[(
y − E[y|x, z]

)
√

Var(y|x, z)

]

M∗
0 (x, z) − α0E

[
b(z)φ(u0|x, z)M∗

0 (x, z)
∣∣∣z

](
E[y|x, z] − E[y|z]

)}

,

(A.5.8)

where we have used the fact that 1lZH0(u0|x, z) = 1lZE[y|x, z] and 1lZΦ0(u0|x, z) = 1lZVar(y|x, z).
Since c is arbitrary, (A.5.8) yields the expression for the efficient influence function of

√
n-consistent,

regular estimators of θ0 in Proposition 5.
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A.6 Proof of Proposition 6:

Using Eq. (3.3.17), the condition c′γ̇ =
〈
τ̇ , τ∗

〉
F

becomes

c′γ̇ = E

[
1lZ

Φ̃0(v0)

(

g2
0(v0)

(
w̃′γ∗ + ρ0

ζ∗(z)

J̃ (z)

)
+ ∆∗(v0)

)(

g2
0(v0)

(
w̃′γ̇ + ρ0

ζ̇(z)

J̃ (z)

)
+ ∆̇(v0)

)]

+ 4E

[
(
1 − 1lZ

)(
q̇(0|x, z)q∗(0|x, z) + q̇(1|x, z)q∗(1|x, z)

)]

+ 4E

[∫

Rk
ḟ(x|z)f∗(x|z)dx

]
+ 4

∫

Rp
ṁ(z)m∗(z)dz,

(A.6.1)

where ζ̇(z) = 2
∫

Rk G0(v0)ḟ(x|z)f0(x|z)dx, ζ∗(z) = 2
∫

Rk G0(v0)f
∗(x|z)f0(x|z)dx, ∆̇(k) =

2
∫ k
−∞ ġ(ξ|v0)g0(ξ|v0)dξ and ∆∗(k) = 2

∫ k
−∞ g∗(ξ|v0)g0(ξ|v0)dξ, where ġ, g∗ ∈ lin T (G, g0), with the

latter as described in Eq. (3.3.11). As in the proof of Proposition 5, we will fix the representers

q∗ = 0 and m∗ = 0, which belong to the tangent space Ṫ . We group first the terms that involve

∆̇(v0),

E

[
1lZ

Φ̃0(v0)

(

g2
0(v0)

(
w̃′γ∗ + ρ0

ζ∗(z)

J̃ (z)

)
+ ∆∗(v0)

)

∆̇(v0)

]

(A.6.2)

Conditioning first on v0, the expectation in (A.6.2) is equal to zero if we have

∆∗(v0) = −
(

E
[
1lZ w̃

∣∣v0
]′
γ∗ + ρ0E

[
1lZζ

∗(z)

J̃ (z)

∣∣∣∣v0

])
g2

0(v0)

E[1lZ |v0]
(A.6.3)

Abbreviate G0(·|v0) ≡ G0(·) and consider,

g∗(ξ|v0) =
1

2

{

1l{v0 ≥ 0}
[

1l
{
ξ < −v0

}

G0(−v0)
− 1l

{
−v0 ≤ ξ ≤ 0

}

G0(0) −G0(−v0)
+

1l
{
0 < ξ ≤ v0

}

G0(v0) −G0(0)
− 1l

{
v0 < ξ

}

1 −G0(v0)

]

+ 1l{v0 < 0}
[

1l
{
ξ < v0

}

G0(v0)
− 1l

{
v0 ≤ ξ ≤ 0

}

G0(0) −G0(v0)
+

1l
{
0 < ξ ≤ −v0

}

G0(−v0) −G0(0)
− 1l

{
−v0 < ξ

}

1 −G0(−v0)

]}

∆∗(v0)g0(ξ|v0)

=

[
1l

{
ξ < −|v0|

}

G0(−|v0|)
− 1l

{
−|v0| ≤ ξ ≤ 0

}

G0(0) −G0(−|v0|)
+

1l
{
0 < ξ ≤ |v0|

}

G0(|v0|) −G0(0)
− 1l

{
|v0| < ξ

}

1 −G0(|v0|)

]

∆∗(v0)g0(ξ|v0)

(A.6.4)

We have g∗(·|v0) ∈ lin T (G, g0) as defined in (3.3.11). For any |k| > |v0|, we have
∫ −|k|
−∞ g∗(ξ|v0)g0(ξ|v0)dξ = 1

2∆∗(v0)
G0(−|k|)
G0(−|v0|) = 1

2∆∗(v0)
1−G0(|k|)
1−G0(|v0|) =

∫ |k|
−∞ g∗(ξ|v0)g0(ξ|v0)dξ w.p.1.

For any |k| ≤ v0, we have
∫ −|k|
−∞ g∗(ξ|v0)g0(ξ|v0)dξ = 1

2∆∗(v0)
G0(0)−G0(−|k|)
G0(0)−G0(−|v0|) = 1

2∆∗(v0)
G0(|k|)−G0(0)
G0(|v0|)−G0(0) =

∫ |k|
−∞ g∗(ξ|v0)g0(ξ|v0)dξ, which establishes symmetry. It is also easy to verify that

∫
R
g∗(ξ|v0)g0(ξ|v0)dξ =

0 w.p.1. By construction, we have

2

∫ v0

−∞
g∗(ξ|v0)g0(ξ|v0)dξ = ∆∗(v0) w.p.1. (A.6.5)

We will use g∗(·|v0) as the representer for ∆∗(v0). Using (A.6.1), we get

g2
0(v0)

(
w̃′γ∗+ρ0

ζ∗(z)

J̃ (z)

)
+∆∗(z0) = g2

0(v0)

[(
w̃−E

[
1lZ w̃

∣∣v0
]

E
[
1lZ

∣∣v0
]

)′

γ∗+ρ0

(
ζ∗(z)

J̃ (z)
− 1

E
[
1lZ

∣∣v0
]E

[
1lZ

ζ∗(z)

J̃ (z)

∣∣∣∣v0

])]

.

(A.6.6)
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As in all previous proofs, it is easy to verify that if γ∗ = 0 solves (A.6.1) for all τ̇ ∈ Ṫ , then τ∗ = 0

is the unique solution to (A.6.1). Without loss of generality, we will reexpress f∗(x|z) = γ∗
′
t∗(x|z),

with t∗ ∈ lin T (F , f0) element-wise. Define

δ̃∗(z) =
2

J̃ (z)

∫

Rk
G0(v0)t

∗(x|z)f0(x|z)dx. (A.6.7)

Equation (A.6.6) becomes

g2
0(v0)

(
w̃′γ∗ + ρ0

ζ∗(z)

J̃ (z)

)
+ ∆∗(z0) = γ∗′

g2
0(v0)

[(
w̃ − E[1lZ w̃|v0]

E[1lZ |v0]

)
+ ρ0

(
δ̃∗(z) − E[1lZ δ̃

∗(z)|v0]

E[1lZ |v0]

)]

= γ∗′ g2
0(v0)

E[1lZ |v0]

[(
E[1lZ |v0]w̃ − E[1lZ w̃|v0]

)
+ ρ0

(
E[1lZ |v0]δ̃

∗(z) − E[1lZ δ̃
∗(z)|v0]

)]

(A.6.8)

Grouping the terms in (A.6.1) that involve ḟ and using our previous results along with the notation

in Proposition 6,

E

[
1lZ

Φ̃0(v0)

(

g2
0(v0)

(
w̃′γ∗ + ρ0

ζ∗(z)

J̃ (z)

)
+ ∆∗(v0)

)

g2
0(v0)ρ0

ζ̇(z)

J̃ (z)

]

+ 4E

[∫

Rk
f∗(x|z)ḟ(x|z)dx

]

= γ∗′

{

ρ0E

[
E

[
b̃(z)φ̃(v0)M̃

∗
0 (x, z)

∣∣∣z
]
ζ̇(z)

]
+ 4E

[∫

Rk
ḟ(x|z)t∗(x|z)dx

]}

= γ∗′
E

[∫

Rk

{

2ρ0E
[
b̃(z)φ̃(v0)M̃

∗
0 (x, z)

∣∣∣z
]
E[y|x, z]f0(x|z) + 4t∗(x|z)

}

ḟ(x|z)dx
]

,

(A.6.9)

where the last line uses the fact that 1lZG0(v0) = 1lZE[y|x, z]. The following representer makes

the last line in (A.6.9) equal to zero for all ḟ ∈ lin T (F , f0)

t∗(x|z) = −ρ0

2
E

[
b̃(z)φ̃(v0)M̃

∗
0 (x, z)

∣∣∣z
](
E[y|x, z] − E[y|z]

)
f0(x|z) (A.6.10)

which holds because
∫

Rk ḟ(x|z)f0(x|z)dx = 0 for any ḟ ∈ lin T (F , f0). It is also immediate to

verify that t∗(x|z) ∈ lin T (F , f0) element-wise because
∫

Rk

(
E[y|x, z]−E[y|z]

)
f2

0 (x|z)dx = 0 w.p.1.

Using the definition in (A.6.7),

δ̃∗(z) = −ρ0b̃(z)E
[
b̃(z)φ̃(v0)M̃

∗
0 (x, z)

∣∣∣z
]
Var

(
E[y|x, z]

∣∣∣z
)

(A.6.11)

57



Using these results, (A.6.1) becomes

c′γ̇ = γ∗′
E

[
φ̃(v0)M̃

∗
0 (x, z)w̃′

]
γ̇

= γ∗′

{

E
[
M̃∗

0 (x, z)M̃∗
0 (x, z)′

]

+ E

[
g4

0(v0)

Φ̃0(v0)E[1lZ |v0]2
×

orthogonal to any measurable function of v0.
︷ ︸︸ ︷[
1lZ

(
E[1lZ |v0]w̃ − E

[
1lZw̃

∣∣v0
])

+ 1lZρ0

(
E

[
1lZ

∣∣v0
]
δ̃∗(z) − E

[
1lZ δ̃

∗(z)
∣∣v0

])]

×
(
E

[
1lZ w̃

∣∣v0
]
+ ρ0E

[
1lZ δ̃

∗(z)
∣∣v0

])]

− ρ0E
[
φ̃(v0)M̃

∗
0 (x, z)δ̃∗(z)′

]}

γ̇

= γ∗′

{

E
[
M̃∗

0 (x, z)M̃∗
0 (x, z)′

]
− ρ0E

[
φ̃(v0)M̃

∗
0 (x, z)δ̃∗(z)′

]}

γ̇

= γ∗′

{

E
[
M̃∗

0 (x, z)M̃∗
0 (x, z)′

]
+ ρ2

0E

[
E

[
b̃(z)φ̃(v0)M̃

∗
0 (x, z)

∣∣∣z
]
Var

(
E[y|x, z]

∣∣∣z
)
E

[
b̃(z)φ̃(v0)M̃

∗
0 (x, z)

∣∣∣z
]′

]}

γ̇

≡ γ∗′
Ωγ γ̇

(A.6.12)

where the second-to last line follows from (A.6.11). This yields γ∗
′

= c′Ω−1
γ provided that this

inverse exists. Using (A.6.10),

4E

[∫

Rk
f∗(x|z)f∗(x|z)dx

]
= ρ2

0E

[
E

[
b̃(z)φ̃(v0)M̃

∗
0 (x, z)

∣∣∣z
]
Var

(
E[y|x, z]

∣∣∣z
)
E

[
b̃(z)φ̃(v0)M̃

∗
0 (x, z)

∣∣∣z
]′

]

(A.6.13)

This, along with our previous results yields
〈
τ∗, τ∗

〉
F

= γ∗
′
Ωγγ

∗ = c′Ω−1
γ c, which is the efficiency

bound for
√
n-consistent, regular estimators of c′γ0. Since c is arbitrary, it follows immediately

that Ω−1
γ is the efficiency bound for

√
n-consistent, regular estimators of θ0. The efficient influence

function is the score evaluated at τ∗,

ψc′γ = c′Ω−1
γ

((
y − E[y|x, z]

)
√

Var(y|x, z)
M̃∗

0 (x, z) − ρ0E
[̃
b(z)φ(v0)M̃

∗
0 (x, z)

∣∣z
](
E[y|x, z] − E[y|z]

)
)

. (A.6.14)

Since c is arbitrary, we immediately obtain the result in Proposition 6.

A.7 Proof of Proposition 7:

From Eq. (3.5.11), we have

〈
τ̇ , τ∗〉

F
= E

[

1lZ
h4

10
(u10 |x, z)

Φ10(u10 |x, z)

(
w′

1θ̇ + α10d2
e

(z)′µ̇
e

(z)

)(
w′

1θ
∗ + α10d2

e

(z)′µ∗

e

(z)

)]

+ E

[

1lZ
h4

20
(u20 |x, z)

Φ20(u20 |x, z)

(
w′

2θ̇ + α20d1
e

(z)′µ̇
e

(z)

)(
w′

2θ
∗ + α20d1

e

(z)′µ∗

e

(z)

)]

+ 4E

[(
1 − 1lZ

) ∑

y
e

∈{0,1}2

q̇(y
e

|x, z)q∗(y
e

|x, z)
]

+ 4E

[∫

Rk
ḟ(x|z)f∗(x|z)dx

]
+ 4

∫

Rp
ṁ(z)m∗(z)dz.

(A.7.1)
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We will set q∗ = 0, m∗ = 0. As before, we wish to find the representer τ∗ ∈ Ṫ (the tangent space)

that satisfies
〈
τ̇ , τ∗

〉
F

= c′θ̇ for all τ̇ ∈ Ṫ and arbitrary c. For the same reasons as in the previous

proofs, without loss of generality we will express f∗(x|z) = θ∗
′
t∗(x|z), where t∗(x|z) ∈ lin T (F

e

, f0),

the tangent space described in Eq. (3.2.4) with k replaced with k. Using this notation, we also have

µ
e

∗(z) = δ
e

∗(z)′θ∗, where δ∗
e

(z) = 2
∫

Rk t
∗(x|z)

(
H10(u10 |x, z) , H20(u20 |x, z)

)′
f0(x|z)dx. Grouping

the terms that involve ḟ(x|z) in (A.7.1), we have

θ∗′
E

[(
α10φ1(u10 |x, z)M∗

10
(x, z)d2

e

(z)′ + α20φ2(u20 |x, z)M∗
20

(x, z)d1
e

(z)′
)
µ̇
e

(z) + 4

∫

Rk
t∗(x|z)ḟ(x|z)dx

]

.

(A.7.2)

Where φp and Mp0 are as described in Equations (3.5.12) − (3.5.13). Recall from (3.5.7) − (3.5.9)

that µ̇
e

(z) = 2
∫

Rk

(
H10(u10 |x, z) , H20(u20 |x, z)

)′
ḟ(x|z)f0(x|z)dx. Since Hp0(u10 |x, z) = E[Yp|x, z]

for all z ∈ Z, we can reexpress (A.7.2) as

θ∗′
E

[

2

(
α10φ1(u10 |x, z)M∗

10
(x, z)d2

e

(z)′ + α20φ2(u20 |x, z)M∗
20

(x, z)d1
e

(z)′
) ∫

Rk
E

[
y
e

∣∣x, z
]
ḟ(x|z)f0(x|z)dx

+ 4

∫

Rk
t∗(x|z)ḟ(x|z)dx

]

.

(A.7.3)

The following representer makes the expected value of (A.7.3) equal to zero for any ḟ(x|z) in the

tangent space,

t∗(x|z) =

− 1

2

(
α10E

[
φ1(u10 |x, z)M∗

10
(x, z)

∣∣z
]
d2
e

(z)′ + α20E
[
φ2(u20 |x, z)M∗

20
(x, z)

∣∣z
]
d1
e

(z)′
)(

E
[
y
e

∣∣x, z
]
− E

[
y
e

∣∣z
])
f0(x|z).

(A.7.4)

δ∗
e

(z) satisfies δ∗
e

(z) = 2
∫

Rk t
∗(x|z)

(
H10(u10 |x, z) , H20(u20 |x, z)

)′
f0(x|z)dx. Using (A.7.4), for

any z ∈ Z we have

δ∗
e

(z) = −E
[
α10E

[
φ1(u10 |x, z)M∗

10
(x, z)

∣∣z
]
d2
e

(z)′ + α20E
[
φ2(u20 |x, z)M∗

20
(x, z)

∣∣z
]
d1
e

(z)′
]
Var

(
E

[
y
e

∣∣x, z
]∣∣∣z

)
,

(A.7.5)

which establishes (3.5.14) in Proposition 7. We now go back to the terms involving θ̇ in (A.7.1),

θ∗′
(
φ1(u10 |x, z)M∗

10
(x, z)w′

1 + φ2(u20 |x, z)M∗
20

(x, z)w′
2

)
θ̇ = θ∗′

(
M∗

10
(x, z)M∗

10
(x, z)′ +M∗

20
(x, z)M∗

20
(x, z)′

)
θ̇

− θ∗′
(
α10φ1(u10 |x, z)M∗

10
(x, z)d2

e

(z)′ + α20φ2(u20 |x, z)M∗
20

(x, z)d1
e

(z)′
)
δ∗
e

(z)′θ̇

(A.7.6)
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Abbreviate A∗(z) = α10E
[
φ1(u10 |x, z)M∗

10
(x, z)

∣∣z
]
d2
e

(z)′ + α20E
[
φ2(u20 |x, z)M∗

20
(x, z)

∣∣z
]
d1
e

(z)′.

Taking expectations and using (A.7.5), we obtain

θ∗′
E

[
φ1(u10 |x, z)M∗

10
(x, z)w′

1 + φ2(u20 |x, z)M∗
20

(x, z)w′
2

]
θ̇ =

θ∗′

{

E
[
M∗

10
(x, z)M∗

10
(x, z)′] + E

[
M∗

20
(x, z)M∗

20
(x, z)′] + E

[
A∗(z)Var

(
E[y

e

|x, z]
∣∣z

)
A∗(z)′

]

︸ ︷︷ ︸
≡Ωθ

}

θ̇.

(A.7.7)

The statement in Proposition 7 follows by equating (A.7.7) to c′θ̇.

A.8 Proof of Proposition 8:

Using Equation (3.6.15), the Fisher-inner product
〈
τ̇ , τ∗

〉
F

is

〈
τ̇ , τ∗〉

F
=

E

[
1lZ

Φ̃10(v10)

(
g2

10
(v10 )

[
w̃′

1γ
∗ + ρ10c2

e

(z)′ζ
e

∗(z)
]

+ ∆∗
1(v10)

)(
g2

10
(v10)

[
w̃′

1γ̇ + ρ10c2
e

(z)′ζ̇
e

(z)
]

+ ∆̇1(v10)

)]

+ E

[
1lZ

Φ̃20(v20)

(
g2

20
(v20)

[
w̃′

2γ
∗ + ρ20c1

e

(z)′ζ
e

∗(z)
]

+ ∆∗
2(v20)

)(
g2

20
(v20)

[
w̃′

2γ̇ + ρ20c1
e

(z)′ζ̇
e

(z)
]

+ ∆̇2(v20 )

)]

+ 4E

[(
1 − 1lZ

) ∑

y
e

∈{0,1}2

q̇(y
e

|x, z)q∗(y
e

|x, z)
]

+ 4E

[∫

Rk
ḟ(x|z)f∗(x|z)dx

]
+ 4

∫

Rp
ṁ(z)m∗(z)dz.

(A.8.1)

We will set q∗ = 0 and m∗ = 0 and express f∗(x|z) = θ∗
′
t∗(x|z), where t∗(x|z) ∈ lin T (F

e

, f0), the

tangent space described in Eq. (3.2.4) with k replaced with k. Using this notation, we also have

ζ
e

∗(z) = δ̃
e

∗
(z)′γ∗, where δ∗

e

(z) = 2
∫

Rk t
∗(x|z)

(
G10(v10) , G20(v20)

)′
f0(x|z)dx. Choosing

∆∗
1(v10) = − g2

10
(v10)

E[1lZ |v10 ]
γ∗

′
(
E

[
1lZw̃1

∣∣v10

]
+ ρ10E

[
1lZ δ̃

e

∗
(z)c2

e

(z)
∣∣v10

])
≡ γ∗

′
Ξ∗

10
(v10)

∆∗
2(v20) = − g2

20
(v20)

E[1lZ |v20 ]
γ∗

′
(
E

[
1lZw̃2

∣∣v20

]
+ ρ20E

[
1lZ δ̃

e

∗
(z)c1

e

(z)
∣∣v20

])
≡ γ∗

′
Ξ∗

20(v20)

(A.8.2)

will make all the terms in (A.8.1) that involve ∆̇1 and ∆̇2 equal to zero. Given our assumptions,

the representers g∗p ∈ lin T (Gp, gp0) (as described in Equation 3.6.7) that produce ∆∗
p(vp0) =

2
∫ vp0
−∞ g∗p(ξ|vp0)gp0(ξ|vp0)dξ w.p.1 would be constructed exactly as in Equation (A.6.4) in the proof

of Proposition 6. Using these representers and the terms that involve ḟ(x|z) in (A.8.1), we have

γ∗′
E

[(
ρ10 φ̃1(v10)M̃

∗
10

(x, z)c2
e

(z)′ + ρ20 φ̃2(v20)M̃
∗
20

(x, z)c1
e

(z)′
)
ζ̇
e

(z) + 4

∫

Rk
t∗(x|z)ḟ(x|z)dx

]

, (A.8.3)

where cp
e

, φ̃p and M̃p0 are as defined in the statement of Proposition 8. Parallel to Equations

(A.7.4) − (A.7.5), the following representer makes the expected value of (A.8.3) equal to zero for
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any ḟ(x|z) in the tangent space,

t∗(x|z) =

− 1

2

(
ρ10E

[
φ̃1(v10 )M̃∗

10
(x, z)

∣∣z
]
c2
e

(z)′ + ρ20E
[
φ̃2(v20)M̃

∗
20

(x, z)
∣∣z

]
c1
e

(z)′
)(

E
[
y
e

∣∣x, z
]
− E

[
y
e

∣∣z
])
f0(x|z).

(A.8.4)

Using the definition of δ̃
e

∗
(z), for any z ∈ Z we have

δ̃
e

∗
(z) = −E

[
ρ10E

[
φ̃1(v10)M̃

∗
10

(x, z)
∣∣z

]
c2
e

(z)′ + ρ20E
[
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∗
20

(x, z)
∣∣z

]
c1
e

(z)′
]
Var

(
E

[
y
e

∣∣x, z
]∣∣∣z

)
. (A.8.5)

This is the condition described in Equation (3.6.18) in Proposition 8. The terms involving γ̇ in

(A.8.1),

γ∗′
(
φ̃1(v10)M̃

∗
10

(x, z)w̃′
1 + φ̃2(v20)M̃

∗
20

(x, z)w̃′
2

)
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(
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10
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(x, z)M̃∗

20
(x, z)′

)
γ̇
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(
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∗
10

(x, z)Ξ∗
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(v10)
′ + ρ20 φ̃2(v20)M̃

∗
20

(x, z)Ξ∗
10

(v10)
′
)
γ̇

− γ∗′
(
ρ10 φ̃1(v10)M̃

∗
10

(x, z)c2
e

(z)′ + ρ20 φ̃2(v20)M̃
∗
20

(x, z)c1
e

(z)′
)
δ̃∗
e

(z)′γ̇,

(A.8.6)

where Ξ∗
p0 is as defined in Eq. (A.8.2). Note that E

[
M̃∗

10
(x, z)

∣∣v10

]
= E

[
M̃∗

20
(x, z)

∣∣v20

]
= 0, which

implies that the second term on the right hand side of (A.8.6) is zero. Letting Ã∗(z) be as defined

in Equation (3.6.19) in Proposition 8 and using (A.8.5), the expectation of (A.8.6) becomes

γ∗′

{

E
[
M̃∗

10
(x, z)M̃∗

10
(x, z)′

]
+ E

[
M̃∗

20
(x, z)M̃∗

20
(x, z)′

]
+ E

[
Ã∗(z)Var

(
E[y

e

|x, z]
∣∣z

)
Ã∗(z)′

]

︸ ︷︷ ︸
≡Ωγ

}

γ̇ (A.8.7)

The statement in Proposition 8 follows by equating (A.8.7) to c′γ̇.

A.9 Proof of Propositions 9 and 10:

Given the expressions for the scores S0 in Equations (3.7.3) and (3.7.14), the steps for the proof

are very similar to those of Propositions 5 and 6. For this reason we will omit the details.
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