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Abstract

This paper studies a simultaneous discrete choice model where agents’ behavior is assumed to correspond

to what we call a weakly consistent equilibrium (WCE), where each agent’s choice is expected-utility

maximizing for beliefs that assign nonzero probability to his opponents’ ex-post choices. Disagreement

in subjective beliefs is explicitly allowed, but equilibrium behavior with consistent beliefs is also a special

case. Therefore, Nash equilibrium and, more generally, subjective correlated equilibrium behavior are

special cases of WCE. Under a set of nonparametric assumptions about the underlying von Neumann-

Morgenstern payoffs: Concavity with respect to the own choice, as well as a decreasing differences

condition with respect to an aggregate variable that captures the effect of others’ choices on each agent’s

payoff, for any given space of probability functions from which agents are assumed to draw their beliefs,

this paper characterizes constructive probability bounds for events involving counterfactual WCE profiles.

In particular, we find nonparametric bounds for the probability that a collection of profiles includes a

WCE, as well bounds for WCE equilibrium selection probabilities. The bounds presented hold for any

collection of payoffs that satisfies the general conditions we describe. They are also valid regardless of the

equilibrium selection mechanism underlying the observed choices. An empirical example of a multiple

entry model with two agents is included.
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1 Introduction

Simultaneous discrete choice models have been studied extensively as special cases of structural models

with qualitative endogenous variables. Let y denote the vector of endogenous variables in the model and

let x include all other observables, unobservables and parameters that determine y. In his seminal paper,

Heckman (1978) studies various models where y includes qualitative variables and characterizes conditions

under which there exists a unique reduced form that maps x on to y. He refers to these as principal

assumptions, and they typically require the model to be recursive or triangular in nature. Examples1 of

earlier work that studied simultaneous, recursive discrete choice systems include Maddala and Lee (1976),

Schmidt and Strauss (1975) and Elliott (1980). Related models can be found, e.g, in Sickles and Schmidt

(1978), Lee (1981) and Sickles (1989). The term coherency was first applied to conditions that ensure the

existence of a well-defined reduced form by Gourieroux, Laffont, and Montfort (1980). Such conditions were

also the subject of interest in Blundell and Smith (1994) and, more recently, in Tamer (2003) and Lewbel

(2007). Both Tamer (2003) and Lewbel (2007) distinguish between an incoherent model (one where no

reduced-form exists) and an incomplete one (one with multiple reduced-forms). Inspired by discrete static

games with multiple equilibria, this distinction was proposed by Tamer (2003).

This paper embeds a simultaneous discrete choice model into a behavioral model where a collection of

actions (Yp)P
p=1 are decided by expected-utility maximizing agents p = 1, . . . , P . Every potential choice for

each action has associated with it a (von Neumann-Morgenstern) payoff up(·) which depends on the choice

itself, on the collection of choices for the remaining actions, and on a vector of payoff shifters. Agents are

assumed to be expected-utility maximizers given a set of unobserved beliefs. These beliefs are subjective

probability functions over the space of possible choices by the other agents. In this setting, we refer to a

weakly consistent equilibrium profile (WCE profile) as any collection of choices (yp)P
p=1 such that: (i) each

individual choice yp is optimal in an expected-utility sense (given p’s beliefs π−p), and (ii) y−p ≡ (yq)q 6=p, the

choice profile of p’s opponents, belongs in the support of p’s beliefs. That is, π−p(y−p) > 0. This concept

encompasses equilibrium behavior with correct beliefs (e.g, Nash or correlated equilibrium as defined in

Aumann (1987)) as a special case. More generally, it also covers subjective correlated equilibrium (see

section 5 in Aumann (1987)) where the common prior assumption is dropped. The paper will maintain

the assumption that the observed collection of actions (Yp)P
p=1 constitutes a WCE profile given agents’

unobserved beliefs.

Instead of studying coherency and completeness conditions, or the identification features of some finite-

dimensional payoff parameter, the goal of this paper is to characterize bounds for various probabilities of

events involving (counterfactual) WCE choice profiles. The inferential setting is one where the researcher

observes only one set of choices for each realization of payoffs (i.e, this is a static, one-shot model) as well as

perhaps a collection of payoff-relevant covariates, and where the functional form of payoffs up(·) is assumed

1Chapter 5 (in particular, Section 5.5) in Maddala (1983) is a good compendium of such models.
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unknown except for a set of general characteristics which will be carefully described. We refer to a belief

space Π−p for agent p as a class of probability functions defined over the space of choices of p’s opponents.

Given our maintained assumptions about payoffs, nonparametric probability bounds are characterized for

a pre-specified collection of belief spaces {Π−p}P
p=1. For any prespecified collection of belief spaces, the

bounds we present are robust to any well-defined WCE equilibrium selection mechanism. The presence of

beliefs in the agents’ decision-making process may be owed to actual randomization of actions, the presence

of coordinating devices whose outcome probability distribution may be objective or may involve subjective

disagreement across agents, or they may arise from incomplete information about others’ payoffs. Our results

will be valid in any such case. In particular, they will hold whether or not the realization of everybody’s

payoff function is public information or if there exists private information about payoffs. Among other objects

of interest, our results produce bounds for the probability that an arbitrary (counterfactual) choice profiley is a WCE, as well as for the probability that y is selected by the agents as the action profile, given that

it is a WCE profile. That is, our results produce nonparametric bounds for the probability of equilibrium

selection.

There exists a continuously growing literature focused on identification and estimation of static, strategic-

interaction models. Even though our results can be amenable to economic models without strategic

interaction (e.g., a simultaneous discrete choice model with a single decision-maker), it is appropriate to

view it as part of this literature. A partial list of related work focused on static models includes Bjorn

and Vuong (1984), Bresnahan and Reiss (1991), Brock and Durlauf (2001), Tamer (2003), Pesendorfer and

Schmidt-Dengler (2007), Davis (2006), Bajari, Hong, Kreiner, and Nekipelov (2006), Ciliberto and Tamer

(2006), Berry and Tamer (2006), Bajari, Hong, and Ryan (2005), Aradillas-Lopez (2007), Aradillas-Lopez

and Tamer (2007), Jia (2007), Beresteanu, Molchanov, and Molinari (2008), Yang (2008), among others.

To the best of our knowledge, this is the first paper to focus on behavior that deviates from the nontrivial

assumption that agents have perfect models of others (and consequently, correct beliefs) in a nonparametric

setting. Given our broader definition of equilibrium, it is also the first paper to produce nonparametric

bounds for equilibrium choices, as well as for the probability of equilibrium selection. This paper is also

part of a growing literature on partial identification which has been shaped and influenced by the highly

influential work of Charles F. Manski and his coauthors. Some examples of work related to this paper include

Manski (1990), Manski (1997), Manski and Pepper (2000), Manski and Tamer (2002), Imbens and Manski

(2003) and Manski (2007). Analogously to a treatment effects setting where counterfactuals are unobserved,

the set of WCE profiles is not entirely observed. Bounds for the probabilities of interest will be derived in

our case from a model of economic behavior.

The paper proceeds as follows. Section 2 describes the model, detailing the driving assumptions

concerning payoffs. Section 3 defines the concept of weakly consistent equilibrium (WCE) profiles. Section

4 characterizes the implications of WCE behavior given the payoff features assumed. The main theoretical

results driving the paper are presented with detail here. Section 5 describes constructive results based on the
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implications of WCE behavior given the inferential setting to the researcher. Section 6 presents an empirical

example consisting of a multiple entry model involving Lowe’s and Home Depot. Section 7 concludes.

2 Description of the model

2.1 Agents and actions

The model consists of P agents, where the pth agent decides an action represented by Yp, with

Yp ∈ Ap ≡
{

0, 1, . . . , Mp

}
, Mp ≥ 1 ,

with Mp = ∞ as a special case. We refer to ‘agent p’ as the one in charge of action Yp and we allow for the

case where multiple agents have the same identity if a single decision maker is responsible for several actions.

We will refer to all agents except p as “agent p’s fellow agents” or (in an abuse of terminology) “agent p’s

opponents”, keeping in mind that two or more fellow agents or “opponents” may have the same identity as

agent p himself.

Throughout the paper we will assume that the action space of any subset of agents is the Cartesian

product of their individual action spaces. In particular, we will let

A−p ≡
{

(yq)q 6=p : yq ∈ Aq

}
and A ≡

{
(yq)p

q=1 : yq ∈ Aq

}

denote the action space for p’s fellow agents and the action space for all the agents in the model respectively.

Actions and choices .− A choice is a particular value of an action. We will use lower case to denote choices.

A subscript in a choice will automatically denote the corresponding action (agent). Thus, yp, ap, vp, etc.

will indicate particular choices for action Yp. However, we can also refer to a particular choice by agent p as

y ∈ Ap, a ∈ Ap, etc. In any case, the match between choices and agents will always be clear.

Profiles of actions and choices .− An action profile is the collection of actions for a subset of agents. A choice

profile would be the corresponding collection of choices. We will use blackboard bold typeface style to denote

profiles of actions and profiles of choices, maintaining the upper/lower case convention mentioned above. The

profiles that we will focus on will be those corresponding to p’s fellow agents, and those corresponding to

the entire collection of agents in the model. We will letY−p ≡
(
Yq

)
q 6=p

denote the action profile of p’s fellow agents.Y ≡
(
Yq

)P

q=1
denote the action profile of all agents in the model.

Choice profiles by p’s fellow agents will be denoted either by the use of subscripts, as in y−p, a−p, v−p,

etc., or by explicitly referring them as elements of A−p, as in y ∈ A−p, a ∈ A−p, v ∈ A−p, etc. Choice

profiles by all agents in the model will always be written as y ∈ A, a ∈ A, v ∈ A, etc.
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2.2 Payoffs

Agents’ payoffs depend on their actions and those of others. The (von Neumann-Morgenstern) payoff to

agent p if Yp = yp and Y−p = y−p is given by

up(yp, φp(y−p); ωp(yp)). (1)

The direct dependence of up on yp (indicated by the first argument of up(·)) denotes a deterministic effect of

p’s own choice on his payoff. The third argument of up is ωp(·), a vector of payoff shifters. The (possible)

dependence of ωp(·) on yp indicates that we also allow for a nondeterministic effect of p’s own choice

on his payoff by allowing the distribution of payoff shifters to depend on yp. Such dependence (if it exists

at all) is allowed as long as it is compatible with the conditions in Assumption (A1), below. The effect

of other agents’ choices on p’s payoff is entirely captured by φp, an aggregate interaction variable or index

which is a deterministic function φp : A−p −→ R. Thus, the effect of others’ choices on each agent’s

payoff is deterministic. In particular, the distribution of payoff shifters is not allowed to depend on y−p. To

accommodate the choice space and facilitate the exposition of our results, we will fix

up(y, ·; ·) = −∞ ∀ y < 0 or y > Mp.

This convention will allow us to present general results for any choice yp ∈ Ap without having to distinguish

between interior and corner choices. It will also be consistent with Assumption (A1) below. Since only payoff

differences will be relevant for any expected-utility maximizing agent, we will also normalize

up(0, ·; ·) = 0.

The following assumption describes the features of payoffs.

Assumption A1.

Prior to making any decision, each agent p observes perfectly the realization of his own payoff function

up(·), but not necessarily those of his opponents. Payoff functions satisfy the following conditions.

(i) Local Monotonicity.− up(y, · ; ωp(y)) 6= up(y + 1, · ; ωp(y + 1)) w.p.1. in ωp(y), ωp(y + 1) ∀ y ∈ Ap.

(ii) Concavity.−

up(y, · ; ωp(y)) − up(y − 1, · ; ωp(y − 1)) ≥ up(y + 1, · ; ωp(y + 1)) − up(y, · ; ωp(y))

w.p.1. in ωp(y − 1), ωp(y), ωp(y + 1) ∀ y ∈ Ap ,

and if Mp = ∞, then for any y−p ∈ A−p, w.p.1. there exists y′ ∈ Ap such that

up(y′, φp(y−p); ωp(y′)) > up(y′ + 1, φp(y−p); ωp(y′ + 1)).

(iii) Aggregate Interaction.− For any φp, φ′
p,

φ′
p > φp =⇒ up( ·, φp; ωp(·)) ≥ up( ·, φ′

p; ωp(·)) w.p.1. in ωp(·).
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(iv) Decreasing Differences.− For any pair y′ > y in Ap,

φ′
p > φp =⇒ up(y, φ′

p; ωp(y)) − up(y, φp; ωp(y)) ≥ up(y′, φ′
p; ωp(y′))−up(y′, φp; ωp(y′))

w.p.1. in ωp(y), ωp(y′).

Figure 1 illustrates the implications of Assumption (A1).

Take any p and any probability function π−p : A−p −→ [0, 1], where π−p(v) denotes the corresponding

Pr[Y−p = v] for each v ∈ A−p . Assumption (A1.ii) (concavity) ensures that, with probability one, for

any such probability function there exists at least one solution to the problem

max
y∈Ap

∑v∈A−p

π−p(v) · up(y, φp(v); ωp(y)).

By Assumption (A1.iii), the aggregate variable φp is such that there exists a strategic substitutability between

Yp and φp. Note however, that this construction admits pairwise strategic complementarity or substitutability

between Yq and Yp depending on how φp changes with the choice of Yq. Assumption (A1.iv) (decreasing

differences) asserts that p’s susceptibility to the choices of his opponents increases with his own action.

Similar assumptions are well-known in the literature of supermodularity and monotonicity of best-response

functions and equilibria. See for example Section 3 in Milgrom and Shannon (1994) (where they describe an

increasing differences condition) and Section 2.6.1 in Topkis (1998). An increasing differences assumption is

present in Echenique and Komunjer (2008) in the context of a test for complementarity. Other examples of

econometric work whose identification strategy relies at least partially on similar restrictions include Davis

(2006) and Jia (2007). Together, (A1.iii) and (A1.iv) will produce best-responses to degenerate beliefs that

are monotone with respect to the aggregate variable φp,

φp > φ′
p =⇒ argmax

y∈Ap

up(y, φp; ωp(y)) ≤ argmax
y∈Ap

up(y, φ′
p; ωp(y)) w.p.1.

Remark 1 (On the ordered-response nature of our model)

Assumption (A1) (in particular, parts ii and iv) implies nontrivial constraints on the stochastic interdepen-

dence between up(y, ·; ωp(y)) and up(y′, ·; ωp(y′)) for any y 6= y′. In general, these constraints rule out the

possibility of up(y, ·; ωp(y)) having unbounded support conditional on up(y′, ·; ωp(y′)). In light of Assumption

(A1), it is appropriate to think of ours as an ordered-response strategic interaction model.
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 up(y,  p; !p )
y

up Concavity

 up(y,  p ; !p )
y

up Aggregate Interaction 

 up(y,  ’p; !p )
  with"" ’p >  p

 up(y,  p; !p )
y

up Violation  of  Local Monotonicity 

 up(y,  p ; !p )
y

up Violation of Decreasing Differences 

 up(y,  ’p; !p )
  with"" ’p >  p

 up(y,  p ; !p )
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up Violation of Decreasing Differences 

 up(y,  ’p; !p )
  with"" ’p >  p

 up(y,  p ; !p )
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up Violation of Decreasing Differences 

 up(y,  ’p; !p )
  with"" ’p >  p

Figure 1: Illustration of the payoff features in Assumption (A1). Figures shown are piecewise linear in nature to

facilitate their depiction. Such a feature is only a special case of Assumption (A1).
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Example 1 Consider a market with P firms where the variable of choice is an indivisible measure of

“production” yp, with Mp = ∞ (no ex-ante bound on how much can be produced). Agent p’s payoff

is a profit function of the form

up(yp, φp(y−p); ωp(yp)) =
(∑

q 6=p

αp
qyq + αp

pyp + ω1p

)
· yp − ω2p(yp), p = 1, . . . , P.

Where (αp
q)P

q=1 is a constant parameter vector and
∑

q 6=p αp
qyq + αp

pyp + ω1p is the residual inverse demand

for agent p if he produces yp and his opponents produce y−p. ω1p is a residual demand shifter, independent

of production choices. ω2p(yp) can be thought of as a “cost” of production, a random variable whose

distribution depends on yp, the quantity produced by p. Payoff shifters are then ωp(·) = (ω1p, ω2p(·)).

Payoffs functions will satisfy Assumption (A1) if the following holds,

(i) Local Monotonicity.− This restriction will be satisfied if the distribution of (ω1p, ω2p(·)) is such that

Pr

[∑

q 6=p

αp
qyq + αp

p(2yp + 1) + ω1p = ω2p(yp + 1) − ω2p(yp)

]
= 0 ∀ yp ∈ Ap, y−p ∈ A−p.

(ii) Concavity.− αp
p ≤ 0, ω2p(0) = 0,

ω2p(yp − 1) + ω2p(yp + 1)

2
≥ ω2p(yp) w.p.1. ∀ yp ∈ Ap,

and w.p.1. for any given y−p ≡ (yq)q 6=p ∈ A−p and any realization of ω1p, there exists y′ ≥ 1 such that

(∑

q 6=p

αp
qyq + αp

py
′ + ω1p

)
· y′ − ω2p(y′) ≤ 0.

(iii) Aggregate interaction.− Follows immediately, by defining

φp(y−p) ≡ −
∑

q 6=p

αp
qyq.

(iv) Decreasing differences .− Having defined φp as φp(y−p) ≡ −
∑

q 6=p αp
qyq, decreasing differences follows

immediately since

up(y, φp; ωp(y)) − up(y, φ′
p; ωp(y)) =

(
φ′

p − φp

)
· y,

and therefore
[
up(y′, φp; ωp(y′)) − up(y′, φ′

p; ωp(y′))
]

−
[
up(y, φp; ωp(y)) − up(y, φ′

p; ωp(y))
]

=
(
φ′

p − φp

)
·
(
y′ − y

)
> 0 ∀ y′ > y, φ′

p > φp.

In short, Assumption (A1) will be satisfied if profits are concave, and if for any given profile y−p, there exists

a profit-maximizing choice y∗
p w.p.1. Notice that concavity imposes restrictions on the conditional support

of ω2p(y)|ω2p(y′) for any pair y, y′. It is easy to see that these payoff functions can be generalized to

up(yp, φp(y−p); ωp(yp)) = Rp(yp, φp(y−p); ω1p) − ω2p(yp)

by making appropriate assumptions about the function Rp(·).
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2.2.1 Notational simplification

For each p we will let

ωp ≡ ∪
y∈Ap

ωp(y)

denote the collection of payoff shifters for agent p. To ease the exposition of our results, in most of the

results that follow we will denote

up(yp, φp(y−p); ωp(yp)) ≡ up(yp, φp(y−p); ωp). (1’)

Thus avoiding the need to write explicitly the (possible) dependence of agent p’s payoff shifters on his own

choices. This will simplify the presentation of our results, especially in the proofs.

3 Rationalizable choices and weakly consistent equilibrium (WCE)

profiles

We will maintain the assumption of expected utility maximization. We begin by introducing the notation

for agents’ space of beliefs.

3.1 Beliefs and belief spaces

Beliefs for agent p are summarized by a probability function π−p : A−p :−→ [0, 1], where π−p(y−p) denotes

agent p’s subjective assessment for Pr[Y−p = y−p] for each y−p ∈ A−p. Let

∆−p =
{
π−p : A−p −→ [0, 1] such that π−p is a well-defined probability function on A−p

}

denote the space of all probability functions over A−p. The presence of beliefs in the agents’ decision-making

process may be owed to actual randomization of actions, the presence of coordinating devices (whose outcome

probability distribution may be objective or may involve subjective disagreement across agents), or they may

arise from incomplete information about others’ payoffs. Our results will be valid in any such case.

A space of beliefs Π−p is a class of probability functions over A−p. That is, Π−p is a subset of ∆−p:

Π−p =
{
π−p : A−p −→ [0, 1]

}
⊆ ∆−p.

We will focus on spaces that classify beliefs according to an upper bound on the width of their support.

Specifically, the following class of belief spaces will be of particular importance to us,

Πk
−p =

{
π−p ∈ ∆−p

}
such that:

(i) ∀ y−p ∈ A−p, ∃ π−p ∈ Πk
−p such that π−p(y−p) > 0.

(ii) ∀ y−p ≡ (yq)q 6=p ∈ A−p, let

Sk(y−p) =
{v−p ≡ (vq)q 6=p : max

{
yq − k, 0

}
≤ vq ≤ min

{
yq + k, Mq

}
∀ q 6= p

}
.

Then, ∀ π−p ∈ Πk
−p , y−p ∈ A−p : if π−p(y−p) > 0, then Support(π−p) ⊆ Sk(y−p).
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That is,

∀ π−p ∈ Πk
−p, ∀ y−p ∈ A−p : if π−p(y−p) > 0, then

∑v∈Sk(y−p)

π−p(v) = 1. (2)

Intuitively, Πk
−p includes all beliefs where agent p assumes that each one of his opponents randomizes across

choices that are at most k units apart. A special case of Πk
−p is the space of degenerate beliefs Π0

−p. We will

choose to focus on spaces of the form Πk
−p because an upper bound on the width of their support is a feature

general enough to cover a wide variety of possible beliefs2 Moreover, there is a behavioral justification for

focusing on these spaces. As Result 4 in Subsection 4.3.1 will show, if we assume that all payoff functions are

strictly concave, that every agent knows this and that everybody assumes that each one of their opponents’

beliefs satisfies independent mixing (as in Nash equilibrium behavior), then each agent p’s belief space is a

subset of Πk
−p, for k = 1. This is the space of beliefs where agent p assumes that each one of his opponents

randomizes across at most two choices, and these choices are adjacent.

3.2 Rationalizable best-response correspondence for a space of beliefs Π−pΠ−pΠ−p

Consider a pre-specified space of beliefs Π−p for agent p. For an arbitrary choice profile y−p ∈ A−p, we

define3

Ψp

(y−p; Π−p, ωp

)
=

{

yp ∈ Ap : yp ∈ argmax
y∈Ap

∑v∈Ap

π−p(v) · up(y, φp(v); ωp) for some π−p ∈ Π−p with π−p(y−p) > 0

}

.

(3)

This is the collection of all choices that could be rationalized as expected-utility maximizers for some set of

beliefs in Π−p that assign nonzero probability to y−p. As we mentioned above, for a given Π−p we will focus

on the resulting bounds for the support of φp(v) for any set of beliefs in Π−p that assigns positive probability

to y−p. This, in turn, will produce bounds for the expected utility
∑v∈Ap

π−p(v) ·up(y, φp(v); ωp) for any

π−p ∈ Π−p : π−p(y−p) > 0.

Subjective correlation in beliefs

The construction of Ψp

(y−p; Π−p, ωp

)
in (3) is general enough to allow for beliefs compatible with correlated

mixing, where agent p’s beliefs are conditioned on his choice and yp is a best response iff

yp ∈

{

argmax
y∈Ap

∑v∈A−p

π−p(v|yp) · up(y, φp(v); ωp)

}

.

Since we allow for beliefs to differ across agents, this expected utility expression would dictate agents’

behavior in a subjective correlated equilibrium (see Aumann (1974) and Section 5 in Aumann (1987)). One

2For instance, it is easy to see that if we let k = max{Mq}P
q=1, then Πk

−p = ∆−p.
3Note that if ∄ π−p ∈ Π−p : πp(y−p) > 0, then Ψp

`y−p; Π−p, ωp

´
= ∅. Empty best-response correspondences are ruled

out, e.g. for the belief space Πk
−p for any k.
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of the goals of this paper is to obtain results robust to differences in tastes (payoffs) as well as disagreements

in beliefs. An example of belief space that trivially allows for subjective correlation is Πk
−p as defined in (2),

which classifies beliefs according only to an upper bound on their support width.

3.2.1 Most detrimental and most beneficial choice profiles for a space Π−pΠ−pΠ−p.

In this paper, we will characterize belief spaces according to the resulting bounds for the support of the

aggregate variable φp(v). Specifically, for any given Π−p and any choice profile y−p we will focus on the

highest and lowest values of φp(v) that could be assigned a nonzero probability for some set of beliefs in

Π−p that assign nonzero probability to y−p. For a space of beliefs Π−p and any choice profile y−p such that

∃ π−p ∈ Π−p : π−p(y−p) > 0,

we define

φd
p(y−p; Π−p) = maxv∈A−p

{
φp(v)

}
: ∃ π−p ∈ Π−p such that π−p(y−p) > 0 and π−p(v) > 0,

φb
p(y−p; Π−p) = minv∈A−p

{
φp(v)

}
: ∃ π−p ∈ Π−p such that π−p(y−p) > 0 and π−p(v) > 0.

(4)

Their definitions allow for either of these objects to be unbounded. Note however that they will both be

bounded for the belief space Πk
−p for any k as long as φp(·) is well-defined for each choice profile in A−p.

It follows from Assumption (A1.iii) that φd
p(y−p; Π−p) and φb

p(y−p; Π−p) are the most detrimental and the

most beneficial assessments for the aggregate interaction variable φp for any set of beliefs π−p ∈ Π−p that

assign strictly positive probability to y−p. That is,

up

(
··· , φd

p(y−p; Π−p); ωp

)
≤

∑v∈A−p

π−p(v) · up( ··· , φp(v); ωp) ≤ up

(
··· , φb

p(y−p; Π−p); ωp

)

∀ π−p ∈ Π−p : π−p(y−p) > 0.

For a given space of beliefs Π−p, next result follows from Assumption (A1).

Result 1 Take a space of beliefs Π−p for agent p. If Assumption (A1) is satisfied, with probability one we

have

(i) Take any y−p ∈ A−p and yp ∈ Ap. We have

yp ∈ Ψp

(y−p; Π−p, ωp

)
only if:






up

(
yp − 1, φb

p(y−p; Π−p); ωp

)
< up

(
yp, φ

b
p(y−p; Π−p); ωp

)

and

up

(
yp, φ

d
p(y−p; Π−p); ωp

)
> up

(
yp + 1, φd

p(y−p; Π−p); ωp

)
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(ii) For any y−p ∈ A−p, there exist beliefs π−p ∈ Π−p : π−p(y−p) > 0 that make agent p optimally

indifferent between choices y and y′ > y only if

up

(
y, φb

p(y−p; Π−p); ωp

)
< up

(
y′, φb

p(y−p; Π−p); ωp

)

and

up

(
y, φd

p(y−p; Π−p); ωp

)
> up

(
y′, φd

p(y−p; Π−p); ωp

)
.

(iii) For each agent p and any y−p ∈ A−p let

sp(y−p; ωp) = argmax
v∈Ap

up(v, φp(y−p); ωp) (5)

be p’s best-response to degenerate beliefs that place probability one to profile y−p (note that sp(·; ωp) is unique

w.p.1 by Assumption A1). Then,y−p,y′
−p ∈ A−p : φp(y′

−p) ≥ φp(y−p) =⇒ sp(y′
−p; ωp) ≤ sp(y−p; ωp).

(iv) Let

sd
p

(y−p; Π−p, ωp

)
= argmax

v∈Ap

up

(
v, φd

p(y−p; Π−p); ωp

)
, sb

p

(y−p; Π−p, ωp

)
= argmax

v∈Ap

up

(
v, φb

p(y−p; Π−p); ωp

)
.

Then,

yp ∈ Ψp

(y−p; Π−p, ωp

)
only if yp ∈

[
sd

p

(y−p; Π−p, ωp

)
, sb

p

(y−p; Π−p, ωp

) ]

and consequently, if y ∈ Ψp(y; Π−p, ωp) , y′ ∈ Ψp(y′; Π−p, ωp) and φb
p(y′

−p; Π−p) ≥ φd
p(y−p; Π−p), then

y ≥ y′.

Proof: In the appendix.

Figure 2 provides graphical insight into Result 1.

Example 1 (continued). Suppose ∆q
p ≤ 0 for all q 6= p (as would be predicted by basic microeconomic

models of demand). Let Πk
−p be as defined in Equation (2). For all y−p ≡ (yq)q 6=p ∈ A−p, we have

φd
p(y−p; Πk

−p) =
∑

q 6=p

∆p
q · (yq + k) and φb

p(y−p; Π−p) =
∑

q 6=p

∆p
q · max

{
0, yq − k

}
.

Take any y−p ≡ (yq)q 6=p. Result 1.i yields

(i) yp ∈ Ψp

(y−p; Πk
−p, ωp

)
for yp ≥ 1 only if

ω2p(yp) > max

{
ω2p(yp + 1) +

∑

q 6=p

∆p
q · (yq + k) + ∆p

p · (2yp + 1) + ω1p ,

ω2p(yp − 1) −
∑

q 6=p

∆p
q · max

{
0, yq − k

}
− ∆p

p · (2yp − 1) − ω1p

}
,

(ii) 0 ∈ Ψp

(y−p; Πk
−p, ωp

)
only if 0 > ω2p(1) +

∑

q 6=p

∆p
q · (yq + k) + ∆p

p + ω1p.
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 up( y,  p(b-p(y-p;!-p)); "p )  up( y,  p(d-p(y-p;!-p)); "p )

y yp

up

  yp-1

Expected utility must slope downwards for each  y # yp-1 for any 

set of well-defined beliefs $-p % !-p such that $-p(y-p)>0

 v $-p(v)&up(y ,  p(v); "p)

(A)

 up( y,  p(b-p(y-p;!-p)); "p )  up( y,  p(d-p(y-p;!-p)); "p )

y yp

up

  yp+1

Expected utility must slope upwards for each  y # yp-1 for any 

set of well-defined beliefs $-p % !-p such that $-p(y-p)>0

 v $-p(v)&up(y ,  p(v); "p)

(B)

  up( y,  p(b-p(y-p;!-p)); "p )

 up( y,  p(d-p(y-p;!-p)); "p )  up( y,  p(d-p(v-p;!-p)); "p )

y yp  vp

up

  vp-1  vp+1yp+1 yp-1

Contradiction to Result 1.i 

violates decreasing differences 

 up( y,  p(b-p(v-p;!-p)); "p )

(C)

 up( y,  p(b-p(y-p;!-p)); "p )  up( y,  p(d-p(y-p;!-p)); "p )

y yp

up

  yp+1

 v #-p(v)$up(y ,  p(v); "p)

   Optimal indifference between choices yp and yp+1 requires

up( yp,  p(b-p(y-p;!-p)); "p ) < up( yp+1,  p(b-p(y-p;!-p)); "p )
                      and

up( yp,  p(d-p(y-p;!-p)); "p ) > up( yp+1,  p(d-p(y-p;!-p)); "p )

(D)

Figure 2: Illustrations relevant to Result 1. Panels (A)-(C) are illustrative of Result 1.i. Panel (D) is relevant for

part (ii).

3.3 Weakly consistent equilibrium profile

Consider a choice profile y ≡ (yp)P
p=1 and a collection of beliefs {π−p}P

p=1 such that

π−p(y−p) > 0, and yp ∈ argmax
y∈Ap

∑v∈A−p

π−p(v) · up(y, φp(v); ωp) ∀ p = 1, . . . , P. (6)

We say that beliefs π−p described above are weakly consistent for y−p because they include this choice profile

in their support. Since each individual choice yp is optimal for beliefs π−p and hence has no incentive to

deviate, we refer to y as a weakly consistent equilibrium (WCE) profile for the collection of beliefs {π−p}P
p=1.

This characterization includes Nash and, more generally, correlated equilibrium profiles as special cases, but

it is broad enough to include cases where beliefs are incorrect in the sense that they do not correspond to

the true mixing distributions used by others.
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3.3.1 Relation to existing solution concepts and behavioral theories

Weak consistency of beliefs (as defined above) allows for subjective disagreement across agents. This along

with the assumption that opponents’ ex-post actions are always in the support of each agent’s beliefs implies

that WCE behavior is closely related to the concept of subjective correlated equilibrium (Aumann (1974),

Aumann (1987), Section 5), where agents use coordinating devices whose outcome probabilities involve

disagreement across agents. As Aumann (1976) shows, mutually inconsistent beliefs could also arise if these

coordinating devices involve events that are not common knowledge. WCE behavior could also be studied

in the context of higher order beliefs. As Lipman (2003) shows, a model in which common knowledge is

replaced with the weaker assumption of finite order consistency of beliefs is equivalent to one in which the

common prior assumption (CPA) is replaced with the weaker requirement of common support of priors4.

Subjective beliefs with common support where the CPA fails could produce behavior consistent with WCE.

Since all we assume about weakly consistent beliefs is that they assign nonzero probability to ex-post actions

and these are optimal, the WCE concept could also be produced by iterated dominance and the theory

of rationalizability as in Bernheim (1984) and Pearce (1984). Lastly, of course, we point out again that

equilibrium concepts that rely on CPA and mutually consistent beliefs (e.g, correlated equilibrium and in

particular, Nash equilibrium) are special instances of WCE.

3.3.2 WCE correspondence for a collection of belief spaces {Π−p}P
p=1{Π−p}P
p=1{Π−p}P
p=1.

The following construction ties the concept of WCE with that of Ψp, the rationalizable best-response

correspondence defined in Subsection 3.2. Let ω =
P
∪

p=1
ωp denote all agents’ payoff shifters. For a collection

of belief spaces {Π−p}P
p=1, let

R
(
{Π−p}P

p=1; ω) =
{y ≡ (yp)P

p=1 ∈ A : yp ∈ Ψp(y−p; Π−p, ωp) ∀ p = 1, . . . , P
}
. (7)

The set R
(
{Π−p}P

p=1; ω) is the collection of all profiles y for which there exist beliefs {π−p ∈ Π−p}P
p=1 such

that y is a WCE profile.

Assumption R1 (Agents’ collective actions YYY constitute a WCE profile).

There exists a collection of belief spaces {Π∗
−p}P

p=1 and a mechanism SY that selects (randomly or otherwise)Y from R
(
{Π∗

−p}P
p=1; ω).

Thus, the belief space from which agent p’s beliefs are drawn is Π∗
−p and agents’ collective action profileY is a WCE profile for some set of beliefs in Π∗

−p. The specific features of the mechanism SY that dictates

how Y is selected from within R
(
{Π∗

−p}P
p=1; ω) will be assumed to be unknown throughout the paper.

Once again, equilibrium behavior where beliefs are correct is a special case of Assumption (R1).

4Lipman (2003) refers to priors with common support as weakly consistent. We apply this term to a more general feature of

beliefs.
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4 Implications of WCE behavior

4.1 Notational simplification

Let {Π∗
−p}P

p=1 denote the collection of belief spaces that satisfies Assumption (R1). To simplify notation,

from now on we will abbreviate

R
(
{Π∗

−p}P
p=1; ω) ≡ R∗(ω).

For an arbitrary choice profile y ∈ A, we will be interested in the eventy ∈ R∗(ω).

We focus on this event because, without further assumptions about the selection mechanism SY, any element

in the WCE correspondence R∗(ω) could be selected as the action profile Y. Using our previous assumptions,

we will characterize necessary and sufficient conditions for the aforementioned event to occur.

4.2 Rejecting the model

The inferential setting is one where the researcher observes a sample

{Yi, Xi}N
i=1

produced by a data generating process that satisfies our assumptions, where Xi is a vector of observable

payoff-relevant covariates. We will maintain the assumption that the support of up(·; ωpi)|Xi is unrestricted

(in particular, it is non-degenerate) for each p beyond the conditions in Assumption (A1). In particular, the

inferential setting is one where the researcher is not assumed to observe more than one set of choices for any

given realization of payoffs. Agents’ individual beliefs are also unobserved, along with the features of the

underlying selection mechanism SY.

As a result, rejecting nonparametrically the assumptions that constitute the model is a challenging task

since the actions observed result from the confluence of:

(i) Structural payoff properties.

(ii) Beliefs.

(iii) Selection mechanism

Making no assumptions whatsoever about agents’ beliefs would result in no testable implications of behavior

even if expected utility maximization is maintained. Furthermore, any behavioral model that includes Nash

equilibrium behavior as a special case would have to rely on some form of weak consistency of beliefs. This

paper maintains expected utility maximization as the underlying force driving agents’ actions. On the other

hand, it allows for (but does not impose) subjective disagreement in beliefs. Accordingly, WCE behavior will
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be a maintained assumption as a modeling choice. On the other hand, we are interested in the possibility

of rejecting the structural payoff assumptions. As we would expect, having the ability of doing this without

making stronger assumptions about beliefs and/or the underlying selection mechanism, or without having

the ability to observe multiple actions resulting from the same realization of payoffs will depend on how

much information is contained in the observable covariates Xi along with additional exclusion restrictions.

The following assumption describes a setting in which the researcher would have the ability to reject the

payoff assumptions if some limiting behavioral and exclusion restrictions are satisfied.

For a given set of beliefs π−p : A−p −→ [0, 1], denote

π−p(φp) =
∑y−p∈A−p

π−p(y−p) : φp(y−p) = φp.

Take any pair πa
−p 6= πb

−p, rank the φp’s for which πa
−p(φp) 6= πb

−p(φp) as

φ(0)
p < φ(1)

p < · · · < φ
(Ka,b)
p .

We say that πa
−p is more optimistic than πb

−p (or πb
−p is more pessimistic than πa

−p) if

(i) max
{
j : πa

−p(φ(j)
p ) > πb

−p(φ(j)
p )

}
< min

{
j : πa

−p(φ(j)
p ) < πb

−p(φ(j)
p )

}
,

(ii)
∑

j≥1

πa
−p(φ(j)

p ) <
∑

j≥1

πb
−p(φ(j)

p )
(8)

Assumption P1 For some agent p there exists Z−p ⊂ ω, observable to the researcher and to agent p such

that,

(i) ∀ M : φp(y−p) = M for some y−p ∈ A−p and ∀ δ ∈ (0, 1),

∃ cM : Pr
[
φp(y−p) ≤ M ∀ y−p ∈ R∗(ω)

∣∣Z−p ≤ cM

]
≥ δ.

(ii) Accordingly, the WCE beliefs for agent p selected by SY are such that ∀ z ∈ Supp(Z−p), there exists

z′ ≪ z such that :

Z−p ≤ z′ =⇒ π∗
−p are optimistic relative to π∗

−p when Z−p = z.

(iii) Let Xp = Observable elements in ω \ Z−p, and εp = ωp \ Xp. Suppose

(1) εp|Xp, Z−p ∼ εp|Xp and

(2) ∃ c : Z−p ≪ c =⇒ F (εp, π
∗
−p|Xp, Z−p) ≈ Fǫ(εp|Xp, Z−p)

︸ ︷︷ ︸
Fǫ(εp|Xp)

·Fπ(π∗
−p|Xp, Z−p).

Note that (iii.1) implies that up(·, ·; ωp)|Xp, Z−p ∼ up(·, ·; ωp)|Xp (conditional on Xp, agent p’s payoffs are

independent of Z−p).
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As a plausible (but not exhaustive) scenario for Assumption P1, suppose Z−p is of the form Z−p =

(Zq)q 6=p, where Zq ∈ ωq for each q, but Zq /∈ ωq′ for any q′ 6= q. In particular, this implies that Zq /∈ ωp for

any q. Let εq ≡ ωq \ Zq. Suppose the support of each Zq is rich enough relative to that of εq that for any

profile y−p = (yq)q 6=p, any collection {φq}q 6=p and any realization of (εq)q 6=p, there exists a sufficiently small

zq ∈ Supp(Zq|εq) such that,

(A) For all complement actions of Yp (i.e, for all q : φp(·) is decreasing in yq),

uq(yq − 1, φq; εq, zq) < uq(yq, φq; εq, zq)

(B) For all substitute actions of Yp (i.e, for all q : φp(·) is increasing in yq),

uq(yq, φq; εq, zq) > uq(yq + 1, φq; εq, zq)

This would satisfy condition (i) in Assumption P1. If agent p observes the realization of Z−p and Z−p /∈ ωp, we

have that for sufficiently small realizations of Z−p, the realization of ωp conveys increasingly less information

about p’s fellow agents’ expected actions. If this is reflected in p’s beliefs, this implies that for sufficiently small

realizations of Z−p, p’s beliefs π∗
−p and ωp become essentially independent. This would satisfy conditions

(ii) and (iii.2) in Assumption P1. Finally, condition (iii.1) would be satisfied if we add the assumption that

the unobservable elements in ωp are independent of Z−p conditional on all other payoff-relevant observable

covariates.

Result 2 Take any conditional probability function P(Y|X), where X denotes the collection of observable

payoff shifters. Suppose Assumption (P1) is satisfied (and note that this implies that X = (Xp, Z−p)). Then,

in any model that satisfies also Assumptions (A1) and (R1) there cannot exist a yp such that either of the

following holds with positive probability in Xp,

(i) ∃ z : P
[
Yp ≤ yp

∣∣Xp, Z−p = z′] > P
[
Yp ≤ yp

∣∣Xp, Z−p = z′′] ∀ z′ < z′′ ≤ z.

(ii) ∃ z < z : P
[
Yp ≤ yp

∣∣Xp, Z−p = z′] > P
[
Yp ≤ yp

∣∣Xp, Z−p = z′′] ∀ z < z′ < z′′ ≤ z, and

P
[
Yp ≤ yp

∣∣Xp, Z−p

]
= 1 ∀ Z−p ≤ z.

Proof: See appendix.

4.3 Implications for WCE profiles

Under the conditions of Result 1, if Assumption (R1) holds the inequalities in the next result must hold

w.p.1.
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Proposition 1 For any collection of belief spaces {Π−p}P
p=1 and choice profiles v ≡ (vq)P

q=1 and y ≡

(yq)P
q=1 in A, defineIU

q (v,y; Π−q) =





0 if ∄π−p ∈ Π−p : π−p(y−p) > 0 or if ∄π−p ∈ Π−p : π−p(v−p) > 0 for some p,

1 − 1{
φb

q(v−q; Π−q) ≥ φd
q(y−q; Π−q)

}
· 1{vq > yq} − 1{

φd
q(v−q; Π−q) ≤ φb

q(y−q; Π−q)
}

· 1{vq < yq} otherwise.

And letIUC
(v,y; {Π−q}P

q=1

)
= min

q=1,...,P

{IU
q (v,y; Π−q)

}
.

(9)

Take any {Π∗
−p}P

p=1 such that π−p(Y−p) > 0 for some π ∈ Π∗
−p for each p. If Assumption (A1) is satisfied

and (R1) holds for {Π∗
−q}P

q=1, we have1{Y = y}
≤ 1{y ∈ R∗(ω)

}
≤ IUC

(Y,y; {Π∗
−q}P

q=1

)
w.p.1.

Proof: In the appendix.

A converse result to Proposition 1 is that, without strengthening its assumptions or without imposing

restrictions on the equilibrium selection mechanism SY, for any collection {Π−p}P
p=1 and any pair v, y

such that IUC (v,y; {Π−p}P
p=1) = 1, we can always find a collection of payoff functions {up(·)}P

p=1 that

is consistent with Assumption (A1) such that {v,y} ∈ R({Π−p}P
p=1; ω). Figure 3 is meant to provide

graphical support to this fact. More precisely, it is meant to provide support to the claim that if the

above conditions are satisfied, there exists a configuration of payoffs up(·) such that yp ∈ Ψp(y−p; Π−p, ωp)

and vp ∈ Ψp(v−p; Π−p, ωp). Panels (A)-(B) depict the general features of a payoff configuration where

agent p is optimally indifferent between yp, y′
p ∈ [0, ỹ] for an arbitrary ỹ ∈ Ap. This is meant to illustrate

that, whenever φb
p(v−p; Π−p) < φd

p(y−p; Π−p) and φd
p(v−p; Π−p) > φb

p(y−p; Π−p), for any pair yp, vp ∈ Ap

we can find configurations of payoffs consistent with Assumption (A1) such that yp ∈ Ψp(y−p; Π−p, ωp)

and vp ∈ Ψp(v−p; Π−p, ωp) 5. Panels (C) and (D) are meant to illustrate that for any pair vp ≤ yp,

whenever we have φp(b−p(v−p; Π−p)) ≥ φp(d−p(y−p; Π−p)) we can find configurations of payoffs consistent

with Assumption (A1) such that yp ∈ Ψp(y−p; Π−p, ωp) and vp ∈ Ψp(v−p; Π−p, ωp). Panels (E) and (F)

deal with the last case in which we can have IU
p (v,y; Π−p) = 1. They show that for any pair vp ≥ yp,

whenever we have φp(d−p(v−p; Π−p)) ≤ φp(b−p(y−p; Π−p)) we can find configurations of payoffs consistent

with Assumption (A1) such that yp ∈ Ψp(y−p; Π−p, ωp) and vp ∈ Ψp(v−p; Π−p, ωp).

5Figure 4 below is also useful to illustrate this.
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 up( y,  p(b-p(y-p;!-p)); "p ) 
 up( y,  p(d-p(y-p!-p)); "p )

 up( y,  p(b-p(v-p;!-p)); "p ) 
 up( y,  p(d-p(v-p;!-p)); "p ) 

y 

up 

  
�

 

(A)

 up( y,  p(b-p(y-p;!-p)); "p ) 

 up( y,  p(d-p(y-p;!-p)); "p ) 

 up( y,  p(b-p(v-p;!-p)); "p ) 

 up( y,  p(d-p(v-p;!-p)); "p ) 

y 

up 

  � 

(B)

 up( y,  p(y-p); !p ) 
 up( y,  p(d-p(y-p;"-p)); !p ) 

 up( y,  p(v-p); !p ) 
 up( y,  p(b-p(v-p;"-p)); !p ) 

y  yp  vp 

up 

(C)

 up( y,  p(y-p); !p ) 
 up( y,  p(d-p(y-p;"-p)); !p ) 

 up( y,  p(v-p); !p ) 
 up( y,  p(b-p(v-p;"-p)); !p ) 

y  yp= vp

up 

(D)

 up( y,  p(y-p); !p ) 
 up( y,  p(b-p(y-p;"-p)); !p ) 

 up( y,  p(v-p); !p ) 
 up( y,  p(d-p(v-p;"-p)); !p ) 

y  yp  vp 

up 

(E)

 up( y,  p(y-p); !p ) 

 up( y,  p(b-p(y-p;"-p)); !p ) 

 up( y,  p(v-p); !p ) 

 up( y,  p(d-p(v-p;"-p)); !p ) 

y  vp=yp 

up 

(F)

Figure 3: Without strengthening Assumption (A1) or without additional restrictions on the equilibrium selection

mechanism SY, for any pair of profiles y,v ∈ A, for any agent p and for any belief space Π−p such thatIU
p (v,y; Π−p) = 1, there exists a payoff function up consistent with Assumption (A1) such that yp ∈ Ψp(y−p; Π−p, ωp)

and vp ∈ Ψp(v−p; Π−p, ωp). Since this is true for all p, it follows that for any collection {Π−p}P
p=1 that yieldsIUC (v,y; {Π−p}P

p=1) = 1, there exists a collection of payoffs {up(·)}P
p=1 consistent with Assumption (A1) such that

{y,v} ∈ R({Π−p}P
p=1; ω).
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4.3.1 Identifiable features of Π∗
−pΠ∗
−pΠ∗
−p from WCE behavior.

Without additional restrictions or without having the ability to observe more than one set of actions Y for

a given realization of payoffs, Assumptions (A1) and (R1) are not capable of providing information about

the belief spaces {Π∗
−p}P

p=1 beyond the fact that we must have

π−p(Y−p) > 0 for some π−p ∈ Π∗
−p, for each p.

As the following result shows, without strengthening Assumption (A1) WCE behavior as described in

Assumption (R1) does not restrict the support of agent p’s beliefs in Π∗
−p.

Result 3 For any agent p, take any pair of choices yp, y′
p ∈ Ap and any profile y−p ∈ A−p such that

∃ v−p ∈ A−p : φp(v−p) 6= φp(y−p). Without further restrictions, there exist payoff configurations that

satisfy Assumption (A1) and well-defined beliefs that assign positive probability to y−p such that agent p is

optimally indifferent between yp and y′
p.

Proof: In the appendix.

 

 up( y,  p(y-p); !p )  = 

y 

up 

  � 

S1(!p)"y  if  y#[0,�] 

(S1(!p)+S2(!p))"� - S2(!p)"y  if  y#[0,�] 

 up( y,  p(v-p); !p )  = -s(!p)"y 

 s(!p)  S1(!p)  up(y,  p(y-p); !p ) + 
S1(!p) + s(!p) S1(!p) + s(!p) 

 up(y,  p(v-p); !p ) 

Figure 4: Without strict concavity, for any agent p and any ey ∈ Ap there exist payoff configurations consistent with

Assumption (A1) and well-defined beliefs that make agent p optimally indifferent between every choice yp ∈ [0, ey].

A key to the example presented in Result 3 is that Assumption (A1.ii) imposes only simple concavity. If

we strengthen this requirement to strict concavity and we assume independent-mixing beliefs, we obtain the

following result.

Result 4 (Strict concavity, independent-mixing beliefs and Πk
−pΠk
−pΠk
−p for k = 1k = 1k = 1.) Strengthen Assump-

tion (A1.ii) and assume that payoffs are strictly concave. Suppose agent p assumes that each q 6= p believes
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that their opponents’ mixing distributions are independent of his own choice (we refer to this as beliefs

satisfying “independent-mixing”). That is, p assumes that the expected utility for each q 6= p of choosing

Yq = yq is always of the form
∑v∈A−q

π−q(v−q) · uq(yq, φq(v−q); ωq),

as opposed to
∑v∈A−q

π−q(v−q |yq) · uq(yq, φq(v−q); ωq).

Then, if agent p also assumes that each one of his opponents maximizes his expected utility and Assumption

(R1) is satisfied, we have

Π∗
−p ⊆ Πk

−p for k = 1,

where Πk
−p is as described in Equation (2).

Proof: In the appendix.

4.4 Probability bounds for events involving WCE profiles

Our results can produce bounds for the probability of various conjectures regarding the configuration of the

equilibrium set R∗(ω). They also produce bounds for the probability of WCE selection by SY.

Notational simplification

Henceforth, let us denoteIU
p (v,y; Π∗

−p) ≡ IU∗

p (v,y) and IUC
(v,y; {Π∗

−q}P
q=1

)
≡ IU∗

C (v,y),

where IU
p (v,y; Π∗

−p) and IUC
(v,y; {Π∗

−q}P
q=1

)
are the bounds defined in Proposition 1.

4.4.1 Probability bounds for equilibrium choice profiles.

Let X denote a vector of observable (to the researcher) payoff-relevant covariates such that ωp|X is

nondegenerate and unrestricted. Take any conditional probability function P(Y|X) and any collection

of belief spaces {Π∗
−p}P

p=1 with the feature that for each p,

∀ v : P(v|X) > 0, ∃ π−p ∈ Π∗
−p : π−p(v) > 0.

We are interested in the probability

Pr
[y ∈ R∗(ω)

∣∣X
]
.

As the following proposition will show, without strengthening Assumptions (A1) and (R1) or without having

the ability of observing multiple action profiles Y produced by the same realization of payoffs, there exists

a model whose payoffs satisfy Assumption (A1), where agents’ behavior satisfies (R1) for the collection

21



{Π∗
−p}P

p=1 and is equipped with a selection mechanism SY such that: (i) The resulting model generates the

probability function P(Y|X), and (ii) Either

Pr
[Y = y∣∣X

]
= Pr

[y ∈ R∗(ω)
∣∣X

]
,

or

E
[IUC

(Y,y; {Π∗
−p}P

p=1

) ∣∣X
]

= Pr
[y ∈ R∗(ω)

∣∣X
]
,

where both expectations on the left hand side are taken with respect to the probability function P(Y|X) in

question.

Proposition 2 (Sharp probability bounds derived from Proposition 1) Let X denote a vector of

random variables such that the support of up(·; ωp)|X is unrestricted beyond Assumption (A1), and let

P(Y|X) denote a conditional probability function compatible with our assumptions (e.g, see Result 2). Let

{Π∗
−p}P

p=1 denote any collection of belief spaces with the feature that, for each p,

∀ v : P(v|X) > 0, ∃ π−p ∈ Π∗
−p : π−p(v) > 0. (10)

Then, for any y ∈ A the following holds

(i) There exists a model with payoffs consistent with the conditions in Assumption (A1) where agents’ behavior

satisfies Assumption (R1) for the collection {Π∗
−p}P

p=1, and is equipped with a selection mechanism SY, such

that

Pr
[
SY selects v ∣∣X

]
= P(v|X) ∀ v ∈ A, and Pr

[ y ∈ R∗(ω)
∣∣X

]
= Pr

[Y = y ∣∣X
]
.

(ii) There exists a model with payoffs consistent with the conditions in Assumption (A1) where agents’

behavior satisfies Assumption (R1) for the collection {Π∗
−p}P

p=1, and is equipped with a selection mechanism

SY, such that

Pr
[
SY selects v ∣∣X

]
= P(v|X) ∀ v ∈ A, and Pr

[y ∈ R∗(ω)
∣∣X

]
= E

[IUC
(Y,y; {Π∗

−q}P
q=1

) ∣∣X
]
,

where the last expectation is taken with respect to P(Y|X).

Proof: Consider a model in which

∀ v ≡ (vp)P
p=1 ∈ A :

Pr
[
up(vp, φp(u−p); ωp) > max

{
up(vp − 1, φp(u−p); ωp) , up(vp + 1, φp(u−p); ωp)

}
∀ u−p ∈ A−p, p = 1, . . . , P

∣∣∣X
]

= P(v|X).

(11)

Such a configuration of payoffs is compatible with Assumption (A1) given that the support of ωp|X is

unrestricted for each p. If the event in (11) occurs, each vp in the profile v is a dominant choice for agent p.
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To see why, by Assumption (A1) (concavity) note that

If up(vp, φp(u−p); ωp) > max
{
up(vp − 1, φp(u−p); ωp) , up(vp + 1, φp(u−p); ωp)

}
∀ u−p ∈ A−p , then:

{

argmax
y∈Ap

∑u−p∈A−p

π−p(v−p) · u(y, φp(u−p); ωp)

}

= {yp} for any set of well-defined beliefs π−p.

It follows from (11) that for any collection {Π∗
−p}P

p=1 of belief spaces as described in the statement of the

proposition:

(1) R∗(ω) is a singleton w.p.1. That is, for any v ∈ A : v ∈ R∗(ω) ⇐⇒ R∗(ω) = {v}.

(2) Pr
[v ∈ R∗(ω)

∣∣X
]

= Pr
[
R∗(ω) = {v}

∣∣X
]

= P(v|X) ∀ v ∈ A.

Since R∗(ω) is unique w.p.1, the selection mechanism SY is trivial. Together, (1)-(2) yield

Pr
[
SY selects v ∣∣X

]
= Pr

[
R∗(ω) = {v}

∣∣X
]

= P(v|X) ≡ Pr
[Y = v ∣∣X

]
.

This proves part (i) of Proposition 2. To prove part (ii), consider a model where Assumption (A1) holds,

and the distribution of R∗(ω)|X is such that:

(1) Pr
[
R∗(ω) = {v}

∣∣X
]

= P(v|X) ·
(
1 − IUC

(v,y; {Π∗
−p}P

p=1

))
∀ v ∈ A.

(2) If ∃ v : P(v|X) > 0 such that IUC
(v,y; {Π∗

−p}P
p=1

)
= 1, then there exists a collection F(X) =

{
Cj

}J

j=1

of subsets Cj ⊆ A, with J ≥ 1 such that:

(2.i) Having R∗(ω) = Cj is compatible with Assumption (A1) for each j.

(2.ii) y ∈ Cj ∀ j = 1, . . . , J.

(2.iii) Each Cj contains a v : P(v|X) > 0.

(2.iv) Each v : P(v|X) > 0 and IUC
(v,y; {Π∗

−p}P
p=1

)
= 1 belongs in some Cj .

(2.v) Pr
[
R∗(ω) ∈ F(X)

∣∣X
]

= 1 −
∑v∈A

P(v|X) ·
[
1 − IUC

(v,y; {Π∗
−p}P

p=1

)]
.

(12A)

(1)-(2) imply that, w.p.1, R∗(ω) is either equal to a singleton {v} for some v : IUC
(v,y; {Π∗

−p}P
p=1

)
= 0,

or R∗(ω) = Cj for some Cj ∈ F(X) with the features described in (2.i)-(2.iv). Note that (2.i)-(2.ii) imply,

via Proposition 1, that no Cj contains a profile v : IUC
(v,y; {Π∗

−p}P
p=1

)
= 0. Therefore, (1) implies that

for any selection mechanism SY, we have

Pr
[
SY selects v ∣∣X

]
= P(v|X) ∀ v : IUC

(v,y; {Π∗
−p}P

p=1

)
= 0.

On the other hand, (1) and (2) imply that for any selection mechanism SY, with probability one,y ∈ R∗(ω) ⇐⇒ IUC
(Y,y; {Π∗

−p}P
p=1)

)
= 1.
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Finally, suppose the distribution of R∗(ω)|X and the selection mechanism SY are such that

J∑

j=1

Pr
[
R∗(ω) = Cj

∣∣X
]

· Pr
[
SY selects v ∣∣R∗(ω) = Cj, X

]

︸ ︷︷ ︸
=Pr[SY selects v |X]

= P(v|X) ∀ v : IUC
(v,y; {Π∗

−p}P
p=1

)
= 1.

(12B)

A model with the features described above is compatible with Assumptions (A1) and (R1) and yields

Pr
[
SY selects v ∣∣X

]
= P(v|X) ∀ v ∈ A , and Pr

[y ∈ R∗(ω)
∣∣X

]
= E

[IUC
(Y,y; {Π∗

−p}P
p=1)

)∣∣X
]
.

This proves part (ii) of the proposition and concludes the proof. �

More generally, we could be interested in conjectures about subsets of equilibrium profiles (instead of a

single profile). Let C be a finite collection of choice profiles

C =
{y1,y2, . . . ,yJ

}
.

Under the assumptions of Proposition 1, with probability one we have1{Y ∈ C
}

≤ 1{
C ∩ R∗(ω) 6= ∅

}
≤ maxyj∈C

{IU∗
C (Y,yj)

}
,

and

0 ≤ 1{
C ⊆ R∗(ω)

}
≤ min

{

minyj∈C

{IU∗
C (Y,yj)

}
, minyj ,yk∈C

{IU∗
C (yj ,yk)

}}

The first event is relevant if the researcher is interested on whether or not there exists some WCE choice

profile in C. The second event is relevant for the conjecture that every profile in C is a WCE. For the vector

of observables X described above we have the following probability bounds

Pr
[Y ∈ C

∣∣ X
]

≤ Pr
[
C ∩ R∗(ω) 6= ∅

∣∣ X
]

≤ E

[
maxyj∈C

{IU∗
C (Y,yj)

} ∣∣∣∣ X

]
,

0 ≤ Pr[C ⊆ R∗(ω) | X ] ≤ E

[
minyj∈C

{IU∗
C (Y,yj)

} ∣∣∣∣ X

]
× minyj ,yk∈C

{IU∗
C (yj ,yk)

}
(13)

The results in Proposition 2 can be extended to the bounds described in (13). Both lower bounds are attained

in models that satisfy Equation (11) in the proof of Proposition 2 since R∗(ω) is a singleton w.p.1. in such

models. The upper bounds are attained if the conditions in Equation (12A) are satisfied by some yj ∈ C

(for the first line in 13) and for every yj ∈ C (for the second line in 13).

4.4.2 Bounds for equilibrium selection probabilities

Our results produce a lower bound for the probability that the mechanism SY selects a profile y whenevery ∈ R∗(ω). As before, let C be a finite collection of choice profiles C =
{y1,y2, . . . ,yJ

}
. Under the
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assumptions of Proposition 1 we have

E
[IU∗

C (Y,yj)
∣∣ X

]
> 0 =⇒

Pr
[Y = yj

∣∣X
]

E
[IU∗

C (Y,yj)
∣∣ X

] ≤ Pr
[

SY selects yj
∣∣ yj ∈ R∗(ω), X

]
≤ 1

E

[
maxyj∈C

{IU∗
C (Y,yj)

} ∣∣∣∣ X

]
> 0 =⇒

Pr
[Y ∈ C

∣∣X
]

E

[
maxyj∈C

{IU∗
C (Y,yj)

} ∣∣∣∣ X

] ≤ Pr
[
SY selects some yj ∈ C

∣∣∣ C ∩ R∗(ω) 6= ∅, X
]

≤ 1.

(14)

As before, for any probability function P(Y|X) of a simultaneous discrete choice model with choice space

A, we can find a model consistent with the conditions of Proposition 1 that produces such a probability

function, and is such that either the lower or the upper equilibrium selection probability bounds in (14) are

exactly attained. The upper bound of “1” in both instances would be attained in a model that satisfies

Equation (11) in the proof of Proposition 2 since R∗(ω) is a singleton w.p.1. in any such model. Now let

F(X) be the collection {Cj}J
j=1 of subsets of A described in the proof of Proposition 2 with the additional

condition,

(2.vi) With probability one, Cℓ 6= {yj} (the singleton {yj}) for any Cℓ ∈ F(X).

For such a model suppose the underlying selection mechanism SY satisfies

Pr
[
SY selects yj

∣∣R∗(ω) = Cℓ, X
]

= Pr
[
SY selects yj

∣∣R∗(ω) = Ck, X
]

∀ Cℓ, Ck ∈ F(X)

= Pr
[
SY selects yj

∣∣yj ∈ R∗(ω), X
]
,

so the equilibrium selection probability for yj conditional on X is constant for every Cℓ ∈ F(X). It is easy

to see that these two additional requirements are compatible with Equation (12B)6. Under these conditions,

the latter yields

Pr
[
SY selects yj

∣∣yj ∈ R∗(ω), X
]

=
P(yj |X)

∑J

ℓ=1 Pr[R∗(ω) = Cℓ|X ]
=

P(yj |X)

Pr[yj ∈ R∗(ω)|X ]

=
Pr

[Y = yj
∣∣X

]

E
[IU∗

C (Y,yj)
∣∣ X

]

where the last line follows from the definition of P(yj |X) (for the numerator) and from Equation (12A) (for

the denominator). This shows that for any model with these features, the lower bound for the equilibrium

selection probability in the first line of (14) is attained.

6Recall that Assumptions (A1) and (R1) do not impose restrictions on the probabilities {Pr[R∗(ω) = Cℓ|X]}J
ℓ=1, or on J ,

the cardinality of the collection F(X).
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5 Constructive results

As we argued in Subsection 4.3.1, without stronger payoff structural assumptions, restrictions on the selection

mechanism SY, or the ability to observe more than one set of choices for a given realization of payoffs, WCE

behavior in Assumption (R1) is not sufficient to identify the collection of belief spaces {Π∗
−p}P

p=1 that

produced Y. Thus, to implement the results in Proposition 1 and derive bounds such as those described in

Subsection 4.4, the researcher needs to pre-specify the collection of belief spaces {Π∗
−p}P

p=1. In this regard, we

point out that having to make ex-ante assumptions about unobserved beliefs is also a necessary identification

strategy in parametric models of strategic interaction where the typical assumption driving identification

is that of equilibrium beliefs. As we mentioned previously, we will focus on spaces of the type Πk
−p which

classify beliefs according to bounds on the width of their support. As we will see below, we will specifically

assume that Π∗
−p ⊆ Πk∗

−p for some k∗ ≥ 0 assumed to be known to the researcher. As Result 4 showed, one

special case in which this restriction arises from economic behavior is for k∗ = 1 if agents’ payoffs are strictly

concave, and if their beliefs are consistent with independent mixing. Beyond making specific assumptions

about unobserved belief spaces, an inferential strategy based on our results also depends on how much the

researcher knows about the collection of aggregate interaction variables (φp(·))P
p=1. We begin with a result

that follows straightforwardly from the definition of φd
p(·) and φb

p(·), in Subsection 3.2.1.

Result 5 Let {Π′
−p}P

p=1 and {Π′′
−p}P

p=1 denote any pair of belief space collections such that Π′
−p ⊆

Π′′
−p ∀ p. For any pair y, v ∈ A let IU

q (v,y; Π−q) and IUC (v,y; {Π−q}P
q=1) be as defined in Equation

(9). Then, IUC
(v,y; {Π′

−q}P
q=1

)
≤ IUC

(v,y; {Π′′
−q}P

q=1

)
∀ y, v ∈ A.

Proof: First, note that the claim in the result follows immediately whenever the collection {Π′
−p}P

p=1 is such

that, for some agent q,

∄ π−q ∈ Π′
−q : π−q(v−q) > 0, or ∄ π−q ∈ Π′

−q : π−q(y−q) > 0,

since in this case we have IUC
(v,y; {Π′

−q}P
q=1

)
= 0. Henceforth let us focus on the alternative case. By

construction (see Subsection 3.2.1), if Π′
−p ⊆ Π′′

−p, for any u−p ∈ A−p we have

φd
p(u−p; Π′

−p) ≤ φd
p(u−p; Π′′

−p), and φb
p(u−p; Π′

−p) ≥ φb
p(u−p; Π′′

−p).

It follows that for any pair of profiles v−p, y−p ∈ A−p,

φb
p(v−p; Π′′

−p) ≥ φd
p(y−p; Π′′

−p) =⇒

φb
p(v−p;Π′

−p)≥φd
p(y−p;Π′′

−p)
︷ ︸︸ ︷
φb

p(v−p; Π′
−p) ≥ φb

p(v−p; Π′′
−p) ≥ φd

p(y−p; Π′′
−p) ≥ φd

p(y−p; Π′
−p),

φd
p(v−p; Π′

−p) ≤ φb
p(y−p; Π′

−p) =⇒

φd
p(v−p;Π′

−p)≤φb
p(y−p;Π′

−p)
︷ ︸︸ ︷
φd

p(v−p; Π′
−p) ≤ φd

p(v−p; Π−p) ≤ φb
p(y−p; Π−p) ≤ φb

p(y−p; Π′
−p)
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Consequently, for any pair of profiles v−p, y−p ∈ A−p,1{
φb

p(v−p; Π′′
−p) ≥ φd

p(y−p; Π′′
−p)

}
≤ 1{

φb
p(v−p; Π′

−p) ≥ φd
p(y−p; Π′

−p)
}
,1{

φd
p(v−p; Π′′

−p) ≤ φb
p(y−p; Π′′

−p)
}

≤ 1{
φd

p(v−p; Π′
−p) ≤ φb

p(y−p; Π′
−p)

}
,

and thereforeIU
p

(v,y; Π′
−p

)

=1 − 1{
φb

p(v−p; Π′
−p) ≥ φd

p(y−p; Π′
−p)

}1{vp > yp} − 1{
φd

p(v−p; Π′
−p) ≤ φb

p(y−p; Π′
−p)

}1{vp < yp}

≤1 − 1{
φb

p(v−p; Π′′
−p) ≥ φd

p(y−p; Π′′
−p)

}1{vp > yp} − 1{
φd

p(v−p; Π′′
−p) ≤ φb

p(y−p; Π′′
−p)

}1{vp < yp}

=IU
p

(v,y; Π′′
−p

)
.

It follows that for any collection {Π−p}P
p=1 such that Π′

−p ⊆ Π′′
−p for each p,IUC

(v,y; {Π′
−q}P

q=1

)
≤ IUC

(v,y; {Π′′
−q}P

q=1

)
∀ y, v ∈ A.

This proves the result. �

5.1 Observables to a researcher

As we have mentioned before, this paper focuses on the case where the researcher is not assumed to be able

to observe more than one realization of actions Y for any given realization of payoffs. In addition, agents’

beliefs are unobserved and the exact functional form of payoffs (up(·))P
p=1 is unknown to the researcher. In

addition of actions Y, we allow for a vector of observable covariates X , statistically related to ω ≡
P
∪

p=1
ωp,

the collection of payoff shifters. For each p we will assume the support of up(·; ωp)|X to be nondegenerate

and unrestricted beyond Assumption (A1). The following assumption will produce constructive probability

bounds based on the results in Section 4.

Assumption B1. There exists a k∗ ≥ 0, whose value is assumed known to the researcher, such that

Π∗
−p ⊆ Πk∗

−p ∀ p, where Π∗
−p is the belief space described in Assumption (R1) and Πk

−p is as defined in

Equation (2), respectively.

Computing φd
p(y−p; Πk

−p) and φb
p(y−p; Πk

−p) is straightforward. For any y−p ≡ (yq)q 6=p, let Sk(y−p) be as

defined in Equation (2). That is,

Sk(y−p) =
{v−p ≡ (vq)q 6=p : max

{
yq − k, 0

}
≤ vq ≤ min

{
yq + k, Mq

}
∀ q 6= p

}
.

We have

φd
p(y−p; Πk

−p) = maxv {φp(v)} : v ∈ Sk
−p(y−p) , and φb

p(y−p; Πk
−p) = minv {φp(v)} : v ∈ Sk

−p(y−p),

(15A)
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and following Equation (9),IU
q (v,y; Πk

−q)

= 1 − 1{
φb

q(v−q; Πk
−q) ≥ φd

q(y−q; Πk
−q)

}
· 1{vq > yq} − 1{

φd
q(v−q; Πk

−q) ≤ φb
q(y−q; Πk

−q)
}

· 1{vq < yq},

and IUC
(v,y; {Πk

−q}P
q=1

)
= min

q=1,...,P

{IU
q (v,y; Πk

−q)
}
.

(15B)

We have argued previously why we focus on belief spaces of the form Πk
−p. Our general argument has

been that a restriction on the width of the support is general enough to accommodate many configurations

of beliefs. A particular behavioral justification for the case k = 1 was provided in Result 4.

5.2 Bounds when the functional forms of (φp(·))P
p=1(φp(·))P
p=1(φp(·))P
p=1 are assumed to be known

We maintain the assumption that payoffs (up(·))P
p=1 are of unknown functional form to the researcher. First

let us focus on the case where the aggregate interaction variables (φp(·))P
p=1 are known.

Notational simplification

From now on, let us abbreviateIU
q (v,y; Πk

−q) ≡ IU
q (v,y; k) and IUC

(v,y; {Πk
−q}P

q=1

)
≡ IUC (v,y; k).

Next result follows from Assumption (B1) and our previous conditions.

Result 6 If Assumptions (A1), (R1) and (B1) hold, and the functional form of the aggregate interaction

variables (φp(·))P
p=1 is assumed known to the researcher, then for any y ∈ A we have the following observable

bounds, 1{Y = y}
≤ 1{y ∈ R∗(ω)

}
≤ IUC (Y,y; k∗) w.p.1,

where k∗ is as described in Assumption (B1).

Proof: Follows from Proposition 1 and Result 5, given Assumption (B1). �

5.2.1 Probability bounds

Using Result 6, we can derive constructive counterparts to the probability bounds in Section 4.4 by replacingIU∗
C (·) with IUC (·; k∗). Furthermore note that by definition, for any k ≥ 0 we have

∀ y−p ∈ A−p, ∃ π−p ∈ Πk
−p : π−p(y−p) > 0.

Therefore, Πk
−p satisfies condition (10) in Proposition 2 for any k ≥ 0 and the sharpness results in such

proposition hold.
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5.3 Bounds for a class of unknown (φp(·))P
p=1(φp(·))P
p=1(φp(·))P
p=1

We can use our previous results to establish bounds in the case where the researcher does not know the true

functional forms of the aggregate variables
(
φp(·)

)P

p=1
if the following holds.

Assumption M1. For any p , y−p ≡ (yr)r 6=p and q 6= p , lety+
−p(q) ≡

(
{yr}r<q

r 6=p
, min{Mq, yq + 1} , {yr}r>q

r 6=p

)
.

Suppose the functional form of each φp(·) is unknown to the researcher, but is assumed to satisfy the following

element-wise monotonicity condition: For each p and each q 6= p , either

φp(y+
−p(q)) − φp(y−p) ≥ 0 ∀ y−p ∈ A−p (i.e, φp(·) is always nondecreasing in yq)

or

φp(y+
−p(q)) − φp(y−p) ≤ 0 ∀ y−p ∈ A−p (i.e, φp(·) is always nonincreasing in yq)

In particular, ∄ p , q 6= p , u−p , v−p ∈ A−p such that

φp(u+
−p(q)) − φp(u−p) > 0 and φp(v+

−p(q)) − φp(v−p) < 0.

Thus, each one of agent p’s fellow agents can be classified as follows,

Strategic Substitutes.−.−.− We will say that Yq is a strategic substitute for Yp if

φp(y+
−p(q)) − φp(y−p) ≥ 0 ∀ y−p ∈ Ap.

Strategic Complements.−.−.− We will say that Yq is a strategic complement for Yp if

φp(y+
−p(q)) − φp(y−p) ≤ 0 ∀ y−p ∈ Ap.

The researcher does not know the true functional form of the collection of aggregate interaction variables
(
φp(·)

)P

p=1
, but for each p and each q 6= p, the researcher knows if Yq is a strategic substitute or a

strategic complement for Yp.

If Assumption (M1) holds, the action of each one of q’s fellow agents can be classified as a strategic

complement or substitute for Yp. Note that Yq is both a strategic complement and substitute for Yp if and

only if φp(·) does not depend on q’s action. We could classify such an action as strategically irrelevant for p.

Let Is
p(q) = 1{

Yq is a strategic substitute for Yp

}
,

with the convention that if the researcher knows that Yq is strategically irrelevant to agent p, we assignIs
p(q) = 1. Note that symmetry is not required, as we can have Is

p(q) = 1 but Is
q(p) = 0 for some pair

p 6= q. The following result is straightforward given our previous assumptions.
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Proposition 3 For any p and y−p ≡ (yq)q 6=p , v−p ≡ (vq)q 6=p ∈ A−p let

eIa
p(v−p,y−p; k) =

min
q 6=p

 1n
max{0, vq − k} ≥ min{Mq, yq + k}

o
· Is

p(q) + 1n
min{Mq , vq + k} ≤ max{0, yq − k}

o
·
`
1 − Is

p(q)
´ ff

eIb
p(v−p,y−p; k) =

min
q 6=p

 1n
min{Mq , vq + k} ≤ max{0, yq − k}

o
· Is

p(q) + 1n
max{0, vq − k} ≥ min{Mq , yq + 1}

o
·
`
1 − Is

p(q)
´ ff

.

(16)

(i) For any collection of aggregate variables
(
φp(·)

)P

p=1
that satisfies Assumption (M1), we haveĨa

p(v−p,y−p; k) ≤ 1{
φb

p(v−p; Πk
−p) ≥ φd

p(y−p; Πk
−p)

}
,Ĩb

p(v−p,y−p; k) ≤ 1{
φd

p(v−p; Πk
−p) ≤ φb

p(y−p; Πk
−p)

}
.

Therefore, lettingĨU
p (v,y; k) = 1− Ĩa

p(v,y; k)1{vp > yp}− Ĩb
p(v,y; k)1{vp < yp}, and ĨUC (v,y; k) = min

p=1,...,P

{ĨU
p (v,y; k)

}
,

(17)

if Assumption (M1) is satisfied we haveIU
p (v,y; k) ≤ ĨU

p (v,y; k) and IUC (v,y; k) ≤ ĨUC (v,y; k) ∀ y, v ∈ A.

(ii) Take any pair y, v ∈ A and suppose ĨU
p (v,y; k) = 1. Then there exists a φp(·) that satisfies Assumption

(M1) and is such that IU
p (v,y; k) = 1. Since this holds for each p = 1, . . . , P , then for any y, v ∈ A such

that ĨUC (v,y; k) = 1, there exists a collection (φp(·))P
p=1 each of which satisfies Assumption (M1) and are

such that IUC (v,y; k) = 1.

(iii) If Assumptions (A1) and (B1) are also satisfied, it follows that1{Y = y}
≤ 1{y ∈ R∗(ω)

}
≤ ĨUC

(Y,y; k∗)
w.p.1.

Proof: In the appendix.

5.3.1 Probability bounds

Under the conditions of Proposition 3 we can derive constructive counterparts to the probability bounds

in Section 4.4. As we did there, let C =
{y1,y2, . . . ,yJ

}
be a finite collection of choice profiles in A.
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Proposition 3 and Equation (13) yield

Pr
[Y = yj

∣∣ X
]

≤ Pr
[yj ∈ R∗(ω)

∣∣ X
]

≤ E
[ĨUC (Y,yj ; k∗)

∣∣ X
]

∀ yj ,

Pr
[Y ∈ C

∣∣ X
]

≤ Pr
[
C ∩ R∗(ω) 6= ∅

∣∣ X
]

≤ E

[
maxyj∈C

{ĨUC (Y,yj ; k∗)
} ∣∣∣∣ X

]
,

0 ≤ Pr[C ⊆ R∗(ω) | X ] ≤ E

[
minyj∈C

{ĨUC (Y,yj ; k∗)
} ∣∣∣∣ X

]
× minyj ,yk∈C

{ĨUC (yj ,yk; k∗)
}

Furthermore, from Equation (14) we have the following equilibrium selection probability bounds

E
[ĨUC (Y,yj ; k∗)

∣∣ X
]

> 0 =⇒
Pr

[Y = yj
∣∣X

]

E
[ĨUC (Y,yj ; k∗)

∣∣ X
] ≤ Pr

[
SY selects yj

∣∣ yj ∈ R∗(ω), X
]

≤ 1,

otherwise if E
[ĨUC (Y,yj ; k∗)

∣∣ X
]

= 0, then Pr
[

SY selects yj
∣∣ yj ∈ R∗(ω), X

]
= 0. More generally,

E

[
maxyj∈C

{ĨUC (Y,yj ; k∗)
} ∣∣∣∣ X

]
> 0 =⇒

Pr
[Y ∈ C

∣∣X
]

E

[
maxyj∈C

{ĨUC (Y,yj ; k∗)
} ∣∣∣∣ X

] ≤ Pr
[
SY selects some yj ∈ C

∣∣∣ C ∩ R∗(ω) 6= ∅, X
]

≤ 1.

Otherwise, if E

[
maxyj∈C

{ĨUC (Y,yj ; k∗)
} ∣∣∣∣ X

]
= 0, then Pr

[
SY selects some yj ∈ C

∣∣∣ C ∩ R∗(ω) 6= ∅, X
]

=

0. We pointed out above that Πk
−p satisfies condition (10) in Proposition 2 for any conditional probability

function P(Y|X). Combined with our results in Proposition 3.ii, there exist aggregate variables {φp(·)} that

satisfy Assumption (M1) such that the probability bounds above are attained as in Proposition 2.

6 An empirical example

We present a simple model of multiple entry consisting of two agents: Home Depot (p=1) and Lowe’s

(p=2). Each unit of observation is a Core Based Statistical Area (CBSA), defined as7 “an area containing

a recognized population nucleus and adjacent communities that have a high degree of integration with that

nucleus”. Following our framework, the payoff to agent p in the ith CBSA if Ypi = yp and Y−pi = y−p is of

the form

up(yp, φp(y−p); ωpi(yp)).

ωpi(·) represents the collection of agent p’s payoff shifters for the ith CBSA. We point out that a model

with infrafirm neighboring location externalities 8 can be represented by payoff functions with our general

7“Standards for Defining Metropolitan and Micropolitan Statistical Areas.” Federal Register, Office of Management and

Budget, Vol. 65, No. 249. December, 2000.
8The parametric model in Jia (2007) aims to capture such effects in the context of equilibrium behavior.
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features. For instance, suppose we split the ith CBSA into zones (e.g, cities, counties, etc.) r = 1, . . . , Ri.

Let pr denote agent p (Home Depot or Lowe’s) in zone r. In the ith CBSA we could model this game as

being played by agents
(
(pr)Ri

r=1

)2

p=1
, effectively considering pr and pr′ as two different agents. Thus, the

agents in the ith CBSA are now p̃ = 1, . . . , 2Ri (instead of simply p = 1, 2). The payoff to agent p̃ if Yepi = yep

and Y−epi = y−ep would be of the form

uep(yep, φep(y−ep); ωepi(yep)).

The aggregate interaction variable φep(·) would capture the effect of other competitors’ location decisions as

well as the intra-firm externalities derived from neighboring location choices. Having said this, for simplicity

we stick with the baseline model without intrafirm neighboring location externalities.

We do not impose a functional form for φp(Y−p). Instead, invoking basic microeconomic theory we

maintain Assumption (M1) with both actions being mutual strategic substitutes. We impose no ex-ante

upper bound on the potential number of stores in a given location for either agent (i.e, Mp = +∞).

6.1 Summary of the data

Our sample consists of N=970 CBSAs, with a total of 105 different combinations of action profiles. Among

these, only 9 combinations were observed 10 times or more. In fact, almost 75% of the observations in the

sample are concentrated in only four choice profiles {(0,0); (0,1); (1,0) and (1,1)}. The outcome (0,0) where

zero firms enter accounts for almost 30% of the observed choices. Table 1 ranks the top 10 choice profiles

based on their observed frequency.

TABLE 1.

Top 10 choice profiles ranked by their observed frequency.

Agent p=1 denotes Home Depot, p=2 denotes Lowe’s.y ≡ (y1, y2) Frequency y ≡ (y1, y2) Frequency

(0 , 0) 0.2865 (2 , 1) 0.0164

(0 , 1) 0.1958 (2 , 2) 0.0113

(1 , 1) 0.1298 (2 , 0) 0.0130

(1 , 0) 0.1195 (0 , 2) 0.0130

(1 , 2) 0.0422 (3 , 2) 0.0082

Table 1 suggests a high concentration of action observed in a small number of specific choice profiles. As

Table 2 suggests, this concentration is particularly striking for micropolitan statistical areas.
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TABLE 2.

Estimates for Pr
[
min{Y1, Y2} ≥ m

]
Pr

[
min{Y1, Y2} ≥ m

]
Pr

[
min{Y1, Y2} ≥ m

]
.

Micropolitan Statistical Metropolitan Statistical

Areas Areas

m = 1 0.1007 0.8085

m = 2 0.0035 0.4122

m = 3 0.0000 0.3031

m = 4 0.0000 0.2207

m = 5 0.0000 0.1542

m = 6 0.0000 0.1409

m = 10 0.0000 0.0664

m = 15 0.0000 0.0319

m = 20 0.0000 0.0079

m = 25 0.0000 0.0026

Notice that there were no micropolitan areas in the sample where each firm opened at least m = 3 stores.

6.2 Structural equilibrium properties vs. selection mechanism

Among the various questions we could address using our methodology, one that is of particular interest is

whether the fact that certain action profiles are not observed in the data is a result of the features of the

underlying selection mechanism, or to a lack of existence of WCE that include such profiles. This question

is of particular interest in a data set such as this one where a large proportion of action profiles observed

are concentrated in relatively few choice profiles. As Table 2 shows, this is even more evident when we split

the sample into micropolitan and metropolitan statistical areas. A particularly striking fact is that there

are were no micropolitan areas where each firm opened at least m = 3 stores. Is this owed to the underlying

selection mechanism, or to the structural equilibrium features of the model? The probability bounds derived

in the previous sections can be helpful in addressing these questions.

6.2.1 Estimation of probability bounds

Under the maintained assumption that all observations in our sample are identically distributed, various

forms of interdependence (e.g, geographical) in the sample can be accommodated and still yield consistent

sample analog estimators for the bounds described in Subsection 4.4. We present results for the cases where

Assumption (B1) is satisfied by k∗ = 0 (degenerate beliefs) and k∗ = 1 (motivated e.g, by strictly concave

payoffs and independent-mixing beliefs). We maintain the assumption that Y1 and Y2 are mutual strategic

substitutes.
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6.2.2 Some results

As we mentioned above, a particular question of interest is whether the high concentration of observations in

relatively few choice profiles is owed to the selection mechanism, or to the structural equilibrium properties

of the model. Estimates in Table 3 for the upper bound of WCE existence provide strong evidence in favor

of the latter explanation. While firms appear reticent to select equilibria where each one opens at least three

stores, the upper bound for the probability of existence of WCE where each firm opens at least m = 4 stores

is zero for k∗ = 0 (degenerate beliefs) and if is 0.0018 for k∗ = 1. These upper bound estimates are zero for

m ≥ 5.

TABLE 3.

Estimates for the upper bound of

Pr
ˆ
Exists a WCE y ≡ (y1, y2)y ≡ (y1, y2)y ≡ (y1, y2) : min{y1, y2} ≥ m

˜
Pr

ˆ
Exists a WCE y ≡ (y1, y2)y ≡ (y1, y2)y ≡ (y1, y2) : min{y1, y2} ≥ m

˜
Pr

ˆ
Exists a WCE y ≡ (y1, y2)y ≡ (y1, y2)y ≡ (y1, y2) : min{y1, y2} ≥ m

˜
.

Micropolitan Statistical Metropolitan Statistical

Areas Areas

k∗ = 1 k∗ = 0 k∗ = 1 k∗ = 0

m = 1 1.0000 0.1169 1.0000 0.8430

m = 2 0.1169 0.0072 0.8430 0.4707

m = 3 0.0072 0.0018 0.4707 0.3696

m = 4 0.0018 0.0000 0.3696 0.2819

m = 5 0.0000 0.0000 0.2819 0.2261

m = 6 0.0000 0.0000 0.2261 0.1914

m = 10 0.0000 0.0000 0.1329 0.1303

m = 15 0.0000 0.0000 0.0797 0.0718

m = 20 0.0000 0.0000 0.0186 0.0159

m = 25 0.0000 0.0000 0.0026 0.0026

• Let C(m) =
˘

(y1, y2) ∈ R2
+ : min{y1, y2} ≥ m and max{y1, y2} ≤ 60

¯
. Estimates shown above correspond to:

cPr
»

maxy∈C(m)

n
eIUC (Y,y; k∗)

o
= 1

˛̨
˛̨Micropolitan

–
and cPr

»
maxy∈C(m)

n
eIUC (Y,y; k∗)

o
= 1

˛̨
˛̨Metropolitan

–

Table 4 focuses on a few choice profiles (instead of profile classes as in Table 3) and revisits the question

of whether their absence is owed to the selection mechanism or to the structural features of the underlying

payoffs. As we see there, if k∗ = 1 and nondegenerate beliefs are allowed, the data presents very little

evidence against high probability of existence of asymmetric equilibria where a single firm enters into a

market and opens multiple stores. Instances of such profiles in Table 4 include (0, 3), (3, 0), (0, 5) and (5, 0)

in micropolitan areas, and (0, 6), (6, 0), (0, 8) and (8, 0) in metropolitan areas. This suggests that the absence

of such asymmetric outcomes in the data is owed to a mechanism SY that does not select them (as well as to

a payoff structure where such equilibria are never the only WCE). In contrast, choice profiles not observed

in the sample where both firms open at least one store appear to have a substantially smaller probability of
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existence as WCE. This is particularly true for profiles where both firms open multiple stores. This may be

indicative of an underlying payoff structure where the behavior of each firm’s opponent has an important

shifting effect in payoffs, and where the decreasing differences effect is steep.

TABLE 4.

Estimates for the upper bound of Pr
[ y ≡ (y1, y2)y ≡ (y1, y2)y ≡ (y1, y2) is a WCE

]
Pr

[ y ≡ (y1, y2)y ≡ (y1, y2)y ≡ (y1, y2) is a WCE
]

Pr
[ y ≡ (y1, y2)y ≡ (y1, y2)y ≡ (y1, y2) is a WCE

]

for a collection of profiles yyy that were not observed in the sample.

Micropolitan Statistical Areas Metropolitan Statistical Areasy k∗ = 1 k∗ = 0 y k∗ = 1 k∗ = 0

(0,3) 1.0000 0.2679 (0,6) 0.8723 0.7234

(3,0) 1.0000 0.3741 (6,0) 0.8271 0.7154

(0,5) 1.0000 0.2679 (0,8) 0.9228 0.7872

(5,0) 1.0000 0.3758 (8,0) 0.8590 0.7606

(4,3) 0.0053 0.0017 (10,9) 0.0718 0.0611

(3,4) 0.0035 0.0000 (9,10) 0.0824 0.0664

(1,3) 0.2787 0.0143 (7,9) 0.1063 0.0797

(3,1) 0.3812 0.0251 (9,7) 0.0851 0.0505

• Estimates correspond to cPr
ˆeIUC (Y,y; k∗) = 1

˛̨
Micropolitan

˜
and cPr

ˆeIUC (Y,y; k∗) = 1
˛̨
Metropolitan

˜
.

• y ≡ (y1, y2), with p = 1 denoting Home Depot, and p = 2 denoting Lowe’s.

Tables 5A and 5B focus on the outcome (0, 0) where both firms stay out of the market. Note that in the case

k∗ = 1, our results suggest that the probability that (0, 0) is a WCE can be as high as approximately 97% in

micropolitan areas. In contrast, this probability is bounded above at approximately 37% in the metropolitan

CBSA’s.

TABLE 5A.

Estimates for Pr[Y = (0, 0)]Pr[Y = (0, 0)]Pr[Y = (0, 0)]

Micropolitan Statistical Metropolitan Statistical

Areas Areas

0.4568 0.0053

TABLE 5B.

Estimates for the upper bound of Pr
[
y ≡ (0, 0)y ≡ (0, 0)y ≡ (0, 0) is a WCE

]
Pr

[
y ≡ (0, 0)y ≡ (0, 0)y ≡ (0, 0) is a WCE

]
Pr

[
y ≡ (0, 0)y ≡ (0, 0)y ≡ (0, 0) is a WCE

]

Micropolitan Statistical Metropolitan Statistical

Areas Areas

k∗ = 1 k∗ = 0 k∗ = 1 k∗ = 0

0.9622 0.4568 0.3723 0.0053

• Estimates correspond to cPr
ˆeIUC (Y,y; k∗) = 1

˛̨
Micropolitan

˜
and cPr

ˆeIUC (Y,y; k∗) = 1
˛̨
Metropolitan

˜
for yyy = (0, 0).
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Notice that the estimated upper bound for the probability that (0, 0) is a WCE when k∗ = 0 is exactly equal

to the estimated probability that Y = (0, 0). This follows because if payoffs satisfy Assumption (A1) and

agents use degenerate beliefs (i.e, if k∗ = 0), whenever y = (0, 0) is a WCE it must be the unique WCE

profile.

Our methodology also allows us to focus explicitly on the implied features of the selection mechanism SY.

The results in Tables 6A and 6B appear to indicate some fundamental differences in this regard between micro

and metropolitan areas. In Table 6A, for instance, when k∗ = 1 the propensity of selecting a WCE where

each firm opens m ≥ 1 stores in a micropolitan area can be as low as 10%. In contrast, this probability is

bounded below by approximately 80% in a metropolitan CBSA. As we can see there, the selection probability

lower bounds decrease slowly as m ≡ min{y1, y2} increases in metro areas. In contrast, these lower bounds

drop substantially from m = 1 to m = 2 and become zero thereafter for m ≥ 3 in micropolitan areas. Table

6B focuses on the likelihood that both firms will choose not to enter a market whenever this is a WCE.

Looking at the results, for the case k∗ = 1 this selection probability can be as low as 1% in metropolitan

areas. In contrast, it appears to be bounded below at around 40% in the micropolitan case. Notice that the

lower bound for equilibrium selection when k∗ = 0 is equal to one for y = (0, 0). This follows because if

payoffs satisfy Assumption (A1) and agents use degenerate beliefs (i.e, if k∗ = 0), whenever y = (0, 0) is a

WCE it must be the unique WCE profile. It is easy to verify that this feature of the model is automatically

detected by the estimated probability bounds. Coupled with the results in Tables 5A-5B, not only is there

suggestive evidence that the prevalence of (0, 0) as a WCE is substantially higher in micropolitan areas,

but the likelihood of selecting this as the outcome would also appear to be higher than in the metropolitan

CBSA case.

TABLE 6A.

Estimates for the lower bound of

P̂r
[

SY selects a WCE y ≡ (y1, y2) such that min{y1, y2} ≥ m given that such a WCE exists
]

P̂r
[

SY selects a WCE y ≡ (y1, y2) such that min{y1, y2} ≥ m given that such a WCE exists
]

P̂r
[

SY selects a WCE y ≡ (y1, y2) such that min{y1, y2} ≥ m given that such a WCE exists
]

(Micropolitan Statistical Areas)

m=1 m=2 m=3

k∗ = 1 k∗ = 0 k∗ = 1 k∗ = 0 k∗ = 1 k∗ = 0

0.1007 0.8615 0.0307 0.5000 0.0000 0.0000
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(Metropolitan Statistical Areas)

m=1 m=2 m=3

k∗ = 1 k∗ = 0 k∗ = 1 k∗ = 0 k∗ = 1 k∗ = 0

0.8085 0.9589 0.4889 0.8757 0.6440 0.8205

m=6 m=12 m=16

k∗ = 1 k∗ = 0 k∗ = 1 k∗ = 0 k∗ = 1 k∗ = 0

0.5471 0.6823 0.4285 0.5000 0.4545 0.4761

• Let C(m) =
˘

(y1, y2) ∈ R2
+ : min{y1, y2} ≥ m and max{y1, y2} ≤ 60

¯
. Estimates shown above correspond to:

cPr[Y∈C(m)|Micropolitan]

cPr
h

maxy∈C(m)

˘
eIUC (Y,y;k∗)

¯
=1

˛̨
˛Micropolitan

i and
cPr[Y∈C(m)|Metropolitan]

cPr
h

maxy∈C(m)

˘
eIUC (Y,y;k∗)

¯
=1

˛̨
˛Metropolitan

i

TABLE 6B.

Estimates for the lower bound of

Pr
[
SY selects y = (0, 0) given that it is a WCE

]
Pr

[
SY selects y = (0, 0) given that it is a WCE

]
Pr

[
SY selects y = (0, 0) given that it is a WCE

]

Micropolitan Statistical Metropolitan Statistical

Areas Areas

Mixed and Pure Strategies Pure Strategies Only Mixed and Pure Strategies Pure Strategies Only

0.4747 1.0000 0.0142 1.0000

• Estimates correspond to
cPr[Y=y|Micropolitan]

cPr[eIUC (Y,y;k∗)=1|Micropolitan]
and

cPr[YYY =yyy|Metropolitan]
cPr[eIUC (Y,y;k∗)=1|Metropolitan]

for y = (0, 0).

6.2.3 Inference

Our results provide explicit bound expressions for the probabilities of interest. Constructing confidence

regions with pre-specified coverage probability for these functionals is straightforward given the results in

Imbens and Manski (2003) and Stoye (2008). The methods suggested in those papers aim for confidence

regions which are valid uniformly over the length of the underlying identified sets in the population. They

are susceptible of being extended to settings with interdependence across observations, which might be an

appropriate characterization in this empirical example.

7 Concluding remarks

We have studied a simultaneous discrete choice model with expected utility maximizing agents whose

individual beliefs are only assumed to include their opponents’ ex-post actions in their support. We have

referred to this concept as weakly consistent equilibrium (WCE). Nash equilibrium behavior (or correlated

equilibrium more generally) is a particular instance of WCE, but the latter also allows for disagreements in

beliefs across agents. Such inconsistency could result, for instance, if agents’ actions are based on events
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(sunspots, signals, etc.) for which they have different subjective probabilities, or they could be the result

of finite order rationalizability. More generally, subjective disagreements could be the result of asymmetric

information across agents. For a pre-specified belief space and any collection of von Neumann Morgenstern

payoff functions that satisfy a general set of assumptions reminiscent of the supermodular game literature, we

have characterized probability bounds for events involving WCE choice profiles. Our results do not depend

on any set of specific assumptions about the underlying equilibrium selection mechanism. We characterized

bounds for the probability that a collection of profiles includes a WCE as well as bounds for the probability of

WCE equilibrium selection. Allowing for (but not imposing) disagreements in beliefs is a sensible approach to

strategic interaction models because it produces results that are not only valid if agents’ observed behavior

is produced by mutually consistent beliefs, but are also robust to the presence of conflicting, subjective

probabilities. In addition, our nonparametric framework also provides robustness against payoff function

misspecification. Altogether, the results in this paper allow the researcher to do inference on probabilities

of theoretical interest from a behavioral standpoint, as well as counterfactual analysis for policy-relevant

questions such as those involving equilibrium selection. As the empirical illustration showed, our methodology

also allows users to investigate whether failing to observe certain choice profiles in the sample at hand is a

reflection of the selection mechanism or a result of the structural equilibrium features of payoffs. Answering

such questions would be an unfeasible undertaking without a structural model. An immediate extension of

our results would involve a parametric specification of payoff functions consistent with the set of assumptions

we maintained here. This would have the potential of allowing the researcher to test, for instance, Nash

or correlated equilibrium against WCE behavior. This would be especially true for experimental data sets

where the researcher has exact knowledge of the structure of payoffs.
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A Appendix

Proof of Result 1: Take any yp ∈ Ap, y−p ∈ A−p and any complete belief space Π−p. Now, suppose

up(yp − 1, φb
p(y−p; Π−p); ωp) > up(yp, φ

b
p(y−p; Π−p); ωp). Then, by decreasing differences, concavity and

local monotonicity, w.p.1. we must have up(y, φp(v); ωp) > up(y + 1, φp(v); ωp) ∀ y ≥ yp − 1, ∀ v : φp(v) ≥

φb
p(y−p; Π−p). In particular, by definition of φb

p(y−p; Π−p), we have

up(y, φp(v); ωp) > up(y + 1, φp(v); ωp) ∀ y ≥ yp − 1, ∀ v : ∃π−p ∈ Π−p : π−p(v) > 0, and π−p(y−p) > 0.

Therefore, w.p.1., up(yp − 1, φb
p(y−p; Π−p); ωp) > up(yp, φ

b
p(y−p; Π−p); ωp) implies

∑v∈A−p

π−p(v)·up(y, φp(v); ωp) >
∑v∈A−p

π−p(v)·up(y+1, φp(v); ωp) ∀ y ≥ yp−1, ∀ π−p ∈ Π−p : π−p(y−p) > 0.

Consequently, it follows that y ≤ yp −1 ∀ y ∈ Ψp(y−p; Π−p, ωp), and in particular, yp /∈ Ψp(y−p; Π−p, ωp).

Next, suppose up(yp, φ
d
p(y−p; Π−p); ωp) < up(yp + 1, φd

p(y−p; Π−p); ωp). This time, decreasing differences,

concavity and local monotonicity imply that w.p.1., up(y − 1, φp(v); ωp) < up(y, φp(v); ωp) ∀ y ≤ yp +

1, ∀ v : φp(v) ≤ φd
p(y−p; Π−p). In particular, the definition of φd

p(y−p; Π−p) implies

up(y − 1, φp(v); ωp) < up(y, φp(v); ωp) ∀ y ≤ yp + 1, ∀ v : ∃π−p ∈ Π−p : π−p(v) > 0, and π−p(y−p) > 0.

Therefore, w.p.1., up(yp, φ
d
p(y−p; Π−p); ωp) < up(yp + 1, φd

p(y−p; Π−p); ωp) implies

∑v∈A−p

π−p(v)·up(y−1, φp(v); ωp) <
∑v∈A−p

π−p(v)·up(y, φp(v); ωp) ∀ y ≥ yp−1, ∀ π−p ∈ Π−p : π−p(y−p) > 0,

and consequently y ≥ yp +1 ∀ y ∈ Ψp(y−p; Π−p, ωp), and in particular, yp /∈ Ψp(y−p; Π−p, ωp). Combined,

these two results show that if Assumption (A1) holds, then with probability one, if either up(yp −

1, φb
p(y−p; Π−p); ωp) > up(yp, φ

b
p(y−p; Π−p); ωp) or up(yp, φ

d
p(y−p; Π−p); ωp) < up(yp +1, φd

p(y−p; Π−p); ωp),

we must have yp /∈ Ψp(y−p; Π−p, ωp). Otherwise, if neither of these events occurs, there exist configurations

of payoffs consistent with Assumption (A1) such that yp ∈ Ψp(y−p; Π−p, ωp). This proves part (i). We move

on to part (ii). Note first that for any set of beliefs π−p, concavity implies that agent p will be optimally

indifferent between y′ and y only if

∑v∈A−p

π−p(v)
[
up(y, φp(v); ωp) − up(y′, φp(v); ωp)

]
= 0.

It follows from local monotonicity and concavity in Assumption (A1) that this optimal indifference condition

will be satisfied only if

minv:π−p(v)>0

{
up(y, φp(v); ωp)−up(y′, φp(v); ωp)

}
< 0 and maxv:π−p(v)>0

{
up(y, φp(v); ωp)−up(y′, φp(v); ωp)

}
> 0.

Let us focus on the case y′ > y (otherwise, simply switch labels). Suppose first that up(y, φb
p(y−p; Π−p); ωp) ≥

up(y′, φb
p(y−p; Π−p); ωp). Suppose first that up(y, φb

p(y−p; Π−p); ωp) = up(y′, φb
p(y−p; Π−p); ωp). By
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local monotonicity, this can occur with nonzero probability only if y′ /∈ {y − 1, y + 1}, which im-

plies (by concavity) that agent p cannot be optimally indifferent between y and y′. Therefore, we

can focus on the case up(y, φb
p(y−p; Π−p); ωp) > up(y′, φb

p(y−p; Π−p); ωp). From the definition of

φb
p(y−p; Π−p) and φd

p(y−p; Π−p), we will have min
π−p∈Π−p

{
up(y, φp(v); ωp) − up(y′, φp(v); ωp)

}
< 0 only if

up(y, φd
p(y−p; Π−p); ωp) < up(y′, φd

p(y−p; Π−p); ωp), which would violate decreasing differences since it would

imply that

up(y, φd
p(y−p; Π−p); ωp) − up(y, φb

p(y−p; Π−p); ωp) < up(y′, φd
p(y−p; Π−p); ωp) − up(y′, φb

p(y−p; Π−p); ωp).

Therefore, having up(y, φb
p(y−p; Π−p); ωp) > up(y′, φb

p(y−p; Π−p); ωp) implies that ∄π−p ∈ Π−p such

that agent p is optimally indifferent between y and y′. Now suppose up(y, φd
p(y−p; Π−p); ωp) ≤

up(y′, φd
p(y−p; Π−p); ωp). By the same reasoning as above (concavity and local monotonicity), we can focus

on the strict inequality case. This time, we will have max
π−p∈Π−p

{
up(y, φp(v); ωp) − up(y′, φp(v); ωp)

}
> 0 only

if up(y, φb
p(y−p; Π−p); ωp) > up(y′, φb

p(y−p; Π−p); ωp), which once again implies a violation of decreasing

differences. It follows then that for any y−p ∈ A−p and any complete belief space Π−p, there exist

beliefs π−p ∈ Π−p that make p optimally indifferent between y and y′ only if up(y, φb
p(y−p; Π−p); ωp) <

up(y′, φb
p(y−p; Π−p); ωp) and up(y, φd

p(y−p; Π−p); ωp) > up(y′, φd
p(y−p; Π−p); ωp). This establishes part (ii) of

the proposition.

Proof of Result 2: Take any φp ∈ R such that φp = φp(y−p) for some y−p ∈ A−p. For any such φp and

any set of beliefs π−p : A−p −→ [0, 1] we define accordingly

π−p(φp) =
∑y−p :

π−p(y−p)=φp

π−p(y−p).

Let Φp =
{
φp : φp = φp(y−p) for some y−p ∈ A−p

}
. Note that for any set of beliefs π−p,

∑y−p∈A−p

up(y, φp(y−p); ωp) =
∑

φp∈Φp

π−p(φp)up(y, φp; ωp).

The latter characterization will be more convenient here. For any choice yp we will define

∆up(y, φp; ωp) = up(y, φp; ωp) − up(y − 1, φp; ωp).

We begin by showing that if Assumption (A1) is satisfied, then for any choice yp and any pair of beliefs πa
−p

and πb
−p such that πa

−p is optimistic relative to πb
−p (as defined in Equation (8)), with probability one we

must have
∑

φp∈Φp

πa
−p(φp)∆up(yp, φp; ωp) ≥

∑

φp∈Φp

πb
−p(φp)∆up(yp, φp; ωp). (A-1)

Take two sets of beliefs for player p, πa
−p(·) and πb

−p(·). Rank the φp’s for which πa
−p(φp) 6= πb

−p(φp)

according to their value as φ
(0)
p < φ

(1)
p < · · · < φ

(Ka,b)
p . Note that we must have

∑Ka,b
j=0 ∆π−p(φ

(j)
p ) = 0 since
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∑
φp∈Φp

πa
−p(φp) =

∑
φp∈Φp

πb
−p(φp) = 1. Thus, we can express ∆π−p(φ

(0)
p ) = −

∑Ka,b
j=1 ∆π−p(φ

(j)
p ). This

yields

∑

φp∈Φp

πa
−p(φp) · ∆up(yp, φp; ωp) −

∑

φp∈Φp

πb
−p(φp) · ∆up(yp, φp; ωp)

=

Ka,b∑

j=1

∆π−p(φ(j)
p ) ·

[
∆up(yp, φ

(j)
p ; ωp) − ∆up(yp, φ

(0)
p ; ωp)

]
≡

Ka,b∑

j=1

∆π−p(φ(j)
p ) · ∆0up(yp, φ

(j)
p ; ωp)

Next note that by decreasing differences we have

∆0up(yp, φ
(j)
p ; ωp) ≤ 0 ∀ j = 1, . . . , Ka,b, and ∆0up(yp, φ

(κ)
p ; ωp) ≤ ∆0up(yp, φ

(j)
p ; ωp) ∀ κ > j.

Let ∆+ =
{
j = 1, . . . , Ka,b

}
: ∆π−p(φ

(j)
p ) > 0, and ∆− =

{
j = 1, . . . , Ka,b

}
: ∆π−p(φ

(j)
p ) < 0 and

s+ = max{j = 1, . . . , Ka,b} : ∆π−p(φ(j)
p ) > 0, with s+ = 0 if ∆π−p(φ(j)

p ) < 0 ∀ j = 1, . . . , Ka,b

s− = min{j = 1, . . . , Ka,b} : ∆π−p(φ(j)
p ) < 0, with s− = 0 if ∆π−p(φ(j)

p ) > 0 ∀ j = 1, . . . , Ka,b.

It follows then that by decreasing differences we have

∑

φp∈Φp

πa
−p(φp) · ∆up(yp, φp; ωp) −

∑

φp∈Φp

πb
−p(φp) · ∆up(yp, φp; ωp)

≥ ∆0up(yp, φ
(s+)
p ; ωp) ·

( ∑

j∈∆+

∆π−p(φ(j)
p )

)
+ ∆0up(yp, φ

(s−)
p ; ωp) ·

( ∑

j∈∆−

∆π−p(φ(j)
p )

)

If s+ < s−, the right hand side is

≥ ∆0up(yp, φ
(s+)
p ; ωp)

︸ ︷︷ ︸
≤0

×
(Ka,b∑

j=1

∆π−p(φ(j)
p )

)
.

Therefore, if s+ < s− and
∑Ka,b

j=1 ∆π−p(φ
(j)
p ) ≤ 0 (i.e, if πa

−p is optimistic relative to πb
−p) we have

∑

φp∈Φp

πa
−p(φp) · ∆up(yp, φp; ωp) −

∑

φp∈Φp

πb
−p(φp) · ∆up(yp, φp; ωp) ≥ 0, (A-2)

and so Equation (A − 1) holds. This is relevant because under Assumptions (A1)-(R1), for any choice y we

must have with probability one1{ ∑

φp∈Φp

π∗
−p(φp)∆up(y + 1, φp; ωp) < 0

}
≤ 1{

Yp ≤ y
}

≤ 1{ ∑

φp∈Φp

π∗
−p(φp)∆up(y + 1, φp; ωp) ≤ 0

}
. (A-3)

Next, note that under Assumption (P1), for any yp and any realization of Xp, there exists a sufficiently small

realization of Z−p such that ∀ Z−p ≤ z,

Pr
[ ∑

φp∈Φp

π∗
−p(φp)∆up(yp, φp; ωp) ≤ 0

∣∣Xp, Z−p

]
=

∫ 1{ ∑

φp∈Φp

π∗
−p(φp)∆up(yp, φp; ωp) ≤ 0

}
dF (ωp, π

∗
−p|Xp, Z−p)

=

∫ {∫ 1{ ∑

φp∈Φp

π∗
−p(φp)∆up(yp, φp; ωp) ≤ 0

}
dFπ∗(π∗

−p|Xp, Z−p)

}

︸ ︷︷ ︸
ϕp(yp,Xp,Z−p,ωp)

dFω(ωp|Xp) ≡
∫

ϕp(yp, Xp, Z−p, ωp)dFω(ωp|Xp)
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We examine the implications of Assumption (P1) in two exhaustive cases. Take any choice yp and any given

realization of Xp.

Case (A).− For the choice yp and the realization Xp in question, there exists a small enough z such that

Pr
[1{

∆up(yp, φp; ωp) ≤ 0
}

= 1{
∆up(yp, φ

′
p; ωp) ≤ 0

}
∀ φp, φ′

p ∈ Support(π∗
−p)

∣∣∣Xp, Z−p ≤ z
]

= 1.

(A-4)

This could occur, for instance (but not exclusively), if agent p’s payoffs are such that

Pr
[

∃ y ∈ Ap : up(y, φp; ωp) > max
{

up(y − 1, φp; ωp) , up(y + 1, φp; ωp)
}

∀ φp ∈ Φp

]
= 1,

which would imply that agent p always has a dominant choice (which may vary according to the realization

of ωp) for all possible well-defined set of beliefs with probability one. Such a configuration is compatible

with Assumption (A1). If (A − 4) is satisfied, there exists a φz
p ∈ Φp such that, for all Z−p ≤ z,

ϕp(yp, Xp, Z−p; ωp) = 1{
∆up(yp, φ

z
p; ωp) ≥ 0

}
and therefore

Pr

[ ∑

φp∈Φp

π∗
−p(φp)∆up(yp, φp; ωp) ≤ 0

∣∣∣∣Xp, Z−p

]
= Pr

[
∆up(yp, φ

z
p; ωp) ≤ 0

∣∣Xp

]
= Pr

[
∆up(yp, φ

z
p; ωp) < 0

∣∣Xp

]
,

where the last equality follows from local monotonicity (Assumption A1). Equation (A−3) therefore implies

Pr
[
Yp ≤ yp − 1

∣∣Xp, Z−p

]
= Pr

[
∆up(yp, φ

z
p; ωp) < 0

∣∣Xp

]
∀ Z−p ≤ z.

Next, note that if Assumption (P1) is satisfied, we have min
{
φp : φp ∈ Support(π∗

−p) and Z−p ≤ z
}

≤

min
{
φp : φp ∈ Support(π∗

−p) and Z−p > z
}

. By Assumption (A1) (decreasing differences and strategic

interaction), the fact that ∆up(yp, φp; ωp) < 0 ∀ φp ∈ Support(π∗
−p) whenever Z−p ≤ z immediately implies

∆up(yp, φp; ωp) < 0 ∀ φp ∈ Support(π∗
−p) for all Z−p > z. Therefore, if (A − 4) holds,

Pr
[
Yp ≤ yp − 1

∣∣Xp, Z−p = z′] = Pr
[
∆up(yp, φ

z
p; ωp) < 0

∣∣Xp

]
≤ Pr

[ ∑

φp∈Φp

π∗
−p(φp)∆up(yp, φp; ωp) < 0

∣∣∣∣Xp, Z−p = z′′
]

≤ Pr
[
Yp ≤ yp − 1

∣∣Xp, Z−p = z′′] ∀ z′, z′′ ∈ Support(Z−p) : z′ ≤ z < z′′.

(5A)

Case (B).− Suppose Equation (A − 4) does not hold for the choice yp and the realization Xp in question.

From Equation (A-2) and Assumption (P1), ∀ z ∈ Support(Z−p), there exists a ∀ z′ ∈ Support(Z−p)

where z′ < z and

Pr

[ ∑

φp∈Φp

π∗
−p(φp)∆up(yp, φp; ωp) ≤ 0

∣∣∣∣Xp, Z−p = z′
]

< Pr

[ ∑

φp∈Φp

π∗
−p(φp)∆up(yp, φp; ωp) ≤ 0

∣∣∣∣Xp, Z−p = z

]
.

It follows from Equation (A − 3) that in this case there does not exist any z ∈ Support(Z−p) such that

Pr
[
Yp ≤ yp − 1

∣∣Xp, Z−p = z′] > Pr
[
Yp ≤ yp − 1

∣∣Xp, Z−p = z′′] ∀ z′ < z′′ ≤ z. (5B)
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Since yp and Xp were arbitrary, Equations (5A) and (5B) combined show that in any model that satisfies

Assumptions (A1) (R1) and (P1), there cannot exist a yp such that either of the following holds with positive

probability in Xp,

(i) ∃ z : Pr
[
Yp ≤ yp − 1

∣∣Xp, Z−p = z′] > Pr
[
Yp ≤ yp − 1

∣∣Xp, Z−p = z′′] ∀ z′ < z′′ ≤ z.

(ii) ∃ z < z : Pr
[
Yp ≤ yp − 1

∣∣Xp, Z−p = z′
]

> Pr
[
Yp ≤ yp − 1

∣∣Xp, Z−p = z′′
]

∀ z < z′ < z′′ ≤ z, and

Pr
[
Yp ≤ yp − 1

∣∣Xp, Z−p

]
= 1 ∀ Z−p ≤ z.

Relabeling the choices (yp − 1, yp) as (yp, yp + 1) produces the statement in the result. �

Proof of Proposition 1: First, note that if ∄π−p ∈ Π−p : π−p(y−p) > 0 or if ∄π−p ∈ Π−p : π−p(v−p) >

0 for some p, then 1{v, y ∈ R({Π−p}P
p=1; ω)

}
= 0. Hence, a collection {Π∗

−p}P
p=1 can satisfy Assumption

(R1) only if π−p(Y−p) > 0 for some π ∈ Π∗
−p for each p. Next, note that Assumption (R1) immediately

implies that if Y = y, then we must have y ∈ R∗(ω), and therefore 1{Y = y}
≤ 1{y ∈ R∗(ω)

}
, which

shows the first inequality. Next, Result 1 and Assumption (R1) yield, for each p,1{
yp ∈ Ψp

(y−p; Π∗
−p, ωp

)}
≤






1 if φb
p(Y−p; Π∗

−p) < φd
p(y−p; Π∗

−p) and φd
p(Y−p; Π∗

−p) > φb
p(y−p; Π∗

−p),1{Yp ≤ yp} if φb
p(Y−p; Π∗

−p) ≥ φd
p(y−p; Π∗

−p),1{Yp ≥ yp} if φd
p(Y−p; Π∗

−p) ≤ φb
p(y−p; Π∗

−p).

Therefore, w.p.1 we must have1{
yp ∈ Ψp

(y−p; Π∗
−p, ωp

)}
≤ 1 − 1{

φb
p(Y−p; Π∗

−p) ≥ φd
p(y−p; Π∗

−p)
}

− 1{
φd

p(Y−p; Π∗
−p) ≤ φb

p(y−p; Π∗
−p)

}

+ 1{
φb

p(Y−p; Π∗
−p) ≥ φd

p(y−p; Π∗
−p)

}1{
Yp ≤ yp

}
+ 1{

φd
p(Y−p; Π∗

−p) ≤ φb
p(y−p; Π∗

−p)
}1{

Yp ≥ yp

}
.

Rearranging the right-hand side we get1{
yp ∈ Ψp

(y−p; Π∗
−p, ωp

)}
≤

1 − 1{
φb

p(Y−p; Π∗
−p) ≥ φd

p(y−p; Π∗
−p)

}1{
Yp > yp

}
− 1{

φd
p(Y−p; Π∗

−p) ≤ φb
p(y−p; Π∗

−p)
}1{

Yp < yp

}
.

Therefore 1{
yp ∈ Ψp

(y−p; Π∗
−p, ωp

)}
≤ IU

p (Y,y; Π∗
−p) for each p w.p.1. Next, note that1{y ∈ R({Π∗

−p}P
p=1; ω)

}
= min

p=1,...,P

{1{
yp ∈ Ψp(y−p; Π∗

−p, ωp)
}}

,

and we obtain 1{y ∈ R({Π∗
−p}P

p=1; ω)
}

≤ min
p=1,...,P

{IU
p (Y,y; Π∗

−p)
}

≡ IUC
(Y,y; {Π∗

−p}P
p=1

)
. �

Proof of Result 3: We will illustrate the result through a straightforward example. Take any y−p ∈ A−p

and any v−p ∈ A−p such that φp(v−p) > φp(y−p) (if no such v−p exists, then take any v−p such that

φp(v−p) > φp(y−p), and everything that follows below holds by switching the labels of y−p and v−p).

Consider three strictly positive, real-valued functions of ωp, labeled S1(·), S2(·) and s(·), with the feature
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that S2(·) < s(·). Take any ỹ ≤ Mp. The following configuration of payoffs satisfies Assumption (A1),

up(y, φp(y−p); ωp) =






S1(ωp) · y if y ∈ [0, ỹ].

(
S1(ωp) + S2(ωp)

)
· ỹ − S2(ωp) · y if y ≥ ỹ + 1.

and

up(y, φp(v−p); ωp) = −s(ωp) · y ∀ y ≥ 0.

This configuration of payoffs satisfies local monotonicity and concavity (Assumption A1.i-ii) immediately.

To see why aggregate interaction and decreasing differences (Assumption A1.iii-iv) are also satisfied, note

that

up(y, φp(y−p); ωp) − up(y, φp(v−p); ωp) =






(
S1(ωp) + s(ωp)

)
· y if y ∈ [0, ỹ]

(
S1(ωp) + S2(ωp)

)
· ỹ +

(
s(ωp) − S2(ωp)

)
· y if y ≥ ỹ + 1.

and so, since S2(·) < s(·), it follows that up(y, φp(y−p); ωp) − up(y, φp(v−p); ωp) > 0 ∀ y, and

[
up(y′, φp(y−p); ωp) − up(y′, φp(v−p); ωp)

]
−

[
up(y, φp(y−p); ωp) − up(y, φp(v−p); ωp)

]
> 0 ∀ y′ > y.

It is easy to verify that the following set of beliefs, which assign positive probability only to profiles y−p andv−p make agent p optimally indifferent between every choice yp ∈ [0, ỹ],

π−p : A−p −→ [0, 1], with:

π−p(y−p) =
s(ωp)

S1(ωp) + s(ωp)
and π−p(v−p) = 1 − π−p(y−p) =

S1(ωp)

S1(ωp) + s(ωp)
.

These beliefs produce an expected utility of zero for every choice yp ∈ [0, ỹ], and strictly negative for each

yp ≥ ỹ + 1. �

Proof of Result 4: If uq(·, φq(v−q); ωq) is strongly concave in yq w.p.1. in ωq for any choice profilev−q ∈ A−q, this feature is preserved by any linear combination of
{
uq(·, φq(v−q); ωq)

}v−q∈A−q
. In particular,

this implies that agent q’s expected utility is always strongly concave in yq. It follows immediately that agent

q can be optimally indifferent between at most two adjacent choices for any well-defined probability function

π−q : A−q −→ [0, 1]. Suppose agent q only randomizes across expected-utility maximizing choices and his

beliefs satisfy independent mixing as described in the statement of Result 4. Then, at any given time, having

Yq = yq being chosen with positive probability implies that q can also choose at most one y′
q 6= yq, which

must be either y′
q = yq −1 or y′

q = yq +1. Notice that this is not true if independent-mixing is violated since,

for instance, for any three choices yq, y
′
q, y

′′
q ∈ Aq we can have beliefs π−p(·|yq), π−p(·|y′

q) and π−p(·|y′′
q ) such

that

yq ∈ argmax
y∈Aq

∑v∈A−q

π−p(v|yq) · uq(y, φq(v); ωq), y′
q ∈ argmax

y∈Aq

∑v∈A−q

π−p(v|y′
q) · uq(y, φq(v); ωq),

and y′′
q ∈ argmax

y∈Aq

∑v∈A−q

π−p(v|y′′
q ) · uq(y, φq(v); ωq).
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and so in this example, at any given time agent q could be randomizing across three not necessarily adjacent

choices. If beliefs do not satisfy independent mixing, there exist configurations of payoffs compatible with

Assumption (A1) where every choice yp ∈ Ap is expected utility maximizing for some corresponding set

of beliefs π−p(·|yp). This is precluded by independent mixing. Now suppose every set of beliefs in Π−p

is consistent with agent p assuming that all of his opponents’ beliefs have the independent-mixing feature.

Then our discussion above shows that we must have Π−p ⊆ Πk=1
−p , where Πk

−p is as described in (2). �

Proof of Proposition 3: Note first that element-wise monotonicity in φp(·) (Assumption M1) implies that

for any pair u−p ≡ (uq)q 6=p and u′
−p ≡ (u′

q)q 6=p, if 1{uq ≥ u′
q} · Is

p(q) + 1{uq ≤ u′
q} · (1 − Is

p(q)) = 1 for all

q 6= p, then φq(up) ≥ φp(u′
−p). In other words,

min
q 6=p

(1{uq ≥ u′
q} · Is

p(q) + 1{uq ≤ u′
q} · (1 − Is

p(q))
)

≤ 1{
φp(u−p) ≥ φp(u′

−p)
}
.

Next note that if Assumption (M1) holds, the definition of φb
p(u−p; k) and φd

p(u−p; k) imply

φp

((
min{Mq, uq + k} · Is

p(q) + max{0, uq − k} · (1 − Is
p(q))

)

q 6=p

)
= φd

p(u−p; k),

and

φp

((
max{0, uq − k} · Is

p(q) + min{Mq, uq + k} · (1 − Is
p(q))

)

q 6=p

)
= φb

p(u−p; k)

Letting Ĩa
p and Ĩb

p be as defined in Proposition 3, the two results above yield Ĩa
p(v−p,y−p; k) ≤1{

φb
p(v−p; Πk

−p) ≥ φd
p(y−p; Πk

−p)
}

and Ĩb
p(v−p,y−p; k) ≤ 1{

φd
p(v−p; Πk

−p) ≤ φb
p(y−p; Πk

−p)
}

. This proves

part (i) of the proposition. We move on to part (ii) and take any agent p. We begin by noting that for

any y−p, v−p ∈ A−p such that Ĩa
p(v−p,y−p; k) = Ĩb

p(v−p,y−p; k) = 0, there exists a φp(·) that satisfies

Assumption (M1) and is such that φb
p(v−p; Πk

−p) < φd
p(y−p; Πk

−p) and φd
p(v−p; Πk

−p) > φb
p(y−p; Πk

−p). To see

why, let

QI =
˘
q 6= p : Isp(q) = 1 & max{0, vq − k} < min{Mq, yq + k}

¯
, QII =

˘
q 6= p : Isp(q) = 0 & min{Mq, vq + k} > max{0, yq − k}

¯
,

QIII =
˘
q 6= p : Isp(q) = 1 & min{Mq, vq + k} > max{0, yq − k}

¯
, QIV =

˘
q 6= p : Isp(q) = 0 & max{0, vq − k} < min{Mq , yq + k}

¯
.

Note that QI ∪ QII 6= ∅ if Ĩa
p(v−p,y−p; k) = 0, and QIII ∪ QIV 6= ∅ if Ĩb

p(v−p,y−p; k) = 0. Assumption

(M1) is compatible with a φp(·) that depends only on the actions taken by {q ∈ QI ∪ QII ∪ QIII ∪ QIV } in

such a way that

(a) If 1˘
max{0, vq − k} < min{Mq , yq + k}

¯
· Is

p(q) + 1˘
min{Mq , vq + k} > max{0, yq − k}

¯
· (1 − Is

p(q)) = 1 ∀ q ∈ QI ∪ QII

=⇒ φb
p(v−p; Πk

−p) < φd
p(y−p; Πk

−p), and

(b) If 1˘
min{Mq , vq + k} > max{0, yq − k}

¯
· Is

p(q) + 1˘
max{0, vq − k} < min{Mq , yq + k}

¯
· (1 − Is

p(q)) = 1 ∀ q ∈ QIII ∪ QIV

=⇒ φd
p(v−p; Πk

−p) > φb
p(y−p; Πk

−p).

For any such φp(·), having Ĩa
p(v−p,y−p; k) = Ĩb

p(v−p,y−p; k) = 0 would imply φb
p(v−p; Πk

−p) < φd
p(y−p; Πk

−p)

and φd
p(v−p; Πk

−p) > φb
p(y−p; Πk

−p), as claimed above. Now, note that ĨU
p (v,y; k) = 1 only if either of the

following holds,
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(A) Ĩa
p(v−p,y−p; k) = 1, but vp ≤ yp.

(B) Ĩb
p(v−p,y−p; k) = 1, but vp ≥ yp.

(C) Ĩa
p(v−p,y−p; k) = Ĩb

p(v−p,y−p; k) = 0.

By part (i), if (A) holds we have 1{
φb

p(v−p; Πk
−p) ≥ φd

p(y−p; Πk
−p)

}
= 1 and vp ≤ yp, which immediately

yields IU
p (v−p,y−p; k) = 1 for any φp(·) that satisfies Assumption (M1). Similarly, part (i) above shows

that if (B) holds, we have 1{
φd

p(v−p; Πk
−p) ≤ φb

p(y−p; Πk
−p)

}
= 1 and vp ≥ yp, which once again producesIU

p (v−p,y−p; k) = 1 for any φp(·) that satisfies Assumption (M1). Lastly, our previous discussion shows

that if (C) holds, there exists a φp(·) that satisfies Assumption (M1) and is such that 1{
φb

p(v−p; Πk
−p) ≥

φd
p(y−p; Πk

−p)
}

= 1{
φd

p(v−p; Πk
−p) ≤ φb

p(y−p; Πk
−p)

}
= 0, which once again yields IU

p (v−p,y−p; k) = 1. Since

this holds for every agent p, the result in part (ii) of the proposition follows. Finally, part (iii) follows directly

from (ii) by Proposition 1 and Result 5 if Assumptions (A1) and (B1) are also satisfied. �
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