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Abstract

This paper analyzes the problem of estimation and inference of the payoff parameters in a static
game where players’ beliefs are not necessarily correct in a Bayesian-Nash Equilibrium sense,
but are consistent with a finite number of rounds of iterated deletion of dominated strategies.
Assuming an upper bound on such number, we focus on a type of behavior that produces an
exclusion restriction such that the influence of players’ unobserved beliefs on their observed
behavior is captured entirely by the bounds on rationalizable beliefs. Given our assumptions,
these bounds are semiparametrically identified. We present a constructive identification result

and analyze the asymptotic properties of an estimation procedure based on it.

1 Introduction

A vast number of econometric identification results for game theoretic models rely on the assumption
of equilibrium behavior. In this context, much effort has been devoted to characterizing results
which are robust to multiple equilibria, or to finding efficient algorithms capable of finding the set
of equilibria in complicated games. Some examples of the econometric analysis of static games
with complete information and Nash equilibrium include Bjorn and Vuong (1984), Bresnahan and
Reiss (1991), Berry (1994), Tamer (2003), Andrews, Berry, and Jia (2004), Ciliberto and Tamer
(2003), and Bajari, Hong, and Ryan (2005) among others. The game we will analyze here is played

under incomplete information. Equilibrium games with different elements of incomplete information
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are analyzed for example in Bajari, Hong, Kreiner, and Nekipelov (2006), Aradillas-Lopez (2006),
Aguirregabiria and Mira (2007), Seim (2005), Pakes, Porter, Ho, and Ishii (2005), Berry and Tamer
(2006) and McKelvey and Palfrey (1995) among others.

There exists substantial experimental evidence in the field of behavioral game theory which suggests
that people’s behavior often deviates systematically from equilibrium. Some examples include Stahl
and Wilson (1994), Stahl and Wilson (1995), Nagel (1995), Ho, Camerer, and Weigelt (1998),
Costa-Gomes, Crawford, and Broseta (2001), Costa-Gomes and Crawford (2006) and Crawford and
Iriberri (2007). Theorists in this field have focused on dominance-solvable games, which are those
that can be solved by iterated reasoning. From experimental studies, behavioral game theorists
have found evidence which suggests that people tend to do only a few steps of iterated reasoning
either because further steps are too complicated for them or because they believe they would
be too complicated for their opponents. Such evidence suggests that people may fail to play
an equilibrium strategy even if they are capable of understanding the iterated reasoning process
that would eventually lead to it. These models depart from equilibrium behavior by dropping
the assumption that each player has a perfect model of others’ decisions and replacing it with
the assumption that such subjective models survive k£ rounds of iterated elimination of dominated
decisions. Thus, each player’s subjective model about others’ behavior is consistent with level-k
interim rationalizability in the sense of Bernheim (1984). Their identification strategy is to assume
the existence of a small number of types. One of those types, for example, would be a player
who performs 2 rounds of iterated deletion of dominated actions, and best-responds to a uniform
distribution over the space of actions that remain. Overwhelmingly, all these papers have rejected

behavior that would be compatible with five or more rounds of iterated reasoning.

Partial and point-identification results for 2 x 2 discrete games, as well as first-price auctions based
exclusively on the bounds implied by Level-k rationalizability are studied in Aradillas-Lopez and
Tamer (2007). In this paper, we consider a type of behavior that encompasses the types analyzed
in the aforementioned behavioral game studies. Here, we will refer to a player who maximizes his
expected utility (given his information set) for any set of arbitrary beliefs as Ly —rational. We will
refer to an Li—rational player as one whose beliefs are consistent with £ — 1 mental rounds of
deletion of dominated actions. We will assume a population of players who perform k — 1 rounds of
deletion of dominated actions (i.e, their beliefs correspond to those of an Lj—rational player) and

best-respond to an (unknown) convex combination of the resulting upper and lower Li—bounds for
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their opponents’ expected actions. We will assume that the players in our population behave like
this for some k = 2,...,k* for a pre-specified £*. The existing body of experimental evidence could
be used to pick a conservative value of k*. We develop an estimation methodology for an incomplete-
information static game with P > 2 players, each of which can take two actions. The parameters of
interest will be those of the normal-form payoffs. We describe a set of semiparametric assumptions
that allow us to identify the upper and lower Li—bounds for opponents’ expected behavior. We
estimate these bounds semiparametrically through an iterative procedure, starting with k£ = 2.
Using an exclusion restriction implied by the family of decision rules we consider, we present a
constructive identification result and an accompanying estimation procedure. We show consistency

of our estimator and outline its asymptotic distribution properties.

The paper proceeds as follows. Section 2 describes the game we will analyze, as well as some
of the notation we will use throughout the paper. Section 3 studies the relevant implications of
Lj—rationality in our game and characterizes the upper and lower bounds for opponents’ expected
behavior by any Li—rational player. Section 4 defines Dy« —rationality, the space of decision rules
which we will assume describe the actions of the players in our population. An identification result
based on Dj~—rationality is also described there. Section 6 is devoted to estimation. First, it
describes how the Li—bounds will be estimated semiparametrically for any value of the parameter of
interest. Then, it uses the constructive identification results from Section 4 to design an estimation
procedure. The asymptotic properties of the estimator are described there. Section 7 concludes.
Short proofs are included in the body of the paper. Longer derivations and proofs can be found in

the mathematical appendix.

2 A P x2 simultaneous game

2.1 Space of actions and payoffs

A group of P players, labeled p = 1,...,P simultaneously choose among two available actions,
labeled Y, € {0,1}. Simultaneous choices are defined in the usual sense that each player must
commit to an action before observing those actions chosen by any of his opponents. We will

assume that each player p secures a payoff of zero with probability one if he chooses Y}, = 0. To be



precise, we consider a parameterization of payoffs of the form

P-1
Y, x (X;,ﬁp + > ANYM - e,,>, where Y = 1{2 Y, = M}, (1)

M=0 qF#p

where X, denotes a vector of observable (to the econometrician) covariates, €, denotes an
unobservable (to the econometrician) continuously distributed shock, and (5, Ag, .. ,Af‘l) =0,

denotes a vector of constant parameters. Yyp is the indicator for the event “a total of M of
player p’s opponents chose Y, = 17. The simultaneous nature of the game implies that Y% is
unknown to player p at the moment of choosing Y},. In Subsection 2.2 we will describe carefully how
much information concerning opponents’ payoff covariates and coefficients is known to each player.
Notice that Equation (1) describes a strategic-interaction setting where player p is affected by his
opponents’ choices only through the total number of opponents who choose Y, = 1, irrespective of
their identities. We could consider alternative formulations where identities matter. The simplest

example would be given by

Yy (X{ﬁp +y ALY, - €p) (14)
q#p

The most general characterization would allow player p’s payoffs to differ across the entire space of

action profiles of his opponents. Denote the latter by «7_,, and let
Y& = H{Player p’s opponents play action profile al p € JZ{_p},

We could parameterize player p’s payoffs as

Y, X (X;,ﬁp+ > AJ}JYJj_p—ep) (1B)

JETp

Clearly, both (1) and (1A) are special cases of (1B), with implicit restrictions on the Al’s. Without
ex-ante strategic interaction restrictions of any kind, we would have a total of 2°~! unrestricted
strategic-interaction parameters. As we shall see, this would have nontrivial implications for
identification purposes. Unless explicitly stated otherwise, we will maintain the parameterization

in (1). We will denote the payoff parameters by

0= (8, (A o) with 0= (6,))" .

Our formulation is able to accommodate a number of special cases, each of which would imply

further restrictions on the Ai,\/[ ’s. For example,



(i) Only the choice made by the majority of player p’s opponents matters to player p

A if (M < | B+ 1)1{P even} + (M < 251)1{P odd}

L
L

Ay it (M= (P54 1) 1P even} + (M = B7L)1{P odd},

where |z| denotes the smallest integer closest to .

(ii) Payoffs depend linearly on M,

P-1
Y, x (X;,Bp + A, Z M - \Yﬁﬁ, — £p> = A}DW =A,- M, for some scalar A,.
M=0
We conclude by noting that in the special case where AM AM ' A,, the payoffs in (1) reduce
to Y, x (Xl’,ﬁp +A, - 5p>. For the moment, we leave # completely unrestricted. In Section 4 we
will discuss in detail the identified features of 6 given our behavioral assumptions. We describe the

players’ informational assumptions next.

2.2 Player’s information, expected utility and beliefs.

We will make the following assumption

Assumption I1.- The expression for normal-form payoffs in Equation (1) and the true parameter
value 6 are common knowledge among the players. Each player p observes the realization of his
own payoff covariates X, and €,. The realization of ¢, is only privately observed by player p. We
also allow (but not require) some elements in X, to be privately observed when the game is played.
Player p conditions his beliefs about his opponents’ behavior on a vector of signals Z,. Every
covariate in X = (Xp);l;l that is publicly observed is included in Z,, but the latter may include
covariates which are not in X if some of its elements are private information. Z, would also include

covariates that are statistically interdependent with e_, = (eq) In particular, we could have

q7#p’
ep € 7, if g, is statistically interdependent with e_,. The identities of the covariates included in Z,
are common knowledge, but their exact realizations may be private information. The true (joint)

distribution of (Xp7 Zp, 5p) P

o1 is known to all players. For each player p, the vector X, is observed

by the econometrician, but €, is not. For the moment we will say nothing about the observability

of Z, by the econometrician.



We will maintain Assumption I1 for the rest of the paper. Player p’s beliefs are conditioned on Z,.

We will denote beliefs by

ﬂﬁ/[p(ZZ» =FE, [Y%}Zp], where E,[-] denotes player p’s subjective expectation.

Player p’s expected utility of choosing Y, = 1 is given by

P-1
Up(Yp=1) = X;/;Bp + Z Aéwﬂ-—Mp(Zp) — &p- (2)

M=0
From above, we have U,(Y, = 0) = 0. Thus, conditional on the realization of Z,, player p
generates subjective expectations ﬂ%(Zp) =FE, [Y]_‘{D}Zp] for M =0,...,P—1, and he uses them

to construct the expected utility in (2). We will maintain expected utility mazximization, which

yields optimal decision rules of the form

Y, = H{X’ﬁer Z AMTM(Z,) — & 20}. (3)

This rule assumes that player p will choose Y, = 1 when he is indifferent. Such ties will occur
with probability zero given the continuously distributed nature of ¢,. Imperfect observation of
opponents’ payoffs hinders the ability of mixing in a way that makes opponents exactly indifferent

between their two actions. Consequently, we focus on pure strategy strategies of the form (3).

Assumption I1 (continued).- It is common knowledge that players maximize their expected
utility and follow an optimal decision rule of the form (3). However, we do not impose the
assumption that the process of belief construction is common knowledge. In other words, the
mapping Z, — ZP L AM Mp(Zp) is not assumed to be known to player ¢ # p. In particular, we

do not impose the assumption that beliefs are “correct” in a Bayesian-Nash equilibrium sense.

Altogether, we assume a scenario where ¢, is only privately observed; the identities of the elements
in X, and Z,, are common knowledge, but their exact realizations may be only privately observed,;

is common knowledge; expected utility maximization

the true joint distribution of (X, Z,, 5[,);)_1

as in (3) is also common knowledge, but the process used to generate beliefs 77 (-) may not be
common knowledge. This departs from the restrictions of a Bayesian-Nash equilibrium, where

rationality is common knowledge. We discuss this case in the following Subsection.



2.2.1 Bayesian-Nash equilibrium (BNE) beliefs

In this paper we depart from the notion of common knowledge of rationality and consequently,
from the assumption that beliefs are “correct” in a Nayesian-Nash equilibrium (BNE) sense. By
“correct” we refer to beliefs that match players’ actual conditional choice probabilities. However,
it is convenient to characterize the features of BNE beliefs. Let us begin by denoting player p’s

beliefs in vector form as
!
7_p(Z,) = (wo_p(zp), .. ,wl’;l(zp)) .

As before, we let al p denote a particular action profile by player p’s opponents. Let

]I{j] = ]l{Player q is supposed to play Y, = 1 in profile al p},
. _AZ = {aj b Z ]IJ}Z =M } (collection of all action profiles where M opponents choose Y, = 1).
a#p
(4)
Next, let
Y;](aj—pﬂ Tr—Q)
P—1 P-1
i M_M i M_M
=T x 1{X;ﬂq+ ST AMM(Z) —eq > o} +(1-T) x 1{)(;@, + 3 AN (Z)) — g < o}.
M=0 M=0

Yq(aj_ p,ﬂ'_q) is the indicator function for the event “it is optimal for player ¢ to play the action

prescribed in profile at » - Now let

IBj_p({ﬂ'_q}q?gp) = ]l{l/(](aj_p,ﬂ_q) =1 forall q+# p.} = H Yq(aj_p,w_q)
q#p

denote the indicator function for the event “it is optimal for player p’s opponents to play the action

profile at » - Next, denote

Y,Mp ({m—qtqzp) = I{IBj_p ({m—q}qzp) =1 for some aj_p € dﬂg} = Z IBj_p ({m—q}qp)-
jed?]

Yi\/‘;({w_q}q#p) is the indicator function for the event “it is optimal for exactly M of player p’s
opponents to choose Y, = 1”7. A vector of BNE beliefs for this game is any collection of conditional

choice probabilities {W,p(-)}z)):l that solve, for every realization of Z1,..., Zp, the BNE system

Wp(zp):E[Yﬁ@({n_q}q#)‘zp], for p=1,...,P, and M=0,...,P—1. (5)



The foundation of the BNE system (5) is the requirement that equilibrium beliefs be self-consistent.
Without ex-ante restrictions on the structure of the vector of strategic interaction parameters
{Aéw }f[:lo, even for moderately large P, the BNE system becomes an increasingly complex problem
to solve for each individual player. This is true even in the case where all players condition on the

same vector of signals (Z, = Z, = Z V p, q).

3 Iterated dominance and the space of Ly—rational beliefs

3.1 Dominance and higher-order beliefs

We have stated previously that we wish to relax the assumption that players have perfect models
about others and that rationality is common knowledge. We make the usual distinction between
first-order beliefs as those that refer to other players’ choices, and higher-order beliefs as those that
refer to other players’ beliefs. The first question we need to address has to do with the implications
of higher order beliefs on players’ behavior. The channel of this influence is through the effect of
higher-order beliefs on their first-order counterparts. The type of behavior we analyze here is based
on the premise that, even if players fail to have perfect models about others, it should be the case
that first-degree beliefs satisfy the dominance features implied by their higher-order counterparts.
We can illustrate this process using an iterative construction. We refer to player p’s j**—order

th_order beliefs. As we stated above,

beliefs as player p’s assessment of his opponents’ (j — 1)
first-order beliefs refer to opponents’ actions. Suppose player p is uncertain about the way player
q # p constructs his first-order beliefs 7_,(Z;) (see Equation 4), but he assumes that, w.p.1, for

any realization of Zq,1

T_q(Zq) € ﬁ(_p;(Zq, 0) where ﬁ(_p;(Zq, 9) C A7 and A” = probability simplex in R”.

In words, player p views ﬁ(_pg(Zq,Q) as the range of all possible values for player ¢’s first-order
beliefs for each given Z,. For example, if we assumed BNE beliefs, the set ﬁ(_pé(Zq, 0) would be

the collection of all solutions to the BNE system (5) for each given Z,. The features of ﬁ(f;(', 0)

!Note that this set is allowed to depend on Z, and # because player p knows that player ¢: (i) conditions his

beliefs on Z;, and (ii) knows the true value of 6.



summarize player p’s second-order beliefs about player q. Let

Hq(Zma | ﬁ(_pc)[) = min {Z AM M} T );\D/[_IO eI )(Zq,H)

(”M)M 0

P-1
1200 | T10) = mox {30 alieths (24072, €602,

P-1
(”M)Mzo M=0

According to player p’s second-order beliefs, Hq(-,&\ﬁ(f;) and ﬁq(-,ﬁlﬁ(,pg) represent the most
pessimistic and the most optimistic assessments that player ¢ can make for ZP ! AM Mq( ).

If ﬁ(_pg(-, 0) is a connected subset of A¥ (e.g, the entire simplex A" itself), then any intermediate
point between these bounds is a rationalizable in ﬁ(_pg. For the moment, rationalizability of the
entire interval is not essential —although this feature will hold in our formulation below—, for

the current discussion only the bounds are important. For a given action profile at o let ]H; be as

defined in (4), and let

(—p7 ") =

0 1{ X8, + 7, (20,0 | 1) =2y = 0} + (1 - 1) - 1{ X8, + 1 (2,6 | 1)) — 2, < 0},
(le, ) =

1 1 X0, + 1, (Z0,0 | ) = eg = 0} + (1= 1) - 1{ X;8, + 7, (Z,,0 | %)) — 2, < 0}.

Y, (a{ o H(f);) is the indicator function for the event “according to player p’s second-order beliefs,
the action that player ¢ is supposed to play in profile al p s not dominated by his other available
action”. Y, (aJj 1 ﬁ(p 3) is the indicator for the event “according to player p’s second-order beliefs,
the action that player ¢ is supposed to play in profile al » dominates his other available action”.

In this context, an action by player ¢ is dominated —from the perspective of player p— if there do

T )

not exist beliefs in ITI'”) that would rationalize it as a best response. Conversely, an action is not
dominated if we can find such beliefs. Let us abbreviate player p’s second-order beliefs for all his

opponents by I1(P) = (ﬁ(_p)

q)q#p. Define

B, (W) = 1{v, (el ,,i%) =1V g £p}, BL,[V) =1{V,(al,,i%) =1V g #p}.
Letting A_, denote the profile of actions chosen by player p’s opponents, it follows that player p
believes

B (7)< 1{4_, =dl )} <B (") wp.1. (6)

Equation (6) summarizes the dominance features implied by player p’s second-order beliefs II. Now,

according to our parameterization of payoffs, player p’s expected utility depends on his expectation
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Z\?:lo’ the indicator functions for the event “exactly M opponents chose Y; = 1”7. These

M
of (Y—p)
subjective expectations constitute player p’s first-order beliefs, and they must satisfy the dominance

restrictions in (6). Let &/ be as defined in (4) and let
X]_V‘;(ﬁ(p)) = H{B{p(ﬁ(/p)) = 1 for some aj,p € ;z%_]\l{},
Yi\/g(ﬁ(p)) = H{Ej,p(ﬁ(p)) = 1 for some aj_p € .Qf%}
It follows from (6) that , with probability one, player p believes
YM([W) < M <Y (T@).
Recall that player p conditions his beliefs on Z,. Let
FY (2, 0[17) = B[YY,(T17)| 2] and F_,(Z,,6|1%) = B[V_,(17)|Z,].

These expectations are taken with respect to the true distribution of the covariates involved.
Assumption (I1) asserts that this distribution is known to all players. The space of first-order

beliefs for player p that satisfy the dominance restrictions in (6) is given by

P-1

Hp(Zp,Hlﬁ(p)) = {(77%);;10 : E¥p(zp,9\ﬁ<f")) < W% < ﬁ_Mp(Zp,e\ﬁ(P)) and Z Trf/[p =1
M=0

(7)

With probability one, player p’s first-order beliefs must satisfy n_,(Z,) € Hp(Zp,H‘fI(p)). We

can continue this construction iteratively by using player p’s third-order beliefs, which would refer

to his opponents’ second order beliefs (ﬁ(‘”) Using his third-order beliefs and (7), player p

q#p’
refine his second-order beliefs by eliminating the subset of II®) that do not satisfy (7)2. Repeating
the previous steps this would, in turn, lead player p to revise his first-order beliefs which would
refine the set (7). Using higher-order beliefs we could repeat this process iteratively. Each round of
this process of iterated thinking refines the set of lower-order beliefs using the dominance features
described above. The following subsection describes this procedure starting with second-order

beliefs that include the entire probability simplex. We will refer to the set of first-order beliefs (7)

that results from the k" step in this procedure as the set of Lj—rational beliefs.

2Recall that we defined player p’s second-order beliefs ® as player p’s assessment of the entire range of possible
values for player ¢’s first-order beliefs. Thus, player p would not consider first-order beliefs for his opponents that

are not in 11,
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3.2 Li—rational beliefs

For each player p =1,...,P, let II,(Zp, 0| L) be as defined in Equation (11), below. Let

P-1
i (Zp, 0| Ly) = max {Z A, 7rMp} such that (7 ,p)M —o € 1L,(Zy,0|Ly,)
M
P (8)
Hp(Zp,9|Lk) = min { Aé\/lﬂf/g} such that (7‘(‘%)3\)/[_:10 e I1,(Zp,0|Ly).
M=0

(ﬂ@)ﬁ;lo
Take any action profile a’_ » € 9 and let ]Hj] be as defined in (4). Let
( o Li) = ]IJ] x I{ X} B, + 11,(Zq, 0| L) —eqg > 0} 4 (1 — ]Iﬂ) x 1{X] 3, + K, (Z4,0|Lg) —eq < 0},
(@ —p’Lk‘) = ]I”P; X Il{Xqﬁq “‘Hq(zq»a‘Lk) —eg >0} + (1~ ]I‘P;) X Il{Xqﬁq + 1g(Zg, 0|Li) — €4 < 0},

(Lk) = ]1{ 4 {p,Lk) =1 forall g ;ép} and E‘ﬂ_p(Lk) = ﬂ{?Q(a{p,Lk) =1 forall ¢ # p}.
(9)

i 5 ~<\

For each M =0,...,P—1, let 42%% be as in (4) and define
X%(Lk) = ]I{IBJ (Ly) = 1 for some a’ , € %M} Y (Lk) = II{IBJ] (Lg) = 1 for some ad » € JZ{M}

M M =M
Y (Z,,0|L4) = E[YM (Ly)|Z,],  and  FY(Z,,0|L4) = E[Y"(L1)| Z).
(10)
These expectations are taken with respect to the true distribution of the covariates involved. From

Assumption (I1), this distribution is known to all players. The set I1,(Z,, 8|Ly) is given by

For k =1:
P-1

I1,(Zp,0|Ly) = {(7[']\4[))3\)/[_:10 o 0< 7'['%) <1 and Z 71’% = 1} (the probability simplex in R”).
M=0

For k > 2:

Zp, 0|Ly) = {(ﬂﬁ,)@;lo : FM (2, 0| Li) < 7 < T (Zp,0|Ls-1) and PZ M = 1}
(11)

Thus, IL,(+,0|L1) is the entire probability simplex, the space of all possible, well-defined beliefs. We
will show below that IL,(-,0|Ly) is nonempty w.p.1 for any k& > 2. First, we define the concept of

Ly—rational beliefs and Lj—rationality.

Definition 1 (Lg—rationality) For each Z,,, we will refer to IL,(Z,, 0| L) as the set of Ly—rational
(first-order) beliefs for player p. We will say that player p is Ly—rational if

le)ﬁp + Hp(zpv O|Lk) — €p < Up(Yp =1)< le;ﬁp +ﬁp(Zp»9|Lk) —&p w.p.l,
11



where, as before, U,(Y, = 1) is player p’s expected utility of choosing Y}, = 1.

The following remark summarizes the relationship between Lj—rationality and the iterated

dominance construction discussed above in Subsection 3.1.

Remark 1 (Li—rationality and iterated dominance) Any player who maximizes his expected

utility using well-defined beliefs is L;—rational. It also follows that
1,(Zp, 0| L1) = min{A) : M =0,...,P}, 7,(Zp,0|L1) = max{A}) : M =0,...,P}.

For k > 2, player p is Li—rational if his beliefs are consistent with assuming that all his opponents
are Lj_q1—rational. A consequence of this is that, if player p is Lp—rational for £ > 2, he is also
Ly/—rational for all 1 < k¥’ < k— 1. The assertion that player p is Li—rational is a statement
not only about his first-order beliefs, but also about his higher order beliefs up to order k. It is
important to note that II,(-,0|Ly) is the entire set of first-order beliefs that survive & — 1 steps
of iterated dominance. This follows because IL,(-,#|L1) includes all possible beliefs and therefore
II,(-,0|L2) is the entire set of first-order beliefs that survive one round of dominance, and the
assertion follows by induction for & > 3. Also, since II,(-,0|Ly) is the intersection between the
probability simplex and a hypercube, it is convex and therefore connected for all k& > 1 (we will
show that it is nonempty below). This implies that all beliefs in II,(-,6|Ly) are rationalizable

following k — 1 steps of iterated dominance.

Proposition 1 For any player p and all k > 1, the set of Ly—rational beliefs, 11,(Z,,0|Ly), is
nonempty for all Z, € S(Zp) (the support of Z,), and any 6.

Proof: We will proceed by induction by showing that “if II,(Z,, 8| L) is nonempty for all players
p=1,...,P, then II,(Z,,0|Lj41) is also nonempty”. The result in the proposition will follow from
here because, by construction, II,(Z,, 8| L) is nonempty for k = 1 for all p and all #. We focus on
values Z, € S(Zp) to ensure that the conditional expectations involved are well-defined. Suppose
11,(Z,,0|Ly) is nonempty for every player p. Then Hp<ZP7 0|Ly) and fi,,(Zp, 0| Ly,) are well-defined
and, by construction, satisfy Hp(Zp’ 0|Lx) < 1i,(Zp,0|Ly). Next, note that if B]lp(Lk) =1 for some

action profile al p» We must have Bﬂ,p(Lk) = 1 for every other profile aﬁ,p % a' . This follows

p

because, if aﬁ_p #* aj_p, there must exist a player g # p for whom Xq(aﬂ_p, L) = 0. This would be

any player who is supposed to play different actions in profiles o' and aﬁ_p. Since both profiles are

P
different, there must exist at least one such player. It follows that X%(Lk) =1= X%(Lk) =0

12



for all M’ # M. Therefore, H{X%(Lk) =1 for some M =0,.. — 1} ZP L XM( k). Using

this, we get

Pr(YMp(L ) =1 for some M =0,. -1 ‘Zp)

Zp,G‘Lk) < Pr(]B »(Lk) = 1 for some al » €D p ’Z )

EMﬁ

<Pr <X(,15q +Hq(an0‘Lk) —eq>0 or X8, +,(Z4,0|Ly) —eg <0 for some g # p ‘Zp)
=1- Pr(*ﬁq(Zq’mLk) < XgBq — €q < —p1,(Zg, 0|Ly,) for all g # p ‘Zp> <1.

This yields > r L EM (Zp,0|Li) < 1. Next, we will show that S 1OIE‘ »(Zp,0|Li) > 1. Note
first that

Pr(Xp8, + T2y, 01Lk) = 24 = 0 o1 XpBy + p (Zg, 01 Li) — 24 < 0 ‘Zp) =1 Vq#p.

This follows because it is impossible to have X 3,+7,(Z, 0|L)—e4 < 0 and Xrlzﬁéﬁ'ﬁq(zqv 0| Ly)—
gg > 0 (this would imply that both of player ¢’s available actions are dominated, which is
impossible). Thus, we have Pr (IB »(Li) = 1 for some a’ » € Dy ’Z ) = 1. Since ]\LJIQQ%_AZ =

it follows that Pr(Yﬁ/[p(Lk) = 1 for some M =0,...,P—1 ‘Zp) = 1. A Bonferroni inequality

yields P ! IE‘M (Zp, 9|Lk) > 1. Combining the previous results, we have

P-1
0<1-— ZE_ 00| Lk) < ZIF_p 0| Li).

In fact, these inequalities are strict unless AM AM for all M, M’" and all ¢ # p (in this case,
none of player p’s opponents are affected by the actions of others). It follows that we can find a
collection (7‘(‘%)3\)/[;10 that adds up to one and satisfies FM (Zp, H‘Lk) < 7TM < IF (Zp, H‘Lk) for
each M. This means that 11,(Z,, 0| Liy1) is nonempty. Thus, if I1,(Z),, 6| Lj) is nonempty for all
p=1,...,P, then II,(Z,,0|Lj41) is also nonempty. The claim in the proposition follows because

by construction II,(Z,, 8| L) is nonempty for k =1 for all p=1,...,P and all 6. O

The set of Li—rational beliefs must contain all solutions to the BNE system (5) for all k. In other
words, equilibrium behavior is a special case of Li—rationality. This follows by the self-consistent

nature of BNE beliefs.

Proposition 2 (Lg—rationality and BNE beliefs) Suppose (m* (Zp))z; is a collection of

—-p 1

beliefs that satisfy the Bayesian-Nash equilibrium conditions (5) described in Subsection 2.2.1 (i.e,
a collection of BNE beliefs). Then, for each player p, we have 7* (Z,) € I1,(Zy, 0|Ly) for every k.
13



Proof: Throughout the proof we will use the notation introduced Subsection 2.2.1. We will
proceed inductively, by showing that “if (ﬁip(Zp))le are BNE beliefs, then 7* (7)) € I1,(Z, 0| L)
implies 7*,(Z,) € I,(Zp,0|Lyy1) for all p”. The result in the proposition will follow because
,(Zp, 0| L1) contains all possible beliefs. Suppose 7* () € TIy(-,0|Lg) for all ¢ = 1,...,P, but
72 (Zp) & Up(Zp, 0| Lyy1) for some p and some Z, € S(Zp). This means that

P-1 P-1
S AN (Z) < (ZpblLin) or 3 AMT(Z) > iy (20l Lisa).
M=0 M=0

By definition this, in turn, implies (using the notation from Subsection 2.2.1),

Tg() €T g0V a £ p = w3 (Z) # B[V ({7-gbesp) | 2] for all M.
(In fact, we only need this to hold for some M). Now, we have 7* (-) € I,(-,0|Ly) YV q #
p by assumption. Thus, 7*,(Z,) & I,(Zp,0|Lky1) implies 73 (Z,) # E[YM ({7* Yozp) | Zp].
Therefore, (wip(Zp)):zl do not satisfy the BNE system (5) which contradicts the assumption
that they constitute BNE beliefs. Therefore, if (Wip(Zp))le are BNE beliefs, then 7*,(Z),) €
y,(Zp, 0| Ly) implies 7* (Z,) € p(Zp,0|Lyy1) for all p. The result in the proposition follows
because, for all players p =1,...,P, the set II,(Z,,0|L1) contains all possible beliefs including, in

particular, any solution to the BNE system (5). O

Given the result in Proposition 2, an alternative proof of the claim that I1,(Z,, 8| L) is nonempty
for all k& would be to show that there exists at least one solution to the BNE system (5). Given

the assumed continuous joint distribution of (5p)P existence follows from Brouwer’s fixed point

p=1’
theorem. Uniqueness of a solution is irrelevant to us, the result in Proposition 2 holds for all

possible solutions to the BNE system.

Proposition 3 (Monotonicity of Lr—rational bounds) For every player p, with probability

one, we have
1, (Zp, 0| Li1) > o (Zp.0|Li) and T, (Zp, 0| Lis1) < 7ip(Zp, 0| Li) V k> 1. (12)

Suppose that, for every player p and every opponent ¢ # p,

0 < Pr[X;f,+max(A))—, > ojzp} <1 0<Pr[X;8,4min(A)) 2, < 0|2, <1 V7, €8(Z,).

Then, for any player p who satisfies m]\/i[n(Ag/[ ) #+ max (A;‘f ), and who has a rival who also satisfies

mA/i[n(AéV[ ) # max (A(]]V[ ), the inequalities in (12) are strict with positive probability one.

14



Proof: We begin with the trivial cases. Suppose mj\}n(A]]D\/l) = mﬁx(Aé\/l) = A,. Then

Zg\)/[_:lo Ag/lﬂ%(Zp) = A, for all well-defined beliefs, so Hp(Zp’elLk) = ﬁp(Zp,H‘Lk) = A, for

all k and all Z, € S(Z,). Next, suppose mA/i[n(Ay) = mﬁx(AfI\/[) = A, for all ¢ # p. Let

Vy(ah,) =T < 1{ X8, + Ay — ey > 0} + (1) x 1{ X8, + &, — 2, < 0},
B, =[[va(e’,), Y= > B, and FY(Z,.0)=E[YY|Z,).
a#p jesM
Then, for all £ > 2,

_— P-1
L, (Z,, 0|Li) = {F{@(zp,e)}M:O, and 1 (Zp,0|Lk) = 11,2y, 0|Li) = > AMFY,(2,0).
M=0

Thus, the result in the proposition follows with equality for all & > 2. For k = 1, note that
S0 AN, (Z,,0) = R,(Zy,0|L2) < max(A})) = 1,(Z,,0|L1) and Y5 ANEY,(Z,,0) =
Ep(Zp,O‘Lg) > m]\/i[n(Ay) = Hp(ZP79|L1)' The only remaining case is when we have both
min (A1) # max(AJ) and min(AF) # max(AJ') for some g # p. We proceed by induction,
take the aforementioned player ¢ and suppose 1, (Zg, 0| Lit1) > i, (Zq,0|Ly,) and Fig(Zg, 0| Ly41) <
Tiy(Z4,0| L) w.p.1. It follows from Equations (9) and (10) that FY (Z,,0|Lis1) > FY (Z,,60|Ly)
and T (Zy, 0| Ly1) < Foy(Zp, 0|Ly) for each M = 0,...,P — 1, wp.1. It follows immediately
that I1,(Zp, 0|Li+2) C I,(Zp,0|Lys1) w.p.l., and therefore by their definition in Equation (8),
this implies p1 (Zp, 0|Li+2) > 11, (Zp,0|Lis1) and Ty (Zp, 0| Lis2) < Fip(Zp, 0] Li41) w.p.1. Thus,
we have established that “u (Zp,0|Li1) > p (Zp,0|Li) and Ti,(Zp,0|Ls1) < Fip(Zp, 0| Li)
w.p.1 implies HP(ZP,Q\LHQ) > Hp(zp,e\LkH) and T, (Zp, 0| Li+2) < 1, (Zp,0|Lis1) wp.l” If

the condition below Equation (12) holds, then if the first set of inequalities are strict w.p.1, the

second set of inequalities also hold as strict inequalities w.p.1. To conclude the proof, note that
the condition below (12) implies, in fact, that Hp(ZmH’L?) > Hp(Zpﬁ!Ll) and ﬁp(Zp,9|L2) <
ﬁp(Zp,Q‘Ll) (strict inequalities) w.p.1. O

Remark 2 (Li—rationality allows players to have higher order beliefs that differ across
opponents) The model allows for player p to believe that the number of steps of iterated thinking
differs across his opponents. The relevant value is the one that corresponds to the opponent ¢
that player p believes performs the least number of steps of deletion. For example, suppose player
p has three opponents and he believes that they perform 1, 4 and 8 steps of iterated thinking

respectively. Then, according to our construction, player p is effectively Lo—rational: His beliefs

15



are consistent with assuming that his opponents perform at least one round of deletion of dominated
strategies. More generally, player p’s higher order beliefs consist of probability distributions over
the number of rounds of deletion of dominated strategies that his opponents compute, and player p
could have different beliefs across his opponents. His behavior will be consistent with our definition
of Li—rationality for a given k if he believes that, with probability one, none of his opponents

performs less than k£ — 1 steps of deletion.

3.3 A compact expression for Hp(Zp,0|Lk) and [,(Zp,0|Ly)

Take any given 6 and for any player p let

p* = Number of coefficients in (AY )5\)4;10 that are not zero.

P

We will rank the nonzero Ag/[ ’s according to their absolute value. Let J be any index set of the

form
J = {(1), (2),..., (p*)} with the property that ‘A](,j)‘ > ‘A](Dj“'l)‘ Vi<j<p'—1. (13)

Without ties the index set J is unique, otherwise take any such index set. Using this set along with
the Ly—bounds we will characterize fi,,(Z, 0| Ly). The features of Hp(va 0| L) will be analogous
after switching the signs of the AI]JW ’s. The problem of computing ﬁp(Zp,¢9|Lk) is a simple linear
programming problem consisting of assigning the weights (7r »(Zp; G\Lk)) opt1mally, according
o (10). Tt is easy to see that these weights should be assigned sequentially according to the
index set J. Thus, we begin by assigning 7 )(Zp,G\Lk) followed by 7 )(Zp,0|Lk) and so forth
until 7% )(Zp,6|Lk.) To be precise, we would proceed sequentially by setting 7 o(Zp, 0| Lg) =
FY) (2, 01L41) it AY > 0, and 7Y)(Z,,6|Ly,) = EY)(Z,, 6] Ly _1) if AY) < 0. As we proceed, we

must verify that the constraints in (10) are satisfied. Let

Lt P-1
B2, (Zp, 0| Li) = D7 EY (2, 0| L) 1{AY = ) PV (20| L) = Y Fy (20 L) 1{A)" = 0}
M=0 M=0
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The following objects indicate when the constraints in (10) become binding if we set W(_jz))(Zp, 0| Ly)

optimally in the sequential procedure we just described. Let

M(Zp,0) =Max{1 < M < p*} such that:

M .
> [1{ay) > 0}FY) (2,0
1

Lia) + 1{AD < 0}FY) (7,0

Lk—1)}

<.
I

p* )
<1l- Z E(31)0<ZP’0}L/§—1) _Elp(zp»a’Lk—l)’
j=M+1

Dy(Zy,0) = Max{1 < M < p*} such that:

M=

[1{AD > 0YFY) (2,0 Ly 1) + 1{AY < 0}EY)(Z,,0] L)
=1

<
Il

*

p 1 p—
=1- Z F(jz)o(zpve}[fk—l) - ]P(ip(Zp,H Li_1),
Jj=M+1
and let  My(Z,,0) = Min{ﬂk(Zp,Q) , P — 1}, and  Dy(Z,,0) = Min{ﬁk(ije) P — 1}_

(14)
For notational simplicity we will denote M, (Z,,0) = M, and M(Z,,0) = Dy, with the
understanding that both objects depend on Z,, and 6. Ranking the action profiles M = 0,...,P—1,
the object M), + 1 would be the action profile for which the Ly—bounds become binding because
we would leave too little probability mass (according to the Lp—bounds) to distribute among the
subsequent action profiles. Ez + 1 would be the action profile for which the Liy—bounds become
binding because we would leave too much probability mass to distribute among the subsequent
action profiles. We will let

U, =Min{D;, , M}

UZ +1 indicates the strategy profile at which the probability-simplex restriction becomes binding in
Ly). Foreachj=1,...,U;, we set ﬂ(_j[))(Zp,H\Lk) = ﬁ(_j}),(Zp, 0| Li—1)

the construction of 1, (Zp, 0

if Ag,j) > 0, and ﬂg;(Zp,HlLk) = IF(j])D(Zp, 0|Ly—1) if Aéj) < 0. For j > U, +1 we have the following
corner solution:

(A): If M, < Dy,

B i | | | |
w702, 61L4) = {1 =3 [1AY > 04FY) (2,.6]Li0) + 1{AY < 0}E)(Z,.0]L4 )]
j=1

*

p .
> E (2 0|Lim) ~ B, (2.0
j=Up+2

L) }; 792, 01L4) = FY) (2, 0| Ly—1) ¥ § > Uy + 2.
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(B): If M}, > Dy,

. Uk ‘ L ‘ ,
7T (7, 01Ly) = {1 = [H{AD > 0}FY) (2,0 L1) + AP < 0}EY)(,,0]L41) |
j=1

*

Z F(—j;(zp’ 0|Lk*1) - ?(ip (va 0
j=Ur+2

Lkl)}§ W(_jl);(ZpamLk):F(—j])ﬂ( P

) ViU +2.

Note that3 MZ = EZ only if they are both equal to P — 1. An immediate consequence is that
M, = Dj, only if p* > P —1). We have

p*
ZP79|L/€ = ZA Zpa0|Lk)
7j=1

where each 7V »(Zp,0|Lg) is as described above. This will yield a compact expression for
ip(Zp, 0 L) in terms of the bounds (FY)(Z,,0/Lx—1) , F)(Zp, 0| Li—1))"_ . P,(Zp, 0] Li—1), and
?gp(Zp,HlLk,l). Denote

gy, (A, Dy, My) =
1M}, < DAY > 0}1{j < M3} + {0, > D} [1{AF) > 0} + 1{AF) < 0}1{j > D + 1},
my, (A, Dy, My) =
1M > Di}1{AY) < 0}1{j < Dy} + 1M}, < D} [1{AY < 0} + 1{AJ) > 0}1{j > M} + 1} .

Then

T, (Zy, 0| Li) = AU (1 ~ [1{};, < DLYPY,(Zp, 01 Lk1) + 1M > D} P2 (2, 01Ty 1)})

*

P ——x N sk —(] ) Sk ek 1
+ 3 (A — A . (ngj (A, Dy, I3 FY) (2, 0| Lis) + 1, (A]E,J),Dk,Mk)IF(_j;(Zp,0|Lk_1)).

= (15)

30therwise there would exist a nonempty subset of actions M for which > EJYP(Z,,,Q‘Lk) >
MeM

> IF‘_p(Zp7 9|Lk)7 which is impossible even without strategic interaction across the players.
MeM
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To derive the equivalent expression for Hp(va 0 Lk) we proceed as above after switching the signs

of the AIJ)W’S. Let

M;(Zy,0) =Max{1 < M <p*} such that:
M 4 '
> [1{AY) < 0}FY) (2,0

Jj=1

L) + 1{AY) > 0}E9) (2,6

qu)}

*

p .
<1- Y TY(2,,0|Li1) — P, (2.0
j=M+1

Lk—1)7

Dy (Zy,0) = Max{1 < M < p*} such that:

> [H{AY) < 0)FY (2,0 Lx-1) + 1{AY) > 0}FY) (2, 0] L)
j=1
) 0
>1— Y F(Zp,0|Lk-r) = P_,(Zp, 0] Li—1),
j=M+1
and let M3 (Z,,0) = Min{Mk(Zp, 6),P— 1}, and  Dj(Z,.0) = Min{Qk(Zp, 6),P - 1}.

(16)
and define Uj, = Min{Dj, , M} }. Letting
ns, (AY), Di, M3) =
1{M; < DiI{AY) < 0}1{j < Mi} + (M > Di} [1{AF) < 0} + 1{AJ) > 0}1{j > D +1}]
i (AY), Dy, M3) =
1M > DR} I{AY) > 0}1{j < D} + 1{M; < Di}[1{AY > 0} + 1{AY) < 0}1{j > Mj + 1} ],

we can express

i, (Zp, 0]Li) = A (1 - [0{213 < DB, (2. 01L40) + 1{ALE > DLYP, (%, erL“ﬂ)
(A0 AT » F0) » ~

3 (8- I (o, (49 D AT 01) o (8. D2 B 21010 )
j=1

(17)
Below, we will use the expressions in (15) and (17) to estimate the Lg—rational bounds. Both
Hp(va 0|Lx) and fi,,(Zp, 0| Lx) are the solution to a simple, continuous linear programming problem.

The next remark enumerates some of smoothness properties that result from this fact.

Remark 3 (Smoothness features of Ep(Zp,GlLk) and fi,(Zp,0|Lx)) As before, let ¢, =
(eq)q 2, Fix a realization Z, € S(Z,) and let G_,(-|Z,) denote the joint conditional distribution
19



of e_p|Zy,. If G_p(-|Zy) is a continuous, then Hp(pr’Lk) and [i,(Zp, |Ly) are continuous.
Suppose G_,(+|Zp) is continuously differentiable. Then Hp(ZP’ /|Ly) and fi,,(Zy, | Ly) are Lipschitz-
continuous. Furthermore, they inherit all the differentiable properties of G_,(-|Z,) for all values of
6, except perhaps those where either of the inequalities in (14) holds with exact equality (for
Ti,(Zp,-|Ly)) and those where either of the inequalities in (16) holds with exact equality (for
Hp(va'|Lk))' However, as stated above, both Ep(ZP"u’k) and 7i,(Zp, |Ly) are still Lipschitz-

continuous for such values.

4 “Dominance types” and Dg-—rationality

Borrowing from the behavioral game-theory literature, we will refer to a dominance type of player
as one who best-responds to some beliefs that survive a finite number of steps of iterated deletion
of dominated strategies. According to our definitions, a dominance type who performs k& — 1 steps
of iterated thinking is an Lj;—rational player. Going back to our derivation, the set of Lj—rational
beliefs I1,,(Z,, 8| L) is convex (it is the intersection between a probability simplex and a hypercube).
Thus, all rationalizable beliefs for 23\34_:10 AM7M (Z,) that are compatible with at least k—1 rounds
of iterated deletion of dominated strategies can always be expressed as a convex combination of

the lower and upper bounds Hp(va 0|Lx) and 7, (Zp, 0|L). It follows that the best-response rule

of any Lj—rational player can be expressed as?

Y, = 1{){;@, + &t (Zp, 01L1) + (1= &7 (Zp, 0 L) — £ > o}, where &, € [0,1].

This is the type of optimal decision rule that we will assume for what we will refer to as “dominance
types”. We will focus on a particular type of behavior where k£ is unknown, but assumed to be
bounded above by some pre-specified £*. The weights &, are unobserved, but will be assumed to
be deterministic conditional on what we will call a “rationality control function”, observable. The

result will be a generalization of dominance behavior, which we will refer to as Dy« —rationality.

4.1 Dys-rationality

In their paper, Costa-Gomes and Crawford (2006) study dominance type of behavior, and define a

Dy —rational player as one who performs performs & steps of iterated thinking and best-respond to

4See Remark 2.
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a uniform distribution over the surviving beliefs. Using their definition, a Dy—player would follow

the decision rule
1
o= 130+ 3 1, (2, 0100) + 7y (Z,0120)] — 2, > 0},

Here, we will define a Dy« —rational decision rule as

k*
Y, — n{X;ﬂp n Z[g; 11 (20| L) + e .ﬁp(Zp,0|Lk)} —&p = 0},
k=1 - (18)
where é’; € [0,1] and Z’; € [0,1] for each k, and Z(g; +EI;) =1.
k=1

Thus, a Dp+—rational player performs anything in between zero and k* steps of iterated thinking,
and best responds to some convex-combination of the rationalizable bounds. More generally, going
back to Remark 2, a Dg+—rational player may have higher order beliefs that differ across his
opponents in the number of rounds of deletion of dominated strategies that each one of them
computes. The implicit restriction in Equation (18) is that he believes that, with probability one,
at least one of his opponents performs no more than k£* — 1 rounds of deletion. It also follows from

Proposition 2 that BNE beliefs are a special case of Dy« —rationality.

Assumption D1 (Rationality control function).- For each player p, there exists a random
variable 7, which we will call a rationality control function such that: (i) Each one of the weights
§]; and Z’; in (18) is deterministic conditional on ry,. (ii) X, L ¢, !rp (X, is independent of ¢,

conditional on 7). (iii) 7, is observable to the econometrician.

A special case of Assumption (D1) is when the weights §’; and E]; are unknown constants. From

Assumption (D1), it follows that for a Dy« —rational player,

E[YI)‘TP»XIM Zp} =FE {Yp

.
i X35 (1, (2 018) T Z0l0))_ | (19)

Our identification strategy will be based on the exclusion restriction described in (19) plus a set of

additional assumptions to be described below.

5 Identification of 0 based on Dj«—rationality

We present a set of conditions about the parameter space and the covariates involved under which
identification is possible based only on the characterization of Dy« —rationality under the conditions
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described above. As it is the case in the usual equilibrium models, strategic interaction is a powerful

identification mechanism. From here on, we will let
© = Parameter space, assumed to be compact, and 6y =True value of 6.

We will make the following assumption.

Assumption D2

1.— Z, is observed by the econometrician. As before, we let e_, = (5‘1)(1 b Then, for every player

#

p we have ¢, L €_, ‘Zp (conditional on Z,, €, contains no information about e_,). As before,

denote X =UX,, Z=UZ, and ¢ = (5p)P_ . The distribution of e’X , Z is assumed known by
P P p=1

the econometrician, and the scale of each ¢, is normalized to one.

2.— For each player ¢ = 1,...,P, the vector X, has full column rank with positive probability,

and there exists a publicly observed regressor X,, € X, with ﬁ% = 0, continuously distributed

conditional on all other covariates in the model. Because it is publicly observed, it satisfies X, € Z,

for all ¢ and p. All the signals used by any player p are informative, in the sense that:
hZ,c 2z, Hp(Zp,ade) = 1, (Zp, 00| Ly,) and Tip(Zp, 00|L1,) = i, (Zp, 0| Ly;) w.p.1 for some k > 2.
In addition, the dimensionality of Z, satisfies dim(Z,) > 2k* — 1 for every player p.

3.— For each player p, either the intercept in (3, is normalized to zero, or AI;M =0 for some M. In
.- —k

addition, for each player p we have é’;l (rp) >0 or &, (rp) > 0 w.p.1 for some k > 2. In words,

this means that each player’s behavior is compatible with assuming that, with strictly positive

probability for all realizations of r,, and rp,, their opponents perform at least one round of deletion

of dominated strategies. There exist (at least) two players, p; and ps for whom

mA}n(A%) + mj\?x(AM

p1) and mA}n(A%)#mﬁx(A%).

4.— All playersp = 1, ..., P are Dy« —rational as described in Subsection 4.1 and the upper bound k*
is assumed known to the econometrician. Lastly, neither X}’,/Bo nor Z, are deterministic conditional

on 7p.

Part 1 of Assumption (D2) makes it possible to semiparametrically identify the bounds Hp(va 0|Ly)

and fi,,(Zp, 0| Ly,) for any given 6 and k. Part 2 provides sufficient conditions to ensure that, for any

0 # 6y, there does not exist a deterministic mapping that recovers (Hp(Zp, OolLk) 5 Tp(Zp, Qo\Lk)):;
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from (ﬁp(ZP’ O1L) , i,(Zp, H\Lk))Z;Q w.p.1. These sufficient conditions involve restrictions on the
number of signals in Z,, and the fact that, evaluated at the true parameter value ¢p, not a single
component of Z, is redundant conditional on the others as a predictor of the Lj—rational bounds.
The first condition in Part 2 is also meant to ensure that X}’,ﬁo is not deterministic conditional

n (HP(ZP,H\Lk) ,ﬁp(Zp,H\Lk))Z Part 3 assumes that there exist at least two players whose

=2
payoffs are, in fact, affected by the actions of their opponents. In other words, strategic interaction
is a relevant component of the model for at least two players. Moreover, these players’ behavior
is compatible with assuming that, with strictly positive probability for all realizations of r,, and
Tp,, their opponents perform at least one round of deletion of dominated strategies. This strategic
interaction effect and the “rationality level” of these two players, combined with the other parts of

Assumption (D2) will provide a powerful identification mechanism to detect impostor values of  in

_ k* _ E* . )
(le(zpl"9|Lk) , Npl(Zp1a9|Lk:))k:2 or (Hm(Zm,H\Lk) , up2(2p2,0|Lk))k:2. Combined with parts
k*

1-3, last condition in part 4 is meant to ensure that neither (Hp(ZJm Oo|Lk) , 11,(Zp, 90]Lk))k:

5> OT

X;,ﬂo can be recovered in a deterministic way conditional on r, for any player p.

k* /
Proposition 4 (Identification) Let T7(0) = (X]gﬁ,,, (1, (20| 1) ,up(zp,e\Lk))k_2>.
Then, if Assumptions D1 and D2 holds,

E[Y;,‘XP,ZP,TP} = E[Yb”];*(ﬁ),rp} w.p.1 for each player p=1,...,P if and only if 6 = 6.

The proof of Proposition 4 is in the appendix. Aside from the features of Djy«—rationality, a
powerful mechanism for identification in this case is the strategic-interaction nature of the model.
This effect would be absent , for example, if none of the players performed any round of deletion
of dominated strategies, this is why we need the last part of Assumption (D2.3). Proposition 4
is a constructive result because E[Y;‘Xp, Zp,rp] is nonparametrically identified and, given our
assumptions, 7,7(¢) is also identified (i.e, it can be consistently estimated) for any given 6. The

following section describes an estimation procedure based on this identification result.

6 Estimation

If X, is publicly observed by all players and ¢, is the only source of private information for players’
payoffs, knowing the true distribution of e_,|Z, (Assumption D2.1) implies that we can recover

the exact expression for H_p(ZPv O|Ly) and fi_,(Zp,0|Ly) for every Zp, 6 and k. In such a case,
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we would have Z, = X_,,. The next subsection studies the case where some components of X, are
private information for some player ¢, so that Z, # X_,, for some p. In such a case, we will focus

on the case where Z, is a continuous random vector.

6.1 Estimation of E_p(Zp,0|Lk) and fi_,(Zp,0|Ly) when Z, # X_,

As we mentioned above, given our previous assumptions, this subsection is irrelevant in its entirety
for the case Z, = X_, for all p (every component in X, is public information for all ¢). In such
a case, the reader can skip directly to Subsection 6.2 below. Here, we will describe the proposed
estimator for the case when some elements in X_, are not observed by Player p or, more generally,
they are ignored by Player p in the construction of his beliefs (i.e, they are excluded from Z,).
The estimator we propose follows the analog principle by replacing unknown probabilities with
semiparametric estimators in the construction described in Subsection 3.3. For a given 6 and

~ ~M
Zy € S(Zp), let E]i(Zp, H‘Lk) and IE‘_p(Zp, G}Lk) be semiparametric estimators of
M (2,,0|Ly) = E[YM™ (L})|Z,] and T (Zy,0|Li) = E[Y(Lk)| Zy).

The construction of these semiparametric estimators is described in Subsection 6.1.1, below. As in

Subsection 3.3 we will let p* denote the number of nonzero elements in (AM ) and we will let

MO

J be an index set as the one described in Equation (13). Using these estimators, we will use the

following semiparametric analogs to M(Z,,0) and Dy(Z,,0) as defined in Equation (14),
My(Zy,0) = Max{l <M< p*} such that:

i[ﬂ{A >O}1F (Zp,e\Lk 1) +1{AY <0}IE‘ (Zp,H‘Lk,l)}

j=1
L) 50
<1- Z E- p(vae}Lk—l) - P—p(ZP"g’Lk—l)’
j=M+1
ﬁk(Zp,G) =Max{1 < M < p*} such that:
M
> [1{ag) > O)F (20| L) + H{AG) < 0}FY (2,.0] L 1) )
j=1
LN () =0
>1- Z F—p(Zme}Lk’—l) - ]P—p(ZmH‘Lk—l)’
j=M+1

and let  My(Z,,0) = Min{ﬁk(zp,e) P-1}, and D, = Min{Dy(Z,,0) , P —1}.
(20)
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If there exists no 1 < M < p* that satisfies the conditions for Mk(Zp, 0), we will set
My(Z,,0) =1,

and we will do the same with ﬁk(Zp, ). For notational simplicity we will write ﬁk(Zp, 0) = ﬁk
and ﬁk(Zp, 0) = ﬁk, and will revisit the properties of these objects as functions of # and Z, when
we characterize their asymptotic properties. Along the same lines, we estimate M (Zp,0) and
D,.(Zy,,0) with ﬂk(Zp,H) and @k(Zp,H) respectively, by using sample analogs to Equation (16).
We estimate Hp(Zp, 9|Lk) by using a sample analog to Equation (15),

T, (Zp,0|Ly,) = A(Um) ( [ll{Mk<Dk}IP (Zp, 0| Li—1 +11{Mk>Dk}IP (Zp, 0| Li— 1)})

p* o~ ~% =% ~(j) N Dk =k (4
+22(80 - afen) (nz] (A, Dy, )T, (Zp, 6| L) + 1, (Agwk,Mm(f;(zp,e!m-ﬂ)‘
=1

.

(21)
Similarly, using Equation (17),

B, (Zp,0|L1,) = AT (4 ( [ll{Mk < Dk}]P (Zp, 0| Ly—1) + 1{ M, > Dk}]P (Zp, 6| Ly— 1)})

: 7 Nk =(7) N ok e~k ~(f
300 ). (o, (0. DR ) (40 B ) 2100 )

(22)

6.1.1 Estimation of FM (Z,,0|Ly) and T (Z,,0|Ly).

We will use semiparametric estimators, obtained recursively according to sample analogs to

Equations (8) — (11) in Subsection 3.2. Let us group

K2y 01L8) = (Ay(Z0.01Lx)) . A y(Zop01L0) = (12,(Z0.01Li))

Using this notation, we will express

E [X]—V[p(Lk)‘X—pa Z—p7 Zpi| = Q%((X;ﬁq)(ﬁép ’ X—P<Z—Pv 9|Lk) ’ A—p(Z—Pa G‘Lk) ) ZP)a (23)

E[Yﬂ(Lk)‘X_p,Z_p,Zp} =GO ((X180) gy » Ao Zps O1Li) L A2, 01L) 5 Z,).

a#p’
The exact expressions for Q%(~,~,-) and éﬁi(y,-) are determined by the distribution of

e—p|X_p,Z_p, Z, and by the events defined in Equations (9) — (10). Using iterated expectations,
Al

a

F (2 10) = B[ G2 (X35) sy « Kol Zoe 01000 A (Z0110) 5 2)

E (2 0100) = B (G (X160 1y« K2 100) Ay (Z-000100) : 2,)
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We have assumed that the distribution of e_,|X_,,, Z_,, Z,, is known. For given 6 and any k, this
assumption will allow us to estimate FM »(Zp,0|Lg) and F »(Zp, 0| L) recursively, starting with
k = 1. We proceed by replacing A_(Z_p,0|Ly) and A_,(Z_p,0|Ly) with their corresponding
semiparametric estimates, which are in turn computed recursively as described in Subsection 6.1.

We employ a collection of bandwidth sequences
{hk}le, each of which converges to zero as N — oo.

We will be precise about their relative rates of convergence below. Let d,, denote the dimension of

Zp and let KP : R% — R be a kernel function (we will be precise about its properties below).

K1) =5 (1),

We will denote

Beginning with k£ = 1, the estimators are

~M
F_ (ZIN H‘Lk) =

J?ZP(Z N‘,f Z *p( 0.5q) atp A (Z—pthk)vi o(Z_p 0Ly 5 Z, )th(Z ~ 7).

~M
F_(Zp, 0| L) =
N ~

11 L ,
f ( )thp ZG]XIP((XQZB‘])Q;&]) 7A (Z—pg)e‘Lk) ) Ad (Z—p(ua’Lk) ; )th (Z Zp)7
Zp /=1
(24)

with

K,p(Z,p, 0|Ly) = (maX(AM)

1ax(Ag )q;&p’ A (Z-p,0|Lk) = <m]vi[n(Aéw)> for k=1,

q#p
A2, 0100) = (R(Z0,0100)) o Ay(Z, 0100 = (3, (Z0,0100)) - for k=2,

where ﬁq(Zq7 0|Ly) and Eq(Zq, 0|Ly) are computed as in Equations (21) and (22).

Assumption E1 As we mentioned at the beginning of this section, we maintain Assumptions D1

and D2, both of which led to Proposition 4. We introduce the following assumptions.

N
1.— We observe a random sample ((an, Xpn» an)le) ) from a population of players whose
n=

behavior satisfy the assumptions leading to Proposition 4.

26



2.— We will strengthen the first part of Assumption D2.3, and will assume that

mj‘/i[n(AI])V‘[) #* mj\z/}x(AIJ)\/[) forall p=1,...,P.

3.— The signal vector Z, is continuously distributed, with unknown density f, (-). Let s denote
a pre-specified, strictly positive constant. We will assume that Pr ( fzp (Zp) = §) =0 for every p,
and we will define

Z, = {zp D f,(2) 2 g}.
The features of the set Z, will be important to us because we will ultimately use a trimming
function ]l{fzp (Zp,) > s } in the estimation of §. We denote the dimension of the vector Z, by d,,,
and we let d = max{dp p=1,... ,77}. There exists an M > d + 1 such that, for every player p,

the conditional density f, , (z_p|zp) is M —times differentiable with bounded derivatives with
-Pp

|Z
respect to all the elements in Z, which are not included in X_,,. For each p, let G._ 7, (e,p|zp)
denote the (assumed to be known) distribution of e, given Z,. Then G._ |z (-|-) is M—times
differentiable with bounded derivatives (see parts 2 and 3 of Assumption D2). We assume that

E[|XX|[*] < o0, where X = U X,
p=1

4.— For each p, the kernel K?(-) is bounded, symmetric, bias-reducing of order M and has compact
support. It is also M times differentiable with bounded derivatives. Each one of the bandwidth
sequences (hk)llz; satisfies Nl_ghzd* — oo and N2 (hk/th)M — 0, where we defined

above d* as the maximum dimension of Z,, over all players.

Part 1 of Assumption (E1) will enable us to invoke the relevant laws of large numbers and central
limit theorems in our asymptotic analysis. To illustrate what parts 2 and 3 are meant to accomplish,
let ]H]f[p(Zp, 0|Lk) denote either E%(Zp, 0|L;€) or F]_”p(zp, H‘Lk). Take any linear combination

of the form Zf[zlo HM (Z,,0|Li). Parts 2 and 3 of Assumption (E1) are meant to ensure that

Pr le HY (Z,,0|Ly) =1|Zp € Z,| =0 for k=1,....k" — 1. (25)
M=0
This follows because, if part 2 holds,
P-1 P-1
Z EJXIP(ZP, G}Ll) <1, and Z ﬁﬁ/[p(Zp, H{Ll) > 1 for almost all realizations of Z,.
M=0 M=0

Given the smoothness conditions in part 3, the relative rates of under/over smoothing described
in part 4 will be necessary to achieve v N —consistency for our estimator of 6. Relative rates of
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convergence for the bandwidths involved must be chosen carefully, due to the iterative nature of
P-1
(7 G}Lk O‘Lk ) o where semiparametric estimates are plugged-in sequentially (see

Equation 24), from k=2,...,k".

6.2 Estimation of 5

We will maintain all the assumptions that led to Proposition 4. This includes of course, the
features of the parameter space in Assumption D2. We introduce the following condition related

to the control function described in Assumption D1.

Assumption E2

The rationality control function 7, can be expressed as a functional of the form
Tp = Cp— E[T(Um Wp) ’WP]’

where ¢, U, and W, are observable to the econometrician, and 7'(-,-) has known functional

form. We strengthen Assumption (E1.1) and assume that we observe a random sample
N

((Y;M,Xp”, pn,gpn,Upn,an) )n:l' The exclusion restrictions between these variables are

those that are necessary for all the conditions in Assumption D2 to hold. From now on, to

accommodate the case where r, has to be estimated, we will denote it by
?(an) =T7p, € RE.

Therefore, R denotes the dimensionality of 7,,. We will assume that it admits a linear

representation with the same features as those of ﬁp (an, Q‘Lk) and Ep (an, H‘Lk). That is,

N
R 1 W, — W,
Tpn — = R E R Upm7an K<pmﬁpn> + UPN(an)' (26)
m=1

If r), is directly observed, then R(-,:) = vp(-) = 0, and no bandwidths or kernels are involved.

Otherwise, we focus on cases where (26) is such that rrllaxN‘va(an) = 0p(N71/2), K(\) isa

IARS}

bias-reducing kernel of order M, where the latter is described in Assumption E1. The bandwidth

sequence h is such that NY27¢h — oo for some € > 0 and NY2pM — 0. In addition, for all

t € RAm(Wp) the conditional expectation FE [R(Up, t) Wp} is M-times differentiable with bounded

derivatives with respect to W), for every t. It also satisfies

E[R(Uy )Wy =1] =0 wp.1.
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Nonparametric control variables with these features have been analyzed in Aradillas-Lopez, Honoré,
and Powell (2007). This structure is also amenable to the control function studied by Imbens and
Newey (2002). If there is no rationality control function, or if it is directly observable then R(-) =0

trivially. We assume that pr(-), the density of W), is bounded away from zero®

We will stack

Tip(Zp,,0| L2) i, (Zp,. 0| L2) .
ok . o~k . A~k Hp(Zp"7 0)
‘LLP(an’ 0) = . ) Hp(Zp”’ 9) = . ’ 'LLP (Zp’ﬂ’ 0) = ~% (Z 0) ’

o~ ~ /’L n?

ﬁp(zane’Lk*) Hp(an79‘Lk?*) g p
and

X5 Bp
?1‘,”(0) = ﬁ; (me 9) € R%*JFR_l, henceforth, denote d* = 2k* + R — 1.
?p7b

Therefore, the dimension of f;‘,n(H) is denoted by d*. Let H : R?*"*E-1 _ R be a kernel
function, and let b denote a bandwidth sequence. As before, Hy(y) = H (%) We will define
N

~ 11 o
Ey(t;0) = T 0 N Zly,,me(tpm(e) — 1), where fi(t;0) b — Z Hy(t (0) —t).
(27)

Note that d* is the same for all players by assumption (they are all assumed to be Dy« —rational,

and we use the same rationality control function for all of them).

Assumption E3
1.— The kernel H(-) is bias-reducing of order M. The kernel H (1)) is also M —times differentiable
with bounded derivatives, where M is as described in Assumption E1. In addition, its first

derivative, H()() satisfies
/H“)(w)dw = 0; /¢H(1>(¢)d¢ = —1; /z/sz(l)(w)dw =0 forj=2,...,M+1.
In addition, the bandwidth b satisfies: NY2-¢p%" — 0o for some € > 0, NY2pM 0, and

N'Y2RM /b — 0 for each k=1,...,k* =1, and N'2pM /5> — 0.

*We only need this to be true when Z,, € Z,.
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These conditions indicate the under/over-smoothing with respect to the other bandwidths

employed.

/
_ o~ d* — _
2— Let t5(00) = (X8, 7i5(Zpnb0) 1p) €RY andlet f, . (:[t) = £, (Z = 2[t5(600)
denote the conditional density of Z, given t;‘,(@o) = t. Then prIto (Zp‘t) is M —times
differentiable with bounded derivatives with respect to Z,. Note how this is consistent with the
dimensionality and exclusion-restriction conditions in part 5 of Assumption D2. We also assume

these smoothness conditions for f, o
P

(Wplt), where W), is as described in Equation (26). We also

assume that fi+(-), the density function of #;(f) is bounded in the trimming set Z,.

6.2.1 An estimator based on Djy«—rationality

As we did above, let us stack

iy (Zpo 0] L2) i, (Zp. 0| L2) ;
—x . * . * HP(an’g)
5 (Zp,.6) = : C 1 (Zp,,0) = : e =)
/j“ n?
iy (Zy,.0| 1) i (Zp 0| o
and
X35

Tp

n

Our general definition of D} —rationality and the assumptions about the rationality control function
Tp, imply

EYp, | Xp,: Zpys1p, | = E[Yy, |t;n (60)] for each player p=1,...,P. (28)

The proposed estimator is based on the exclusion restriction in (28). Let

. 1 L (E ~ 2 (-~
Qu(0) = ~ Z{pr(ypn - Ey(#5,0)) 1{ T, (Z) > s}}, (29)

n=1 \p=1

where (wp)z;l are pre-specified, constant positive weights. We introduced the trimming function
]I{J?Zp(an) > §} previously. We could include a similar trimming function for X,. Namely,
]I{J?Xp (Xp,) > q}. We bypass this in view of the last part of Assumption E3. In general, Equation
(28) implies that no additional trimming based on X, or r,, would affect the consistency of
our estimator (see Assumption E2 and Footnote 5). For simplicity, we introduced the last part of
Assumption E3 in order to make ]1{]/”\2? (Zp,) > §} the only trimming sequence used.
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We define our estimator as

§ = argmin @;kv (). (30)
e

This estimator belongs to a more general version of the semiparametric multiple index models
analyzed in Ichimura and Lee (1991), where the indices include semiparametrically estimated
objects (each one of the Ly— bounds), and we condition also on an additional control variable,
7p. Each one of our control variables has a linear representation that holds uniformly in our sample
for each 6 in the parameter space. The asymptotic features of the estimator will depend on these

representations.

6.2.2 Asymptotic features of 6.
This section will outline the asymptotic properties of the estimator described in Equation (30). Not
~ P
surprisingly, the uniform convergence features of (ﬁp (an, H‘Lk) s By (an, H‘Lk)> will play a
lad =

major role.

Consistency
In the appendix we show that given our assumptions about the continuously distributed nature of

Zp, we have
Pr(]/”\ZP(an) >s and f, (Zp,) <s forsomen=1... ,N) — 0.

There, we also establish an asymptotically linear representation for Ep(an, 9’Lk) 1, (an, H‘Lk)

and ﬁp (an,Q‘Lk) — Ty (an,Q‘Lk) for each player p = 1,...,P. Given our assumptions, these
representations hold uniformly over our sample for each 6 € © and k = 2,...,k*. In particular,
for each 6 € ©, the semiparametric estimators Ep(an,GlLk) and ﬁp(an,G}Lk) converge to

their population counterparts uniformly over (an)N Coupled with our construction of Ep(-)

n=1"

and assumptions E1-E3, we obtain®

S (o Bl ) 17 Z) > 5} 23 (v — Bl ) 11, (50 > 5}

p=1 p=1
uniformly over n =1,..., N. This yields

N P

Q(0) = &Z{pr(m By (13,) 11, (Z.) > s}} + 0p(1)

n=1 \p=1

SA mean-value approximation easily shows this, given our uniform convergence results for Ep (an, 9|Lk) and
ﬁp (ZPn7 9|Lk)
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for each 6 € ©. By construction, each term

fjwp(ypn ~ Bp(t5, ) 1{ £, (2) > s}}

p=1
is trivially bounded w.p.1. They are also continuous functions of 6. Lemma 2.4 in Newey and

McFadden (1994) yields

sup
0O

Qu(6)—E [iwp(yp - Ep(t;(g))>2ﬂ{fzp(zp) > s}] H 250, (31)

=Q(9)
From Proposition 4, Q(f) is uniquely minimized in our parameter space © at its true value, 6.
Using this fact and the uniform convergence feature in Equation (31), Theorem 2.1 in Newey and
McFadden (1994) yields

0 -2 0.

We outline the asymptotic normality features of the estimator next.

Asymptotic normality
We begin with a brief overview of generalized gradients and some of their properties. Let f : X —
R be a Lipschitz continuous function near a point x. The generalized directional derivative of f at

x in the direction of v is given by

FO(as0) = limsupf(y+tv) —fy)

y—x t
t10

Suppose X C RF. The generalized gradient of f at the point z, denoted by df(z), is the subset
of X given by
of (x) = {C e X: fUx;v) > v forallve X}.

If f is continuously differentiable at x, then 8f(z) = {V,f(z)}, the partial derivative of f with
respect to x. In general, for the functions that will be relevant to us here, the set Jf(x) includes
convex combinations of directional derivatives of f at x. If f is Lipschitz at x, then Jf(z) is a
nonempty, convex set (Proposition 2.1.2 in Clarke (1990)). The following features of generalized

gradients will be relevant to us.

(i) Chain Rule (Theorem 2.3.9 in Clarke (1990)): Let h : X — R™ and ¢g : R® — R be
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a pair of functions. Denote the component functions of i by h;, for ¢ = 1,...,n. Suppose each h;

is Lipschitz near z, and g is Lipschitz near h(z). Let f = g o h, then
of(x) C CO{Z ;G ¢ € 0hi(x), (an,...,an) =a € 8g(h(x))},
i=1

where €0 denotes the closed convex hull. In particular, if g is a continuously differentiable function,

we have

n
of(x) C {Z ;G G € Ohi(x), i = Vg is the partial derivative of g with respect to hz}
i=1

(ii) Products, quotients and finite sums (Propositions 2.3.13, 2.3.14 and 2.3.2 in Clarke (1990)):

Let fi1, fo be Lipschitz near x, then fifo is Lipschitz near x and

(1 f2)(0) € RA(DOA()+ A@d), and it o) 0. o f1) c LMD AEORE)
2
If f;,i=1,...,nis a finite family of Lipschitz functions near z, the sum is also Lipschitz and

8<zn: fi) C z”: dfi(x).
i=1 i=1

(iii) Mean Value Theorem (Theorem 2.3.7 in Clarke (1990)): Let = and y be points in X C R™ and
suppose f is Lipschitz on an open set containing the line segment [z, y]. Then there exists a point

u € (z,y) such that
fly) = f(z) € 0f (W) (y — ).

(iv) Local Extrema (Proposition 2.3.2 in Clarke (1990)): If f attains a local minimum or maximum

at x, then 0 € 0f(x).

Here, we will care about the generalized gradients of Ep (an,H‘Lk), ﬁp (an,Q‘Lk) and their
population counterparts, K, (an, Q‘Lk), ﬁp(an, 9’Lk) with respect to 0, given Z,, . We will denote

i (Zy,,y+tv|Lg) — i (Zy,,y|L
vogp(zpme;vmk) = lim sup Hp( oY | kt) HP( P Yl ’“)7
" (32)

O, (Zp,, 01 Lk) = {C eR”: VOEP(ZIJwg;v‘Lk) > (v forall ve ]R{D,}

We define 8ﬁp(2pn,0|Lk), 8Hp(2pn,0|Lk) and O,(Zp,,0|Ly) accordingly. As before, whenever
they exist, let
V@Hp(an,mLk) and  Vofi,(Zp,,0|L)
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denote the ordinary gradients (vector of partial derivatives). By Assumptions (D2), (E1) and
the resulting asymptotic properties features of Ep(an, 0|Ly) and ﬁp(an, 0|Ly), with probability

approaching one uniformly over (an)gzl

(all of which belong to the trimming set Z,), both
estimators are Lipschitz-continuous for all # € ©. Moreover, their generalized gradients
Oﬁp(an,ﬂLk) and GEP(an,mLk) will differ from being simply their ordinary gradients
Vo, (Zp,,0| L) and Vg@p(an, 0|L) only if the realization of Z,, is such that the inequality
in Equation (20) holds with exact equality for some 2 < k < k* (or if the same is true for the
equivalent equation for ﬂk(Zp,O) or @k(Zp,G)). Using Assumption (E1), Propositions A-6 and
A-7 in the appendix and the results that lead to Proposition A-8, the probability that this happens

goes to zero uniformly over (an)ivzl for each 6 € O.

As before, we stack 6 as
!/ /
o — (5;,...,%, ’1,...,A’p) . where A, = (Ag ,A;’*l) .
For each p, let Vmp/gpﬁp(-) denote the derivative of Ep(-) with respect to z;,3,, let VﬁkEp(-)
denote the derivative with respect to ﬁp(-|Lk) and so on for V, E,(-). It follows from Equation
(27) and the properties of the kernel K () that all these objects are the usual partial derivatives.
Let

Xln,vxlﬁlﬁl(ﬁn(a)) 0
~ . 0 ~ ~ 0
11 (X1, (0)) = ' ey o, T (X, tp, (0) =
O Xpn V"E?ﬁ’F‘ EP (%\Pn (9))

Let 0, denote a column vector of zeros in R”’ and define

Dy(Xp 5, 0)) = (Tp(Xp,. 55, (6))',0)

Pn> “pn Pn "pn

Let 1, = 11{ pr (Zp,) > §}. Using the definition of 0 and the properties of generalized gradients

mentioned above, with probability approaching one uniformly in our sample, our estimator 6

satisfies

;i{i Ton (X 2, 5,(8),8 ) (Y, - Ep(?;m))ﬂznwp} —0,
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where JpN (Xpm Zpn s pn(9),9 ) is of the form

7, (Xpn,zpn, > (0), 9) —

k*
By (X055, 0) + 2 (S0 011) V5 By 5, (0) + S0, (23,81 10) 9, B 5, ) )
k=2

(33)
where V@Ep (an,G‘Lk) € 8@13(2%,9‘[43) and Vgﬁp(an,0|Lk) € 8ﬁp(an,9‘Lk) and these
generalized gradients are described in Equation (32). Using the Mean Value property described

above (part iii) and the consistency of 0 , with probability approaching one we can express

N (P ~
e
1 N (P 5
n=1

p=

k'>

o (Xons 2o, B3, (0), 5)'1;,”%} (9-00)

[y

where 6 € (5, fo). Abbreviate ¢* (6p) =t and tA;n(HO) E%;;n. Let Jp(Xp,, Zp, 1y,

(0),0) be

the population counterpart of the object defined in Equation (33) and denote

J (Xpn7 Z

Pn> p (90) 90 ) = J (Xpn7an’ Pn )

Using the linear representation result in Proposition A-8 in the appendix, Assumptions E1-E3 and

the resulting linear representation for Ep (tA;n) - E, (t;n), we can express

J (Xpn7an’ Pn? 90 ) (an - E\p (%n)) ]]';n - J (Xpn’ ZP"’ pn) (i/pn - Ep( )) ]]';;n

N k*—1
1 1 (X Zin 6y, 5 Zp,) 1 Y2 (X, Zons ty Up, s W)
= — R ki Kp 7 -7 — T Pm m n
N,;_l{; th fzp( Pn) hk( hR pr(an)

Pm Pn
!/

* /
+'7§<X7R7Zm’tpm) 7§(Z )+V (X s Zms ty, Do aUpm> Vﬁ(an)} + 1w (Zp,,)5

) + [N(E(me - an)

where max anN Zy,)) ‘ = 0,(N~1/2). The remaining terms in this representation satisfy

n=1

B0} (X Zns .+ Z)

Zy 2y = Zp"} OV k=2, .. . Kk,

E[w (Xoms Zons £, Uy, W)

7 VPm?

Wy, Wy, =Wy, | =0
E[Vﬁ (XWMZ’WM p’"):l = 0; E|: (XmaZm; D ? Upm) =0.

We introduce the following assumption.

Assumption E4 Let J,(X,,,Z,

pnsty, (0),0 ) denote denote the population counterpart of the
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object defined in Equation (33) and denote Jy(Xp, ,Zp, .t (00),00 ) = Jp(Xp,, Zp,ty, ). Part 2

of Assumption E1 implies that with probability one, this object is given by
k*

Dy (Xp, ty,) + D (VWP (Zp.: 00| L) Vi Ep (t5,) + Vorr, (Zp,, 00| Li) Vu, Ep (t;n))
o

Let ¥, = E[Jp(Xpn,Z 5 VI (Xpns Zpn» )'ﬂ;n}. We will assume that .7

P> 'pn P> Upy, p—1 2pWp IS an

invertible matrix. We have the following result.

Theorem 1 For each player p=1,...,P, let

P -1 k*—1
Wg (Xna Zn7 Upn ) an) = (Z prp> X {JP (X;Dn ) ana t;n) (an - EP (t;n)) lzn + Z l/fi (Xn7 Zna t;na ZPn
p=1 k=1

+ 7/}]7?(Xn7 Zn, t;n, Upna an) + 'YZ (Xna Zn, t;n)/ﬁﬁ + Vi) (Xnv Ln, t;na Up")/ﬁ; }
where this objects are as described above, 72, = E[?(Zp,)], and TP = E[vP(Zy,)]. Note that

E[v,/}g (Xn, Zn,Up,, s an)] = 0. If Assumptions F1-E4 are satisfied,

P -1 N (P

—~ 1 B

0 —0 = (Z Epwp> N Z{ng(Xm Zn, Up,, an)wp} + op(N 1/2)7
p=1

n=1 p=1

where ZZ;I Ypwp s as described in Assumption Ej.

If the only source of incomplete information is the unobserved payoff shock €, and Z, = X_,
for every player p, then Lp— bounds can be recovered exactly given that the distribution of € is
assumed known. In this case, none of the assumptions pertaining to the estimation of these bounds

is mecessary. If we retain the remaining assumptions, let

/lz;g (X"’ Zn’ Upn ’ an) =

’P 71
<Z zpwp> x {Jp (Ko Zoas ) (Yo = Ep(t5,)) + 62 (Xs Zusty Up,s W, ) + 0 (X Zas 8, .Uy, ) 7,
p=1

where these objects are as described above. In this case we would have
N
=1

P -1 P

—~ 1 —

0 —60g = (Z EP”}J) N Z{Z ¢9p(Xna Zn, Up,, an)wp} + Op(N_1/2)-
p=1 n=1 \p=1

The proof of this theorem relies heavily on the asymptotic representation result in Proposition A-8
and the fact that we assume the control variable 7, to have an analogous representation. The only
additional step is the analysis of E’p (tA;‘,n) - E, (t;‘,n) and a characterization of the projections for
all of the corresponding U-statistics. Note that the weights w, were not chosen in an optimal way.
A natural way to choose them would come from the asymptotic result in Theorem 1.
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7 Concluding remarks

The assumption of Nash equilibrium has been a powerful instrument for identification and inference
in games. A growing body of experimental evidence suggests that in a number of strategic
environments, people’s behavior is the result of a few steps of iterated reasoning. In this paper
we presented identification and inference results for a model in which players are assumed to best-
respond to some element in the space of choices that survive k — 1 rounds of deletion of dominated
strategies. We described a set of assumptions which allowed us to semiparametrically identify the
rationalizable bounds for any set of beliefs which survive this iterative process. We presented a
constructive identification result based on the notion of Dj—rationality and studied the properties
of an estimation procedure which is based on the identification result. We described a set of
conditions under which the estimator has good asymptotic features. The convenient asymptotic
properties of the semiparametric estimators for the Lji—rational bounds for beliefs suggest that one
could device a specification test for competing models of behavior which depend on those bounds.

This is a subject of ongoing research.

A Mathematical appendix

A.1 Proof of Proposition 4

Henceforth, we will abbreviate

mj\j{n(A%) =4, and mﬁx(A%) =A,,

for each player p=1,...,P.

Let players p; and py be as described in Assumption (D2.3). Take player p; and consider any

parameter value 6 € © such that:

either B # By, A, # Ay, Or A, # A, for some q # p;.

From Assumption (D2), it will follow that for any such 6,

Pr(B Y| T35 (60), 71 # BV T 60), 7] ) > 0.

The same result will follow for player py (this is why we need at least two players who satisfy

Assumption D2.3). The effect of strategic interaction is behind this result, through the presence of
37



the bounds (le(Zpl,H\Lk) , ﬁpl(Zp1,9|Lk))i*:2 (and those of player py), all of which are identified
for any given 6 given Assumption (D2.1), and none of which depend on the rationality control
functions 7, and r,,. The strategic interaction effect would not exist, for example, if none of the
players performed any round of deletion of dominated strategies, this is why we need the last part of
Assumption (D2.3). Thus, (ﬂp, ép,zp) are identified for each player p. To see why the remaining
strategic interaction parameters are also identified, note that Equations (15) and (17) yield

.
—k

pr(rp)ﬁp(zpao

k=2

l —k U — — — —% =0

Z{gp(r,,m;um) , (1 - []l{Mk < Dy }P? (Zp, 0| Lg—1) + 1{M), > Dk}IP_p(Zp,9|Lk_1)D

k=2

L) =

p" . .
) X (8" = A7) - (o, (), D TELYFE (2, 0l0) + 0, (69 Mm(ﬁ;(zp,om_l))},

=1

<.

§];(7’p)ﬁp(zpv 0

L) =

S
ﬁuM?ﬁ
[\

{g’;(rpm;vw) , (1 ~ ({05 < DR, (2, 0100 1) + 1D > D;}Pop@p,eml)})

x~
||

2

p"
Z A(]) U +1)) ( (A(j) D:, Mk)IF(J) (Zp, )

Li—1) + s (A, D, M) EY ( 0| Li— 1))}.

Next, recall that, depending on the realization of Z,, the value of U] can be between 1 and P — 1.
If the regressor X,, described in Assumption (D2.2) has rich enough support, with strictly positive
probability, conditional on r,, we will have A(U’“H) A,, or A(U 1) = A,. This holds for each
k, and it is also true for A}F’ZH) . Since we showed that both A, and A, are identified, it will follow
from the expressions above that for any 6 € © such that Aé” =+ A% for some M,

k* o
Pr ( Z E];(’"Pmp(zp’ 0|Ly) # Z Eg(rp)ﬁp(zpa 00| L)

k=2 k=2

k* k*
or Zgﬁ(rp)ﬁp(Zp,Q}Lk) # Z?;(Tp)ﬁp(zpveoll’k)
k=2 k=2

rp> >0 Vr,eS(ry).
It follows that for any such 0,
Pr(E[Y,|7;(6). 1) # E[Y|T;(00).7,] ) > 0.
Together, these results imply
0 # 00 = Pr(E[Y,|T;(0),1y] # E[Y|T;(60),7] ) >0 forsome p=1,...,P.

The result in Proposition 4 follows from here because our assumptions imply that F [Y},‘Xp, Zp, rp] =
E[Yp"fp*(eo),rp] w.p.l. O
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A.2 A linear representation result for EP(ZP,0|Lk) and ﬁp(Zp,0|Lk)

Throughout the entire appendix, p and ¢ will denote an arbitrary pair of players in 1,...,P. We
will proceed iteratively starting with Li. Let

Ly) = (M)[ B(KaBy By By Z) ~ Ty (2,0

1) = (5 ) [ (i B 80),+ 50) ~ B 20010 | 5, (2, - 2)

T (X_p, Zp,0

—Dy

Ll)} K? (Zp. — Z,),

IIXIpN (X—mv Zp, 0

(A-1)
Let (a a0 M)Z\D/;:lo be an arbitrary collection of scalars, and let
-1
Hy(Zy,0|L1) = > <aMIF¥p(Zp,0}L1) + 5MIFA_4P(ZP,91L1)>,
M= (A-2)
R P-1 y M
HPN (Zp70 Ll) = Z (aMIFp(ZP’H}Ll) + 5MIFfp(ZP79 Ll))'
M=0
For the same collection of scalars, let
P-1
SPN (X*Pw ZP? G}Ll) = Z <aMT]—pr (X*pea Zp» 0’L1) + 61»171—\4[)1\, (X*Pu Zpa 0|L1)> . (A'B)
M=0

All the objects involved in the estimation involve distribution functions, bounded with probability
one between zero and one. Lemma 3 in Collomb and Hardle (1986) or Theorem A-1 in Aradillas-
Lopez (2006) yield
1 X
L) =—2 > Sy (X pp Zp, 0] L1) + &y (2,0
Nhlp /=1

)

ﬁ[pw (Zp7 0 L1)7

Ly) = Hy(Zp,

=0, (Neflh;]d”) for any compact set © and any € > 0.

where sup ngl\,(
2€Z

0co
(A-4)
As before, we denote Z, = { fZ (z) > §} (i.e, the population trimming set). In addition, due
to bounded nature of Q{/[p(-), éﬂ_”p(-), E_p(-), F]Yp() and the kernel K?(-), h¥¢, (Z,,0|L1) is

also bounded. Let hfppr (Zp,0|L1) = bpy (Zp, 0

L1). We can reexpress Equation (A — 4) as

N
Hyy (Zy,0|L1) — Hy(Z,,0|L1) = Z (X_pys Zp, 0| L1),
=1 (A-5)

1
where T, (X_p,, Zp,0|L1) = <d> [ (X—pes Zp, 0| L1) + ¥py (Zp,0]L1) |,
N

where sup prN z Q‘Ll H = N6 1) for any compact set © and any € > 0. Note that

2€2p
0€O

S5 (X s Zps 0] L1) + U (Zp, 0
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For an arbitrary scalar b, let

Ll) < b} (A—G)

1(Zp,0|11) = 0 Hy (2, 0]L1) < b}, and T, (Z,,0|L0) = 1{Hy (2,0
Suppose that for a particular value 6 € © the following holds

Pr(Hy(Zy,,0]L1) = b‘zpn €2)=0. (A-T)

We also maintain the assumption that Pr ( pr (Zp) g) = 0. The following result will be useful.

Proposition A-5 Given the above conditions and our previous assumptions,

Pr (ﬁpN (Zp,,0

L1) for some nzl,...,N> — 0.

L) #1,(Zp,.0

Proof: Throughout our estimation procedure, we have used ]1{]?21) (z) > §} as a trimming

function, so ll{fz (Zp,) > s} =1 for all n. Let

We proceed by noting that

ll{il\pN (an, L1) #1, ( Zpn» 0 L1) for somen=1,...,N and some@EAN.}
gi 1 Hyy (Zy,,0|L1) > b}1{ H, (2, 61L1) < b}1{ [, (2,,) > s}
n=1

- (A-8)
+ n{ﬁm (Zp,,0)L1) < b}n{ o(Zpn, 0| L1) > b} {fzp(zpn) > §} +15(Z,,). 8
{

oy Zo) > 531 £, (2, ><s}]

L) > b}ﬂ{ o(Zp 0

Let us begin with the term ]l{ o (Zp,.. 0 L) < b} {fzp(an) > §}. Let

Ty (Xopes Zpas 01 L1) = Ty, (Xopgs Zps 01 L1) = BTy, (Xopys Zp, 0] L) ’Z -

Using a triangle inequality,

N
1 1
NZTP (X—pzameH Ll Nz X_IU?an’g Ll ZE[ Py X—prpm@ Ll ‘an}
=1 —1
1 Ni 1 N
< |5 2 Ty (X Zo 01 L) |+ |5 D2 B[Sy (X 2,01 21) | 25, ]| + Sup)pr 2,0 L))
=1 =1

(A-9)
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Let € be the constant described in Assumption E1. Recall that h‘lipgpN (z, G‘Ll) is bounded w.p.1
and we also have sup ‘pr (Z, H‘Ll)‘ =0, (Ne_lhfp) for any e > 0. In particular, this holds for
ZEZp

the aforementioned €. This implies that”

€

sup ’{I,N pn,Q‘Ll)‘ < —— X W w.p.1 for some scalar W. (A-10)
2€2, Nhi™”
Let
CKP(0) N°¢-W
UpN(an‘Ll) = (b_ Hpy (meH’Ll)) - n:Hf,a._)fN E[SPN (X,pZ,an,Q}Ll)’Z n} - Nhtlip - Nh2dp

- (b — Hy, (an,«9|L1)) +o(1).

Equations (A — 8) — (A — 10) yield
]I{H (Zp,,0]L1) > b}n{ o(Zp, 0|L1) < b} {fzp(zpn) > §}
= ﬂ{’]\f ZE[ (X—pes pnve‘Ll)]' > JPN(an‘LI)}ﬂ{H (Zp,-0|L1) < b} {fzp(an) > §}-

For large enough N, we have
1oy, (Zp,|L1) > 031 Hy (2,6 L1) < b}1{,,(2,,) = 5} =
1{H,(2,,,0/L) <0}1{ 1, (Z,) > s} wplforall n=1,...,N.

Using Bernstein’s inequality (which is pertinent here due to the boundedness of Spy (X —po> Lps G}Ll),
and the assumed independence across observations), this implies that for large enough N, there

exist two constants A > 0 and B > 0 such that

E[]l{ﬁpN (Zp, 01 L1) > b} Hy(Zy,,0|L1) < b}1{ [, (Z,) = s}

2]

Nhivo2 (Zy,|L1) N
<ot e b l02) < V{0, ) 23} o ()

(A-12)
Since N h‘lif' /log(N) — oo, Lebesgue’s convergence theorem® implies
Nhdvo? (Z, |L1)
o 1 Pn Pn >
E nznllaXN (N . eXp{ A+ Boy (Zp,|L1) B{H (Zp. 0] L1) < b} {fZP(ZPn) - §} —0

"For our purposes, the only relevant fact here is that h; has the property that N'2hy — co. . We will come

back to this issue below, when we deal with Ly for k > 2.

dp 2
NhyZop (Zpn IL1)

8Note that, for large enough N, exp{log(N) — AHBU—(ZM} <1 w.p.l.
P (“Pn
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and therefore

ZE[{ (Zpn, 6

We can show that

iE[n{ﬁp (Zp,0|11) < 0} 1{ H,(2,,,0|L1) > b}1{ 1, (Zp,) Zs}] 0

by following the exact same steps if we start by redefining o},

Ly) > bb1{ H,(Z,,.0

L) <o}1{s, (2,) > s}} .

-« in

= v and 07 = —0
Equation (A—2), and b* = —b in Equation (A—6). The term ]l{]? Zp,) > s}]l{fz on) < 8}

] = Fat2 >)

M

is simpler to analyze. Let

~ 1
UPN (an) =S5— pr( Pn) _nll’aX’N (E |:h,ide£1 (ZPZ - an)

— 5 £, (Zp,) +o1),

~ 1 1
TpN (Zp£7 an) = WK£1 (Zpl - an) - E |:hd Kp (Z Dbe an)
1

1

2,

Then,

. 1 N
U7, 2 > 31{1,, (2 < 5} < 1] ST, (B 20) > 5, (20 1 1, (B < ).

For large enough N, w.p.1 we have ]l{EpN (Zp,) > } {fZ (Zp,) < s} = ]l{fzp( L) < s} For

large enough N, Bernstein’s inequality applies and we have
~ N5 (Zp,)
E|1 Z <st|Z, | <exp P <s
1{7, (Z) > 111, (2 < 5} 20 { pos fom (Zp)}{fzp< )<}

(A-13)
for a pair of constants A > 0 and B > 0. Once again, since Nh‘fvp/log(N) — 00, Lebesgue’s

convergence theorem yields

Nhtg2 (Z
max | N X exp{ ————= iN( ) ]l{fZ (Zp,) < §} — 0,
b T+ By, )| 1

ij[ﬂ{fZﬂp) sh{f,, (2 ><s}}eo. (A-14)

These steps we used to analyze the term ll{fz o) > s}]l{fz o) < s} are the same as those

E

and therefore,

in Lemma 26 in Ichimura (2004). Finally, Equation (A — 7) yields

N
B> 1°(2,,)|=0
n=1
Together, these results prove the statement in Proposition A-5. O
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Remark 4 Given the trimming function ]1{]?21) (Zp,) > s } that we employ, Equation (A — 14) is

equivalent to the statement
Pr(fzp(an)>§ for some nzl,...,N) — 0. (A-15)

Given our assumptions, this result holds for any one of the bandwidth sequences in the collection

h1,...,hr. This fact will be in the background of the remaining results.

Go back to the objects defined in Equations (14) and (16). We will be explicit about their
dependence on Z, and 6 and will express them as M, (Zp, ), D; (Zp, 0), HZ (Zp, 0) and ﬁz (Zp, 0).
We will do the same with their semiparametric analog counterparts ﬂZ(Zp,G), @Z(Zpﬁ),

M,.(Zp,6) and ﬁk(Zp,G) respectively.

Proposition A-6 Let ]H%(ZP,H‘Ll) denote either EJ_\@(ZP,Q‘Ll) or Fg(Zp,G‘Ll). Take

any linear combination of the form ZZ\D/[_:IO ]H]l/[p(Zp, H‘Ll) and suppose that for every 8 € © such

that Aé\/l %0 for some q # p and some M the following holds

Pr Zy€ Z,| =0 (A-16)

P-1
EZZHQQ(ZPJHLI)::l
M=0

for any such linear combination. Let Rj(Zy,0) stand for My (Z,,0), Dj(Zp,,0), MZ(ZP,H)
or 52 (Zp,H), with ]/%Z(Zp,ﬂ) being its semiparametric analog counterpart. Given our previous

assumptions, if condition (A — 16) holds, then
Pr<R;;2(an,9) + Ri_y(Z,,,0) for some n=1,..., N> — 0 (A-17)
for all 0 that satisfies (A — 16) and any 0 such that AI];/[ =0 for all M.

Proof: If 6 is such that A]])W = 0 for all M, then Equations (14) and (20) immediately yield
R (Zp,,0) = EZ(me §) = P—2 for all n and the result in Proposition A-6 follows. Otherwise the
result follows from Proposition A-5 and the definitions of R} (Z,,6) and EZ(va 0) in Equations
(14) and (20). O

Remark 5 We have established before that, if A, # A, for some g # p, we have

P-1 P-1
S EM(Z,.0|L1) <1, and Y FU(Z,,6|L1) > 1.
M=0 M=0

The condition in Equation (A —16) assumes that the probability of finding a combination of Ej_wp’s
and ﬁyp’s that is exactly equal to one is zero (recall also that we have assumed throughout that
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Z, is continuously distributed). If 6 is such that Aé\/l = 0 for all ¢ # p and all M, then we
have FM o(Zp,0|L1) = IF]Z)(ZP,MLl) = IF%(ZP,G) for all M and therefore, condition (A — 16) is

violated.

Take any value of the parameter vector 6 such that either Aé\/l =0 for all M, or Equation (A—16)
is satisfied, and consider a corresponding index set J as described in Equation (13) (we stress once
again the fact that the rankings in J depend exclusively on ). Let U = min{ﬂ}i,ﬁi} and
U; = min{M o QZ} Proposition A-6 implies that with probability approaching one uniformly in

n=1,...,N, we can express

ﬁp (an7 0

LQ) - ﬁp (an7 0

& i USy =+ =(7) s
Z{ 5 (29.6179.73) (B (2, 0]10) - B9 (2.0

j=1

Ls) =

L1)>

-t (8. 609.75) (B2 5 o120) - B2 012 |

” - ) .
Z{% (a9, A8 03) (F) (2. 0]10) - T4 (Z.0110))
j=1

+¢p (A(] A(U2) U2>< ()(Zp,9

L) -FY)(2,,6

m)},

(A-18]
where ¢ (), ¢gj('), ¢y, (1) and gbgj(-) would be given by Equation (15)
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(15). Let él‘,{n(-) and GM (-) be as defined in Equation (23). As we have done throughout,
. _ _ P
we will denote X_p = (Xg) ., Z-p=(Zg),,, and Z=(Zp) _,. Let

¢p(X—peva79}L1) -
o

Z{%](AJ) A(UQ) U2>< (( e q,%)q# Z) IF(])(Z 0}L1)>
j=1

v oh, (80 800.7) (02X, q,aw%)—szeim)}’

Ep(Xfpevave‘Ll) -

i{ (A (4), AW U2> (G (( S BB Z,,) —IF(_j;(Z,,,e\Ll)>

Jj=1

+ qbg] (AZ(’])’ AI()QS),Q;) <G J}))(( Bq’ Q’—q)q;ép Zp> - E(jl),(Zp, 0|L1)> }
(A-19)

Note that E[ap(X_pz,z,G}Ll)‘Zm =z =0 Elg, (X2 )‘Zm = 2| = 0. Given our

assumptions, for each player p the following representation holds®:
( Pz79|L2) ( Pwe}LQ)

pr( pe thll THZl(pp X p‘f’H‘Ll) (Z _Zpe)"‘gpzv( Zpy,0|La),

Ep (Zpe’ 0 LQ)

L2) = (Zpe’e

1
pr( )Nh B 23180 X*pmaZPwe‘Ll) (me - Zpe) +§pN(sz’0|L2)v

(A-20)
where K:Hll,.ai(N}EpN Zp, 0|L2)| = 0,(N71/2) and e:r?f.i.i(N‘ép Zpy0|L2)| = 0,(N71/2). For each
g # p we will let Vﬁqé_p(-) and v&qéﬁ)(-) denote the partial derivative of é]ffp(.)
with respect to p,(-) and Hq(')? respectively. Denote the second cross-partial derivatives

—M —M —M o
as Vi, G_p(), vﬁqﬁqG—p(') and VﬁqﬁqG—p(')' Likewise, we use VﬁqQA_Jp(-), VHqQJ_V[p(-),
V“qquM ()s Vi u Q]yp() and Vg 4 Qﬁ@,(-) to denote the same objects for Q]l/[p(-). Given our
—4q4—q —q

9See Remark 4.
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assumptions, all these objects are bounded w.p.1. For simplicity, we will abbreviate
Lk) )

Ly).
(A-21)

M < —M
G—p((Xl/155Q)q7£p s Ap(Z-p,, 0|Lk) s A_(Z—p,,0|Lk) ; pn) = G—p(X—PZ7 Z—pys Zp,» 0
A

QJ—WP ((X(/Mﬂq)q;ép ’

—p(Z—pz=9|Lk) 7Afp(Z—PZ’0|Lk) ) an) = Qyp(X—pr—pevanve

Given our assumptions, Equation (A—20) and Lemma 3 in Collomb and Hardle (1986) (or Theorem
A-1 in Aradillas-Lopez (2006)) yield
o N arrdp Z I X—Pe’Z—PU pn79|L2) (Zplz - an) ’ (ﬁp(zpn’0|L2) 7ﬁp(an79|L2)) =
f ( pn) Nh2 =1
)

(X s Zpys Z, 10
fzp( P Nh2 ; e

L2)Kﬁg (Zm - an) ’ (ﬁp(an,9|L2) _ﬁp(an’

Ly)| = o,(N112).

1%y (Zp,,0

) ., where . max
=1

.....

+ 2y, (Zpns

An equivalent result follows for

L2)).

) _Hp(pre

LQ) (Zpe - an) : (Ep(vaﬂ

S (X s Zpys Zp 0
f (an)Nh,2 ZZI Pe DPe p

Given Equation (A — 20), a second order approximation yields

~M
F, (anﬁle)

= A y(Z_p, 0lLs) A (Z_ 0|L2) : 2. K? (Zy, — Z,,
f(pn)Nhg“ m(x, o(ZopisO1L2) s A (2o O1L2) 5 Zp, ) KT, (20, = Z,)
N

— Zéfﬁ, (X—pes Zpas Zp, 0|1 La) KL (Zy, — Z,,)

q;ép

_fzp< N

L2)¢q (quma qu 9|L1)Kgl (qu - Zqz)

N N
I I I P C e
m=1 (=1 q#p 1

h V G (X,p”Z,p” Zp .0 L2) (qunm Zqzzve Ll)Kgl (qu - qu)}KZQ (sz - an) +ZIJ)\/][V (me@ILz)’
1
(A-22)

4+
Iz (an)Nth
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—M _
where maXN}CpN (Zp,, 9|L2)‘ = 0,(N~Y/2). For each q # p define!®

n=1,...,

ﬁ_p) (Zgnr Zp,, 0

L) =

{Vu fehd o(X_p. Z_p, Z,,0|Ly) ‘ pnr L } o2, ZpalZq,,) it Zy # Zy (players p and g use different signals)

)

$E [Vﬁq G_ (X p L—p, ZLg, 0|Lk) }Kp (Z an) it Z, = Z, (players p and ¢ use the same signals)

5,17 2, (quvZan 9’Lk) =

{V " (X_p,Z_p, ,0|Ly) ‘ . qm} fozy(ZpalZa,) it Zy # Zy (players p and ¢ use different signals)
}Kp (Zp,, — Zp,) if Z, = Z, (players p and ¢ use the same signals)

3PE{V G (X 2y, Zy,0|L4)| 2,
(A-23)

Let us stack

!
DM (Zagws Zpns 0| L)) = (D,W (Zoye: Zp 0 L) , D, (qu,zpn,a\Lk)) :

—Pp, /—Lq(

) (A-24)
20 (X s Zas 01 L) = (2, (X Zas O111) + By (X g2 Z4,0]1) )

Given our assumptions, using the results in Ahn and Powell (1993) or Sherman (1994) the projection

of the second-order U-statistic that appears in Equation (A — 22), conditional on Z,, is given by

ZZD,M ams Zons 0| L2) 0q (X, Zg,, 0| L1) + 0y (Zp,,0]L2),

pr( pn) m=1 q#p
where HllaXN’Ep Pn?H‘LQ)’ 0p(N~1/2). Notice that
n=1,...,
=M
B[D 1 (Za Zn 0110 (X g0 Zan 0]10) | ] =0

Now, from Lemma 3 in Collomb and Hardle (1986) or Theorem A-1 in Aradillas-Lopez (2006), we

have

Lo) K2 (Zp, = Zpy) =Ty (Zp,, 0| L2) =

1 1
f ( ) th Z G*P X*pm ? Z*Pm’ an ) 6
Zp Pn 2 m=1

d Z|: X_pm7Z_pm’ pn’0|L2) Mp( Pn’0|L2) (me7ZPW,)+€PN(ZP7L’9‘L2)>
fzp( p”) 2 m=1

where  max ’?p (Zp,,,0|L2) ’ = 0,(N~1/2). Using the results above, we can extend Proposition

A-6 to the case k = 3.

P
p=1"

"Recall that Z = (Z,)_,, s0 Zn = (Zp,)
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Proposition A-7 Suppose the conditions in Proposition A-6 are satisfied and let R;(Zy,,0) be
as defined there. Let lH]l/[p(Zp,Q‘Lg) denote either E%(ZP,GILQ) or FZX‘;(ZP,Q‘LQ). Suppose
that for every 0 € © such that Aéw %0 for some q # p and some M the following holds

P-1
Pr| > HM(Z,,0|Ls) =1|Z, € 2, (A-25)
M=0
Then
Pr(RZ:?)(an,H) # ]?5}223(an, 0) for some n=1,..., N> —0 (A-26)

for all 0 that satisfies (A — 25) and any 0 such that Ai\,/[ =0 for all M.

Proof: It suffices to show that Proposition A-5 holds for k = 2. The results preceding Proposition
A-7 will be enough to establish that. Note that those results relied on the validity of Proposition
A-6, which is why we maintain the assumption that such proposition holds. We begin by extending
the definition in Equation (A —1) to k = 2. Let

=M 1 —M =M
T, (X p. Zp.0|L2) = <M> [Gp (X Zoe Zp,e‘h) - Fp(zp,eng)} K? (Zy, — Zp),
p
1

T, (X_p,, Zp,6|Ls) = <fz (Zp)> [G]_”p (X-pis Zps 20,0 L2) —F%(ZP,GILQ)}K}Z (Zpy — 2Z)
p

(A-27)
~M
The previous results yield the following linear representation for F_ ( Dr s 9‘[12) o ( Prs 6|L2)
~M —M
F_ (Zp 0|Ly) —F_,(Zp,,0|L2) =
=M _
fz NZ[ T—pN X_pe’ p"’0|L2 +gD—P Hq (Z‘H’pr70{L2)/<P‘1(X—QZ7ZQZ79|L1) +V;]:{V(ZP7130|L2)7
P q7Fp

where n_nllaxN)ﬁ%V(an,ﬂLg)‘ = 0p(N"Y2). Let Q@W (1) be the equivalent to the objects

defined in Equation (A — 23) replacing éf/g() with Q%(-). The same steps as above yield

~M
F_,(Zp,.0|L2

) - EJXIP (Zl’n .0

L) =

N
1 1 1
Tz )Z[hd z¥pN(X_m,Z,,n,e Ly)+» DM (Zges Zp, 0| L2) 04 (X gy, Zgy 0| L1) | + 12 (Z,,,0]|L2),
Zp \TPn =1 a#p
where n:Hllﬁ}.{,N)E%V(Zp"’mLz)‘ = 0,(N71/2). Let (anM)Z—:lO be an arbitrary collection of
scalars, and let
P-1
0‘[/2 Z( 9}L2) +51WIF ( P’H‘Ll))’
o . (A-28)
~ ~M =~
Hyy (Zp,0|L2) = <aMIF_p(Zp,e}L2) + 5M]F_p(zp,eyL2)).
M=0
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For the same collection of scalars, let

P—1
Spo (Xops Zp, 0| L2) = Z (aMTM (X_pys Zp, O|L2) + 6, T, (XpZ,Zp,0|L2)>

Qpy (X—q> Zgy: Zp, 0| L2) = ~f (Zp ZZ{ MQ]ypu ZqzvvaQ‘LQ)/SDq(X—quqwg‘Ll)
Zp 7&

+<5MD_M( 40s Zp, 0| L2) goq(X_qé,qu,H‘Ll)}

Our previous results yield

N
~ 1
Hyy ( pnﬁ‘L?) ( pwe‘L? NZ[ dp pN X—p/u pnve‘h)"‘Qp (X—tnthZw pnﬂg‘L?)]

§ ( Pn> 9‘L2)
(A-29)

where n:nlljafc,N‘pr (an,Q‘Lg)‘ = 0,(N~1/2). The result in (A — 29) serves the same purpose
as Equation (A — 4). From here, we can establish Proposition A-5 for Ly by taking the same
steps that followed Equation (A — 4). If we retrace the steps of the proof of Proposition A-
5, we can see that the key facts were the following: &, (Zp,H‘Ll) satisfied the following
conditions: (i) ngéfN‘E[h; S, (X_W,an,a\Ll)|an]’ s 0; (i) n:r?%%NjgpN(zpn,e\ Ll)‘ -
0p(N~1/2) (see footnote 7); (iii) hilpﬁpN (Zp,,0|L1) is bounded by some constant w.p.1 and
(iv) hf”N 1/2°— o0. The equivalent results hold for Equation (A — 29): (ii) has already
been established; (iv) follows from the bandwidth assumptions; (i) the same reasons that yielded

max ’E hl d SPN (X_m7 Zpn s 0|L1) ‘an] ’ — 0; (our smoothness assumptions, trimming and the

blas—reducmg nature of the kernels used) yield n%axN’E[h; d SPN (X_pe, Pr s 9|L2) ‘Z ]
n=1...,
In addition, we showed above that E[szv (X,qe,qu,an,0|L2)‘an] = (0. Finally, to see why

(iii) follows, note first that the bounded nature of probabilities and our trimming imply that
hgpﬁp ( pn,G}Lg) is bounded w.p.1. Trivially, h;l”H( pn,G‘Lg) is also bounded w.p.1 since
Hp(-) is some linear combination of probabilities; for the same reason (involving a linear
combination of probabilities) Spy (X_pg, Ly s Q‘Lg) is also bounded w.p.1. It follows immediately
that hg” &pn (Zp,,0|L2) is bounded w.p.1. All the bounds and results established after Equation
(A —4) can be established for k = 2 following the same steps. From here, Proposition A-5 holds
for k = 2. Given the conditions in the statement of Proposition A-7, this is enough to prove its

validity using the same arguments as in the proof of Proposition A-6. O
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As before, we let Uz = min{MZ,bZ} and U; = min{M*,QZ}. Proposition A-7 implies that

with probability approaching one uniformly in n =1,..., N, we can express
o (Zy 01Ls) — Ty (2| Ls) =
g0 (A0 AT 7 7
S 36, (A9, AT T3) (F, (25, 6] L2) — FY) (2,6 L2)
j=1
ot (8. 009.75) (B2 4 o122) - B2 01) |
Ep(an?H L3) —Hp(an,e L3) =

*

P

Z{sbp]( 0, A U3)< T (2,.0|L2) — F9)(2,.6

j=1

L2)>

+¢gj<A1(7j)’A( )U3)< FY)

2 bl12) ~ BV (2.0110) )

(A-30)

As before, @7 (), qbg]_(-), ¢p.(+) and qbgj(~) are described in Equation (15). Using the notation

from Equation (A — 21), let

¢P (X_Pm7 Z—pm’ Pn 70‘L2)

i{% (a9, a7, 773) (G(_j; (X s Zo s Zp 6|1

j:

)
L2>)},

L2)>
L2)>}.

(A-31)

) IF(J) (an,é?

+ ¢ (A A(Us) U;) (G(j])g (X,pm, Z_ps Zpn s 0)L2> _ E(j; (an’ 0
fp(X—pww Z—pmv an’e
i{%( AP, U3) (G(_j; (X s Zps Zpan O] L

+ ol (A 7, A, U*) (GU}J (X_pm,z_,,m,zpn,eng) ~FY)(2,,.0

Ly) =

) (J) (prg
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Let

Mo (Xons Zins Zp, 0| La) =
.
S-{ e (a9 1) T,
J=1 q7#p
+ o, (A9, AT T3) S DY) (Zs Zpur 0

q#p

A(Xons Zins Zp, 0| L2)

p*
C
o
J=1 a7#p
(Us )
+op (a9, a8, us) S DY)
a7#p
Given our previous results, the following representation
7 (ZP2’9L3) - ( Pe79|L3)
N Z{ dp 90[) X_pn’Z_pnN p€’9|L2) (me - Zpl
( Pe’9|L5) p(ZPe’9|L3)
_ L 1y o (X Zop 2 0| L) K (2
T Zp) N 22\ g £ S S U152 B

o1

Qm’ pn76

Pm

Q'm I pn ) 9

qm > “Pn>

holds

) + Xp()(rm Zma p479|L2)

sz) + Ap(X’fWM Zma pre

Ly)

}

LQ) ,Spq (X_q"H Z—Qm ) qu ) 9

LQ)ISOQ (X_lhn? Z—qm7 qu7 0

L) 0q(X_gms Z—qms Zam» 0

L)

L1>},

(Az()j)’ Az()gé)’gg> ZE(—JZ)LM qu, an’ 9’L2)/<,0q (X*qm’ Z*qma qu7 H‘Ll)

Ll)}.

(A-32)

+ EPN( e 9|L3)

—|—§p

( j 7 9|L3)
(A-33)



where , I{lai(N‘gpN(Zm,ﬂLg)‘ = 0,(N~/2) and Jmax §pN(Zpé’9|L3)‘ = 0,(N~1/2). A second

geeey

order approximation yields

~M
F, (z,, 0|Ls)

= .}? (Zpﬂ)Nhg ZZIGP( ﬂq q#p ’ A*p<Z*W79|L3) ) L (Z*pwelLS); Pn>KiZ;3(ZP£ _an)
1 1
- c" (X_pys Z—p,, Zp,,0|L Zyy — Zp.,
7, ( pL)Nhg ; p Pe pe> Zp, | 3) ( pe p)
A
Al 1 M
Via G_ (X s Zpys Zp 0| L3) B (X gy Z—gus Zg» 0| L2) K} (2.
fz,,( )Nzhg”,;;q#pfzq(z ){h2 g *p( De Pes “pn |3)‘Pq( m Gm s “qe 2) h,2( q
1 —M
+EvﬁqG,p(X,m,Z,m, Zp,,0|Ls)p (X,qm,Z,qm7qu,9|L2)KZ2(qu—Z )}K,’ZJ(Z — Zp,)
2
B
al M
_ Vo G- (X_pys Z—pys Zp,, 0|L Xons Zoms Zg,, 0| L
pr( P?L)N2hprnz::1/z:;q;ép q { " p( " " " | 3) ( " 2)
+Vyu G (X_m,Z_m, Zp,»0|L3) A (Xm,Zm,Zq,Z,GLQ)}KZS(Zm—an)
+Cpr (Zp,.0|Ls),
(A-34)
where z—nfaXN‘ZpN Zp,,0|L3) ‘—o (N—1/2). The term (A) is equivalent to the second term on the

right-hand side of Equation (A — 22). Conditional on Z,, we can the results in Ahn and Powell
(1993) or Sherman (1994) and find that its projection is given by

f N ZZ —D, kg qm7 pn79|L3) @q(X—qmaZ—qmv qna9|L2)+’l9 ( pn,79|L3)a
4

P m=1 q#p
where _ max ’ﬁ an,0|L3)‘ = 0,(N~1/2), ﬁ,p g (Zgps Zp,,0|Li) is as defined in Equations
(A— 23) and (A—24) and
!/
9011 (X_q’VVL7 Z—fbn? qu, 9‘[12) = (Eq (X_qm7 Z_QWL? ZQ'm’ Q}LQ) Y aq (X_Q'm’ Z_Q’nL’ Zq"U 9‘L2)> ’
where the last two are given in Equation (A — 31). Let us stack

—M —M —M !
VGO (X s Zpys Dy 0| L) = (vﬁqa,p(x,pe,z,m,an,9|L3) : v&qa,p(x,m,z,m,Z,,n,9|L3)) :

!
A (Xoms Zons Zgy, 0| L2) = ()\ (Xoms Zuns Zgy, 0| L2) ,Aq(Xm,Zm,qu,0|L2)) .
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Now let

T (X, Zins Zp, 6| L) =
" (Ng(Xons Zin, Z4, 0| L2)

G (X_ps Zpy Zp, 0| L3) | 20, Z4, 2, 4 I
([V p(Xop 2oy, ) D( 7o Zy) )

):qu (X Zons Zpyos Zp s

Zp = Zp",Xm, Zm ;

0|Ls).

—M
J—p(X’ﬂH va ana 9 L3
q#p

The projection (conditional on Z,) of the second order U-statistic in (B) is

ZJ (Xim: Zim, Zp,,,0|Ls) + Tpy (Zp,, 0|L3),

pr n

where nllaxN‘?pN(an, 9|L3)‘ = 0,(N~1/2). 1If we go back to the characterizations of the objects
n=1,...,
involved, it follows immediately that FE [j]f[p (Xm, Ly Zp, s O}Lg) ‘an} = 0. As before, using
Lemma 3 in Collomb and Hardle (1986) or Theorem A-1 in Aradillas-Lopez (2006), we get
dp Z G X—pva—p ) pn"9|L3) (me - an) _IFM( Zp., ’9|L3) =
fzp( ) Nh3 m=1

Z |: X_p7n ? Z—P ’ an ? 9 L3) - FJl4p (an ? 6 L3):| Kﬁg) (anz - an) + pr (an ? 9‘L3)7

fzp( pn) N h3 el
where n’llaXN‘?p (Zp,,,0|L3) ‘ = 0,(N~Y2). The previous results yield the following linear
n=1,...,

representation for ?,p(an, 9‘[13) — ﬁ,p(an, 9|L3)7

~

.y (Zp,.0)Ls) ~F, (2. 0|Ls) =

M
X pis Zpy; Pn79|L3 +ZD—p#( 9’L3)/90‘Z(X*QeﬂZ*qe’qu39|L2)

ZqZ’an7

N
1 1 1 =
T N 213 2
—M
+ T (Xe, 24, Zp,,0|Ls) | + 731, (Zp,,6]Ls),
T (Zp,01L2)| = 0p(N~Y/2) and

where max }1/

—M
3) = By (Zp,O|Ls) | K, (Zp, — Zy).

—M 1 M

Tpr (Xfp"" Z—pes Zp; 9|L3) = (f(Zp)> |:G;D (X*Pw Z_py;
Zp

As before, we can derive the equivalent result for EJE[ (Zp, 9‘ Ls) — E]yp (Zp,.. 9’ L3) as

M
F,(Zp,.0|Ls) — EY,(Z;,.0]Ls) =
(quanv 9’L3)/¢q (X*qw Z—q0> Ly 9|L2)

N
1 1 1
f ( )72 dIJXIpN(X*Pe’Z*W, pn79|L3 +§ D
Zp Pn (=1 h s

+l¥p(Xz,Zz,an79|L3) +Z§)w( Zp,.,0|L3),
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where Q%,uq (qu, pn,Q‘Lg) and JM (Xm,Zm, pn,H‘Lg) are defined by replacing oM »(-) with
Q]yp(-) in the definitions above, and

1
fzp (ZP)
If the conditions in Propositions A-6 and A-7 are satisfied and if the condition in Equation (A —25)

I]l/le (X—:th’Z—prpaH’LS) = ( Lg) Kﬁg (Zm — Zp).

) [GMP (X 2o 29 0| Ls )~ BY,(Z,.0

extends to L3, namely
P-1

Z ]H%(ZP,H‘L;),) =1
M=0

Pr Z, € Z,| =0.

for all € © such that Aé\/f # 0 for some g # p and some M, then we can follow the same steps
as above to show that Proposition A-6 holds for £ = 4, Namely

Pr<Rk 1(Zy,, )#Rk 1(Zp,.,0) for some nzl,...,N) — 0,

where R} (Zp,0) is as defined in Proposition A-6. It follows from here that ﬁp(an,0|L4) -
( pn,6|L4) and ﬁp( pn,G}L4) — ,u,p( pn,H‘L4) can be expressed as in Equation (A — 30).
~M
Given this fact, their linear representations follow immediately from those of F_, (an, 0 ‘Lg) —
=M _
FM (7 ( . G‘Lg) and F,p(an, 9’L3) - ]F]yp (an, H‘Lg) as in the cases k = 3,2 which we already
established. If we continue this process iteratively for k& > 4, a general result emerges. We present

it next.

A.2.1 A general representation result

We start by denoting the coefficients described in Equation (15) compactly as qﬁgj (Aval:)7
¢ (Ap, U, 65, (8, Us) and ¢¢ (A, Us). For k > 1 let

—M
By (X pos Z-ps Zp, 0| L

) = G (X g Zop 2 0| L) = T2 (20| L),

N N (A-35)
) —aM (X,pm, Z,pm,zpn,eﬂLk) — M (Z,,,0|Ls).

Ejjow (X*Pm ) Z*pma an ,0|Lg

For k > 1, let

@7 (X*pmv Z*pm’ pn79‘Lk)
z 77+ )
Z{¢Z]‘ (AP’ Uk+1)RP <X_pm7 Z_Pm’ an ) 0 L

Jj=1

o (X_ppsZ—pps Zp, 0

)+ 8 T ) (X s o) |

Ly) =

bS]

Lk) + ¢g] (AZ” QltJrl)Ez()]) (X*;an Z*pm ) an ) H’Lk) }7

M o

Il
-

{¢;] (Ap’ QZ‘l’l)RI(?J) (X*pm ’ Z*Pm ) an ) 0

J

/
o (X pos Zoprs Zs 0 L) s 0, (X ps Zoprs Zp, s O|L) ) -

Ly) = (ap (X s Zprs Zp 0
(A-36)
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Now let Q(,j;,uq (qu s Zprs

—Patiq
that result from éﬁ() with GM (-) there. For k > 2 we will let

Ezl/[p(ermZMa pn70|Lk ZQ—pH qm Pn’0|Lk) QOQ(X_’I ’Z_Qm7 QM’0|Lk 1)
q#p

EY (X Zuns Zp O|L0) = S D (Za Zpn s 01 L8) 00 (X s Z— s Za 10| L)
qF#p

For k =1, let the above objects be identically equal to zero. For k > 2, define

M"ﬁ

Ap (Xons Zim, Zpl,0|Lk)
1

<.
Il

I
[~

Ap (Xm7 Zm7 Zp-,La 9

Lk)

{Qﬁc (Ap, UkJrl)E(jZ)?(Xm’ Zm7 an79

j=1

L) = (

N (Xons Zons Zay, 0

>|

q(Xm> Zma que

Lk:) ) (Xm7Zm7Zq/76

Lk)) .

Lk)'i_qng(AmQ;;Jrl)E(jZ))( my &ms “p

) be as described in Equation (A — 23), and let D™ () be the objects

{¢ (89 T B (X Zu Zy 0]Ls) + 60, (8 T 1) EY) (Ko, 2 zpwewk)}

Lk)},

(A-37)

For k = 1, let the above objects be identically equal to zero. As before, for k > 1 we denote

—M
VHqG,p(X,m,Z,p“an,GlLk) (V G (X,p[,Z,m,Z 0|L

Pno

For k > 3, define

J vazma pn79|Lk)

Zpy Ly, 2

Ly)

E ( vﬂq G X_p7 Z_p7 an’ 9

é\/[ maZma pn70|Lk)

|~

/
E v“qGM X 7y Zp, 0| L) Zp,zq,zpn] N (Xims Zims Zgs 0| Li—1) 4= 7 X,
fzq(Zq)
,,( =37 (X, Zins Zp, 0| L),
q#p
I (Xons Zins Zp, 0| L) = D L3 (Xms Zans Zp,., 0| L)
qF#p

For k < 2, let the above objects be identically equal to zero. For k > 3 define

-

0p(Xm, Zm an,0|Lk)

Il
-

J

mo

’ .
/\q(Xmuzm7Zq79}Lk71) _
pn:| > < qu (Zq) Zp - an ) X Zm ’

R /
Li) s Vi Gop(X s Zops 2y, 0| 11) )

Zm |,

{68 0 T o 2 802) (80T 4050 0100

n

0, (Xms Zm Zp",GLk)=Z{¢;(AP,UZ+1)J(”(X Zis, Zp 0| L) + 6L (D, Up 1) 29 (Xom, Zim an,9|L,€)},
j=1

Sp(Xoms Zoms Zip, 0| L) = (Sp(xm,zm,zpn,eLk),ap(X Zom an,eyLk))’.
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For k < 2, let the above objects be identically equal to zero. We will define the following projections
iteratively. For k > 4, let

Ty (Xom, Zins Zy,., 0 L) =
J— A
ZE quGfp(depr*Pprn’e Lk) 6q(XmaZm7quv9 Lk—l)th (pr _an) ‘Xm’Zm’Zp” if k=4
q;ép hkp fzq (ZQZ)
Gor(Xpss Zrs Z 0| L)
ZE VH‘IG p( dp[’ be pn70| k) {5q<Xmazmanz,9 Lk—l)
P
q#p hk fzq (Z(Iﬂ)
+ Ty (X, Zim, Zqz,e\Lk_l)}th (Zoe = Zpo) |Xims Zms Zp,, | i1k 25,
and
Ep(vazvaPn»9|Lk) =
VoG (X s Zmps Zps 0| L)
ZE lq*_P( dp[ e | k) 5q(X’maZ’rn7Zqza9Lk—l)th(ZptZ_an) ‘Xm’Zm’Zp” if k=4
q#p hk;p fzq (ZQZ)
VoG (X_pZpys Zo 0|Li)
ZE “‘?*_p( dp“ Per Zhn | k) {5q<Xm7Zmanz79 Lk—l)
P
q7#p hy, fzq (Zq.)
+£q(Xm7Zma ZfIz>9|Lk—l)}th (Zpe - Z;Dn)|Xm’Zm’ Zp, | itk 25.
(A-39)

For k < 3, let the above objects be identically equal to zero. The following proposition summarizes

the linear representation properties of our Li—rational expectation bounds.

. . =M
Proposition A-8 Let ]H]yp (Zp, H‘Lk) denote either Eyp (Zp, G‘Lk) or F_p(Zp, G}Lk). Take
any linear combination of the form Z?\D[:lo lHjl/[p(Zp, 0|Lk) and suppose that for every 8 € © such

that Aé\/[ #£0 for some q # p and some M the following holds for any such linear combination:

P-1
Pr| Y HY(Z,,0|Li) =1|Z, € Z,| =0 for k=1,...,k" - L. (A-40)
M=0
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Then, given our assumptions the following linear representations hold for k = 2,...,k* and each

such parameter value 6,
ﬁp(meo’Lk) 7ﬁp(zpn’9|Lk)

N

1 1 1 _ _

= 7fz (Zp )ﬁ E {hd” ‘Pp(X—pm»Z—pmaan79|Lk—1)K}€,€,1(me *an) +)‘p(XmaZmaan,>9|Lk—l)
pATPn k—1

m=1

+Sp(Xma Zm, an79|Lk—1) +fp(Xm7 Zm, an>0|Lk—1>} +gpN (anveufk)a

Ep(an’olLk) 7Hp(an’0|Lk)
1 11 )
=N Z hTfp(X,pmz,pm, Zp, 0| L) KL (Zp,, — Zp,) + Ay (Xns Zins Zp, . 0| Li—1)
P n m=1 k—1

+ép(Xma Zma an,70|Lk—1) +£p(Xm7 Zma an79|Lk—1)} +§pN (an79|Lk)-
(A-41)

The proof of this result consists of an iterative repetition of the arguments we described above.
Given our smoothness, kernels and bandwidth assumptions, taking the corresponding projections

of the successive U-statistics we obtain the general form for the expression in (A — 41).
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