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1. (a) If X has full rank (i.e, rank = k), then X ′X also has rank k and therefore is invertible.

In this case, we know that the orthogonal projection of any vector y ∈ Rn on to col (X)

is given by:

Pcol(X)(y) = X(X ′X)−1X ′y

Therefore Pcol(X)(y) is a linear transformation. It will be diagonalizable if and only if

the projection matrix X(X ′X)−1X ′ has k linearly independent eigenvectors.

(b) In this case, we have

X ′X =


1 1 1

1 2 3


 ·




1 1

1 2

1 3


 =


3 6

6 14




which has full rank equal to 2. The projection matrix onto col (X) is:

X(X ′X)−1X ′ =




1
1.2

1
3 −1

6

1
3

1
3

1
3

−1
6

1
3

1
1.2




The projections for y1 and y2 are given by:

Pcol(X)(y1) = X(X ′X)−1X ′y1 =




1
1.2

1
3 −1

6

1
3

1
3

1
3

−1
6

1
3

1
1.2







0

−1

1


 =




−0.5

0

0.5




Pcol(X)(y2) = X(X ′X)−1X ′y2 =




1
1.2

1
3 −1

6

1
3

1
3

1
3

−1
6

1
3

1
1.2







−1

0

1


 =




−1

0

1




So the projection of y2 on to col (X) is simply y2. This shows that y2 is in fact an

element of col (X). This is not true for y1. We can express the projections in terms
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of the vectors β̂1, β̂2 where Pcol(X)(y1) = Xβ̂1; Pcol(X)(y2) = Xβ̂2. These vectors of

coefficients are

β̂1 = (X ′X)−1X ′y1 =


−1

0.5


 ; β̂2 = (X ′X)−1X ′y2 =


−2

1




Notice that

y2 = −2 ·




1

1

1


 +




1

2

3


 ; and therefore y2 ∈ col (X)

2. We have

T1[e1] =


1

0


 ; T1[e2] =


−1

1


 ; T1[e3] =


0

2


 ⇒ ST1 =


1 −1 0

0 1 2




Diagonalizability is a property of symmetric matrices. Therefore it does not apply to ST1 .

For T2 we have:

T2[e1] =




1

0

0


 ; T2[e2] =




−1

2

0


 ; T2[e3] =




1

4

1


 ⇒ ST2 =




1 −1 1

0 2 4

0 0 1




Since ST2 is an upper triangular matrix, the characteristic equation is simply:
∣∣ST2 − λI2

∣∣ = 0 ⇔ (1− λ)(2− λ)(1− λ) = 0

So this matrix has only two eigenvalues, λ1 = 1 and λ2 = 2. The eigenvectors that correspond

to λ1 must satisfy 


1 −1 1

0 2 4

0 0 1


 ·




p1

p2

p3


 =




p1

p2

p3




This is satisfied only if p2 = p3 = 0. Therefore, all eigenvectors for λ1 must be of the form



α

0

0




for some α ∈ R. We’re in trouble: There is no way of choosing to such vectors that are

linearly independent. The eigenvectors for λ2 must satisfy:



1 −1 1

0 2 4

0 0 1


 ·




p1

p2

p3


 =




2p1

2p2

2p3



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This is satisfied only if p3 = 0 and p1 = −p2. Therefore, all eigenvectors of λ2 have the form



γ

−γ

0




for some γ ∈ R. It is impossible to find three linearly independent vectors from any collection

of vectors that look like 


α

0

0


 and/or




γ

−γ

0




ST2 is not diagonalizable by any matrix, complex or real.

3. The proposed transformation T : R3 → R4 is not a linear transformation: The last element of

the transformation is always one. Therefore, the matrix representation does not apply to it.

The kernel of T is the empty set ∅, since no value of x, y, z will yield a vector of zeros. We will

always have 1 at the last entry. Therefore, the nullity of T , which is the dimension of its kernel

is equal to zero. This is the answer to the problem. However, in order to put in practice all

we know about linear transformations, consider the following modification of T :

T [(x, y, z)] = (x− y + z, 3x− 5y + 2z, x− 3y, 0)

(change the one for a zero). Now we have something susceptible to the properties we know

about linear transformations. In particular, there exists a 4× 3 matrix ST that represents T :

T [e1] =




1

3

1

0




; T [e2] =




−1

−5

−3

0




; T [e3] =




1

2

0

0




⇒ ST =




1 −1 1

3 −5 2

1 −3 0

0 0 0




The reduced-row echelon form of this matrix is:

r.r.e.f (ST ) =




1 0 1.5

0 1 0.5

0 0 0

0 0 0




⇒ rank (ST ) = 2

since rank (ST ) = dim
(
col (ST )

)
, the Dimension Theorem yields 3 = rank (ST ) +

dim
(
null (ST )

) ⇒ dim
(
null (ST )

)
= 3 − rank (ST ) = 3 − 2 = 1. Since dim

(
null (ST )

)
=

3



dim
(
ker (T )

)
= nullity of T, we have that the nullity of T (the dimension of its kernel space)

is one.

4. The proposed transformation has the form

T
(
a + bx + cx2

)
= ax + bx2 + cx3.

We use the basis BP2 = {1, x, x2} and BP3 = {1, x, x2, x3}. We find the matrix ST in the

following way:

1 →
x →
x2 →
x3 →

T (1)


0

1

0

0




T (x)


0

0

1

0




T (x2)


0

0

0

1




⇒ ST =




0 0 0

1 0 0

0 1 0

0 0 1




.

Note that for any p(x) = ax + bx2 + cx3, we have

[
1 x x2 x3

]




0 0 0

1 0 0

0 1 0

0 0 1







a

b

c


 =

[
1 x x2 x3

]




0

a

b

c




= ax + bx2 + cx3X

5. First note that this system has the property that x1 = Ax0, x2 = A · x1 = A · Ax0, x3 =

A·x2 = A·A·Ax0 , . . . , therefore xn = Anx0 for each n. If the matrix A is diagonalizable, then

A2 = P−1DP ·P−1DP = P−1D2P , A3 = P−1DP ·P−1D2P = P−1D3P and in general, An =

P−1DnP . We can see that the vector xn will converge to a finite vector only if Dn converges

to a finite matrix. But the matrix D is the diagonal matrix that includes the eigenvalues

of A in its main diagonal. Dn has zeros outside its diagonal, which consists of the terms

λn
1 , λn

2 , . . . , λn
k . A well-defined norm of Dn is given by ‖Dn‖∞ = max

{|λn
1 |, |λn

2 |, . . . , |λn
k |

}
.

This norm will have a finite limit only if max
{|λ1|, |λ2|, . . . , |λk|

} ≤ 1, where |λ| denotes the

modulus of λ.

6. Denote u ≡ x2 + x3. First, we identify a basis for P1. As usual, we choose the simplest one:

BP1 = {1, x}. Next, we identify how the projection looks like: Since we are projecting on to

P1, we must have P (u) = β̂0 + β̂1x. The problem consists of finding β̂0, β̂1. Next, we express

the orthogonality conditions that define the projection: The “residual” u− β̂0− β̂1x must be
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orthogonal (using the inner product defined above) to each one of the elements on the basis

BP1 . Therefore, β̂0 and β̂1 must satisfy:

〈
x2 + x3 − β̂0 − β̂1x, 1

〉
= 0;

〈
x2 + x3 − β̂0 − β̂1x, x

〉
= 0

⇒
∫ b

a

(
x2 + x3 − β̂0 − β̂1x

)
dx = 0;

∫ b

a

(
x2 + x3 − β̂0 − β̂1x

) · xdx = 0

So, we have a system of two equations and two unknowns (β̂0 and β̂1). Solving this system

yields:

β̂0 =
1
30

[
−6a3 − 4ab(5 + 6b)− b2(5 + 6b)− a2(5 + 24b)

]

β̂1 = a +
9a2

10
+ b +

6ab

5
+

9b2

10
.

We can also find the orthogonal projection as the solution to a problem of “distance

minimization”. We know that whenever a vector space has an inner product, we can construct

a well-defined norm as ‖ · ‖ =
√

< ·, · >. Therefore, we can represent this projection as the

solution to:

min
bβ0,bβ1

∥∥x2+x3−β̂0−β̂1x
∥∥ = min

bβ0,bβ1

√∫ b

a

(
x2 + x3 − β̂0 − β̂1x

)2
dx = min

bβ0,bβ1

∫ b

a

(
x2 + x3 − β̂0 − β̂1x

)2
dx

The first order conditions for this problem are exactly the system of orthogonality conditions

we used above. Therefore, the solution is the same.

7. Once again, we start by identifying a basis of the subspace onto which we are projecting.

Choose the basis BP1 = {1, x}. The projection has to be a function of the form β̂0 + β̂1x, and

the following orthogonality conditions must hold:

〈
1 + x2 − β̂0 − β̂1x, 1

〉
= 0;

〈
1 + x2 − β̂0 − β̂1x, x

〉
= 0

Given the inner product we are using, these conditions become:

(
1 + 22 − β̂0 − β̂1 · 2

) · 1 +
(
1 + 32 − β̂0 − β̂1 · 3

) · 1 +
(
1 + 52 − β̂0 − β̂1 · 5

) · 1 = 0
(
1 + 22 − β̂0 − β̂1 · 2

) · 2 +
(
1 + 32 − β̂0 − β̂1 · 3

) · 3 +
(
1 + 52 − β̂0 − β̂1 · 5

) · 5 = 0

This system simplifies to:

41− 3β̂0 − 10β̂1 = 0

170− 10β̂0 − 38β̂1 = 0

The solution becomes β̂0 = −71
7 , β̂1 = 50

7 .
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8. Consider first the partial derivatives:

lim
α→0

f(α, 0)− f(0, 0)
α

= lim
α→0

√
|α · 0| − 0

α
= lim

α→0
0 = 0

lim
α→0

f(0, α)− f(0, 0)
α

= lim
α→0

√
|0 · α| − 0

α
= lim

α→0
0 = 0

Therefore, both partial derivatives exist at 0, and they are equal to zero. Now suppose we

take any other directional derivative. These would satisfy u1 6= 0 and u2 6= 0. In this case we

have:

lim
α→0

f(αu1, αu2)− f(0, 0)
α

=
√∣∣α2u1u2

∣∣α =

∣∣α∣∣
α
·
√
|u1u2|

We have

lim
α→0+

∣∣α∣∣
α
·
√
|u1u2| =

√
|u1u2|; lim

α→0−

∣∣α∣∣
α
·
√
|u1u2| = −

√
|u1u2|

since both limits differ, then

lim
α→0

∣∣α∣∣
α
·
√
|u1u2|

does not exist. Consequently, no directional derivative other than the partial derivatives exist

at (0, 0).
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7. (a) Take an orthonormal basis ε1, ε2, ...εn of V of which ε1, ε2, ..., εm is an orthonormal basis

of W. Let (x1i, x2i, ..., xni) be the coordinates of ei with respect to the above basis and

yki = xki
di . Then

∣∣∣∣∣∣∣∣∣∣∣∣

y11 y21 · · · yn,1

y12 y22 · · · yn,2

. . . . . . . . . . . . . . . . . . . .

y1,n y2,n · · · yn,n

∣∣∣∣∣∣∣∣∣∣∣∣

is an orthogonal matrix (remember that e1, e2, ..., en form an

orthogonal basis of V)

If the length of the projection of ei is equal to d for any i:

y2
1i + y2

2i + ...y2
mi = (x2

1i + x2
2i + ... + x2

mi)d
−2
i = d2d−2

i (1)

Since d ≤ di:

m =
m∑

k=1

n∑
i=1

y2
ki ({ ei

di
} is an orthonormal basis)

=
n∑

i=1

m∑
k=1

y2
ki

= d2(d−2
1 + ... + d−2

n )

≤ d2
i (d

−2
1 + ... + d−2

n ) ¥.

(b) We prove by induction. For n=1, the statement is obvious. Now let’s suppose it’s true

for n-1, i.e.

For any {γi}n−1
1 such that 0 ≤ γi ≤ 1 and γ1 + ... + γn−1 = m then there exists an

onthogonal matrix

∣∣∣∣∣∣∣∣∣∣∣∣

a11 a21 · · · an−1,1

a12 a22 · · · an−1,2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a1,n−1 a2,n−1 · · · an−1,n−1

∣∣∣∣∣∣∣∣∣∣∣∣

such that a2
1i + ... + a2

mi = γi

For any {βi}n
1 such that 0 ≤ βi ≤ 1 and β1 + ... + βn = m, w.l.o.g suppose that

β1 ≥ ... ≥ βn, then βn−1 +βn ≤ 2m
n ≤ 1 and apply the (n-1)th statement with γi = βi for

all i=1,...n-2 and γn−1 = βn−1 + βn. The matrix A =

∣∣∣∣∣∣∣∣∣∣∣∣

a11 a21 · · · an−1,1

a12 a22 · · · an−1,2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a1,n−1 a2,n−1 · · · an−1,n−1

∣∣∣∣∣∣∣∣∣∣∣∣
such that a2

1i + ... + a2
mi = βi for i=1,...,n-2 and a2

1n−1 + ... + a2
mn−1 = βn−1 + βn will be
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an orthogonal matrix.

Let Y =

∣∣∣∣∣∣∣∣∣∣∣∣

a11 · · · an−2,1 α1an−1,1 −α2an−1,1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a1,n−1 · · · an−2,n−1 α1an−1,n−1 −α2an−1,n−1

0 · · · 0 α2 α1

∣∣∣∣∣∣∣∣∣∣∣∣

where α1 =
√

βn−1

βn−1+βn

and α2 =
√

βn

βn−1+βn

We can verify that Y is an orthogonal matrix. Moreover
m∑

k=1

y2
ki = βi for i=1,...,n-2

m∑
k=1

y2
k,n−1 = α2

1(βn−1 + βn) = βn−1

m∑
k=1

y2
k,n = α2

2(βn−1 + βn) = βn ¥.

(c) If m > n/2 then n −m < n/2 and therefore there exists an orthogonal matrix Y such

that y2
m+1,i + ... + y2

n,i = 1− βi for i=1,...,n hence y2
1i + ... + y2

m1 = βi.

(d) If d2
i (d

−2
1 + d−2

2 + ... + d−2
n ) ≥ m, for i=1,...,n let d2 = m(d−2

1 + ... + d−2
n )−1 ≤ d2

i

With βi = d2

d2
i
≤ 1 and β1 + ..+βn = m we have shown there exists an orthogonal matrix

Y such that y2
1i + ... + y2

m1 = βi for i=1,...,n. A subspace W as defined in (a) exists with

an orthonormal basis ε1, ..., εm. The full orthonormal basis (of V) is ε1, ..., εm. Their

coordinates w.r.t. the basis e1, ..., en will be Y T /d.

8. (a) Let χ ∈ C∞
0 (I) such that

∫
χ(x)dx = 1 and C = Tf (χ) which is a constant. For any

φ ∈ C∞
0 (I), the function g(x) = φ(x) − χ(x)

∫
φ(y)dy is also in C = Tf (χ). Moreover,

∫
g(x)dx = 0. Therefore h(x) =

∫ x
−∞ g(y)dy belongs to C∞

0 (I) and h′ = g. So we have

0 = T ′f (h) = Tf (h′) = Tf (g) = Tf (φ) − C
∫

φ(y)dy which implies that Tf =

C ¥

(b) For any c ∈ I the function f(x) =
∫ x
c g(y)dy is continuous on I. Using (a), we only have

to prove that T ′f = Tg. If c < x then ∀φ ∈ C∞
0 (I) :

T ′f (φ) = −Tf (φ′)

= − ∫
φ′(x)f(x)dx

= − ∫ ∫ x
c g(y)dyφ′(x)dx
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= − ∫
g(y)

∫
(x,y)∈A φ′(x)dxdy (using the Fubini theorem where A = {(x, y) :

c < y < x})

=
∫

g(y)φ(y)dy

= Tg(φ) ¥
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