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Abstract

This note (1) provides references to recent work that applies computer algebra (CA) to the life sciences, (2)
cites literature that explains the biological background of each application, (3) states the mathematical methods
that are used, (4) mentions the benefits ofCA, and (5) suggests some topics for future work.

INTRODUCTION

The use of computer algebra (CA) in biology and related subjects is increasing rapidly, both in variety and extent.
Most of the work is reported for expert audiences in a burgeoning array of specialist journals. This note lists a
selection of papers that mention applications ofCA in the life sciences. These impact virtually every area of biology
and medicine that uses mathematics and statistics.

In health care alone,CA has been used in work that bears on

1. cancer [1, 2, 11, 113, 114, 138, 181, 182, 188, 204, 219, 220, 235, 237],

2. the cardiovascular system [49, 50, 106, 172],

3. drug design and testing [69, 72, 84, 152, 153],

4. EEG scans [234],

5. food poisoning [41],

6. genetic counseling [64, 188],

7. the immune system [2, 46, 55, 100],

8. medical imaging [163, 183, 190, 208],

9. mental health [11, 108],

10. prosthetic devices [122, 162] and

11. trauma care [54].

The most popularCA software platforms areMAPLE [79] andMATHEMATICA [225]. Other systems that have
been used in life science work includeAXIOM [120] (formerly calledSCRATCHPAD), MACSYMA [109], REDUCE

[107], and the specialized polynomial systemSINGULAR [96]. Very intense symbolic calculations are supported by
FORM [212] andSACLIB [53], but I have not found applications of these to biology. The numerical systemMATLAB

[89] has an add-on that accessesMAPLE. Combinatorial and graph theoretic applications are coded in a variety of
languages.
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CA simplifies algebraic expressions and performs symbolic integration and differentiation. Also, it supports
unrestricted precision arithmetic. This, in turn, supports the use of numerical algorithms which lose too much accu-
racy in fixed precision calculations. The symbolic results ofCA are often fed into procedures that evaluate formulas
and solve equations numerically. Symbolic calculations are combined with statistical operations and massive file
handling in applications to data analysis. Several features ofCA programming languages, used in conjunction with
graphics and character string operations, make it easy to construct lists of chemical formulas and other diagrams.
MAPLE, MATHEMATICA and otherCA systems are evolving, accordingly, into “full service” software that interfaces
all these kinds of operation smoothly. As a result, these systems are used increasingly for numerical and other work
that does not include actual symbolic operations.

Besides supporting the methods of classical algebra and calculus,CA has stimulated work on the mathematics
of Gröbner bases, differential and Clifford algebras, quantifier elimination, geometric visualization and other novel
techniques. BasicCA and these more advanced methods bear on topics in the life sciences that range from the
structure and dynamics of biomolecules, through the anatomy and physiology of complete organisms, to the short
and long term behavior of entire populations of humans and other species. Both users and developers will benefit
from a shared awareness of the breadth ofCA and its applications.

Sections 1–10 of this survey cite applications to

1. clinical medicine, which includes the control of equipment, the analysis of data and other diagnostic methods,

2. bioengineering, which includes prosthetic robotics, computer vision and ergonomic design,

3. public health issues, which include risk analysis, survival analysis, drug testing, epidemiology and related
work that is studied probabilistically,

4. population dynamics — how the abundance and spatial distribution of populations varies with time — and
some related problems,

5. population and evolutionary genetics based on classical and molecular theories of heredity (these include
population issues deferred from Section 4),

6. physiology and related work on the behavior of cellular substructures and complete cells and organs, deter-
mined by the laws of physics and chemistry,

7. biochemical kinetics, which deals with the rates of metabolic processes — primarily systems of enzyme
reactions that are in a pseudo-steady state,

8. molecular kinematics, which deals with the movement of atoms in the molecules,

9. molecular and crystal structure, which deals with the arrangement of atoms in crystals, biological molecules
and supramolecules,

10. some general statistical methods that provide infrastructure for several earlier sections.

The final sections comment on

11. the benefits of usingCA, and

12. the development of the survey.

I have tried to follow the organization of major textbooks by,e.g., Bulmer [37], Edelstein-Keshet [68] and Murray
[175] where possible. None of these covers the entire range of topics that applyCA in the life sciences, however.
And, while there is considerable overlap in the topics addressed by the major texts, they “slice the pie” in different
ways and sometimes take different approaches. The recent text by Yeargers, Shonkwiler and Herod [227] provides
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broad coverage that touches on most sections of this survey. The explanations are very clear. They are supported
by suggestions for further reading andMAPLE code [111] that produces numerical and graphical output and is
maintained.

The bibliography that I have compiled refers to individual applications, to explanations of the underlying natural
science and mathematics, and to relatedCA examples from chemistry and physics. The range of material is enhanced
by the varied origins of the mathematical methods. These include

1. biometrics — dominated by statistics, probability and stochastic theory,

2. computational physics and chemistry — dominated by differential equations and linear algebra,

3. control systems — topics similar to those in computational physics and chemistry, but often couched in dif-
ferent terminology and with different assumptions of prior knowledge,

4. signal processing — the preceding comment about control systems applies here, too,

5. structural mechanics and fluidics — dominated by linear algebra and differential equations.

Work that usesCA systems for numerical calculation and/or graphical display, without actual symbolic cal-
culation, was omitted. This includes manyMAPLE “worksheets” andMATHEMATICA “notebooks”. TheMAPLE

Application Center website [241] and the Mathsource Applications site [243] provide extensive information on
these topics and related matters. Many more worksheets and notebooks support individual textbooks and papers that
describe research and teaching.

While computationally less efficient than languages such asFORTRAN andC for highly repetitive work, theCA

languages are much easier to use for “one-shot” investigations,e.g. the effect of a parameter change, particularly
when then there is no closed form solution, and for program development. Because it is extraneous to the objectives
of the present survey, the topic will not be pursued here, but the increasing popularity ofCA systems for non-
symbolic calculation is an important consideration in the design of future programming languages. It requires
further discussion.

Examples of particular mathematical methods are distributed through the sections that deal with applications as
follows.

1. Clifford algebras — crystal structure in§9.2 [90],

2. counting methods — population genetics in§5 [64].

3. differential algebra — identifiability problems of population dynamics, physiology and enzyme kinetics in
§§4–7 [154].

4. differential equations — the entirety of population dynamics in§4 and much of the physiology and enzyme
kinetics in§§6, 7.

5. differential geometry — computer vision in§3 [190].

6. discrete and computational geometry — computer vision in§3 [208], phylogenesis in§5 [66], crystal structure
in §9.2 [77, 199].

7. graph theory and combinatorics — phylogenesis in§5 [71, 250], crystal structure in§9.2 [77].

8. Gr̈obner bases — robotics [122] and computer vision [183] in§3, almost all the enzyme kinetics in§7, molec-
ular kinematics in§8 [69, 152, 153]. and mathematical statistics in§10 [65, 184].

9. quantifier elimination — epidemiology in population dynamics in§4 [46].
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10. stochastic methods — medical diagnosis in§1 [49, 50, 108], prognosis in§2 [1, 2, 181, 182], evolutionary
processes in§5 [210, 238] and models of cell behavior in§6 [235, 237].

The use of algebraic simplification is taken for granted and mentioned only when it is extremely lengthy. Most of
the specialized mathematical terms that are used can be found in the encyclopedia [118], and a readable overview of
many of the terms used in statistics, probability and stochastic theory is given by [209].

This survey is intended

1. to alert specialists inCA to the applications of their work in the life sciences, in part to help them determine
resources that will be needed in the future,

2. to establish mutual awareness of problems that different branches of the life sciences have in common, and
solutions that are transferable,

3. to provide ideas for curriculum development.

In this last regard, a recent “careers” article [110] in one of the most widely read popular science magazines discussed
the demand for “bioinformaticians . . . comfortable with both biology and computer science” and on the need for them
to maintain currency in theCS component. Academic programs that feature “applied”CA seem more numerous
in Europe than in the U.S.A at present. New biological topics that I thinkCA can help are also emerging,e.g.
“metabonomics”, that applies nuclear magnetic resonance to the study of drug action and gene function [177].

1 CLINICAL MEDICINE

1. Clark [49, 50] considers the use of probabilistic decision trees and logistic regression in medical decision
making. He discusses phlebitis during pregnancy as an example. He uses Taylor series and differentiation,
and providesMATHEMATICA code. The background is in [112].

2. Cooket al [54] discuss the monitoring of the oxygen uptake of a severely burned patient. They analyze the
results of indirect calorimetry using a first order autoregressive model. Symbolic differentiation leads via
inversion of a Hessian to a contour plot of a joint posterior distribution.

3. Heckerling [108] uses three-way receiver operating characteristics of signal detection theory to resolve am-
biguous diagnoses. The calculations include matrix operations and differentiation. He providesMATHEMAT -
ICA code. The background is in [94].

4. Rebbecket al [188] consider improvements in the ability to detect or reject genetic linkage in human cancer,
based on the model of recessive oncogenesis and the use of tumor genotype data. They explore a modified
lod score method of linkage analysis and useMATHEMATICA to differentiate and simplify the maximum
likelihood estimates of the score.

5. Stampanoni [204] uses unrestricted precision arithmetic in the reduction of clinical X-ray data.

A Bayesian approach to modeling in medical decision making is discussed by Parmigiani [178]. It involves
derivatives and integrals for whichCA is helpful.

Automated medical imaging is discussed in§3.

2 PUBLIC HEALTH AND SOCIAL PSYCHOLOGY

CA has been used in statistical studies of the causes, prevalence, prevention and treatment of disease. Some authors
now describe work of this kind as “risk analysis” [58, 217]. The older term “survival analysis” is used for stochastic
modeling of these issues [145].
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1. Aalen [1] considers (i) the incidence of cancer in a population (Armitage-Doll model), (ii) the spread of an
epidemic and (iii) the interval between the birth of the first and second child in a family as examples, in the
context of a homogeneous time continuous Markov chain model based on phase type distributions used in
queueing theory. The computation uses Taylor series to construct survival functions.

2. Aalen [2] considers (i) diseases such as breast cancer, where the rate of progression is related to the age at
which it begins, and (ii) the incubation time ofAIDS, as examples in a related model that involves mixing
(frailty). He calculates functions of an intensity matrix, Laplace transforms, eigenvalues of an acyclic Markov
chain and survival distribution functions for particular models, symbolically.

3. Baglivoet al [11] consider (i) prostate cancer (to determine the effectiveness of five preoperative variables
in predicting the extent of the disease), (ii) a rare type of sarcoma (to determine possible relevance of sex
and age to occurrence), and (iii) response of psychotic patients to a neuroleptic drug (to compare the relative
effectiveness of different injection schedules), using a generating function approach to handle permutation
distributions. They use recursive algorithms related to Fast Fourier Transforms to manipulate polynomials.
The method facilitates sensitivity analysis.

4. Burmaster [39] conducts risk analysis on the health effects of fish consumption and numerous other interac-
tions of people with their environment. He uses symbolic differentiation and integration.

5. Campanella and Peleg [41] model the destruction of botulin producing bacteria. The calculation includes
some symbolic substitution, followed by numerical integration.

6. Gittins and Pezeshk [84] discuss the determination of optimal sample size in pharmaceutical quality control
and clinical trials.

7. Hunka [116] and Hunka and Leighton [117] discuss a statistical problem that the later paper illustrates by an
academic proficiency study. They consider regions of significance in three-covariateANCOVA problems using
MATHEMATICA . The work includes the manipulation of design matrices and polynomial operations.

8. Kolassa [138] uses an adjusted profile likelihood and the saddlepoint approximation in statistical studies of
bladder tumors and endometrial cancer. The calculations include symbolic differentiation, array manipulation
and numerical minimization. MATHEMATICA code to handle cumulant generating functions is included.

9. Ṕerez-Oćonet al [181, 182] develop both homogeneous and non-homogeneous time continuous Markov chain
models to study the relative efficacy of different treatments for cancer. They use differentiation and integration
to deal with the forward Kolmogaroff equation.

10. Walleret al [219, 220] consider the detection of epidemic leukemia, using focused tests of clustering. They
derive analytic power functions for three of these tests. Also, they use numerical inversion of characteristic
functions that uses fast Fourier transforms and requires high precision.

Several other papers on risk analysis mentionMATHEMATICA , but just use it for numerical computation and
plotting. Recent texts on the use ofCA in statistics at large show a trend that risk analysis is likely to follow (see
§10). The general background of stochastic epidemic models of infectious diseases is discussed in [3]. Work on
epidemiology that uses the methods of population dynamics includes studies ofAIDS by Chauvinet al [46], Corless
[55] and Guptaet al [100], discussed in§4.

The recent introductory text onMAPLE for environmental scientists by Scott [198] contains a variety of elemen-
tary examples relevant to the field.
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3 BIOENGINEERING

Medical prosthesis is a major objective of robotics research. CA has been applied extensively to the inverse kine-
matics of robot limbs. The standard approach follows the Denavit-Hartenburg formulation that is described in many
texts,e.g. [176]. CA is used in simulated human movement by several authors.

1. Ju and Mansour [122] consider human gait and foot action, using Kane’s method andMACSYMA .

2. Megahed [162] considers human arms, using a tree structure and the homogeneous transformation method.

The problem has also been modeled using stochastic differential equations that are amenable toCA ([135], Chapter
7) — see§10.

Computer vision is of paramount importance in the development of mechanical devices to aid the sight-impaired.
The automated inspection of clinical data produced by medical imaging and microscopy, both off-line and in real-
time, should lead to substantial savings in the time and, hopefully, the cost of medical diagnosis and treatment.
Automated inspection of satellite images assists many ecological studies. Several computer vision projects have
been reported that useCA.

1. Petitjean [183] used algebraic geometry, Gröbner bases and resultants.

2. Romeny [190] reports an extensive project that is in progress. He uses differential geometry, algebraic in-
variance, topology, group theory and probability. Also, he stresses the necessity to unify the computation
of formulas and numbers and the processing of large bodies of data. He givesMATHEMATICA code. This
uses differentiation, integration, matrix and other algebraic operations and pattern matching. The background
material includes [73, 189, 147].

3. Theobaldet al [163, 208] consider visibility problems, using the methods of discrete geometry. They used the
SINGULAR system [95] to manipulate and factor polynomials.

The last item provides a link, that is easy to follow, between the life sciences and the overall field of computational
and discrete geometry. There is an abundance of work on the latter subject. Goodman [91] provides encyclopedic
coverage of the mathematics. Greuel [95] providesSINGULAR code for a selection of algorithms. Much of the work
uses the termCA as a descriptor of mathematical methods but does not mention life science applications explicitly.
These algebraic methods have had a major impact on the geometry because many of the algebraic notions have
geometrical meaning,e.g. term orders in Gr̈obner bases correspond to polyhedral operators.

Visibility considerations and mathematically equivalent problems can affect the life sciences in many ways, that
include

1. computer vision, as mentioned above,e.g.when orienting a perception device by reference to marker objects
in a known scenario,

2. tomography,e.g. to construct two-dimensional views of three-dimensional structures,

3. penetrability in radiation therapy,

4. accessibility by linear extension of a prong or equivalent object in systems ranging from the sub-cellular to
the skeletomuscular,

5. concealment in models of animal behavior,

6. steric hindrance in conformational studies of molecules.
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Three dimensional modeling from X-ray and other imaging data has an extensive literature that includes considerable
work on “algebraic reconstruction techniques” that are actually numerical — see,e.g. [124]. In other work on
bioengineering

1. Toet [34] used automatic integration in relation to the distribution of light on the cornea of aircraft pilots
subject to laser glare,

2. Moore [106, 172] studied the fluidics of cardiovascular action in aMATHEMATICA calculation that can be
extended symbolically.

4 POPULATION DYNAMICS

Population dynamics deals with the abundance and spatial distribution of one or more species in an ecological
environment. Spatial considerations include invasion, diffusion, dispersal, arrangement and the study of “metapop-
ulations” [103]. Many different models are used to describe the combined effects of reproduction, migration, and
death, and the factors that affect these. The texts by Edelstein-Keshet [68] and Murray [175] develop these determin-
istically, within a more general context. Kloeden and Platten present stochastic models ([135], Chapter 7) — see§10.
The work is dominated by differential and difference equations. Also, integro-difference equations are being applied
to discrete time-continuous spatial models [139]. Many of the models are dynamical systems. Several models of
population dynamics are similar to models of biochemical and physiological systems. For example, cell populations
are treated as dynamical systems in some models of cancer. The text by Bulmer [37] deals with deterministic and
probabilistic aspects of population growth. It is supported by extensiveMATHEMATICA notebook material [240].
Modern methods of geostatistics [48] are also relevant.

Key issues in population dynamics include

1. continuous population models for a single species that reproduces continuously (this includes the logistic
model that assumes exponential growth is curtailed),

2. population growth that is treated on a generation by generation basis,e.g.because there is a discrete breeding
season, treated by difference equations,

3. population growth of competing species — the predator-prey models that are formalized as Lotka-Volterra
systems,

4. biological oscillators and waves,

5. population movement.

Another major approach to population dynamics uses matrix models [37, 43]. Applications of “Leslie-Lefkowitch”
models include conservation ecology and management, in which the effects of changing mortality rates,e.g. by
harvesting, on different age classes can have radically different effects.

Miller and Wethey give instructionalMAPLE prototypes for

1. integrating the basic equations of population and ecological modeling [164] — the background is in [156, 157],

2. a competition model (two species compete for the same food or other resource) [165] — the background is in
[151],

3. the dynamics of arthropod predator-prey systems [166], the background is in [68],

4. the game theory approach to evolutionarily stable strategies [167] — the background is in [158],

5. the analysis of the chemostat system [168]— the background is in [68],
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6. population growth and the earth’s human carrying capacity [169], the background is in [51].

FurtherMAPLE prototypes are given for

1. a model ofAIDS epidemiology by Corless [55],

2. Hopf bifurcation in a predator-prey model by Forwalter-Friedman [75],

3. the logistic model of population growth by Schwalbe [197].

In the journal literature

1. Chauvinet al [46] modeled the dynamics of a disease,e.g. AIDS, applying quantifier elimination theory to
a parameterized system of non-linearPDEs. This leads to the manipulation of polynomial equations. The
authors provide a full explanation of the underlying methodology.

2. Guptaet al [46] also modeled the dynamics ofAIDS.

3. Margariaet al [154] apply compartmental analysis and identifiability methods (see§6) to microbial growth in
a batch reactor,

4. Murray [174] surveyed krill in Antarctica acoustically — although this paper only appliesMATHEMATICA

numerically, he uses unrestricted precision arithmetic in related work.

5. Pecelli [180] considers prey-predator systems with delay and obtains Hopf bifurcations and stable oscillations.

6. Woodward [226] uses a dynamic nutrient model to help farmers in New Zealand plan their fertilizer expendi-
ture.

7. Viscidoet al [213, 214, 215] discuss problems of the “selfish herd” and foraging by animals, based on field
observation of fiddler crabs.

Work that appliesCA to genetic aspects of population dynamics is covered in the section that follows.

5 GENETICS

Within this overall field,

1. population genetics and quantitative genetics use ideas that predated the discovery ofDNA,

2. molecular genetics is based on the present understanding of the double helix.

Applications of population genetics include the breeding of plants and animals and some forms of genetic coun-
seling. Animals and plants consist of cells. Each cell contains a nucleus. Each nucleus contains chromosomes.
These can be seen through a microscope. A large amount of experimental data is explained by assuming that certain
objects, called genes, are arranged at loci along the length of each chromosome. The genes at a particular locus can
take a small number of variant forms, called alleles. Chromosomes are paired (with an exception that can be skipped
for present purposes).

Certain biological traits with discrete values, such as blood type, are determined by the pair of alleles at the
same locus on two paired chromosomes. During reproduction there is an equal chance for either of two paired
chromosomes in the father to be replicated in the child. The same is true of a pair of chromosomes in the mother. As
a result, if the father’s chromosome contains two A alleles at a particular locus (i.e. the father is A/A in a standard
notation), and the mother is B/B at the same locus, then each child will be A/B. When a large number of pairs of
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just these children mate (which can happen for certain plants and animals) the next generation will be A/A, A/B and
B/B, in the ratio 1:2:1.

In a more general situation, this simple model predicts that if a fractionp of the alleles in a large, randomly
mating population are A, andq= 1− p are B, and these traits are not subject to selection, then in ensuing generations,
the population will be in proportionsp2 : 2pq : q2 for A/A, A/B and B/B (“Hardy-Weinberg” equilibrium). Also,
in the very simple model, alleles on the same chromosome accompany each other through successive generations.
This is called “linkage”. In the actual course of events, however, a portion of one chromosome often gets replaced
by the corresponding portion of its pair. This is called “recombination” (related terms include “crossover” and
“Hardy-Weinberg disequilibrium”).

As mentioned earlier, there are two large areas of genetics that do not deal directly with DNA structure. Pop-
ulation genetics deals with questions of change in allele frequency by factors that include migration, mutation,
population/subpopulation interactions, drift, selection, effective population size and inbreeding effects. Quantitative
genetics shows how traits which vary continuously can be analyzed in terms of classical Mendelian genetics when
multiple genes affect a single trait. Typically, a census is taken of some genetic traits in a sample of an animal or a
plant population, and statistical methods (especially analysis of variance) are used to determine the frequencies of
different alleles, and the extent of recombination.

Genetics expanded vastly in further directions as a result of the work of Franklin, Wilkins, Crick and Watson on
the molecular structure of theDNA that constitute chromosomes. Molecular genetics focuses on the sequences of
building blocks that make up the chromosome, at a vastly greater level of detail than the individual gene. It should
be noted that although genes occur in a particular sequence along a chromosome, “gene sequencing” (genome
reconstruction) deals with the much more detailed issue ofDNA building blocks. (seee.g. [78]). ForensicDNA

testing is yet another matter [52].
Mutations are changes in the molecular structure of theDNA. The causes include irradiation. Some mutations are

extremely localized, consisting of a change in a group of less than 20 atoms of carbon, hydrogen and other chemical
elements, called a nucleotide, that constitutes part of the fundamental building block. Other changes involve the
insertion of new material or deletions. Most are harmful, but others play a vital role in evolution. The similarity of
the sequences of the building blocks in theDNA of two species gives a measure of their “phylogenetic distance”,i.e.
their closeness within a common line of descent or within collateral lines.

Weir [221] describes the background of a considerable body of work on evolutionary and population genetics.
His book presents the mathematics and many practical applications. It mentions some unpublished applications of
CA to the statistics of recombination, specifically

1. variances of maximum likelihood estimates of gametic disequilibrium at four loci by Weir, Golding and Lewis
(see p. 119),

2. variances for the trigenic and quadrigenic coefficients by Brooks (see pp. 124, 127).

CA work is mentioned in several journal and web articles.

1. Ballouxet al [12] discussed the choice of markers (reference points along a chromosome) when determin-
ing the probabilities of genetic diversity. They used the common shrew for illustration. Mutation rates are
computed by symbolic integration. The background is in [221].

2. Chang and Rausher [44] discussed outcrossing (cross pollenation) in the Morning Glory. They used symbolic
matrix manipulation and differentiation. The background is in [221].

3. Denniston [64] discussed equivalence by descent. This is of concerne.g. in deciding the probability that
particular genes would occur in a child, given certain information about the relatives of the potential parents.
He uses enumeration methods. The background is in [57]. MAPLE code is available.
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4. Kirkpatrick et al [131, 132, 133] discussed sexual selection in relation to the concept of “good genes” and a
particular mutation model. They usedCA to construct recurrence schemes for counting operations, to construct
Taylor series and to evaluate covariate and fitness function integrals. They also discussed cattle breeding and
used surd arithmetic, matrix operations and orthogonal polynomials.

5. Peccoud and Ycart [179] discussed a Markovian model for gene induction. They computed the distribution
of protein number for transient and stationary states and showed how to estimate parameters of the model.
MATHEMATICA was used to construct a linear system of differential equations with constant coefficients and
to find symbolic solutions.

6. Rebbecket al [188] used the model of recessive oncogenesis in statistical studies of genetic linkage in cancer,
mentioned in§1.

7. Turelli and Barton [210] discussed statistical and multilocus population genetic analyses of the effects of se-
lection on polygenic traits. They usedMATHEMATICA to apply recurrence schemes and to compute cumulants
from moments symbolically.

8. Zheng [238] discussed the dispersion index of the molecular clock. This is a genetic process that is used to
measure phylogenetic distance and the rate of evolution. The model is a continuous time four-state Markov
chain. Zheng manipulated integrals and inequalities to solve coupled first order differential equations. The
background is in [207]. Several related enumeration problems were mentioned. These are suited toCA studies.

9. Miller and Wethey [171] provided aMAPLE worksheet for the “r- and K-” approach to the problem of natural
selection [194].

The books by Lange [144] and by Lynch and Walsh [150] provide detailed accounts of the basic mathematics that
complement the Weir text cited earlier. All three books mention numerous topics that seem amenable toCA methods.
The recent text on mathematical statistics usingCA [193] contains two chapters on maximum likelihood estimation
— a topic of major concern in quantitative genetics.

A large, rapidly expanding body of work uses combinatorics and graph theory to construct phylogenetic trees.
Some authors place their work within the field of discrete and computational geometry. “Up to date information
on present knowledge of (belief in) the detailed branching structure of species evolution” (Dress and Terhalle [66])
is maintained in the “Tree of life” web site [250] that links to many other sites in turn. Felsenstein provides links
to nearly 200 phylogeny programs [71]. Pursuing this literature here would swamp the survey and could not be
attempted.

PERL seems to be the most popular language for coding genome reconstruction algorithms at present. The power
of some of theCA systems to manipulate strings suggests their use as alternatives, that can be read and adapted by
much larger audiences.

6 PHYSIOLOGY AND RELATED FIELDS

1. Grotendorstet al [98, 99] usedCA to analyzeNMR work on transport and diffusion across living cell mem-
branes (see§9.1).

2. In the same group, Zhaoet al [234] modeled electroencephalography (EEG) measurements of the brain, as a
problem in electrical potential theory. They manipulated surface harmonics, infinite series and derivatives.

3. Huggins [115] applied statistical methods to cell lineage data. He discussed identifiability of measurement
error in the bifurcating autoregressive model, that he explained. He used automatic differentiation and matrix
manipulation.

14



M.P. Barnett

4. Kuchelet alusedNMR to study erythrocytes in the living cell (see§9.1).

5. Williams and Jeffrey [224] studied the growth of cells in the geniculate nucleus — the part of the middle brain
where the optic nerve fibres from the two eyes meet. They used integration and differentiation.

6. Zheng [235, 237] discussed two models of carcinogenesis as stochastic problems involving the population of
cells in the body. In [235] he constructed the cumulant from a probability distribution function by expanding
a series and equating terms to create anODE. In [237] he converted thePDE for the cumulant generating
function to a system ofODEs for the cumulants. In both cases he solved theODEs numerically. He gives
MATHEMATICA code. The background and analogous problems that are amenable to similar treatment are
described in [155].

A growing body of work expresses physiological and metabolic processes as studies in compartmental analysis
[42, 119],i.e.

1. systems where substances flow between different compartments, that may be sites or regions of a cell (as in
sequestered reactions), or entire cells, or even larger units of a living plant or animal, and

2. systems involving sequences of reactions that occur within the same physical space (i.e. the compartmental-
ization is temporal).

This approach is well suited to the tensegrity models of living structures that are of current interest [47].
Engineering control theory provides the background for much of the work on compartmental analysis. This

work serves, in turn, as the starting point for discussions of the identifiability problem. This deals with models
which assume that the overall rate and the rates of a particular selection of intermediate steps can be measured in a
metabolic process. A model is called structurally identifiable if the set that is measured can determine the rates of all
the other steps. Global and local identifiability are relatively strong and weak forms of structural identifiability, that
depend on further assumptions concerning boundary conditions. A compartmental system is linear when the overall
rate of output of the end product is linear with respect to the input. It is non-linear, otherwise.

1. Cobelli’s group has contributed extensively to this field — theirCA work is cited in§7.

2. Margariaet al [154] provided a full and rigorous explanation of the issues mentioned above. They discussed
the mathematical and computational approaches. These include differential algebra, Gröbner bases and Taylor
series expansions. Case studies include models of bovine mastitis and cattle immunization.

3. Zheng [236] discussed two relatively simple compartmental analysis problems as prototypes of pharmacoki-
netic and carcinogenesis modeling. He used differentiation and algebraic manipulation without the need for
Gröbner bases.

7 ENZYME KINETICS AND RELATED TOPICS

The metabolism of animals and plants is sustained by sequences of reactions that involve certain substances called
enzymes. The rate of a reaction depends on the concentrations of the reactants and a “rate constant”. A vast amount
of work is directed to

1. determining the metabolic pathways,i.e. identifying the compounds that are used and produced in the succes-
sive reactions,

2. determining the rate constants of the individual steps.
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Most of this work uses a steady state approximation, that assumes an adequate supply of the metabolites. These
come directly or indirectly from the nutrients in the life supporting environment.

Chemical kinetics is governed by the law of mass action. In the simplest situation, this calls for a rate that
is proportional to the concentration of each reactant. In other situations, the concentrations are raised to integer
powers. Some reactions are reversible, and give rise to equilibrium situations. A catalyst assists a reaction without
being consumed by it. The basic model of a prototypical two-step enzyme reaction is described by the Michaelis-
Menten equation. This is explained in [175] and in many standard texts on physical chemistry. It is also used to
describe predator-prey interactions when the predator may become satiated (“type II functional response”).

In most of the work on enzyme kinetics that is handled byCA, the law of mass action is applied to each of
the biochemical equations in a metabolic process that has reached the steady state. In the model, each forward and
backward biochemical step contributes a polynomial equation that contains rate constants and the concentrations of
one or more molecular species. These equations are coupled by the principle of conservation of matter. Boundary
conditions are set on the concentrations of the initial reactants and the final products. This turns the problem into
a set of polynomial equations in the rate constants. Increasingly, this is treated by the method of Gröbner bases,
that constructs an equivalent system of equations of lower computational complexity. Then the rate constants of
individual steps are found by solving the reduced equations numerically, using measured values of the rates of (1)
the overall process and (2) a sufficient number of subsidiary (possibly multi-step) processes. Generally, the use
of Gröbner bases introduces some equations of higher degree but simpler structure (e.g. fewer variables). At the
extreme, the method mimics Gaussian elimination for linear systems. Recent books that present the method in the
context of applications and practical computations include [211].

The following work spans a progression from very simpleCA to the limits of present resources. It is reported
in journals that deal with general biochemistry, control theory, and the relatively novel field of biothermokinetics
[159].

1. Kleene and Cejtun [134] discussed an elementary problem that concerns buffered chemical solutions (i.e. that
maintain constant acidity). A small set of polynomial equations is converted to a cubic. The authors provide
MATHEMATICA code.

2. Geil [83] derived the Michaelis-Menten equation, usingMAPLE, for instructional purposes.

3. Jumars [123] modeled animal digestion by usingMATHEMATICA to combine the kinetic equations for hydrol-
ysis and absorption in three kinds of chemical reactor, and found the optimal ingestion rate by differentiation.

4. Bennett, Dewaret al [32] reported early Gr̈obner basis work on simple enzyme systems.

5. Bayram [26]–[28] developed this further.

6. Yildirim [228]–[232] is continuing Bayram’s work, and he provides protoypeMAPLE code in the first of these
papers.

7. Grinfeld, Bennett and Hubble [33, 97] considered the related problem of affinity binding relations.

8. Margariaet al [154] applied compartmental analysis and identifiability methods (see§6) to a problem in
pharmacokinetics,

9. Raksanyiet al [187], Chappell, Godfrey and Vajda [45] and Ljung and Glad [148] reported early work that
applies compartmental analysis to enzyme kinetics.

10. Cobelli’s group discuss global identifier problems (see§6) in enzyme kinetics. Results for the linear and non-
linear problems were reported by Audolyet al in [9, 10] respectively. This is one of the most computationally
intenseCA applications to the life sciences that I have seen.
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11. Schulz and S̈udi [196] used a graph theoretic approach in work that deals with abortive complexes and random
substrate binding.

12. Farza and Ch́eruy [70] discussed the use ofCA in their BIOESTIM system for on-line estimation in bioprocess
engineering. It helped the automatic design of state and parametric estimators from minimal knowledge of
process kinetics.

13. Queeneyet al [186] considered chemical oscillations in an enzyme system, treated as an eigenvalue problem.
They showed steady states, damped oscillations and stable limit cycles.

Both Edelstein-Keshet [68] and Murray [175] develop systematic treatments of a considerable range of biochemical
processes, that are not restricted to the steady state. These are based on the underlying differential equations and can
be viewed as part of modern dynamical theory. Almost every section of these books can be the starting point forCA

applications.

8 BIOMOLECULAR DYNAMICS/ KINEMATICS

Structural formulas and molecular models are probably the most familiar sights associated with organic chemistry.
The planar depictions on paper actually represent three-dimensional structures. Molecular dynamics is concerned
with the vibrations and other internal movements of molecules. These are controlled by the force constants that limit
departures from the configurations which the molecules would have if they were completely at rest. The movements
determine the infra-red and some related spectra of the molecules. CA has been applied to the basic theory of
the normal modes of molecular vibrations in [102] and papers cited therein. Movements in proteins are of major
interest and are studied by several experimental methods and elaborate molecular dynamic simulations [101]. CA is
applicable in this area.

Within the constraints of

1. fixed bond length and

2. limits on possible variations in the bond angles and dihedral angles,

the molecules also can be regarded as linkages. Many large molecules exist in several alternative conformations. A
change between these conformations usually provides a net release of energy or requires a net provision of energy.
Often, an energy barrier must be overcome to effect the change. However, the bond lengths between two atomic
species tend to stay fairly constant among a wide range of molecules. So do bond angles formed by pairs of bonds
which join one atom to two neighbors. Although energy considerations are paramount, often it is important to know
whether a particular conformation would be consistent with the approximate bond lengths and angles in a molecule
(even if the conformation is not the lowest in energy). This kind of conformation question occurs in relation to

1. the puckering of certain cyclic molecules,i.e. molecules that contain atoms joined in a ring,

2. the possibility that two groups of atoms in a molecule of a drug can attach simultaneously to two parts of a
molecule in a patient’s tissue,i.e. whether the drug molecule can “dock”,

3. the folding of proteins — of fundamental importance in the life process,

4. the behavior of tensegrity structures within larger systems.

Docking is important in non-therapeutic processes, too,e.g. it plays a role in a theory of the mechanism of odor [74].
Several authors discuss the conformation of organic molecules by combining

1. the Denavit-Hartenburg formulation of kinematic linkages (seee.g. [176]) with
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2. the chemical model of an organic molecule as a linkage proposed by Go and Scheraga [88].

The problem reduces to a set of polynomial equations. All the authors use Gröbner bases to solve these.

1. Emiris and Mourrain [69] also focus on drug design and compare the Gröbner basis method with classical
resultant methods.

2. Finn and Kavraki [72] consider the issue in relation to drug design. They discuss the shapes of molecular
surfaces, conformational search and pharmacophore identification.

3. von zur Gathen and Gerhardt [81] discuss the Gröbner basis treatment of the conformation of cyclohexane as
a pedagogic example.

4. Manochaet al [152, 153] consider cyclo-octane and peptide chains.

9 BIOMOLECULAR STRUCTURE

9.1 Nuclear magnetic resonance

CA is helping to elucidate the structure of biological molecules in work that uses nuclear magnetic resonance (NMR).
This physical phenomenon is also at the heart of medical resonance imaging (MRI). CA is used

1. in the theory that underliesNMR,

2. to analyseNMR data, and

3. to designNMR equipment.

The background is explained in several recent bookse.g. [29, 76, 146].NMR is based on the fact that the nuclei of
hydrogen (and many other) atoms behave as if they can only spin at certain speeds. These “speeds” depend on the
electrical fields produced by the electrons near the nuclei. In anNMR experiment, a radio signal is passed through
a sample of the material that is being studied. At a certain frequency, the radio waves give up the energy that is
needed to increase the nuclear spins of a particular element. Often, this frequency also depends on the neighbors
of the atoms that have their spins changed. The absorption of energy is measured very accurately over a range of
frequencies, to produce anNMR spectrum. The results provide extensive information about the structure and identity
of the molecules that make up the sample. The experiments are carried out in strong magnetic fields, that align the
molecules to make the effect easier to detect.

Recently,

1. Gasparovicet al [80] discussed the design of equipment (a shielded gradient probe for high resolution work
in vivo). They used integration.

2. Grotendorstet al [98, 99] computed rate constants for transport and diffusion across living cell membranes
from NMR measurements. They solved a linear inhomogeneous system ofODEs with constant coefficients
(the McConnell equations) by use of matrix exponentials. This reduced the problem to symbolic matrix
manipulation.

3. Kuchelet al [125, 141, 142, 143, 173] usedNMR to explore the biochemistry and physiology of erythrocytes
(red blood cells). Differentiation and integration was used in the context of classical field calculations.

4. Levitt [146] produced hundreds of diagrams, that depict spin states, algorithmically.

5. Straubingeret al [205] developed the theory of a novel experimental approach (pulse angle dependence of
double-spin-echo protonNMR). They manipulated an abstract operator representation of the problem, to
construct formulas to interpret the results.
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9.2 Crystal structure

For most of the twentieth century, crystallography dealt with crystals that have a periodic structure — a “unit cell”
of atoms that repeats in three dimensions. The arrangement of atoms is found primarily by X-ray diffraction —
the lattice of atoms acts as a grid that diffracts a beam of X-rays to produce a pattern of spots on a photographic
plate. Determining the structure of the unit cell from these patterns was one of the first major scientific uses of
automatic calculating machines, even before stored program computers were invented. The recently discovered
aperiodic crystals require new analytic techniques, to determine their structure and to understand the formation and
growth of facets. Use must be made of an algebra that can express geometrical relationships in hyperbolic and other
spaces, sometimes of dimension greater than 3. The problem is discussed in the literature of

1. discrete and computational geometry: as studies in tilings,e.g. by Friedrichset al [77] using graph theoretic
methods, and by Senechal [199] who mentions tilings and other topics under the heading of “mathematical
crystallography”,

2. Clifford algebras by Ǵomezet al [90], who giveMATHEMATICA code.

Most of the aperiodic crystals that have been studied so far are non-biological, but recent papers discuss materials of
this kind that include

1. bitumenous hydrocarbons of interest in relation to “the crystallization of life” [233], and

2. biological helices such as collagen and theα-helix, in connection with the extremely important issue of protein
folding [195].

9.3 Non- and semi-empirical calculations

These develop approximate solutions of the Schrödinger equation to predict chemical behavior. CA is used increas-
ingly in this field. It includes most of my own recent research. Many quantum chemical calculations deal with
molecules of biological interest. CA has not been applied directly to biological quantum chemistry so far, however,
although there is considerable potential for such work. The Schrödinger equation for the electronic structure of a
molecule contains an operator that specifies

1. the number of nuclei,

2. the charges on the nuclei,

3. the number of electrons, and

4. the putative geometry of the molecule.

It is satisfied by a “wave function” that depends on the coordinates of all the electrons in the molecule. Each eigen-
value is an allowed energy of the system. Minimizing the energy with respect to the geometrical parameters of
the molecule gives the optimum structure(s). Differentiating the energy with respect to these parameters gives the
force constants that determine vibrational behavior. Differences between energy levels determine the optical and
ultra-violet spectra. Field gradients affectNMR spectra. Solving the Schrödinger equation “ab initio” for systems
containing more than a few electrons requires elaborate approximations and vast computation. A variety of mathe-
matical techniques are used. Almost all of these require the computation of large numbers of “molecular integrals”
that comprise the matrix elements of an eigenvalue calculation. The degree of the matrix may exceedO(106). Recent
texts that explain the background include [56, 121].

Quantum chemistry has been linked to computer algebra since the start of electronic computing. Gray, Pritchard
and Sumner [93, 185] and Turner and Boys (see [35]) mechanized the construction of formulas for some relatively
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simple molecular integrals in 1956, using array manipulation. I started to develop and useCA software for more
of these molecular integrals in 1961 [13, 218] as a direct result of discussions with Boys. My continuation of this
work in recent years, and the development of associated software methods [14]–[21] led me to write this note, as an
extension of a survey ofCA applications in quantum chemistry.

My main concerns, in applyingCA to my research, have been to ensure demonstrable accuracy of the results
and clarity of derivations. All the formulas that I have developed and reported over the past eight years are part of
a growing corpus produced from control files that are input toMATHEMATICA sessions that use myMATHSCAPE

procedures. These generate complete documents as well as individual formulas. Each theorem that is copied from
a reference source and each new definition is typed just once. Extensive checks are applied to the formulas that are
copied from monographs and to the results that are derived. New files refer to earlier files by simple naming and ad-
dressing conventions. The files serve an extra role as mathematical audit trails. While these measures cannot exclude
all error, they provide far greater confidence than I find possible otherwise, and make inconsistencies much easier
to track down and correct. A collegial use of this approach would lead to a coalescence of rigorously dependable
material for use in computations, much as networks of standards have emerged in the laboratory.

10 PROBABILITY, STATISTICS AND STOCHASTIC THEORY

For work that usesCA in the application of mathematical statistics and stochastic theory to specific problems in the
life sciences see the earlier comments in this survey:

1. in §1, apropos Clark [49, 50], Cooket al [54], Heckerling [108] and Rebbecket al [188],

2. in §2, apropos Aalen [1, 2], Baglivoet al [11], Burmaster [39], Gittins and Pezeshk [84], Hunka [116], Hunka
and Leighton [117], Kolassa [138], Pérez-Oćonet al [181, 182] and Walleret al [219, 220],

3. in §5, apropos most of the work that is cited,

4. in §6, apropos Huggins [115] and Zheng [235, 237].

The application ofCA to statistical problems is helped by a number of teaching aids. These include

1. the early book by Heller [109] which usesMACSYMA ,

2. the encyclopedia article by Kendall [128],

3. the book by Tanis and Karian [206] which usesMAPLE, and the accompanying set ofMAPLE worksheets by
Karian [245],

4. theAPPL language of Leemis and his coworkers [87],

5. the recent text by Rose and Smith [193] and its supportingmathStatica software package [244] — these
provide a systematic introduction to mathematicals statistics, usingMATHEMATICA , that contains chapters
on continuous random variables, discrete random variables, distributions of functions of random variables,
systems of distributions, multivariate distributions, moments of sampling distributions, asymptotic theory,
statistical decision theory, unbiased parameter estimation and maximum likelihood estimation.

In the research literature,CA is being used increasingly to develop statistical methods that are reported in general
terms without any mention of the specific natural and social science topics to which the results can be applied.
The process of connecting these solutions with “real life” problems defines an interesting problem in information
transfer, that I am exploring.

Risk analysis provides a rich source of examples that can be used to illustrate the benefits of the new methods,
for potential users throughout the life sciences. Risk analysis addresses many issues of public concern, and a large

20



M.P. Barnett

part of the methodology consists of the traditional components of statistics and probability — seee.g.[58, 217]. The
mathStatica package [244] of Rose and Smith contains modules to deal analytically with these building blocks,
that include

1. the analytical derivation of moments, variances and other statistics from probability density functions (pdfs)
that model individual problems,

2. the analytic construction of partial derivatives, scores, Hessians and other functions of the pdfs, to facilitate
parameter fitting and the optimization of maximum likelihood estimates,

3. moment based estimation methods to fit density curves,

4. integration of the convolutions in multivariate models, enabling analytic exploration of parameter variation,

5. inversion of cumulative distribution functions to expedite Monte Carlo calculations.

The modeling methods for medical decision making in [178] require a variety of derivatives and integrals. CA can
help evaluate these.

A major area of current research in mathematical statistics concerns the expansion of statistical properties as
infinite series. In some cases, these are based on derivatives of the density functions, in Taylor series or in ways that
are loosely analogous (as in the saddlepoint approximation — a simple explanation is given in [92]). Expansions
are used,e.g., when the integral that represents a particular statistic cannot be evaluated in closed form analytically,
even usingCA. In other cases, the behavior of a variable is approximated by the normal distribution, and the series
expansion provides correction terms for the finite population size. The use of such “Edgeworth expansions” was
discussed extensively in the major texts of the mid-twentieth centurye.g. [126], but it is not mentioned in many
of the recent survey texts on probability and statistics. Recent books that deal with the subject include [136] by
Kolassa. This contains theMATHEMATICA code that generated some of his examples.

Within the general area of series expansions and related topics

1. Andrews and Stafford [5] discuss asymptotic expansions of maximum likelihood estimates, associated de-
viances and Bartlett identities. They cite earlier, related work by other authors.

2. Andrews, Staffordet al report further work on likelihoods [202, 203], symbolic operators for multiple sums
[30], iterated full partitions [6], score functions [63] and intersection matrices [201]. Their recent book [7]
extends the work still further, and describes novel mathematical formulations designed to facilitate mechaniza-
tion. Some of their papers includeMATHEMATICA code. They have also developed severalMATHEMATICA

notebooks. Their websites [252, 251] provide further information.

3. Bellio and Brazzale [31] discuss approximate conditional inference.

4. Butler [40] discusses reliabilities of feedback systems and their saddlepoint approximations.

5. Gatto [82] discusses saddlepoint approximations for the distributions, the likelihood ratio, exponential score
and Wald-Wolfowitz tests.

6. Harvill and Newton [104, 105] discuss saddlepoint approximations for difference of order statistics.

7. Heller [109] appliesMACSYMA (i) to Edgeworth expansions in§4.2.3 (see§6.18 of [126]), and (ii) to aug-
mented symmetric functions in§6.5.1 (see§12.5 of [126]).

8. Ronchetti and Ventura [191] discussCA in relation to the impact of model misspecification on higher order
expansions and suggest applications ofCA to extensions of their work.
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9. Rose and Smith [193] convert augmented symmetric functions to power sums andvice versa(pp. 272–276) to
take advantage of the fundamental expectation theorem that relates the statistical expectation of an augmented
symmetric function to the raw moments of a random variable. They discuss the conversion of moments to
cumulants andvice versaand extend the capability to perform these conversions to include,e.g. h-statistics,
k-statistics, poly-k statistics and multivariate generalizations (chapter 7). They also discuss several other
aspects of asymptotic theory (chapter 8).

10. Zheng [239] (and earlier papers cited therein) discusses the conversion of moments to cumulants andvice
versa. He follows the classical treatment [126] in hisMATHEMATICA package MomCumConvert.

Another major area of current research concerns stochastic models of dynamical systems that are affected by
noise or other random influences. In this area

1. W. S. Kendall reports extensive work on the application of the Itô calculus to stochastic differential equations,
on the web site [255], from which many papers can be downloaded. Recent developments are reported in
[129].

2. Cyganowski, Gr̈une and Ombach develop the topic pedagogically, usingMAPLE in [62].

3. Cyganowski [249] gives instructions to download theMAPLE packagestochastic that supports this work.
He gives a short account of the background in [60]. Cyganowski, Grüne and P. E. Kloeden provide a long
account in [61].

4. Kloeden’s web site [246] includes ongoing information about work on this topic.

Kloeden and Platten describe several diverse applications of the underlying methods from a numerical standpoint
([135], Chapter 7) that I think can be carried over to symbolic work. These include

1. population dynamics, involving the Verhulst equation and stochastic extensions of Volterra-Lotka systems,

2. protein kinetics, involving the Brusselator equations,

3. genetic models of natural selection and geographical variations in allele distribution,

4. experimental psychology, in models of the coordination of human movement,

5. neuronal firing activity,

6. biological waste treatment,

7. hydrological studies of outflow from lakes and reservoirs,

8. air quality control using filtration equipment,

9. blood clotting dynamics,

10. cellular energetics.

Several early applications ofCA in statistics are surveyed in [127, 128]. Further recent applications address a variety
of topics.

1. Barrosoet al [25] discuss test scores for von Mises regression models.

2. Burbea and Delcastillo [38] discuss geodesic submanifolds of statistical models.
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3. Currie [59] givesMATHEMATICA code that helps teach maximum likelihood estimation.

4. Diaconis and Sturmfels [65] construct Markov chain algorithms, that involve computations in polynomial
rings using Grobner bases, for sampling from conditional distributions.

5. Drewet al [67] give an algorithm to compute the cumulative distribution function of the Kolmogorov-Smirnoff
statistic and discuss itsCA implementation.

6. Leemis, Glen and their coworkers discuss a change of variable technique [86] and order statistics in goodness-
of-fit testing [85] as well as theirAPPL programming system [87] that was mentioned above. They provide
extensiveMAPLE code.

7. Huffer and Lin [113, 114] discuss the theoretical basis of cluster probabilities. This is usede.g. to detect
disease clustering. They generate polynomials by a recursive procedure, that is limited by the length of the
expressions that theCA system can handle. They useMAPLE.

8. Huggins [115] discusses identifiability of measurement error in the bifurcating autoregressive model.

9. Kennedy and Lennox [130] apply non-classical orthogonal polynomials to the problem of moments, in an
engineering context, with results that are transferable.

10. Kolassa [137] discusses bounding convergence rates for Markov chains. He providesMATHEMATICA code.

11. Lourens and Smit [149] provide some introductory examples of series expansion, integration and differentia-
tion of statistical objects. Then they discuss the symbolic computation of the probability function, the moments
and some generating functions for a commonly used runs test statistic. They provideMATHEMATICA code.

12. McDonaldet al [160] consider exact tests for two-way contingency tables. They discuss the benefits of rational
arithmetic.

13. McLeod and Quenneville [161] discuss mean likelihood estimators and cite a downloadableMATHEMATICA

notebook that they developed [253].

14. Pistone, Riccomagno and Wynn develop the applications of computational commutative algebra to statistics
in their monograph [184]. These include the use of Gröbner bases to identify design points in a large factorial
experiment and to identify structural zeroes in a large contingency table. They useMAPLE.

15. Rose and Smith [192] derive formulas for maximum likelihood estimators usingMATHEMATICA pattern
matching operations.

16. Smith and Field [200] discuss cumulants for frequency domain time series using an operational approach.

17. van der Wielet al [223] discuss exact distributions of nonparametric test statistics.

11 GENERAL CONSIDERATIONS

The benefit of unrestricted precision arithmetic is mentioned in [87, 160, 174, 204] that deal with statistical methods,
population dynamics and x-ray data analysis, respectively. Rational arithmetic appears in papers on mathematical
statistics [67, 87, 113, 114], nuclear magnetic resonance [146], and elsewhere. Surd arithmetic is used in papers on
genetics [133]. These resources have been essential in my own work for the past decade, both for the production
of formulas and for their evaluation. I think that during the next few years they will impact some areas of scientific
computing with the dramatic effect that floating point had, half a century ago.
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Several authors mention the use ofCA to derive formulas correctly that had been derived incorrectly by hand
in the past. For example, an error in a paper by R.A. Fisher that has been propagated since the 1930s is corrected
by Rose and Smith ([193], Example 14 of Chapter 7). Emphasis is placed, at times, on the construction of general
formulas that can be used to produce large numbers of formulas for individual problems of a particular kind. Many
papers deal with calculations that are too tedious for manual work, but do not challenge the computer resources.
Calculations that include molecular structure prediction and global identification in metabolic pathways will always
be limited by the capabilities of available resources, and provide incentives for still more powerfulCA systems.
Several authors replace manual typesetting by mechanized publication of formulas that are output byCA software. I
mentioned my own efforts to build a dependable body of material in§9.3. Several authors manipulate operators as
well as expressions that have numerical values.

The representations of mathematical objects and mathematical processes play a key role in my own research
that usesCA [15]–[24]. Andrews and Stafford develop notations, that are matched by internal representations, to
express certain statistical problems concisely [7]. Also, for statistical work, theAPPL system [87] includes a concise
representation of piecewise continuous functions.

Most CA calculations considered in this survey lead directly to numerical results, often within the same paper,
or to formulas that are saved for later numerical calculations. Several calculations benefit from the mutual anni-
hilation of sub-expressions of equal magnitude and opposite sign. Mechanical code generation produces scripts in
mainstream numerical programming languages from formulas that were produced byCA. In some circumstances,
CA can be used to produce code that is optimal. I use formulas produced byCA to calibrate the accuracy of numer-
ical algorithms. The opportunities provided byCA stimulate the development of new mathematical notations and
algorithms. A substantial number of the applications which are listed in this survey produce graphical output. This
includes several animations.

A number ofMATHEMATICA notebooks andMAPLE worksheets have been mentioned in earlier sections, that
include several by Miller and Wethey. These authors provide many more, accessed from the web site [254] that,
while focusing on numerical and graphical solutions, also support the investigation of dependence on parameters
symbolically and analytically,e.g. dependence of equilibria and stability of these as functions of the parameter
values. Some parameters in biological models are generally difficult to measure with precision, and investigators
seek qualitatively distinct solutions in terms of “parameter space”. In the best models the number of parameters is
reduced to the least possible, through a very tedious process of “non-dimensionalization”. This amounts to algebraic
manipulation and some symbolic calculus. The resulting set of parameters is interpreted biologically, and the regions
of parameter space are mapped analytically, rather than by trial and error runs with sampled parameter values.
Edelstein-Keshet [68] provides a very helpful discussion of this issue.

Most of the work described here uses “general purpose”CA. The visibility work [163, 208] mentioned in§3
uses the specialized systemSINGULAR [96]. Brumberg [36] discusses the trade-off between general and specialized
CA systems with reference to planetary dynamics, but the issues are the same in the other sciences.

12 CONSTRUCTING THE SURVEY

The core of the bibliography that follows was taken from an on-line literature search of Chemical Abstracts and
Science Citation Index. The search was run for the Salt Lake City workshop on Computational Science sponsored
by the National Science Foundation last December. The life sciences portion has been expanded by web searches,
general browsing and email correspondence. The working procedures and software that I developed to extract the
relevant information from the data bases, and to organize it within explanatory text can be applied to the construction
of surveys in other fields of study. I am writing an account of these aspects of work. This will include suggestions
for new resources to facilitate interdisciplinary information exchange that matches problems with solutions.

I will be glad to receive information that should have been included in this survey but was missed, new material
and corrections. References to the numerical and graphical applications ofCA systems and to theMAPLE worksheets
andMATHEMATICA notebooks that I collected but did not cite are available on request.
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ANNOUNCEMENT AND CALL FOR PARTICIPATION
EAST COAST COMPUTER ALGEBRA DAY 2003

Saturday, April 5, 2003, Clemson University
Conference website:http://www.math.clemson.edu/˜sgao/ECCAD03/

The 10th annual East Coast Computer Algebra Day (ECCAD’2003) will be held on Saturday, April 5, 2003, at
Clemson University, South Carolina, USA. Up-to-date information regarding accommodations, directions, registra-
tion, etc. can be found at the conference website, given above. The themes of the conference are:

Algebraic Algorithms; Hybrid Symbolic-Numeric Computation; Computer Algebra Systems and
Generic Programming; Mathematical Communication; Complexity of Algebraic Problems.

INVITED SPEAKERS
Prof. Richard Brent, Oxford University, England:Primitive and almost primitive trinomials over GF(2)
Prof. Jeremy Johnson, Drexel University, USA:Computer Algebra and Signal Processing
Prof. Wolfgang Schreiner, Johannes Kepler University, Austria:Distributed Maple - Lessons Learned on
Parallel Computer Algebra in Distributed Environments

POSTER SESSIONS
In keeping with tradition, there will be two poster sessions offering all participants an opportunity to present

timely research in an informal environment. The conference auditorium is well equipped with video projectors,
computers and internet access. Software demonstrations are welcome.
TRAVEL SUPPORT

Subject to successful funding, a limited number of participants will be supported to attend ECCAD 2003. Sup-
port may cover partially your travel expenses and lodging for up to two nights. Graduate students and junior faculty
are particularly encouraged to apply.
REGISTRATION

There is no registration fee for the conference; You can register at the conference website.
IMPORTANT DATES

Registration begins: February 1, 2003
Deadline for submitting poster abstracts: March 22, 2003
Conference: April 5, 2003

Questions about the conference may be addressed to the organizing committee:
Shuhong Gao,sgao@math.clemson.edu , or David Jacobs,dpj@cs.clemson.edu
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