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Abstract

We investigate the incentives faced by poll respondents when candidates use polling data to inform
their selection of policy platforms. Focusing on models with a unidimensional policy space, single
peaked preferences and two office-seeking candidates observing a summary statistic from polls that
ask respondents their preferences, we find that for most environments honest poll response cannot
occur in a perfect Bayesian equilibrium. However, simple partially-revealing equilibria exist when
the poll only asks respondents which party or candidate they prefer. When the candidates learn the
sample average or see all the data, there are partially revealing equilibria that mimic those of the
binary message game. Interpretation of polling data requires knowledge of the equilibrium played as
the meanings of poll responses are endogenously determined. The analysis suggests that naive use of
polling data may be misleading.
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1. Introduction

In many democracies public opinion polling is pervasive and political candidates and
parties are thought responsive to poll numbers (Gollin, 1987; Sudman and Bradburn, 1987).
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These conclusions suggest that public opinion polls are relevant and merit inclusion in
theories of elections. We take a first step at analyzing the incentives induced by an electoral
institution in which candidates are uncertain about the preferences of the electorate and
receive polling information before selecting policy platforms. In such a situation candidates
learn from polling data, and, therefore, poll responses may influence candidate platforms
and ultimately electoral and policy outcomes. Poll-respondents, recognizing the poll as
a means to influence candidate beliefs and actions, may behave strategically. While the
possibility of strategic poll response, as a means to manipulate candidate beliefs, has been
ignored by theorists at least one early scholar of public opinion seems to have noticed
the temptation to dissimulate. In Dupeux’s (1954) special report he notes a substantial
reservation about the use of survey methods to forecast voting.

There are two difficulties in the way of these investigations by representative sampling,
and they are inherent in the technique itself. The first difficulty is the temptation to
dissimulate, which may be strong in the case of those questioned, especially when they
belong to dependent categories. The second difficulty is certainly the more serious: it is
due to the fact that when persons are questioned they are not in exactly the same frame
of mind as when they are called upon to vote. They know that their answers will not
have any consequence, immediate at least, whereas they are very conscious that their
vote can change the political complexion of their country. It is impossible to regard the
person questioned and the elector as one and the same person (Quoted in Harris, 1956,
p. 383).

Our formulation supports Dupeux’s first conjecture. Most poll-respondents, if motivated
purely by the desire to influence policy, would have an incentive to dissimulate in respond-
ing to pre-election polls. However, we take exception with Dupeux’s claim that respon-
dents “know that their answer will not have any consequence.” In two party contests, pre-
election polls are ripe for strategic behavior as respondents can manipulate the inferences
and therefore, the actions of candidates.

Considerable attention has been focused on the analysis of electoral models (in the tra-
dition of Downs, 1957) in which voters face uncertainty (e.g., Ledyard, 1984; Feddersen
and Pesendorfer, 1996, 1997; Fey, 1997; Snyder and Ting, 2002). In these papers there
is no possibility for learning by the parties/candidates and the focus is on strategic use
of information by voters. Bernhardt et al. (2003) consider the candidate location game
when candidates receive private polling data. In equilibrium, candidates overweight their
private signals and candidate locations are divergent. In the Bernhardt, Duggan and Squin-
tani model poll respondents are not players in the game and polling data is exogenous.

1 |n the same year Simon (1954) considered the possible bandwagon and underdog effects stemming from
election forecasts. He was concerned with the affect of measurement on voter actions. Our concern is somewhat
different, as we are concerned with the actions poll-respondents may take to influence the poll results as a means
to influence the actions that candidates take. The current approach differs dramatically from traditional public
opinion scholarship (for example Zaller, 1992). We are concerned with the incentives respondents face to manip-
ulate the external democratic process through their poll responses and not the incentives or biases stemming from
the internal process of asking individuals their opinion.
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McKelvey and Ordeshook (1985, 1986a, 1986b) consider rational expectations equilibria
in settings in which candidates learn about voters and uninformed voters learn about can-
didates. In their 1985 paper, McKelvey and Ordeshook include a model where candidate
positions ardixed and a sequence of successive polls is considered. The following conclu-
sion is reached.

Finally, although we do not prove this formally, it appears that the above process, as
well as the equilibrium associated with it is nonmanipulable. I.e., given our restrictions
on preferences, no voter can gain by adapting strategies different from those prescribed
in the above dynamic. Similarly, and more obviously, in equilibrium no one can gain by
misrepresenting his preferences (p. 73).

In this paper, we assume candidate positions are not fixed. Rather, they are strategic
variables chosen by candidates after observe polling data (as in Bernhardt et al., 2003). In
this setting the claim that polls are nonmanipulable is generally false. We consider a class
of games—herein termamblling games—that have:

() an initial polling stage in which a sample of voters announce their ideal points to a
polling service,
(i) an electoral stage where two candidates learn polling statistics and take policy stances,
and
(iii) a voting stage where the electorate selects from the candidates.

The analysis suggests that there may be a problem with an explanation of polling that
allows for strategic responses and posits that poll respondents are honest. The tension be-
tween honest and strategic response arises because, in most polling games, respondents
who expect to be unsatisfied with the policy outcome (say a right of center respondent) can
manipulate the inferences and policy selections of candidates by lying about their prefer-
ences (e.g., claiming to be even more right of certter).

To connect the work to polls that have small message spaces we also consider special
polling games in which poll respondents are instead asked which party or candidate they
prefer. While this message space is too small to support truthful equilibria, in this model
partially-revealing perfect Bayesian equilibria do exist. Since the meaning of signals is en-
dogenous, naive interpretation of polling statistics is problematic. This result suggests that
polling data may appear biased to a casual observer when in fact candidates can make un-
biased inferences. Comparative statics analysis of this model demonstrates the difficulty in
interpreting polling data when respondents are strategic. This section is directly applicable
to polls in which respondents are asked how they would vote if the election were today.
With this interpretation, our finding indicates that the set of people that say they would vote

2 We do not contend that all or even most poll respondents are strategic in their poll responses. Nor do we
contend that all respondents view pre-election polls as a medium for communication between themselves and
candidates. Nonetheless, in a setting where candidates are responsive to polling numbers, there is an incentive
for respondents to be dishonest. The extent to which this opportunity is taken up by real poll respondents is an
empirical question not addressed in this paper.
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for a particular candidate may not actually be the set of people that would really vote for
the candidate if the election were today. Some respondents may misrepresent themselves
in an effort to influence the platforms of the candidates. We also show that equilibria in
this binary message game can be reinterpreted as partially revealing equilibria in the basic
polling game if the candidates observe the raw polling data or the sample average. These
equilibria exhibit stark polarization as all respondents claim to be maximally extreme.

While not explicitly focused on polling, four additional papers are related. Piketty
(2000) presents a two-period model in which voters are incompletely informed about the
desirability of three fixed policy alternatives, and first period voting communicates infor-
mation to other voters. Piketty offers an interpretation in which the voters are perfectly
informed and use first period actions to send messages to a party that moves in the sec-
ond period. Under this interpretation the party is severely constrained in how it uses the
information from the first period. Shotts (2001) explores the informational content of re-
peated elections, and shows that when candidates use information from previous elections
to draw inferences about the distribution of voter preferences, abstention can occur even
with costless voting. In the equilibria to Shotts’ model voters consider the signaling value
of their first period ballots.Razin (2003) considers the informational content of mandates
in a model where elected officials enter office uncommitted to particular policy stances.
Meirowitz (2001) presents a model of primary and general elections, in which endogenous
party affiliation by primary voters reveals information about the electorate’s preferences.
Relative to the current paper, these models involve severe constraints on either the way can-
didates can use information provided by voters, or the message space available to subsets
of voters, or both.

Finally, while Moulin (1980) does not deal with Bayesian games of elections, his results
are closely related. Moulin shows that with single peaked preferences the class of efficient,
anonymous and strategy-proof voting schemes corresponds to the set of schemes that add
a list of exogenous policies to the list of announced ideal points and then take the median
of this longer list. This finding suggests that, in polling games using the sample median,
truthful response may be supportable. However, we find that when the polling statistic is the
sample median the mapping from poll responses to final outcomes induced by equilibrium
play is strategy-proof only in knife-edged cases. In most cases the fact that the polling data
is generated from a sample of all voters means that candidate locations are an average of
the prior and the data. As such, equilibrium candidate location mappings are not in the
class of strategy-proof schemes despite the fact that the observed statistic is the median.
If candidates could commit to announcing at the sample median then truthful response
would be a best response for voters. But simultaneous location at the sample median is not
generally an equilibrium in the candidate location game following truthful response.

3 The equilibrium of the binary-message section should be contrasted with those in the Shotts’ model, which
can be interpreted as a tri-message model of polling with a particular polling statistic. In the Shotts’ model all
voters cast ballots for either candidate or abstain in the first election. In the current paper a random sample of
the population of voters take actions before candidates commit and poll respondents are required to answer the
poll and thus the message space is smaller. In the Shotts’ model voters must balance the signaling effect of first
stage ballots with the effect that such ballots have on the first period election. In the current paper there is no such
tradeoff. In both models the meaning of first period actions is endogenous.



468 A. Meirowitz/ Games and Economic Behavior 51 (2005) 464489

The remainder of this paper is organized as follows. In Section 2 we present the basic
model. In Section 3 we develop results from the analysis of this model. In Section 4 we
present and analyze the binary message model. In Section 5 we use the results of Section 4
to characterize some partially revealing equilibria in basic polling games. In Section 6 we
conclude with a discussion of the findings. Appendix A contains proofs of the lemmas and
propositions that are not proven in the body.

2. Thepolling game

We proceed by first defining a model of elections with a polling stage. We then define
the appropriate equilibrium concepts for this class of games.

2.1. Basic concepts and definitions

Consider a set of two candidat€s= {0, 1}. Each candidate € C will choose a policy
platformx. € X := [0, 1]. The term—c¢ denotesC \ ¢. A continuumV := [0, 1] of voters
with symmetric single peaked preferences have ideal points located in the policyXspace
A generic voter is denoted e V, and her ideal point is denoted € X. The population
of voter preferences is characterized by a distribution functiond) with supportX that
depends on a parametge © := [0, 1]. For anyd € ©, F(-,0) is continuously differen-
tiable and strictly increasing oX (with density (-, 0)). We assume that the parameter
0 is the population median, meaning that for edch ®, F(6,0) =1/2. By n(-) on ®
we denote the twice continuously differentiable and strictly increasing prior beliéf on
The distribution (-) induces beliefs over the distribution of voter ideal poifts, 6). We
further assume that for ajl € X, F(y, 6) is measurable and in fact continuougiion ©.

In addition, we sometimes make use of a standard likelihood ratio conditionstilibe
monotone likelihood ratio condition (SMLR) is satisfied ify < y’ andd < 6’ implies that
FOLO/fFG,0) > f(3.0)/f(y.0).

Candidate priors are given by(-). Voter beliefs abou# are given by a continuously
differentiable and strictly increasing conditional distribution®nx(- | y). In a standard
Bayesian game@(- | y) is interpreted as the posterior belief @rtonditional on realizing
y as a single draw fronF'(-,0) and given by Bayes’ rule. We do not require that this
connection between(- | y) and the primitivesF (-, 8), n(-) exists. Of particular interest
is the case where voters with distinct preferences share beliefs about the location of the
median votersy (- | y) = n(-) (for all y). Aside from results on binary message polling
games this assumption is inconsequential. In the binary message case wg-negdo
not vary withy too much?

4 While the assumption that voters with different preferences have common beliefs is inconsistent with the
assumption of a common prior and i.i.d. draws fréty, 0), this can be attained from non-common priors, or
settings in which each voter believes that their type is drawn from a distribution that is different than the typical
voter's. See McKelvey and Page (1986) for results on the convergence of beliefs when public information is
available.
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Voters each have preferences over policy that are representable by the utility function
wy (¥) = h((x = y)?) (1)

wherey, € X is voterv’s ideal point and: : [0, 1] — R is a strictly decreasing loss func-

tion. Thus, voter preferences are single peaked, but their risk attitudes are not restricted.
Candidates are office seeking and have preferences that are representable by the utility
function

ue(x, w) = Ly (w). 2

Here, 1(w) is the indicator function taking value 1 only if the winning candidatejs ¢
and 0 otherwis&. Throughout we use the notation @) to denote the indicator function
taking the value 1 if eventl is true (more precisely if the argument of the function is in
the sef{A}), and O otherwise.

The sequence of moves imalling game is as follows:

(i) Nature select® by a draw fromn(-).

(i) Arandomly chosen finite subsé& c V of voters are asked to simultaneously respond
to a poll. This subset is gathered By (odd) independent draws from the uniform
distribution onV % In other words, the vector =(y1, ..., yr) of T ideal points are
generated by independent draws fréa, ). We use the notatioR” (y, ) to denote
the distribution function for the draw df ideal points. We also use the notation
y_, and FT=1(y_,, 6) to denote a vector of — 1 ideal points and its distribution
function. TheT poll respondents simultaneously announce a message. The message
space for each poll respondentXswith a response denoted, € X. The vector
of poll responses is denoted = (m1,...,m7) € XT. The set of poll responses is
denotedM := {m1, ..., m7}. By m_, we denote the vector &f — 1 responses that
excludes the response by With slight abuse of notation we use and (m_,, m,)
interchangeably for any € P.

(i) Candidates then learn the summary statistim),wheres(-): X7 — R” (1< n <
T), update their beliefs aboatbased on the statistsdm) and simultaneously take
stances, € X.

(iv) Following the stancesxg, x1), all voters cast ballots, (xg, x1) € C and the winner,

w, is chosen via majority rule. We assume that ties are resolved with a fair coin toss.
By having a finite poll sample and a continuum of voters, we capture the notion of
drawing a sample from a large population.

5ina previous version we considered candidates that were also policy motivated. The underlying conclu-
sion that generically equilibria in which poll respondents are truthful do not exist holds under this assumption.
However, in this case the existence of pooling equilibria requires appeal to mixed strategies or less general as-
sumptions.

6 The assumption that the poll sample is finite implies that poll respondents will influence the polling statistic
with positive probability. For a continuum of poll respondents a poll respondent’s actions are inconsequential and
some refinement is needed to make that game non-trivial.
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Players have incomplete information about the parangetard thus the distribution of
ideal pointsF (-, 8) is not known. Given an arbitrary beligf(-) overd, expectations over
an arbitraryy_, —measurable functiory(-), are expressed by the integral

EA(G)g(yfv)Z/ / g(Y—u)dFT_l(yfu, 0)dxr (). (3)

® XT—l

We denote a coordinate of the summary statisticdgyn). We denote the inverse image
of s(-) by s71(s") := {m € XT: s(m) = s'}. Three particularly interesting examples are:
the identity statistic (m) = m; the sample mediasim) = mediarim) := {x € M: #y €
M: y <x}=#{y e M: y>x}};, and the sample averagem) = T2 3", m;.” The first
and third examples above, are similar in that the polling statistic is always responsive to
each poll response. In contrast the sample median, is only responsive to small changes in
a response when that response is itself the sample median. Because the incentives present
whens(+) is strictly monotone are substantially different than when the polling statistic is
sometimes constant i, (like the sample median), we will treat the case whém) =
mediarim) separately.

We consider several assumptions that a polling statistic can satisfy.

A1l (continuity): The function(m1, ..., m7) is continuous in each,.

A2 (strict monotonicity): Ifm/, > m, for everyv € P and the inequality is strict for at
least onev € P (denotedm’ > m) thens*(m’) > s*(m) for everyz and the inequality
is strict for some; € {1, ..., n} (denoteds’ > s).

A3: s(m) = mediar{m).

Intuitively, Al requires that small changes in the messaggsresult in small changes
in the information observed by the candidates. A2 requires that if a poll respondent raises
her response, at least one coordinate of the observed statistic will increase and none will de-
crease. A3 is incompatible with A2 agif, is not the median response then a small change
in m, has no effect on the sample median. However, A3 implies A1l. While the union of
A1-A2 and A3 do not exhaust the possible polling statistics, we focus on only these cases.
A1-A2 is a reasonable axiomatization of standard statistics used by empiricists. Analysis
of A3 seems natural given the relevance of the median voter in the Downsian research
program and the findings of Moulin.

Example. Before turning to the analysis we present a stylized discontinuous example of the
class of models considered. Periodically, we will return to this leading example to make
concepts concrete. The example involves players with a uniform prior over the location
of the median voter and the belief that voter ideal points are evenly distributed to either
side of the median. Suppose thap) = 6 on [0, 1] and foré € (0, 1), f(y | 0) is a step
function taking values 120 if y <6 and 1/ (2(1—0)) if y > 6. Finally, assume that for
eachy,, u,(x) = —|x — y,| and that all voters have a common type conditional belief

7 By #{A} we denote the cardinality of set
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n(0 | y») = n(0) for all y,. It is not difficult to see that a smoother version of the example
will satisfy the conditions defined above.

2.2. Strategies, beliefsand equilibria

For convenience we make the technical assumptiomthé) is a measurable function.
The poll response of respondenis a functionm,(y): X — X. This function indicates
how a voter with ideal poiny will answer a poll if she is in the sample. We consider
only equilibria withsymmetric poll response functions—all poll respondents use the same
functionm(-).8 Recallm, is an individual poll responsen is a vector of poll responses
andm(-) is a measurable poll response function—thiys= m(y,). Candidate stances are
measurable functions of the statistign), which we denote:.(s) :R" — X, for c € C.
\oting defines a ballot functioh(xg, x1, y) : X3 — [0, 1] where the rangg0, 1] is the set
of mixed strategies, witth = p interpreted as voting for candidate 1 with probability
The first two arguments df(-, -, -) are the stances of the candidates, the third argument is
the voter’s ideal point. In principle, voters could condition their vote on the polling statistic,
but since voters posses no private information about the candidates at the time of voting
the polling statistic (and messages) are payoff irrelevant. In principle this information may
be involved in complicated voting strategies that punish some types of poll replies but we
ignore this possibility. Accordingly, we have suppressed the dependehacaoefim).

We assume that voters vadcerely, so that

1 ?f lxo — y| > [x1 — yl,
b(xo,x1,y) =140 iflxo—yl<|x1—yl, (4)
otherwise.

NIl

Since no voter has influence in the election any voting strategy is a best response to any
other profile of voting strategies. The assumption of sincere voting selects the equilibrium
in a voting game which is the limit of a sequence of equilibria (in weakly undominated
strategies) to finite population games. The assumptions that (1) voting does not depend
onm or s(m), and (2) sincere voting strategies are used, are potentially circular and do
limit the equilibrium set. We make these assumptions for one technical and one substantive
reason. First, while refinements to continuum games are poorly defined, in a finite one-shot
voting game involving just two fixed candidate positions weak dominance requires that
voters ignore everything except the candidate locations and vote sincerely. Accordingly,
in a finite population game, equilibria in which polling behavior has a direct effect on
voting (aside from the indirect effect on candidate stances) involves weakly dominated
behavior. Second, a defense of truthful polling that hinges on complicated voting strategies
that select less desirable candidates in response to peculiar realizations of polling data
seems underwhelming.

8 We require polling strategies to be symmetric for two reasons. First, requiring that all identical agents take the
same actions is a reasonable if not focal starting point for any analysis. Second, with many polling statistics the
candidates will not be able to infer individual responses, and so an equilibrium in which poll response functions
are not the same introduces inefficiency by making the polling statistic less informative.
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We dispense with the technical details of constructing a continuum of random variables,
and directly assume that H(xg, x1, y) = 1/2 for a.e.y the probability,¢. (x., x_., 0),
that c is the winner is 12.° Given sincere voting and an arbitrary beliefd) on @ it
follows from (2), (3) and (4) that candidate expected utility functions over policy platforms,
E;.6)Uc(xo, x1), are of the form:

A(%) if xo <x_e,
Ej@)Uc(x0,x1) = 4 1 — )\(szl) if xe >x_¢, ®)
3 otherwise.

A poll respondent faces several forms of uncertainty. Uncertainty abdasitcharac-
terized by the belief;(6 | y). Uncertainty about the other poll respondent’s ideal points,
y_, € XT~1 is induced by uncertainty abodt and uncertainty about the draws from
FT=Y(y_,,0). For a fixed poll response function employed Byv and mappings.(s) a
poll respondenty, with ideal pointy,, offering response:, has expected utility:

Ey@pulmy, yy) =

/ / [u(xo(s(mfv(yfv),mm,yv>¢o(xo(s<m7v(y7v),mu>>,x1(s(mfu(yfu>,mv),é))]
+M(x1(s(m—v(y—v)vmv))s)’v)(bl(XO(s(m—v(y—v)vmv))sxl(s(m—v(y—v)smv),g)
O xT-1

x dFT My, |0)dn(@ | ). (6)
We now focus on the Bayesian updating of candidate beliefs about the location of the

median voter. Let profon € s—1(A) | 6 < k} denote the probability thate A is observed
given thatd < k, when respondents use strategg). Formally this term is

probim € s 1(A) | 61 < k} :=
Jo Jxr Lstmiy...mr rnean ) x Lo, <4 (0) dFT (y | 6) dn(6)
Jo Lior<ky(0) dn(6) '

Given the prior (-), a poll response strategy,(-), and an observed statisti¢, the poste-
rior distribution (termed &elief), 7 (k | s), of the median ideal poirtt is given by Bayes’
rule,

(7)

n(k)probm e s~1(s) | 6 < k)

nkyprob{m € s=1(s) |0 <k} + (1 — nk))probim e s—1() |6 >k}
(8)

If poll respondents use the mapping, (s) then uncertainty about and the random-
ness associated with selecting poll respondents induces a measure on the profile of poll
responses. We use the shorthand-a.e. to describe a statement that holds on the image
s(A) with A a full measure set of possible poll responses.

w(k|s)=

9 Judd (1985) addresses the question of constructing a continuum of independent random variables and the
possibility that a law of large numbers holds. The assumption here, that mixing by almost everyone results in a
fair lottery over the two candidates is consistent with possible constructions in which a law of large numbers does
or does not hold.
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Definition 1. A candidate beliefr (k | s) is consistent for a poll response strategy m(-) if it
is equivalent to (8) -a.e.

Combining the concepts yields a straightforward equilibrium definition.

Definition 2. A symmetric strategy profilén*(y), xj(s), x7 (s), b* (xo0, x1, y)) and a belief
m(k | s) are aperfect Bayesian equilibrium (PBE) if:
(2) For alls’ in the image of ()
xg(sh) € argir;?@n(kh/)Uo(x, x1),
xj(s") € argpgg)ﬁn(k“/)Ul(xS, x). 9)
(2) Given that everyone other tharuses the mapping*(-) if sampled,

m*(y) € arg m%?({En(gmu(mv, y)} forallyeX. (10)
mye

(3) Voting is sincere.
(4) (k| s) is consistent form™(-).

In the remainder of the paper we examine the extent to which poll respondents may tell
the truth in a symmetric PBE.

Definition 3. A symmetric PBE igruthful if m(y) = y.

Since the main result establishes the non-existence of truthful PBE, there is no need to
consider refinements to the concept of PBE. We now turn to the analysis.
3. Results

In this section we first establish several intermediate results and then turn to the main
results: if A3 is satisfied then generically a truthful PBE does not exist; if A1-A2 and
SMLR are satisfied then a truthful PBE does not exist.
3.1. Intermediate results

We first show that in every PBE the candidate stances wiligoe x1 = x™¢%(s) where
this term solvesr (x™e%s) | s) = 1/2. This result is equivalent to one of the extensions of
the median voter theorem established by Calvert (1985).
Lemma 1 (Probabilistic median voter theorenfor a given s(-), m(-) and posterior

m(- | s), if voting is sincere the unique profile of candidate best responses is xj(s) =
* _ med,
x7(s) = x""N(s).
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The logic supporting the conclusion that this profile is a simultaneous best response is
straightforward. When candidate 0 locatesc®€%s) candidate 1 believes (based on her
posterior belief) that the probability that the median voter is to either side of 1/2.
Accordingly, if candidate 1 were to locate to the left (rightxgfthe median voter would
be closer taxg thanx1 with probability greater than a half, and thus 1 would win with
probability less than a half. On the other hand, if voters vote for each candidate with equal
probability when the candidates locate at the same point, then under the pgcfile; =
x™ed(5) candidate 1 wins with probability/2. Since voters are indifferent between the
two candidates, this voting strategy is optimal for them. Clearly when voters resolve ties in
this manner, this profile of stances is the only pair or simultaneous best responses. In the
appendix we complete the proof by showing that no other profile is supported by a different
tie-break rule.

Combining Lemma 2 and condition 2 of Definition 2 yields a useful corollary—
providing a simplified expression of the poll respondents’ optimization problem.

Corollary 1. Thestrategy profile (m*(y), x™e%(s), x™ed(s), b* (xo, x1, y)) With b* (xg, x1, )
sincereis supportable as a symmetric PBE iff for a.e. y € X, m*(y) solves:

m*(y) € argmmﬁ{/ / u(x™ (s (M_y (y—v). my)). yo) dFT Ly, |0) (@ | y)}-
' e xT-1
11)

Another useful intermediate result demonstrates that with truthful strategies the function
xMed(5) inherits continuity from A1.

Lemma 2. In a PBE with truthful strategies, if Al is satisfied then x™e4(s) isa continuous
function.

Proof. Assume Al and that messages are truthful. By truthfulness, ite) is contin-
uously differentiable in botly and6d the joint densityf (m, 0) exists and is continuous in
m and6. Let the relationk on[0, 1] be defined as « b if a; < b; foreachi =1, ..., T.
For eachy’ € (0, 1]7 define the seD(s") := {m € [0, 1]7; s(m) < s’} which is measurable
by Al. Consider the function

k
L(s’,k):/ / f(m,0)dmdo. (12)
0 D(s)

To see that this is continuous in the first argumentkfand consider a sequence con-
verging tos’. Consider the random variablg dp ) (m). By Al and the fact thaf (m, 9)

is atomless, as' — s’ this random variable converges tgp ) (m) in measure. This and
the fact thatl,,c p(sny (m)| < 1 (is bounded) implies, by the bounded convergence theorem
(Durrett, 1996), that
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s—s

k
Iim///1m€D(sn)(m)f(m,9)dmd9
0

k
=//lm€D(s/)(m)f(m,0) dmdd =L(s k). (13)
0

Thus for eactk, L(s’, k) is continuous in its first argument. Moreover, for eaGhL (s, k)
is continuous ink becausef (-, -) is continuous in its second argument. Thi, -) is
continuous in both arguments. Applying Bayes'’ rule, we have

L(s', k)
n(k)

which as the ratio of continuous functions is continuous in both arguments on the support
of 6. By this, the fact thatr (0] s) =0<1/2 <1=nr(1]|s) and the intermediate value
theorem, at least one valu&Y(s) solving

nk|s) =

(14)

n(xmed(s) |s)= % (15)
exists for eacly. Moreover, since the prior has full support and the posterior is strictly
increasing ink for anys e {s’: 3y € [0, 1]7, s(y) = s}, this value is unique. Finally, since
we have shown that (k | s) is continuous in its second argument, the functidifd(s) is
continuous ins. This result follows from the Theorem of the Maximum (Berge, 1963) by
noting thatx™%(s) = argmin.co. 17 [7 (k | s) —1/2]. O

As a demonstration that the non-existence of truthful PBE is not the result of specifying
a model possessing no PBE we establish the existence of pooling PBE. In these equilibria
poll respondents of every type send the same message. Accordingly, candidates do not learn
anything from the poll, and simultaneously announce policies corresponding to the middle
of their priors. Given that candidates ignore the poll, poll respondents have no incentive to
send any message other than the uninformative message called for by the equilibrium.

Proposition 1. For any x € X, the following is a symmetric PBE:
m*(y) =x,

1
xX(s) = nrlf(;) <§> force C,
b*(xg, x1, y) issincere,
w(k|s)=n(k) foranys.

The class of pooling equilibria exhibited in Proposition 1 may not be robust to refine-
ments in the spirit of Cho and Kreps (1987) and Banks and Sobel (1987). However, if
one allows for completely mixed strategies by polling respondents, then robust pooling
equilibria can be constructed.
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3.2. Themedian

We now turn to the analysis of polling games when A3 is satisfied, d(@) =
mediar{m). We show that generically, truthful PBE do not exist. The logic is as follows.
A poll respondent’s message only influences the statistic if her message is the median of
the reported messages. It is usually the case that the middle of the posterior belief (con-
ditioned on the sample median)™(s), does not coincide with the sample median and
small changes in one’s response will have small (but real) chang@$fks). This means
that respondents that act as if they will be influential usually have an incentive to report a
value ofm that is more extreme thayn We now formalize this argument.

If poll respondents use truthful strategies, then for amyf0, 1] the density (conditional
on the candidate’s information) of a candidate obseryigiyen thatt < k is given by the
expression

prob,{y € s71(s) | 6 <k}

(T(T 1)>f(9|91<k)F(9|9<k) (1—F(s|0<k) (16)
2

where we let
fo Ly <5} (@) Lig<i)(9) AF (5", 0) dn(0)
Jo 1<t (©) dn(6)

The termf (s | 0 < k) is defined as the limit in the usual way. The existence of this density
is ensured by the differentiability df (-, 6). Similarly, the terms which condition ah> k

are defined in the obvious manner. The relevant conditional probabilities for the poll re-
spondents differ as they must also condition on the respondent’s ideal ypdhuthstituting

the right-hand side of (16) into (8), setting the posterior equaf Belhd rearranging yields

(L—=nk)\ _(f(s]0<k) F(s|0<k)\((A—F(s|0<k)) & (18)
n(k) T\ f(s10>k) F(s|0>k J\(1=F(s|6>k)) '
Thus, if a candidate believes that poll-responses are truthful, Lemma 1 implies that she will
locate at a policyr™%(s) = k wherek solves the above equation. Lemma 2 ensures that
this location is a continuous function of the public messages. We can use Corollary 1, to

express a local incentive compatibility condition for truthful response—that no agent has
an incentive to send a slightly dishonest response.

F(s|0<k):=

17)

Proposition 2. If A3 is satisfied then a truthful PBE exists only if for a.e. s € (0, 1) either
xMed(5) is constant on a neighborhood of s or
-1

L—n@)\ _(fs]0<s) F(s|0<s)\[(L-F(s|0<s)\]| 2 (19)
n(s) - f(s]10>s) F(s|0>5s) A1—F(s|6>5)) ’
Proof. Since A3 satisfies A1, Lemmas 1 and 2, imply that as a functicrileé final policy
x™Med(s) is continuous. By Corollary 1 in a truthful equilibrium with A3 it must be the case

that for eachs € (0, 1) eitherx™e%s) = s or x™e4(s) is constant on a neighborhood of
The equation corresponds to the case of former.
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One conjecture is that when the prior beliefs are diffuse (i.e. uniformly distributed,
n(k) =k on [0, 1]) as in the set up of our recurring example, truthful PBE will exist. This
conjecture is based on the supposition that when the prior is uninformative candidates will
form beliefs which have as their midpoint the observed sample median. This argument,
however, turns out to not be true in general. To demonstrate this point we first consider the
example of only one poll-respondent, and ask will the candidates’ locate at the respondent’s
response (i.e., is the condition satisfied). In this case the condition simplifies to

1-z\ (f(zl0<2)
( 4 )‘(f(z|e>z)>' (20)

But the ratio of conditional densities need not be identical to the prior hazard-rate. We
demonstrate this in the recurring example witky | 6) a step function taking values
1/(20) if y <6 and Y (2(1—0)) if y > 6. Integrating ove® (which is assumed to be
uniform) yields the following two conditional densitie&z | 0 < z) = —(1/2)In(1 — z)

and f(z |0 > z) = —(1/2)Inz. In this case the ratio on the right-hand side of (20) is
In(1 - z)/Inz which is not equivalent to the left-hand sid&,— z)/z.

This example demonstrates that even with a single poll respondent assuming a diffuse
prior is not sufficient to insure that a truthful PBE exists. In fact if we were to pick a
parameterization for which the condition were true, small changes in the parameterization
would cause the condition to fail. More precisely the condition is not satisfied on a generic
subset of the parameter space. We now develop this argument.

Let Ap := {n: n is a differentiable density o®}. We endow this space with the
metric d(n, n') := maxeqo,17 I1(z) — 7' (2)|. Let Wg :={F: F(-,0) is a continuous dis-
tribution with suppor{O0, 1] that is continuous i}. We endow this space with the metric
3(F, F") :=maxe(0,11{SURycp | F(z,0) — F'(z,0)|}. Let I'p := Ap x W endowed with
the product topology.

Proposition 3. Fix T, ® and assume that A3 is satisfied. The set of parameterizations
(n(-), F(-,-)) for which a truthful PBE exists has an empty interior in 7.

Proof. Assume there is a truthful PBE when A3 is satisfied at parameterization
(n(),F(-,-)) € I'p In any open set (relative t@") there exists a parameterization
(n'(-), F'(-,-)) for which F(z,0) = F'(z,0) for everyz € [0, 1] (and therefore the dis-
tributions are identical) buf'(z) = an(z) + Bz> + (1 — a — B)z # n(z) for @, p > 0 and
sufficiently small. Accordingly, the following conclusions are true

1-n) ,1-7'()
n(z) n'(2)

1-1(2) 1-7'(2)
d dz Ad| ———= ) /dz, 22
( ) >/”é < ") )/Z @)

for eachz € (0, 1). Since a truthful PBE exists d4(-), F (-, -)) for eachs € (0, 1) either

the equality condition is satisfied at this parameterization or else the solution is constant
on a neighborhood of. But the above two conclusions demonstrate that neither condition
is satisfied atn’(-), F'(-, -)) and thus the subset &% for which truthful PBE exist has an
empty interior. O

: (21)
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Moreover, there are no parameterizations for which truthful PBE exist for more than
one poll sample size. The following result is proven in Appendix A.

Proposition 4. If A3 is satisfied and there is a truthful PBE with the parameteriza-
tion (n(-), F(-,-),T) thenif T’ # T there is not a truthful PBE in the parameterization
(nC), F(-,), T".

The intuition behind these results is as follows. When the condition in Proposition 2
is satisfied, a candidate will form a posterior belief that has as its midpoint the observed
polling statistic. However this phenomena is rare. In most cases the candidates will locate
at a policy that is somewhere between the midpoint of their prior and the observed
statistic. The interpretation of these two results is straightforward. When the sample median
is the polling statistic truthful PBE can exist. However, their existence is knife-edged. Any
change in the polling sample size will result in the disappearance of the truthful PBE and
holding the size fixed there are arbitrarily small changes in the distributions that result in a
game with no truthful PBE.

3.3. Strictly monotone statistics

If a strictly monotone statistic (say the sample average) is used, truthful PBE are even
harder to support. I (-) is the sample average and respondents are truthful, the median of
the posterior (and therefore the final policy) is strictly increasing in every poll respondent’s
response. A poll respondent with an extreme ideal point would have an incentive to claim to
be even more extreme. Returning to our recurring example, suppose that all respondents are
truthful and candidates believe that all participants will be truthful. Given a responsg of
the expected value ofis (T — 1)/(2T) +m,/ T which is betweem:, and /2. Moreover,
givenm, the expected location of” is betweenT — 1)/(2T) + m,/T and %/2. In the
proof of the next result we show that if messages are truthful then the expected value of
xMedis a continuous and monotone functionf. This means that for a respondent with
y, close to 0, truthful response results in expected utiix™e%y) + y, and a deviation
tom, < y, — ¢ (for & small) results in expected utility Ex™e%y) + § + y, with § smalll.

Thus the deviation is desirable. While quite simple, this logic is used to show that in any
polling game satisfying SMLR and A1-A2 there cannot be a truthful PBE.

Proposition 5. If A1-A2 are satisfied and SVILR holds then there is not a truthful PBE.

Proof. By way of contradiction assume that A1-A2 and SMLR hold and there is a truthful
PBE. Given A2 this implies that truthful response is optimal for every ideal point,

yearg max{/ / med (M_y(Y—0).my)). y) dFTHy_y [6)dn(@ | y)}-
e xT-1
(23)
Sep 1. By Al and Lemma 2x™Y(s) is a continuous function of.By Al again this

means that™e%s(m)) is a continuous function of, for eachm_,. This and the conti-
nuity of u(-, -) means that the objective function (23) is continuousjnandy.



A. Meirowitz / Games and Economic Behavior 51 (2005) 464489 479

Sep 2. We now establish that for somee> 0 if y < ¢ then
prOb{xmed(S (m—v(y—v)a mv))r < y} =

[ ] 1m0 0F s a6 ) =0 24
® xT-1

Sincen (6 | y) has full support, and’ is finite x™e%s(m)) > 0 if m = 0. Sincex™e4(s(m))
is continuous irm the result of this step is established.

Sep 3. We now establish that foy < ¢ (the sames as in step 2) and some> 0,
xMed(s(M_y(Y_v), y — 8)) < xMeds(m_,(y_p), v)) with probability 1. First, since the,
are conditionally independent draws frofiiy, 6), SMLR implies that(ys, ..., yr, 0) are
affiliated random variables (also termed multivariate totally positive of order 2, see Kar-
lin and Rinott, 1980). Given this, Theorem 4.1 of Karlin and Rinott implies that for any
increasing functiog(m): [0, 1]7 — [0, 1], the conditional expectatiofi,(g(m) | #) is in-
creasing ind. Fix the mapping (-) satisfying A2. The composition of each coordinate of
s and any increasing function is an increasing function of the fg¢m) : [0, 117 — [0, 1].
Accordingly, this theorem implies that the random vectof(m), ..., s"(m),0) is af-
filiated. In this case it is well known that for the posteriors ®miven s(m) (denoted
F@ | s(m)), if s(m") > s(m) thenF (6 | s(m’)) dominatesF(# | s(m)) in terms of like-
lihood ratio (and thus first order stochastic dominance). This implies that in a truthful
equilibrium, x™%s(m)) < x™%s(m’)) if m < m. Thus,x™%s(M_,(y_y),y — §)) <
XM (M_y(Y_y), y)) for all y_, as(m_y(Y_v), y — 8) < (M_y(Y—-0), ¥).

Sep 4. We now establish the contradiction—if< ¢ (the same as in step 2):

y¢argmmgxx{ / / u (x5 (M_y (y_0), my)), ¥) dFT‘1<yv|9)dn<9|y>}.

@ xT-1
(25)
By steps 1-3 there existsSa> 0 s.t.
/ u(x™ Y s(M_y(y-0). y = 8)). y) dF "Ly | O)dn (0 | )
e xT-1
o [ [ sy 9) ) TRy 1 @ ) (26)
O xr-1

This follows from proix™eds(m_,(y_,), y)) < y} = 0, x4 s(M_,(Y_p), y — 8)) <
xmed(s(m,v(y,v), y)) with probability 1, and the fact that the respondents utility function

is continuous and strictly decreasinguirior x > y. Thus we have exhibited a non-null set

of ideal points for which truthful response is not a best response when all other respondents
are truthful. O

A2 (strict monotonicity) and the strict monotone likelihood ratio condition are used
to establish that if poll respondents use truthful strategies, respondents with types cor-
responding to O (or alternatively 1) would like to pull the candidates’ inferences in a
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particular direction. A1 (continuity) is used to show that this result holds for an open
set of extreme types. We conjecture however, that this result holds on a larger set of
polling statistics, Specifically, a weakening of strict monotonicity, to a condition like
strict monotonicity with positive probability seems possible. Moreover, without SMLR,
the presence of a profitable local deviation hinges only on the conditional expectation
E(uy (xMs(M_y (y_y). ¥ — 8)) — 1y (x™%s(M_y (y—y), y — 8)) | ¥) not being constant

on an open set near= 0 for small values o08. Just as Proposition 3 replaces SMLR with

a local non-constant condition, it seems possible to establish a version of the above result
that replaces SMLR with an analogue to the local non-constant condition in Proposition 3.

4. A binary message space

While the above analysis highlights the incentives for dissemination, its predictive ap-
plicability is limited because in practice polls tend to limit the number of responses open
to respondents. To focus on the incentives in this case we now consider a modified polling
game in which poll respondents are asked a question with two possible answers (e.g. which
candidate do you prefer, or which party do you identify with). Thus, the message space is
now m, € {0, 1}. We assume that the statisticsign) = 71 Y vep My . ONe interpreta-
tion is that the question asks respondents which party they support. Such a game cannot
possess a fully-revealing PBE because the message space is too small relative to the type
space. Nonetheless we show that this game has a reasonable partially revealing PBE. In
the next section the analysis of the binary message game is used to characterize a partially
revealing equilibrium in the basic model in whieh, € [0, 1] and eithers(m) = m or
s(m=T71Y pmy.

The fact that respondents each have distinct posterior beliefs) introduces a diffi-
culty here. It is possible that two respondents with different ideal painrtsy’ have such
different posterior beliefs oé that the agent with ideal pointthinks that most voters are
to the left of her and the voter with ideal poiptthinks most voters are to the right of her.
Technically, we will require that the posterig(- | y) is close to constant in. This re-
quires a joint condition om(-) and F (-, 8) for whichn(- | y) andn(- | y') are very similar
even if y andy’ are distinct. The appropriate notion of closeness here is captured by the
metric

d(nC1y),nG1y") = max / F(z|6)dn( | y) — / F(z1o)dn@1yH|.  (27)

Our recurring example represents a stylized version of the case where this distance is
always small-# (- | y) does not depend onat all. Substantively, the assumption that this
distance is small is quite defensible. One would expect voters to have similar views about
the shape of the distribution of voter ideal points regardless of their individual preferences.
The limiting case where one assumes th@t y) is constant iny captures the case where
a room full of voters (with non-identical preferences), would agree over the odds on any
bet about the location of the median voter (Auman, 1976). If this distance is always small
then there is a particularly simple “cutpoint” equilibrium.
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Proposition 6. If SMLRissatisfiedand d (5 (- | y), n(- | y")) issufficiently small for every y,
y’ thenthere existsa z* € (0, 1) for which the following is a PBE:

0 ify<z*,
1 otherwise,

m*(y) = {

1
xX(s) = ”[;Jlst(é s> for ce C,

b*(xo, x1, y) issincere,
Tpost(k | s) satisfies (8) for any s.

The endogenous language equating- O with a low ideal point is of course arbitrary,
and the alternative case in whieh= 0 is identified with a high ideal point can also be
supported. In contrast, the cutpoitit is not arbitrary. Any such cutpoint must satisfy
an indifference condition which is derived in the proof (in Appendix A). Intuitively, if
poll respondents use the equilibrium strategy then a respondent with idealzpoirit
be indifferent between sending either message when she compares her expected utility
over each of the two possible messages she can send. Recall that these expected utilities
integrate over uncertainty about the otlier 1 poll respondents’ ideal points.

An interesting question is how the cutpoint¢$)are related to the underlying primitives
of the environment. Itis straightforward to show that when the prior beliefsane skewed
to say the left (right) the cutpoint(g) are to the left (right) of the midpoint of the policy
space.

Proposition 7. If n(-) is skewed to the left (right), i.e, n(1/2) > (<) 1/2, then for T
sufficiently large any equilibrium cutpoint satisfies, z* < (>) 1/2.

The intuition behind this result is as follows. When it is more likely that the population
median is left of the midpoint of the policy space, poll respondents anticipate that policy
is likely to be to the left of the midpoint as well. Accordingly, a poll respondent with
an ideal point close to the midpoint of the policy space will anticipate being to the right
of policy, and accordingly she will want to move policy to the right. In equilibrium the
endogenous cutpoint needs to be sufficiently leftist so that a respondent with an ideal point
corresponding to the cutpoint won't anticipate being right or left of policy. The prediction
of Proposition 6 is consistent with a degree of efficient information aggregation. When
the population is skewed to the left, a cutpoint in the middle of the policy space results in
a statistic that is an inefficient discriminator. More information is gained by moving the
cutpoint to the left. This is exactly the phenomena that occurs in equilibrium.

This last finding demonstrates a potentially important problem in interpreting polling
data. Since the messages (observed) have endogenous meaning, interpretation requires
knowledge of the equilibrium (unobserved). Proposition 6 states that to the extent that
prior beliefs are not static over time, intertemporal comparison of polling data may require
some degree of filtering. If the cutpoint changes from one poll to the next then the com-
parison of summary statistics across polls will be misleading. Finally, it should be noted
that the analysis does not suggest that candidates are fooled by respondents. In equilibrium
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candidates understand the incentives and know the cutghifithus, they correctly filter
the data. We use the analysis to forward the conclusion that scholars might also want to
think about how to interpret the polling messages and filter the data.

5. Partial revelation in basic polling games

In this section we return to basic polling games—respondents are asked to select
my € [0, 1]. We consider two different statistics, showing that simple partially revealing
PBE exist. If the statistie(m) = m is revealed to the candidates a partially revealing equi-
libria that mimics the cutpoint equilibrium characterized above will exist. Specifically, if
candidates think that respondents are using a mixed strategy that puts probability one on the
interval [0, z*) wheny < z* and probability one on the intervid®, 1] wheny > z* then
a respondent faces exactly the same calculus in deciding whether tomsglect<) z*
in this game as a respondent in the binary message model in deciding whether to select
m, equal to 0 or 1. Moreover, since anyis feasible under these message strategies there
are no off-the path beliefs. Accordingly given consistent beliefs (relative to this message
strategy) the candidate response characterized in Proposition 6 is sequentially rational.
A similar pure strategy PBE exists (types to the left'oinnounce 0 and types to the right
announce 1) if candidates use off the path beliefs that do not create an incentive for mod-
erate responses. One way to do this is to let candidates interpret messages in the interior
of the message space as coming from,a= 0 type. Accordingly, we are left with the
following result.

Corollary 2. Consider a polling environment. If the equilibrium characterized in Proposi-
tion 6 exists for the cutpoint value z' in the binary polling game then in the basic polling
game with message space [0, 1], statistic s(m) = m and this polling environment

(2) for any two distributions G 1 with support [0, z'] and G2 with support [Z/, 1] thereis
a partially revealing mixed strategy PBE with mixed message strategy

Gi(m) ifm<z andy, <7,

1 ifm >z andy, <7’

< = i ,
pr(my <m|yy,) Go(m) ifm >z and Yo > 7,
0 ifm <z andy, > 2;

(2) there is a pure strategy equilibrium with the message function

_ [0 ify<Z,
m”(y)_{l otherwise.

A similar construction can be used to characterize a partially revealing equilibrium when
the sample average is used. Consider a basic polling game with the sample average, and
suppose the message function is as in part 2 of the corollary. On the path the set of sup-
portable values of is S =1{0,1/T,2/T,...,q/T,...,1} whereq is an integer between
1andT. Forn € [0, 1] let

ln] := sup{arg;religmj —nl} (28)
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denote the result of roundingto the closest element 6f Consider beliefs that interpret
as evidence thak | s | respondents have ideal points to the left'odnd7T — T | s | respon-
dents have ideal points to the right3f Given these beliefs if all respondents other than
use the message strategy

_Jo ify<7,
o (y) = { 1 otherwise, (29)

every possible deviation has the same effect as either a message of 0 or 1, and thus if the
characterized equilibrium exists in the binary message case then the conjectured message
strategy is sequentially rational given the described beliefs. Moreover, given this message
profile only values of in S occur on the path, and thus the beliefs are consistent.

Corollary 3. Consider a polling environment . If the equilibrium characterized in Propo-
sition 6 exists for the cutpoint value z” in the binary polling game then in the basic polling
game with message space [0, 1], statistic s(m) = 7~y m, and this polling environment
there exists an equilibriumin which

_ [0 ify<Z,
m”(y)_{l otherwise.

While this equilibrium involves beliefs in which candidates sometimes ignore potential
information, a reasonable interpretation can be offered. Candidates expect that respon-
dents are giving polarized responses and they round the polling statistics. Respondents on
the other hand anticipate that candidates are going to be rounding in their interpretation of
polling statistics. This approach utilizes off the path beliefs to flatten the relationship be-
tween messages and policy locations and represents and example of a more general point
that the PBE concept sometimes allows off the path beliefs to mimic a form of commit-
ment in signaling games (Baron and Meirowitz, 2004). A similar construction can be used
to characterize cutpoint equilibria when the median is used (albeit a different cutpoint will
be used).

The equilibrium in this last corollary is similar to the equilibria in De Sinopoli and lan-
nantuoni (2003). They find that in proportional rule games with a continuum of voters and
many candidates, all votes go to one of the two extreme parties. In finite population games
they find that nearly all voters cast ballots for one of the extreme voters. Here, we char-
acterize an equilibria to a finite respondent game in which all respondents are polarized.
In principal respondents with types in the middle of the space may have an incentive to
be less polarized, but the beliefs in the above equilibrium flatten things out enough to get
rid of this potential incentive problem. It is possible that other equilibria exist in which
respondents near the cutpoint send messages in the interior of the message space. The sim-
ilarity between this equilibrium and the one in De Sinopoli and lannantuoni demonstrates
the presence of a somewhat pervasive equilibrium force for polarized communication be-
tween masses and the elites. While richer partially revealing equilibria might exist we only
address this simple type of equilibrium to demonstrate the relationship between binary
polling games and basic polling games with larger message spaces.

A note about the polarization results is in order. In the polling games considered here
(as well as the model of De Sinopoli and lannantuoni) the policy space is bounded and
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polarization is interpreted as reporting to have a type on the boundary of the policy space.

If instead the policy space were unbounded (say the real line), then the notion of polar-
ization is less well defined. Given the conjecture that, in a partially revealing equilibrium,
strategies map into a bounded subset of the message space a suitably extreme respondent
might have an incentive to send a message outside of the specified subset. This type of ar-
gument can be used to show that the equilibrium supporting Corollary 3 cannot be directly
extended to the case of an unbounded policy spattowever, withs(m) = m, beliefs

that interpret messages outside a compact set to be uninformative can be used to extend
Corollary 2 to the case of an unbounded policy space.

6. Discussion
The motivating assumptions of the analysis are:

(i) polls are of value to candidates because they resolve some form of uncertainty about
voter preferences;
(ii) candidates use the information provided by polls to select policy stances.

The analysis suggests that there may be a problem with an explanation of polling that
allows for strategic response and posits that poll respondents are honest as there is an
incentive compatibility problem. Poll respondents have an incentive to misrepresent their
preferences if candidates are selecting policies in a way that is responsive to the polling sta-
tistic and the respondent would like to pull the expected policy in a particular direction. Put
simply, some poll respondents have an incentive to lie. In the case of polls that ask respon-
dents their preferences this incentive incompatibility generally results in the non-existence
of truthful PBE. In contrast to Moulin’s result that the median is incentive compatible, here
the presence of a finite polling sample and a prior belief means that even if the statistic
is the sample median the final policy will not correspond to the sample median and thus
respondents have an incentive to be dishonest.

In considering the incentive to be dishonest (when it is conjectured that everyone else is
truthful) we can make clear statements regarding the affects of increasing the poll sample
size,T. In the case of the sample median, generically the amount by which agents wish
to lie will vanish asT grows (e.g., maxeo,1) |7y (yy) — yu| tends to 0). This is because
the larger isT', the more heavily the posterior weights the data). Accordingly, the gap
between candidate stances and the polling statistic vanisieégamvs. In contrast, when
the polling statistic is strictly monotone the incentive to be dishonest does not decrease as
T grows. As an example consider the case where the polling statistic is the sample average.
While the influence of any one responsg on s(m) vanishes ag’ grows the incentive to
manipulates (im) does not vanish. It is easy to construct examples whef® gows the
optimal response (if everyone else is truthful) for a respondent that is left (right) of center

10 In the reality of pre-election polls, time and technology constraints seem sufficient to justify the assumption
that the message space is bounded. Moreover, the assumption that the policy space is itself bounded seems no
more objectionable than the assumption that it is unidimensional.
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tends tom, = 0 (1). Moreover as Corollary 3 demonstrates, even with a finite number of
poll respondents there are equilibria in which every poll response is 0 or 1 wisethe
sample average.

Analysis of the binary message case and applications of Proposition 6 to basic polling
games (Corollaries 2 and 3) demonstrate that partially revealing PBE exist. It is important
to note that the information revealed by poll respondents needs to be properly interpreted.
In the model, the meaning of left and right messages is determined in equilibrium. More
precisely, the cutpoint partitioning respondents ireftists and rightists is endogenous.
Accordingly, analysts using polling data should be careful in interpreting the polling sta-
tistic, as a naive interpretation can lead to incorrect inferences. Imputation of the meaning
of a message (and thus a polling statistic) requires consideration of the equilibrium strate-
gies played. These strategies will vary with the information available to poll respondents.
This last fact suggests the possibility of testing comparative statics of the model and de-
termining which polls are more likely to be influenced by the incentives to be strategic.
Loosely speaking, in polls involving prior beliefs about the location of the median voter
that are symmetric and candidates that have close to equal ex-ante prospects of winning the
equilibrium cutpoint will closely approximate the middle of the policy space. In contrast
asymmetries in the parameters of the model result in cutpoints that are not in the center of
the policy space and greater care needs to be taken in interpreting polling data.

Despite the negative perspective this paper takes, showing that truthful response to polls
is not consistent with strategic behavior, there is also a positive conclusion. Actual polls
tend to involve small message spaces (questions with 2, 3, and 7 categories are common).
The theory developed here suggests that this artificial smallness of the message space may
not be inefficient as very rich message spaces cannot actually be effectively used in equi-
librium. Second, Corollaries 2 and 3 demonstrate how equilibrium behavior can convert
a setting with a rich message space to one that effectively has a binary message space.
Finally, while we have made some progress in considering partially revealing equilibria in
polling games, this analysis is far from complete. Future work establishing bounds on the
amount of information conveyed in equilibria and comparisons of these bounds across dif-
ferent statistics may further our understanding of information transmission and aggregation
in elections.
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Appendix A

Proof of Lemma 1. Fix g, s andm,(y).
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Existence. Assume thak; (s) = xMed(5). By (5) we have

med, . .
”(Mz(é) | 5) if xo < xMed(y),
Ex(oUo(x0, 31 () = | 1 — (220 | ) i xg > xmes), (30)
: otherwise

But by the definition ofr (- | s) we have

med
1
i o+ x 7(s) ‘s <> if xop<x™9%s), and
2 2
med,
1
1-— n(wz(s) ’ s) <3 if xo > x™%s).

Thus 0's best response ig(s) = xMed(s). The proof that 1's best responsexf(s) =
xMeY(s) is x¥ (s) = xMeY(s) is analogous.

Uniqueness. By way of a contradiction supposg(s) = xj(s) = x™ed5) does not hold
for a profile of best responses. There are 4 cases:

() If xF(s) <x*.(5) < xMed(y) thenE 5)Ue (x5 (s), x7(s)) < 1/2 and a deviation to
xi(s) = x™Med(s) would result iNEx s Ue(xg(s), x3(s)) > 1/2. This is a contradic-
tion.

(i) The case ofc}(s) > x* .(s) > xMed(s) is analogous.

(i) If xX(s) < xMed(5) < x*_(s) then a deviation by to yx}(s) + (1 — y)x*.(s) for
y € (0, 1) would increasé s, Uc (x5 (s), x7 (s)). This is a contradiction.
(iv) The case ofc*(s) < x™%s) < x* .(s) is analogous. O

Proof of Corollary 1. <=: Assume that (11) is satisfied by the functiari(-). Since a
version of conditional probability exists a posterigjosi(k | s) that is consistent fam*(-)
exists. By Lemma 1 the-tuple (m*(-), x™e%s), x™e%s), b* (xq, x1, y)) With b*(xo, x1, ¥)
sincere is a strategy profile satisfying conditions (1)—(3) of Definition 2.

—: By way of contradiction assume that*(-), x™e%s), x%(s), b* (xo, x1, y)) and
Tpost(k | ) is a PBE andn*(-) does not satisfy (11) for a non-null subset Xf This
implies that condition (2) of Definition 2 is not satisfied—contradicting the assumption
that this profile is a PBE. O

Proof of Proposition 1. Clearly (3) of Definition 2 is satisfied. Given(k | s) and
Lemma 2,x}(s) satisfies condition (1) of Definition 2. Givem(k | s) and Corollary 1
any mappingn (-) satisfies condition (2) of Definition 2. Finally givesi* () on the path of
play (k| s) = n(k). Thusz (k| s) is consistent. O

Proof of Proposition 4. Without loss of generality assuni® > T. Assume there is a
truthful PBE at(n(-), F(-,-), T). Then by Proposition 2 it must be the case that for each



A. Meirowitz / Games and Economic Behavior 51 (2005) 464489 487

z € (0, 1) either

((1—77(Z))f(2|9>Z)>_[(F(Zw<Z)><(1_F(Z|9<Z)))}L2_l o
1fGIo< )T LI\Fele>0)\a-Felo>2)

or x™e%(s) is constant on a neighborhood afBut since the left-hand side is less than 1

for somez’, this implies that the right-hand side is less than %’aSince the left-hand

side is the same when the poll sizeTisor 7', and the right-hand side is strictly smaller

at 7’ thanT when evaluated af, we have shown that equality condition cannot be true
atz’ with 7’. Now on any neighborhood af the right-hand side function is flatter &t

than atT. Thus it cannot be the case that the conditions in Proposition 2 are satisfied at the
parameterization (), F(-,-),T’). O

Proof of Proposition 6. Given Corollary 1 it is sufficient to verify that there exists a

z* € (0, 1) for which the specified poll-strategy constitutes a simultaneous best response.
We first assume that(6 | y) = n(#) for all y, and then extend the result to the case where
dn® | y),n@ | y")) is sufficiently small. Letx}(k, z) = x*(s) when the strategy uses
cutpointz andk = T's(m) (the number of 1 responses). If the poll respondgrdsP\i use

the strategy

0 ify<g,

1 otherwise (32)

m(y) = {
then the difference in expected utility between a responge-efl andm =0 is

8(y,2):=

T-1
T—1\[|u@ik+172),y) T—1-k[q _ k
/};( k )[ —u(x}(k, 2), ) ]F(Z'Q) [Foreinfa®. 639
o k=

Step 1. We First show that at som& we haves(z*, z*) = 0. By SMLRx}(k + 1, 2) >
x}(k,z) if z€(0,1) andk < T, so for somes > 0, §(¢,z) <0 < §(1 — ¢, z) for every
z € (0,1). This and the continuity of(-, -) in both arguments, imply by the intermediate
value theorem that there existg®as.t.§(z*, z*) = 0.

Sep 2. We now show thaB(y,z*) < (>) 0 if y < (>) z*. Sincex}(k + 1,z*) >
x}(k,z*) with probabilty 1 (by SMLR), if y < (>) z* it is the case that
lxX(k + 1,z%) — yll > (<) |Ix}(k,z*) — y|l with probability 1. Given the structure of
u(-, -) this implies that the claim of step 2 is true.

Sep 3 Combining these results, we have established thAt-f 1 respondents use the
strategy withz* then a poll respondent with ideal point= z* is indifferent between each
response, a respondent with ideal point less #festrictly prefersy (k, z) tox}(k + 1, 2)
(and vice versa).

Sep 4. Now, n(0 | y) is continuous iny and the case at =1 andy =0 is as in
step 1 thus step 1 holds fagr® | y) not constant irf. As long asd(n(0 | y),n(©® | ¥))
is sufficiently close to 0 the fact that strict inequalities hold in step 2 and the continuity
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of 8(y, z) in n(0) (relative to the topology induced by the meti¢ , -)) implies that the
conclusion of step 3 generalizes.
Thus the claim is established O

Proof of Proposition 7. Assumen(1/2) > (<) 1/2. By Proposition 6, a* exists. Suppose
by way of a contradiction that* > (<) 1/2. Since by step 2 (abovej(y, z*) > O if

y > z*andd(y, z*) < 0if y < z*. The assumption implies thdt1/2, z*) < (>) 0. But
sincen(1/2) > (<) 1/2 andx}(k, z*) = xMed(s) when the posterior calculation uses the
cutpointz*, the expected policy resulting from use of the cutpainis

T

1
/Z (2) X (k,2)F(z | Q)T_k[l— F(z| 9)]k dn@1|y) < (>) > (34)

o k=0

Moreover, for everye > 0 there exists & sufficiently large that for a population of
T poll respondents the Bayesian posterior is such tfigk + 1, z) — x}(k,z) < ¢. This
implies that forT sufficiently large the expected policy resulting from the deviation to
m =1 (m = 0) is also less (greater) thaiZl. Thus it cannot be the case thi&l/2, z*) <
(>) 0, and we have attained the contradictiom
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