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Abstract. We consider collective choice with agents possessing strictly
monotone, strictly convex and continuous preferences over a compact and
convex constraint set contained in Rﬁ. If it is non-empty the core will lie on
the efficient boundary of the constraint set and any policy not in the core is
beaten by some policy on the efficient boundary. It is possible to translate the
collective choice problem on this efficient boundary to another social choice
problem on a compact and convex subset of RS (¢ < k) with strictly convex
and continuous preferences. In this setting the dimensionality results in Banks
(1995) and Saari (1997) apply to the dimensionality of the boundary of the
constraint set (which is lower than the dimensionality of the choice space by
at least one). If the constraint set is not convex then the translated lower
dimensional problem does not necessarily involve strict convexity of prefer-
ences but the dimensionality of the problem is still lower. Broadly, the results
show that the homogeneity afforded by strict monotonicity of preferences and
a compact constraint set makes generic core non existence slightly less com-
mon. One example of the results is that if preferences are strictly monotone
and convex on R? then choice on a compact and convex constraint exhibits a
version of the median voter theorem.

1 Introduction
With overwhelming regularity scholars of public opinion report that voters
“want to have their cake and eat it too” (Zaller 1998). Voters want lower taxes

and more social spending without increasing the deficit; travelers want
increased airline safety without restrictions on civil liberties. Accordingly,

I thank Donald Saari for helpful comments on an earlier version of this paper.

§)

3]/5]5

0f0[2]2]7

Journal number

Manuscript number

B

Dispatch: 4.2.2004 Journal: Social Choice and Welfare No. of pages: 12

Authors disk received @1 Used M | Cormupted O3

Mismatch (0 Keyed O



Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.
You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.

GENERAL ----------------------------------------
File Options:
     Compatibility: PDF 1.2
     Optimize For Fast Web View: Yes
     Embed Thumbnails: Yes
     Auto-Rotate Pages: No
     Distill From Page: 1
     Distill To Page: All Pages
     Binding: Left
     Resolution: [ 600 600 ] dpi
     Paper Size: [ 439.37 666.142 ] Point

COMPRESSION ----------------------------------------
Color Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Grayscale Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Monochrome Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 600 dpi
     Downsampling For Images Above: 900 dpi
     Compression: Yes
     Compression Type: CCITT
     CCITT Group: 4
     Anti-Alias To Gray: No

     Compress Text and Line Art: Yes

FONTS ----------------------------------------
     Embed All Fonts: Yes
     Subset Embedded Fonts: No
     When Embedding Fails: Warn and Continue
Embedding:
     Always Embed: [ ]
     Never Embed: [ ]

COLOR ----------------------------------------
Color Management Policies:
     Color Conversion Strategy: Convert All Colors to sRGB
     Intent: Default
Working Spaces:
     Grayscale ICC Profile: 
     RGB ICC Profile: sRGB IEC61966-2.1
     CMYK ICC Profile: U.S. Web Coated (SWOP) v2
Device-Dependent Data:
     Preserve Overprint Settings: Yes
     Preserve Under Color Removal and Black Generation: Yes
     Transfer Functions: Apply
     Preserve Halftone Information: Yes

ADVANCED ----------------------------------------
Options:
     Use Prologue.ps and Epilogue.ps: No
     Allow PostScript File To Override Job Options: Yes
     Preserve Level 2 copypage Semantics: Yes
     Save Portable Job Ticket Inside PDF File: No
     Illustrator Overprint Mode: Yes
     Convert Gradients To Smooth Shades: No
     ASCII Format: No
Document Structuring Conventions (DSC):
     Process DSC Comments: No

OTHERS ----------------------------------------
     Distiller Core Version: 5000
     Use ZIP Compression: Yes
     Deactivate Optimization: No
     Image Memory: 524288 Byte
     Anti-Alias Color Images: No
     Anti-Alias Grayscale Images: No
     Convert Images (< 257 Colors) To Indexed Color Space: Yes
     sRGB ICC Profile: sRGB IEC61966-2.1

END OF REPORT ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments false
     /DoThumbnails true
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize true
     /ParseDSCCommentsForDocInfo false
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue false
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.2
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends false
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo false
     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /sRGB
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 150
     /EndPage -1
     /AutoPositionEPSFiles false
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 600
     /AutoFilterGrayImages true
     /AlwaysEmbed [ ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 150
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 576.0 792.0 ]
     /HWResolution [ 600 600 ]
>> setpagedevice


355/0227/2 A. Meirowitz

in some choice contexts public sentiment seems to exhibit monotonicity—the
preference for more of each issue dimension. Preference heterogeneity surfaces
in the form of differing marginal rates of substitution. Despite preferences for
more, policy choice often involves trade-offs. A relevant binding constraint on
feasible policies exists. While these observations are not inconsistent with
many theories of preference aggregation, they do serve to restrict the space of
preferences and choice spaces in an interesting manner. Specifically, mono-
tonicity can be viewed as a limit on the degree of preference heterogeneity.

Standard approaches to social choice theory consist of uncovering the
import of restrictions on (1) the set of individual orderings and (2) the size
or structure of the policy space. In the finite dimension setting one approach
has been to isolate bounds on the dimensionality of the policy space which
ensure that stable core points can exist. Plott’s symmetry conditions dem-
onstrate that a policy is stable if it is some agent’s ideal policy and it is
possible to pair off agents with opposing gradient vectors (Plott 1967).
However, this construction does not generally yield robust or stable
examples. McKelvey and Schofield (1986, 1987) identified critical dimen-
sions for generic core non-existence. Banks (1995) corrected a mistake in
this work and Saari (1997) found sharp bounds closing the question. In this
paper we examine the extent to which core emptiness results are effected by
the order restriction of monotonicity and the outcome restriction of a
constrained choice set lying in a finite dimensional space. The main results
demonstrate an equivalence between a social choice problem with monotone
preferences on a compact choice set and a lower dimensional social choice
problem without monotone preferences. Accordingly, the restrictions of
monotonicity and constrained choice make it slightly easier to generate
stable core points.

To motivate the analysis, we start with the example of a household of three
choosing a consumption bundle under a voting rule. Let agents N = {1,2,3}
each have Cobb-Douglas utility over Ri. Agent i’s utility function is then
u;(x1,x?) = oy In(x") + (1 — o) In(x?) with 0 < o; < op < o3 < 1. In this case no
point is optimal for each agent, and no point is stable (or unbeaten) under
majority rule. The majority rule core is empty. In this 2-dimensional problem
even the unanimity rule core is empty.! Suppose now that our family faces a
non linear budget constraint of the form B = {x € R% : ||x|| < 1}. Here each
agents constrained optimum is not well defined, and no point in B is stable
under unanimity rule. However, if we have B = {x € Ri ¢ |lx|| < 1} then the
problem has very different core properties. Since B is compact now each
agent’s constrained optimum exists. Moreover, under unanimity rule any
point that is not on the efficient boundary B+ = {x € R? : ||x|| = 1} will be
beaten by a scaler multiple of itself (with the scaler greater than unity) as

'In contrast if preferences are Euclidean then the majority rule core is generically
empty and the unanimity rule core corresponds to the Pareto set (triangle with
simplices corresponding to the agent ideal points).
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more is unanimously preferred to less here. Letting x; = argmax,cp u;(x), a
consequence of our results is: the unanimity rule core will correspond to all the
points on the efficient boundary of B that are between xj and x3. Moreover,
under majority rule the core is just the point xj. In a setting with monotone
preferences introduction of a compact constraint results in a problem that is
equivalent to choosing form the boundary of the constraint (which is lower
dimensional than the original space). Moreover, even though the boundary of
the constraint need not be affine (or convex) if the constraint set itself is convex
we can translate the problem of collective choice on the boundary into a well
behaved problem of collective choice on a nice convex set.

In this paper we consider social choice problems over Rﬁ involving agents
with strictly convex, strictly monotone and continuous preferences. The set of
feasible policies is restricted to a compact set. This problem turns out to be
equivalent to the social choice problem in which the policy space is a compact
subset of a lower dimension Euclidean space with continuous preferences.’
Moreover, if the constraint is convex the equivalent lower dimensional
problem involves strictly convex preferences and a convex choice set. When
the dimensionality of the constraint set is 2 the majority rule core is non
empty and for an odd number of agents it corresponds to the median of the
induced ideal points. Under other simple rules the core is characterized by a
set of centrist locations. When the constraint set has dimensionality higher
than 2 and preferences are smooth the dimensionality bounds for generic core
emptiness from Banks (1995) and Saari (1997) can be relaxed by the codi-
mension of the constraint set as the social choice problem in [Rﬁ is trans-
formed into a social choice problem in a lower dimensional space satisfying
the conditions in Banks and Saari.

2 Note, that in this lower dimensional representation of the choice problem
preferences are no longer monotone.
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2 Environments

We consider collective choice problems involving the set N of n agents and
the choice space R’jr. We denote a point in the space as a vector
x= (x‘, ... ,x"). Let R; be a weak ordering on [Rﬁ, and P; be the asymmetric
ordering induced by R;. For a particular agent i € N we define the sets
Ri(x)={y e X :yRx}; P(x)={yeX:yPx}; P '(x)={yeX xPy}. We
define two useful orderings on Rﬁ: x = y means that x? > y? for each coor-
dinate d and X/ > )/ for some coordinate j; x = y means that x¢ > )¢ for each
coordinate d. We focus on strictly convex, strictly monotone and continuous

preferences.

Definition 1. By .# we denote the set of weak orderings on Rﬁ that satisfy the
conditions:

1. Strict convexity: for any x,y € ler if xRy then for any 1€ (0,1)
x+ (1 = A)yPy.

2. Strict monotonicity: for any x,y € ler if x = y then xPy.

3. Continuity: for each x € R the sets P(x) and P~'(x) are open.

By 4" we denote the set of n-profiles of strictly convex, strictly monotone
and continuous weak orderings and let p € .#" denote a generic preference
profile. We consider constrained choice and assume that the constraint or
feasible set B C Ri is compact with a non-empty interior. By dim(B) we
denote the dimensionality of the set B.* The codimension of B is just
k — dim(B). A social choice problem is then defined by the data; (N, B, p, f)
where f: /4" — 2% is a simple rule with 4 the set of complete and reflexive
binary orderings on Rﬁ. Given a preference aggregation rule f and preference
profile p the social ordering is denoted Ry(,). A preference aggregation rule is
called a simple rule if it is defined by its collection of decisive sets. Formally,
for a simple rule f there is a proper and monotonic collections of subsets
L(f) c 2V for which xPy,y iff there exists some L € Z(f) with xPyy for all
i € L. Such rules are neutral, decisive and monotonic.* We will additionally
assume that the simple rule is weakly Paretian, meaning that if all agents
agree in their preference between two choices then the rule will agree over the
two choices (i.e., N € Z(f)). A g-rule is a simple rule in which #(f") consists
of all the coalitions containing at least ¢ members of N. Given a simple rule f,
the core is then the set of points in B which are not beaten by any other point
in B,

C(f,p,B) = {x € B: Py,)(x) N B = (}. (1)

3 More precisely B is a dim(B)—dimensional manifold.
4 See Chapt. 3 of Austen-Smith and Banks (1999) for a discussion of simple rules.
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3 Results
3.1 Restricting the problem

Given any B C Rﬁ it is not difficult to see that any point in the interior of B is
Pareto inefficient. More formally we define the outer edge as Bt = {x € B:
y = x implies y ¢ B}. We use the notation 9B to denote the boundary of B.
We have BT C 0B. Since for any policy x € B\B" there is a policy y € BT for
which y € Pi(x) for all i € N we have the following result.

Lemma 1. [f the simple rule f is weakly Paretian then C(f,p,B) C BT or
C(f,p,B) =0.

Proof. By way of a contradiction assume that C(f, p, B) # () and there exists
a point x € C(f, p,B) N B\B". Since x ¢ B" there exists a y € B" s.t. y € P(x)
for every i € N. Since f is weakly Paretian this means that yPyx con-
tradicting the assumption that x € C(f, p, B).

This result implies that we may focus our search for the core on B™.
Moreover, any point x € B which is beaten by some other policy z € B\B*,
(i.e. z € Py, (x) N B\B") must also be beaten by some point y € B*. This
follows from monotonicity, and the fact that if z € B\B" there is a point
y € Bt with y = z.

Lemma 2. [If the preference aggregation rule f is weakly Paretian and
x ¢ C(f,p,B) thereis a y € B" s.t. y € Py,)(x).

Proof. Assume that x¢C(f, p, B). Either x € BT or it is not. In the latter case
monotonicity implies that there exists a y € Bt which is also in P;(x) for every
i € N and thus yP;,x and we are finished. In the former case, the fact that
x & C(f, p,B) implies that there is some y € B for which yPy(,yx. If y € B we
are finished. If not then there is a z € B* with z > y. Strict monotonicity
implies that zP;y for all i € N. Since we have yPr(,)x it must be the case that for
some L € Z(f) yPx for every i € L. Transitivity of individual preferences
implies that zPx for every i € L and thus zPy(,x. Thus we are finished. W

Combined, these two lemmas imply that to study the core of the problem
(N, B, p, f) itis sufficient to focus on the problem (N, B*, p|g., f) where pp. is
the restriction of preferences p to B*.

Lemma 3. If [ is a weakly Paretian simple rule and p € MH" then
C(f7p7B) = C(f>ﬂ\3+7B+)~

A topological feature of B* will be of value.

Lemma 4. BT is a compact subset of a manifold with dimension of at most
dim(B) — 1.
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Proof.

— It is well known that for ¢g:Rf— R' continuous and B compact
argmax,cz{g(x)} is a compact set. Since > is a continuous ordering there
exists a continuous function g s.t. BT = argmax,cp{g(x)}. Thus BT is
compact.

— It is well known that the boundary of convex body with a non-empty
interior in Rﬁ is homeomorphic to the unit ball S*~! (Theorem 16.4 of
Bredon 1993). Thus, 9B is homeomorphic to S4™(E)-1 Since BT C 9B it
cannot have dimension higher than dim(B) — 1. |

While most work (Banks, McKelvey and Ordeshook, Plott, Saari)
explicitly assumes that preferences are strictly convex and the choice set is R¥
(or at least a convex set), Saari notes that his analysis and results can be
extended to smooth manifolds. Lemma 3 alone implies that a problem
(N,B,p,f) with p € 4" and B compact (but not necessarily convex) can be
transformed into a problem (N,B",pz-,f) in which B* is a dim(B) — 1
dimensional manifold. Accordingly for results that do not hinge on convexity
Lemma 3 alone is sufficient to show that monotonicity of preferences and a
compact constraint result in a problem that is equivalent to social choice on a
manifold of dimension dim(B) — 1.

Saari’s generic existence results are statements ‘“‘that examples exist where
the conclusion holds even after an example is slightly modified”. (p. 222)
However, other results like the median voter theorem are statements about
the existence of core points for all preference profiles in a particular class.
Results of this form tend to require that the collective choice problem involve
a convex choice set and strictly convex preferences. Figure 2 exhibits a simple
example demonstrating that if B is not convex the restriction of preferences to
B may not be single-peaked even though the preferences are strictly convex
on [R?i. The thick line represents dB and two sets of indifference curves are
exhibited. Here the constraint set is not convex, and as one moves along 0B
the agents’ preferences do not exhibit single-peakedness. This is in contrast to
the example of Fig. 1 where the constraint was convex.

In the next section we show that if B is convex and p € .#" then the
problem (N,B,p,f) can be transformed into a problem of the form
(N,A,p',f) where 4 is a compact and convex subset of RY™®~! and o' is
continuous and strictly convex on 4. A problem of this type is the subject of
the existing core characterization results of Banks and Saari.

3.2 Preserving convexity

While Lemma 4 gives us some topological information about the set B* we
are primarily interested in the properties of the restriction of p to B*. While
BT will not be convex, if B is convex it is possible to translate the problem
(N,BY,pjg:,f) into a problem (N,4,p',f) where 4 C SEmE~1 is compact
and convex and p’ is strictly convex and continuous (but not strictly mono-
tone) on 4. More precisely, let A(x) : 9B — S4B~ be a homeomorphism
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Agent 1

Agent 3

Agent 2

Fig. 2.

and let A'(-) be the inverse of A(-). Preferences on S9™&)-1 are defined as
follows.

Definition 2. Given a homeomorphism h(x) : OB —>_Sdim(’3>_1 and a preference
ordering R; € .M, we define the ordering R" on SYmB)-1 gg:

aR"b iff b= (a)R;h™ (b).

We will show that there is a homeomorphism which maps convex sets into
convex sets and that under this mapping R” inherits strict convexity from R; if
B is convex. Before stating and proving the result we exhibit an example that
demonstrates the importance of monotonicity. Here monotonicity is violated
and the restriction of preferences to JB is not strictly convex. Figure 3
illustrates the boundary 0B with a thick line, and plots the points a, b, c¢,d on
the set B™. Additionally, indifference curves of three agents are graphed.
Agent 1’s ideal policy on BT lies between a and b. Moreover, agent 1’s utility
decreases as one moves along the curve BT away from this bliss point. A
similar statement holds for agent 3 having an ideal point between ¢ and d.
However, agent 2 has upper contour sets that are not connected on the curve
BT. Agent 2 prefers a to b and d to ¢ yet she is indifferent between b and c.

When preferences are in .# and B is compact and convex the induced
preferences are well behaved.

Proposition 1. If' B is compact and convex there exists a compact and convex
set X C SE)-1 and a homeomorphism h(x) : B — X for which the relations
R" on X are strictly convex and continuous for each i € N.

Proof. Without loss of generality assume that B C S9™(®) Let
h(x) = (6223, . .., xb). (2)
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Fig. 3. ---- Agent 1’s indif-
ference curves; —— Agent
2’s indifference curves

Step 1. This mapping is a projection and is thus continuous. It remains to
show that #~!(-) is a continuous function. By definition of B* the set

h_l((yz,y37 . ,yk)) ={xeB": (xz,x3,...7xk) = (yz,y3, . 7yk)} (3)

is a singleton. If this were not true then the points in A~ 1((3%, )3, ..., 1%))
would be ordered by = contradicting the fact that 2~'((3%,3%,...,3%)) € BT,
Thus 4#~!(-) is a function. Continuity of this function is immediate.

Step 2. We now show that X is convex. By way of a contradiction suppose
a,b € X and for some A € (0,1) we have la + (1 — 1)b ¢ X. This implies that
there is not some point z € Bt with A(z) = la+ (1 — A)b. But since B
is convex and A !'(a),h"'(b) € B* (since a,b€X) the point
w = Jh~'(a) + (1 — 2)h~'(b) € B. But then the point

7= {m?x(zl,w27...wk) S WA wh) € B) (4)

is in B*. By the definition of A(-), 4(Z) = Za + (1 — 4)b and we have derived a
contradiction.

Step 3. We now show that R" is strictly convex for each i € N. For arbi-
trary i € N and distinct a,b € X, assume that aR'b. By definition of R!
this means that A '(a)R;A~'(b). For any A€ (0,1) the point
(Zh~Y(a) + (1 — 2)h~1(b)) € B because Bis convex. If this point is in B the fact
that h~'(a),h"'(b) € B* and R, is strictly convex implies that
(Zh~Y(a) + (1 — )1 (b))Ph~(b) and thus (ia+ (1 — A)b)P!b and we are
finished. So suppose that (24~ !(a) + (1 — 2)h~ (b)) € B\B*. By monotonicity
of R; this means that A~'(la+ (1 — Ab))P(2h~"(a) + (1 — A)h~1(b)) since
h~'(Za + (1 — b)) € B* and it differs from (Ah~!(a)+ (1 — 2)h~' (b)) only
in the first coordinate. Now since R; is strictly convex for any 4 € (0,1)
we have (Ah7!(a)+ (1 — )k~ (b))Ph~'(b). Transitivity then yields
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h='(2a + (1 — Ab))P:h~'(b) implying that Aa + (1 — 2)bP!'b. Thus the relations
R on X are strictly convex for each i € N.

Step 4. Compactness of X is immediate as B™ is compact (from lemma 4) and
h(-) is continuous.

Step 5. We now show that R" is continuous. For any a € X, the fact that R; is
continuous implies that P;(h~!(a)) and P! (h~!(a)) are open in R . Now since
h~! is continuous the sets A~ (P;(h"!(a))) and A~ (P! (h~!(a))) are relatively
open in X. But by definition of R” this means that P(a) and P! '(a) are
relatively open in X. |

Figure 4 depicts a heuristic for this construction with £ = 2. The mapping
h(-) involves flattening B by equating the first coordinate of every point in
B*. This mapping is generally not invertible. But since every point in B is
efficient, given coordinates (x?,....,x*) of a point x € B* the coordinate x'
can be recovered by selecting the maximal value of x' s.t. x € B.

Given lemma 4 the following equivalence is immediate.

Lemma 5. If [ is weakly Paretian then
h(C(f,p,B)) = C(f,p",X)

and similarly

KN(C(f, ", X)) = C(f, p, B).
Since a homeomorphism preserves cardinality this Lemma and Proposition 1
imply that when B is compact and convex, the cardinality of C(f, p,B) cor-
responds to that of C(f, p”, X) and this latter problem involves a compact and
convex choice set with strictly convex and continuous preferences. The
properties of this type of social choice problem are understood. For example
if dim(B) = 2, then the problem (N, X, p", /') involves aggregation on the line
with strictly convex preferences. Letting af = {x € X : P"(x) = ()} (which is
non empty by compactness of X and continuity of R! and a singleton by
convexity of X and strict convexity of R") we define two set valued mappings:

Fig. 4.
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LY(z)={ieN:a <z} and L™ (z) ={i € N : a] > z}. For a policy z€ X
agents in L*(z) prefer a slightly higher policy, and agents in L™ (z) prefer a
slightly lower policy. The set of f—medians is then

ulf, o' X)={aeX L (z) ¢ Z(f)and L*(2) ¢ Z(f)}. (5)
It is well known that the core C(f, p”, X) is equivalent to the set of f-medians
u(f, p", X). Thus we have the following characterization.

Corollary 1. If f is weakly Paretian and dim(B) = 2 then
C(f,p,B) = h™" (u(f, 0", X)).

Proof. By proposition 1, p” is a profile of strictly convex and continuous
preferences on X C [Rfr. Thus preferences are strictly single-peaked and the
equivalence

C(fvpo)::u(f7phaX) (6)

follows from theorem 4.4 of Austen-Smith and Banks (1999). By lemma 5 the
equivalence

h'(C(f,p", X)) = C(f,p,B) (7)
attains. Thus, substitution leads to the desired result. |

In the case of majority rule and » odd, proposition 2 yields a version of the
median voter theorem on the efficient surface B™. An immediate corollary is.

Corollary 2. If dim(B) =2, n is odd and [ is majority rule then
C(f,p,B) = {(a},)} where

m={ieN:#(:a <a} = #0: @) > a}} ).

When dim(B) > 2 the restriction of preferences afforded by the constraint
and monotonicity results in a slight modification of the genericity results in
Banks and Saari. These results assume that preferences are smooth and
utilize singularity theory to characterize, for simple and g-rules, a bound
on the dimensionality of the policy space for which it can be shown that
generic profiles of smooth and strictly convex preferences will yield an
empty core. Banks shows that if £ > 2(n —2) then the core is generically
empty. Saari shows that for a q-rule if &> 2g—n then the core is
generically empty. When preferences satisfy the additional assumption of
strict monotonicity and choice is constrained by B the results must be
relaxed.

Corollary 3. If preferences are smooth and (1) f is weakly Paretian then
C(f,p,B) is generically empty if dim(B) >2(n—2)+1; (2) if f is a q-rule
with 5§ < q < n then the core is generically empty if dim(B) > 2g —n+ 1
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Proof. (1) Since preferences are smooth, and the mapping 4 : S9m(&)
§4m(B)-1 defined above is smooth, this mapping is a diffeomorphism. Thus,
the Corollary to Theorem 2 in Banks (1995) applies to the problem with
(N, X, p", f) which is a problem in R™®) =1 Thus, C(f, p", X) is generically
empty if dim(B) — 1 > 2(n — 2). (2) Similarly applying part a of Theorem 1 in
Saari (1997) yields the conclusion that if f is a g-rule then (f,p" X) is
generically empty if dim(B) — 1 > 2g — n. |

These corollaries are just suggestive uses of Proposition 1. More generally
we have the following:

Theorem 1. (a) If a proposition Z about the cardinality of C(f, p,X) is true for
a generic problem (N,X,p,f) with X C R* compact and convex , p strictly
convex and continuous and [ a weakly Paretian simple rule then proposition Z
is true about C(f,p’,B) for a generic problem (N,B,p’, f) where p' € M" and
B is a compact and convex subset with dimension k+ 1.

(b) If a proposition Z about the cardinality of C(f,p,X) is true for a
generic problem (N,X,p, f) with X C R¥ compact and p continuous and f a
weakly Paretian simple rule then proposition Z is true about C(f,p',B) for a
generic problem (N,B,p,f) where p' € 4" and B is a compact subset with
dimension k + 1.

The theorem allows us to relate (N, B, p, f) to a lower dimensional problem
with (and in the case of b, without) a convex choice set and strictly convex
preferences if B is itself compact (and in the case of a) convex. The difference
between parts a and b stems from the fact that Steps 3 and 4 in the proof of
Proposition 1 hinge on convexity of B and it is the cases where B is not convex
that are addressed by Lemma 4 (and thus part b of the proposition).

4 Discussion

Since Arrow’s (1951) seminal work, scholars have considered the possibility
of preference aggregation when preferences satisfy particular homogeneity
conditions. Strict monotonicity is itself a homogeneity condition, requiring
that all upper contour sets contain a translation of the positive othant
Without a constraint the choice problem is trivial but not well defined as all
agents would like to select an infinite quantity of each coordinate. With a
compact constraint, the choice problem may not be trivial, but the effective
dimensionality of the problem is reduced. Weakly Paretian rules will only
choose an efficient policy, and the set of such policies has a dimensionality of
one less than the constraint set. While the set of efficient and feasible policies
may not be affine or convex, if the constraint set is itself convex it is possible
to transform the space to make the efficient boundary convex without dis-
torting any relevant features of the preferences.

While the homogeneity afforded by monotonicity and a constraint do not
dramatically effect the results regarding core existence, for some problems the
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restriction is important. For example a problem of choosing government
spending in two periods subject to a non linear intertemporal constraint or
Downsian competition in which the government faces a feasibility constraint
over social and domestic spending can be modeled in Ri with convex con-
straints that do not have affine efficient surfaces. The analysis here establishes
that these models will have stable core points, whereas existing theorem’s do
no adjust for the homogeneity afforded by monotonicity and a compact
constraint.

Throughout, we have maintained the assumption of strict monotonicity of
preferences on RF. This condition is stronger than needed as preference
homogeneity outside of B is of no relevance. Accordingly the condition can be
relaxed to strict monotonicity on B. With Euclidean preferences, this condi-
tion is satisfied as long as all ideal points are exterior to (and to the north-east
of) B.
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