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Optimization over nonnegative polynomials

Defn. A polynomial p(x) = p(x4, ..., x;,) is nonnegative if p(x) = 0, Vx € R".

Ex.Decide if the following polynomial is nonnegative:

4 3 3 2 9 2 9 9
p(z) = i —6zizy + 2aiwy + 62703 + 97723 — 6zizoTs
— 14z zox2 + dz123 + Bt — 72222 + 1622

Basic semialgebraic set:
{z € R"| fi(z) >0, hi(z) =0}
Ex. 211 + 5:13%932 —x3 >0
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1. Polynomial optimization

Decidable, but intractable
(includes your favorite NBomplete problem)

Equivalent Imax
formulation: ) ! W/\J .
plz)—v >0 1Y
Vo € 1filz) <0, hi(z) =0}

AViany applications:
ACombinatorial optimization

AOption pricing with moment information

ASensor network localization
AX
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2. Infeasibllity certificates in discrete optimization
APARTITION

sInput: A list of positive integers aq, ..., a,,.

="Question: Can you split them into to bags such that the sum in one equals the sumiin
the other?

a = {5,2,1,6,3,8,5,4,1,1,10}

AA YES answer is easily verifiable.

AHow would you verify a NO answer?

p(x)—z(x —1) +(a"x)?—€e>0,Vx

Vs =ORFE



3. Stability of dynamical systems

Robotics
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Spread of epidemics
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Dynamics of prices Equilibrium populations
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Existence of Lyapunov function

V(z) : R" - R

: oV

Vix) = B (7))
such that

V(ix) >0,
Vix) < B=V(kx)<0

implies {x| V(x) < B}isinthe
region of attraction (ROA).
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Global stabllity

V(x) sos , V(z) >0 _
—V(.:r;) 309 Y —V(,SC) ~ 0 Y GAS

Example.
7, = —0.15z] + 20028z, — 10.5z525 — 807Tx{zs + 14zixs + 600x x5 — 3.52,25 + 9]
7y = —9r] —3.52029 — 6002725 + 1dzixs + 807x5x5 — 10.5x1x5 — 2002125 — 0.152]
A R
16+
1F
05}
x' 0
05
1t
1861
Output of SDP solver: ol
] . _ 6 o s =t o5 1 15 2
Vo= 0.022} + 0.015x]xy + 1.7432025 — 0.106x7x5 — 3. 317'1:1?2

+0.106x5 x5 + 1.743z7x5 [_].[_1153:1.1:;’+[_1.[_123:§.
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How would you prove nonnegativity?

Ex.Decide if the following polynomial is nonnegative:
plz) = zf-— 6:1:151:2 + 2z 73 + 6x1x3 + 97272 — 6x7xoT3

—14z1 7972 + 4175 + 523 — Txixs + 1675

ANot so easy! (InfachPK I NR F2N) RSINBS x n
ABut what if | told you:

p(z) = (a1 - 3712 + 2173 + 272)% + (z123 — T9T3)°
+(4z2 — z2)2.

Natural question:
wis it any easier to test for a sum of squares (SOS) decomposition?

Can be reduced to semidefinite program (SDIP)
_ G Can be solved to arbitrary accuracy in polynomial time.
WEUSYRa (2 GKS af20lfé Ol asS ot :
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Local stablilityc SOS on the Acrobot

Swingup:

‘Balance:*
3

Controller
designed by SOS

[Majumdar AAA Tedrake]
5‘;{?,‘;3;2@ H (Best paper award[EEE Conf. on Robotics and Autom&ionQmo 0 9



Practical limitations of SOS

w Scalabilityis a pain in the (_| )
Thm: p(x) of degree2dis sos if and only if

p(x) =2"Qz Q=0

d1T
z=11,21,T9,...,%Tpn, T1X2, ..., T,]

n

w The size of the Gram matrix is:

(4% (")

w Polynomial im for fixedd, but grows quickly

A The semidefinite constraint is expensive

w E.qg., local stability analysis of a&@te cubic vector field is typical
an SDP with ~1.2M decision variables and ~200k constraints
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w Techniques for exploiting structure (e.g., symmetry and spars
A ODFGISNXYIEYYSIS tFNNAf26 wxlffSydaAa

w Customized algorithms (e.g., first order or parallel methods)
Ad. SNOAAYlI&ASES CNBdzyRX {dzy8X wbASS?

Our approachAAA, Majumdar]

w[ SGQa y20 62N)] ¢

w Give other sufficient conditions for n
perhaps stronger than SOS, but hopefully cheaper
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bz20 dGz2alffeé OfSINII
Consider, e.g., the following two sets:

1) All polynomials that areums of 4 powers of polynomials

2) All polynomials that areums of 3 squares of polynomials

Both sets are clearly inside the SOS cone

w But linear optimization over either setiistractable!
w{2 aSi AyoOofdzaizy R2SayQui YS
w?2S KFEgS G2 62NJ] | oAl KI NRS
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dsos and sdsos

Defn. A polynomiab is diagonallydominantsumof-squares
(dsos)if it can be written as:

p=> am?+) Bfi(mi+my)?+ B (m: —my)?,
; —

for some monomialsm;, 1
and some nonnegative constar«;, 5; ;.

Defn. A polynomiap is scaleddiagonallydominantsum-of-
squaregsdsos)f it can be written as:

p = Zoa?m +Z mg+y; my) Jr(B;m?;—q/j_mj)Q,

for some monomlalsmz, m;
and some constanta; > 0, 3;,7;.

g, EE‘Obwous DSOS, 4 C SDSOS, 4 C SOS, 4 C POS, 4 13



r-dsos and +sdsos

Defn. A polynomiap isr-diagonallydominantsumof-
squareqr-dsos)if o
p - (Zz lf)

IS dsos.

Defn. A polynomiap isr-scaleddiagonallydominantsum
of-squareqr-sdsos)f o
p - (Zz %2)

IS sdsos.

Easy: rDSOS, 4 C rSDSOS, 4 C POS, 4,r.

rDSOS,, 4 C (r+1)DSOS,, 4,Vr

g & rSDSOS,, 4 C (r+1)SDSOS,, 4,r.
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dd and sdd matrices

Defn. A symmetric matridA is diagonally dominan{dd) if

Qi 2 )iz |@ig| for all i.

Defn*. A symmetric matrix is scaled diagonally dominant
(sdd)if there exists a diagonal matid>0 s.t.

DAD is dd.

dd = sdd = psd

DNEaAaKI2NAYQa OANDES GKS2NFB

Wi = *Thanks to Pablo Parrilo for telling us about sdd matrice's.
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Optimization over these sets is @a8DPSOCRH_P!!
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Two natural matrix programs: DDP and SDPP

LP:
DDP:
SDDP:
spp:  min(C, X)
AX) =10

Xto 17



