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This lecture: Instructor:
w Convex optimization Amir All Ahmadi
3 Convex sets
3 Convex functions
3 Convex optimization problems
3 Why convex optimization? Why so early in the course?

Recall the general form of our optimization problems:

| EdQw
s.t. N 'm

w In the last lecture, we focused on unconstrained optimizationmy a 8
w We saw the definitions of local and global optimality, as well as first anc
second order optimality conditions.

w In this lecture, we consider a very important special case of constrained
optimization problems known as"convex optimization problents
w For these problems,
3 "Qwill be a"convex functiof.
3 mwill be a"convex sét
3 These notions are defined formally in this lecture.

w Roughly speaking, the higHevel message is this:
3 Convex optimization problems are pretty much the broadest class c
optimization problems that we know how to solve efficiently.
3 They have nice geometric properties;
A e.g., a local minimum is automatically a global minimum.
3 Numerous important optimization problems in engineering,
operations research, machine learning, etc. are convex.
3 There is available software that can take (a large subset of) convex
problems written in very high-level language and solve it.
A You should take advantage of this!
3 Convex optimization is one of the biggest success stories of moder
theory of optimization.
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Convex sets

Definition. A setmP s is convex if for all chwoN njithe line segment
connectingwand wis also inn@n other words,

oftoN mA N Tip + _ @ p _ oV m

w A pointoftheform_® p _ «_N Tip is called aconvex combination
of w and uB

w Note that when_  tihwe are ata\lwhenl  phwe are atcdfor
intermediate values ofl hwe are on the line segment connectinghand 8

\9, (’3\ )
[llustration of the concept of 0—\xfo.9\} «—— P
a convex combination:

Convex:

Not convex:
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Convex sets & Midpoint Convexity

Midpoint convexity is a notion that is equivalent to convexity in most practical
settings, but it is a little bit cleaner to work with.

Definition. A setmP s is midpoint convex if for all ahtoN nmfthe midpoint
between wand wis also inn@n other words,

afion mi o o g

w Obviously, convex sets are midpoint convex.
w Under mild conditions, midpoint convex sets are convex
3 e.g., a closed midpoint convex sets is convex.
3 What is an example of a midpoint convex set that is not convex?
(The set of all rational points in Tip 8

The nonconvex sets that we had are also not midpoint convex (why)?:

Q<)
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Common convex sets in optimization

(Prove convexity in each case.)

w Hyperplanes: 68O ® @ ON A oy ahd 1

w Halfspaces: cs®® @ ON g N afd

Proof - le‘?(He{?t'QT’KQo}.TqKQ )36'” / ]
a’ (e (-Ny) = A n+ (N < Abr(1-Nb=b //
AN
D (l-’ﬂ; el D {1\ s } ////
w Euclideanballs: cs 0 ws 1  ®@Na AN ahsds2-norm)
Proof: Let B::{ul “’x:)tc“\(rJ .que 1y eB. /@AV
dae (1) =1 = | A (1)1 (D y-xc (8
- [ e 020y 1] = [ A (xere) ,{;_ M) s
‘“z- A+ 0N | E M+ Ny & r+0-Nr=r a?w(l/))gea‘j

~

w Ellipsoids: 68® ® 0w ® 1 oNa A~vadnmn

(0 here isant¢ & symmetric matrix)

Proof hint: Wait until you see convex functions
and quasiconvex functions. Observe that
ellipsoids are sublevel sets of convex quadratic

functions.
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Fancier convex sets

Many fundamental objects in mathematics have surprising convexity
properties.

For example, prove that the following two sets are convex.
w The set of (symmetric) positive semidefinite matrices:
Y ONTY suOTt

Proot. et AYe, Byew Let Aele) T (JA+0-X)B)x= —X%J,U—))ﬁg .0

Image credit: [BV04]

w The set of nonnegative polynomials i variables and of degre&B
(A polynomial ] w8 hw ) is nonnegative, iff @ 1H W™ 9 8

~ ~

e.g, O sco @ Ove oo M of va d
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