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Abstract

In this paper, we study a Bayesian approach to flexible modeling of conditional
distributions. The approach uses a flexible model for the joint distribution of the de-
pendent and independent variables and then extracts the conditional distributions of
interest from the estimated joint distribution. We use a finite mixture of multivariate
normals (FMMN) to estimate the joint distribution. The conditional distributions can
then be assessed analytically or through simulations. The discrete variables are han-
dled through the use of latent variables. The estimation procedure employs an MCMC
algorithm. We provide a characterization of the Kullback–Leibler closure of FMMN
and show that the joint and conditional predictive densities implied by FMMN model
are consistent estimators for a large class of data generating processes with continuous
and discrete observables. The method can be used as a robust regression model with
discrete and continuous dependent and independent variables and as a Bayesian alter-
native to semi- and non-parametric models such as quantile and kernel regression. In
experiments, the method compares favorably with classical nonparametric and alter-
native Bayesian methods.
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1 Introduction

In this paper, we study a Bayesian approach to flexible modeling of conditional distribu-

tions. The approach uses a flexible model for the joint distribution of the dependent and

independent variables and then extracts the conditional distributions of interest from the

estimated joint distribution. We use finite mixtures of multivariate normals (FMMN) to

estimate the joint distribution. The conditional distributions can then be assessed analyt-

ically or through simulations. The discrete variables are handled through the use of latent

variables. The estimation procedure employs an MCMC algorithm. We show that the joint

and conditional predictive densities implied by FMMN model can consistently estimate data

generating processes with continuous and discrete observables. The method can also be

used as a robust regression model with discrete and continuous dependent and independent

variables and as a Bayesian alternative to semi- and non-parametric models such as quantile

and kernel regression.

Estimation of conditional distributions has become increasingly important in applied eco-

nomics as evidenced by a large body of research that uses quantile regression methodology,

see, for example, Koenker and Hallock (2001). This area seems to be somewhat overlooked

in the Bayesian framework. Moreover, there seems to be no universally accepted regression

methodology in the Bayesian literature that would be robust to various violations of assump-

tions of the normal linear model such as OLS with robust standard errors in the classical

framework. The shape of the distribution of the regression error term can be flexibly approx-

imated by mixtures of normals, see, for example, Geweke (2005). Heteroscedasticity in this

model can be accommodated by multiplying the error term by a factor that flexibly depends

on the covariates, see, for example, Leslie et al. (2007). However, further elaborations on this

approach might become too cumbersome if other assumption violations are addressed such
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as asymmetry of the error distribution that depends on covariates. Flexible and convenient

model for conditional distributions seems to be an attractive approach for handling these

issues in the Bayesian framework.

If researchers are interested only in the conditional distributions, modeling the distri-

bution of covariates might seem to be an unnecessary complication. A promising Bayesian

alternative to our approach, a smoothly mixing regression (SMR) also known as mixture of

experts in computer science literature (see, Jacobs et al. (1991), Jordan and Xu (1995), Peng

et al. (1996), Wood et al. (2002), Geweke and Keane (2007), Villani et al. (2009)), directly

models the conditional distribution of interest by a mixture of regressions where the mixing

probabilities are modeled by a multinomial choice model and thus depend on covariates.

Norets (2010) and Norets and Pelenis (2011) established that large non-parametric classes

of conditional densities can be approximated and consistently estimated by several different

specifications of SMR and related dependent Dirichlet processes.1 In contrast to available

results for SMR, our results for FMMN do not require compact support for the distribution

of covariates. This is an advantage for the approach based on FMMN. Another advantage

of FMMN over SMR and other direct conditional approaches is that it is much easier to

estimate by MCMC methods. An advantage of the direct approach to conditional density

estimation is that it can be combined with procedures for selection of relevant covariates at

the estimation stage. This can be accomplished by methods similar to those employed by

Villani et al. (2009). We do not consider the issue of covariate selection in FMMN based

models.

Ideally, a theoretical comparison of a direct conditional approach and a joint density

1 A growing literature on dependent Dirichlet processes includes the following papers, among others:
MacEachern (1999), De Iorio et al. (2004), Griffin and Steel (2006), Dunson and Park (2008), Chung and
Dunson (2009), and Pati et al. (2011).
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approach to estimation of conditional densities should be based on the magnitude of the

estimation errors or the convergence rates. To the best of our knowledge, posterior conver-

gence rates have not been obtained for either FMMN or SMR (posterior convergence rates

for univariate mixture models were obtained in Ghosal and van der Vaart (2007)). Even clas-

sical literature on optimal rates of convergence for conditional distributions is very limited.

Efromovich (2007) derived the minimax rates for conditional densities f(y|x) with univariate

x and y. His results suggest that if the joint and conditional densities are equally smooth

then the minimax convergence rates for them are the same and if the conditional density

is smoother then it can be estimated at a faster rate. However, it is not clear if a slower

rate for the joint density estimator implies a slower rate for the conditional density estima-

tor derived from it. Thus, a definitive theoretical resolution of the issue of the conditional

approach versus the unconditional approach is yet to be obtained and it is an important

direction for future research.

Our method is global and it does not have logical inconsistencies that some frequentist

methods have, for example, crossing quantiles in the quantile regression. Moreover, experi-

ments on real data show that out of sample prediction quality of FMMN compares favorably

with that of the state of the art kernel based methods, DPM, and SMR.

An approach similar to ours can be implemented with Dirichlet process mixtures (DPM).

Muller et al. (1996) and Taddy and Kottas (2010) suggest using DPM models for regression

and quantile regression correspondingly. However, these papers do not study theoretical

properties of these procedures. An advantage of a DPM based model is that every number

of mixture components has a positive probability and there is no need to select it. At

the same time, in finite samples the number of mixture components generating the data is

necessarily finite and the number of components that appears in estimation is determined
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by the prior. Also, the estimation algorithm is easier to implement and the prior is more

flexible for FMMN model. Therefore, we chose to work with FMMN.

Section 2 sets up the model for the joint distribution and shows how to extract the condi-

tional distributions of interest. The Gibbs sampler for exploring the posterior distribution of

the model parameters and a log scoring rule for evaluating model prediction quality are pre-

sented in Section 3. The consistency of the predictive density is shown in Section 4. Section

5 applies the method to several datasets that were previously analyzed by quantile regres-

sion and kernel methods. Appendix A contains proofs of theoretical results. Experiments

with artificial data, joint distribution tests for checking correctness of posterior simulator im-

plementation (Geweke (2004)), algorithm for computing the marginal likelihood, and some

extra estimation experiments are delegated to a web appendix, Norets and Pelenis (2009).

2 Finite mixture of normals model

A model in the Bayesian framework specifies the joint distribution of the observables, unob-

servables, and objects of interest. First, we describe the model for continuous observables.

Then, we show how to extend the model to the case of discrete components in the observables.

2.1 Continuous observables

The observables in the model are denoted by YT = {yt, t = 1, . . . , T}, where yt = (yt,1, . . . , yt,d) ∈

Rd. In the context of a regression model, yt,1 is a dependent variable and yt,−1 = (yt,2, . . . , yt,d)

are covariates. The observables density is given by

p(yt|θ,Mm) =
m∑
j=1

αj · φ(yt;µj, H
−1
j ), (1)
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where Mm stands for the model with m mixture components, φ(yt;µj, H
−1
j ) is a density of

a multivariate normal distribution with mean µj and variance H−1
j (Hj is called precision),

α = (α1, . . . , αm) are mixing probabilities, vector θ = (α, µ1, H1, . . . , µm, Hm) ∈ Θm collects

all the parameters in the model, and Θm is the parameter space. We use the (conditionally)

conjugate prior distribution p(θ|Mm), which is described in Section 3.1.

Predictive joint and conditional distributions of y are of interest in our analysis. The

predictive joint distribution is

p(y|YT ,Mm) =

∫
p(y|θ,Mm)p(θ|YT ,Mm)dθ, (2)

where p(y|θ,Mm) is given by the observables distribution in (1) and p(θ|YT ,Mm) is the

posterior distribution of the parameters. The predictive conditional distribution is

p(y1|y−1, YT ,Mm) =

∫
p(y1|y−1, θ,Mm)p(θ|YT ,Mm)dθ.

The conditional distribution p(y1|y−1, θ,Mm) is a mixture of (conditional) normals:

p(y1|y−1, θ,Mm) ∝
m∑
j=1

αjφ(y−1;µj,−1, H
−1
j,−1) · φ(y1|y−1;µj, H

−1
j ), (3)

where φ(y−1;µj,−1, H
−1
j,−1) is the marginal normal distribution of y−1 implied by the joint

normal φ(y;µj, H
−1
j ), φ(y1|y−1;µj, H

−1
j ) is the conditional normal distribution of y1 implied

by the joint normal φ(y;µj, H
−1
j ), and the mixing probabilities are given by

αjφ(y−1;µj,−1, H
−1
j,−1)∑

k αkφ(y−1;µk,−1, H
−1
k,−1)

.
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1, a = 3). We model the data as FMMN with m = 10. The results are based on 25000 draws

from the posterior simulator with first 5000 draws discarded. Posterior simulation takes

approximately 40 minutes on a desktop with Intel 2.80 GHz processor and 4 GB of RAM

memory. The numerical standard errors for the draws from the predictive distribution are

on the level of 1% to 2% of the sample standard deviation. The RNEs for the predictive

distribution draws are all above 0.65. The convergence of posterior is assessed through a

separated partial means test. In Figure 6, we plot predictive density for hours worked per

week and hourly earnings conditional on a level of schooling and prior work experience. We

condition on schooling = {12, 16} and workexperience = {14, 18, 22}.

Figure 6: Log of the predictive density of hourly earnings and weekly working hours condi-

tional on work experience and schooling.

The figure shows how earnings increase with schooling and work experience. Also, one can
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explore in the figure how the earnings differ for part time and full time workers. Overall, the

subsection demonstrates that FMMN model can be a useful tool for estimation of conditional

distributions of multivariate variables.

A Appendix. Proofs

A.1 Continuous data

Proof. (Theorem 1) First, note that

dL1 (f(·), p(·|YT ,Mm))

=

∫ ∣∣∣∣∫
Θm

f(y) · p (θm|YT ,Mm) dθm −
∫

Θm

p (y|θm,Mm) · p (θm|YT ,Mm) dθm

∣∣∣∣ dy
≤
∫ ∫

Θm

|f(y)− p (θm|YT ,Mm)| · p (θm|YT ,Mm) dθm dy

=

∫
Θm

∫
|f(y)− p (θm|YT ,Mm)| dy p (θm|YT ,Mm) dθm. (17)

Second, by the theorem assumptions, given ε > 0 there exists m and θ̂m ∈ Θm such that

dKL

(
f(y), p

(
y|θ̂m,Mm

))
<
ε

8
.

If θm ∈ Θ∗m then

dL1 (f(·), p(·|θm,Mm)) =

∫
|f(y)− p(y|θm,Mm)| dy =

≤ 2 dKL (f(·), p(·|θm,Mm)) = 2 min
θm∈Θm

dKL (f(·), p(·|θm,Mm))

≤ 2 dKL

(
f(·), p(·|θ̂m,Mm)

)
<
ε

4
.
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Since dL1(f(·), p(·|θ,Mm)) is uniformly continuous in θ by Lemma 3 below, there exists

δ > 0 such that ∀θ ∈ N(Θ∗m) =
⋃
θ∈Θ∗m

[θ̃ : ||θ̃ − θ|| < δ], dL1(f(·), p(·|θ,Mm)) < ε/2. This

inequality and (17) imply

dL1 (f(·), p(·|YT ,Mm)) ≤ 2 P (N (Θ∗m)c |YT ,Mm) + P (N (Θ∗m) |YT ,Mm) · ε
2
.

By the theorem assumptions, R(YT ) ≡ P (N(Θ∗m)c|YT ,Mm) →
T→∞

0 a.s. So,

dL1 (f(·), p(·|YT ,Mm)) < 2R(YT ) + ε/2 and

[dL1(f(·), p(·|YT ,Mm)) < ε] ⊃
[
R(YT ) <

ε

4

]
.

As R(YT )→ 0 a.s., we have

P [dL1(f(·), p(·|YT ,Mm)) < ε|D] ≥ P
[
R(YT ) <

ε

4
|D
]
→ 1

and

1 = P

(
∞⋃
T=1

∞⋂
t=T

[
R(Yt) <

ε

4

]
|D

)

≤ P

(
∞⋃
T=1

∞⋂
t=T

[dL1(f(·), p(·|Yt,Mm)) < ε] |D

)
= lim

T→∞
P

(
∞⋂
t=T

[dL1(f(·), p(·|Yt,Mm)) < ε] |D

)
.

The same results follow for the conditional predictive density since

d(f(·|·), p(·|·, YT ,Mm)) =

∫
dL1(f(·|y−1), p(·|y−1, YT ,Mm))f(y−1)dy−1

≤ 2dL1(f(·), p(·|YT ,Mm)).
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Proof. (Theorem 2) First, let us show that

T−1 log p(YT |θm,Mm) =
1

T

T∑
t=1

log p(yt|θm,Mm)
a.s.→ l(θm;Mm)

uniformly for all θm ∈ Θm. Note that

p(yt|θm,Mm) =
m∑
j=1

αj · φ(yt;µj, H
−1
j ) ≤ max

j=1,...,m
|Hj|1/2 ≤ λ

0.5d

m , ∀θm ∈ Θm.

Also,

log p(yt|θm,Mm) ≥
m∑
j=1

αj ·
[
log(2π)−d/2 +

1

2
log |Hj| − 0.5(y − µj)′Hj(y − µj)

]
≥ log(2π)−d/2 + 0.5d log λm − 0.5 max

j

[
y′Hjy − 2yHjµj + µ

′

jHjµj

]
≥ log(2π)−d/2 + 0.5d log λm − 0.5λy′y − ||y||max

j
||Hjµj|| −max

j
||µ′jHjµj||.

Since eigenvalues of Hj are bounded above and away from zero and since ||Hj|| and ||µj||

are bounded on Θm,

|log p(yt|θm,Mm)| ≤ q(yt),

where q(yt) is integrable because p(y|D) has finite second moments by the theorem assump-

tions. Also, log p(y|θm) is continuous in θ and measurable in y. Thus, by Theorem 2 in

Jennrich (1969), we get uniform a.s. convergence. l(θ;Mm) is continuous by the dominated

convergence theorem.

Second, let N = N(Θ∗m), L(θ) = l(θ,Mm), L0 = maxL(θ), and L2 = maxθ∈Nc L(θ) < L0.

We claim that there exists L1 such that L2 < L1 < L0 and H = {θ : L(θ) > L1} ⊂ N .
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