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Abstract

In this paper, we describe DSPCA, a toolbox for sparse principal coemgoanalysis
(PCA). Sparse PCA seeks sparse factors, or linear combinations odfathevariables, ex-
plaining a maximum amount of variance in the data while having only a limited number of
nonzero coefficients. We begin with a brief introduction and motivation ansgpPCA, then
detail our implementation of the algorithm in d’Aspremont et al. (2005) andfinigh a user
guide and a set of examples.
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1 Introduction

This paper focuses on the implementation of the sparseipaihcomponent analysis (PCA) re-
laxation introduced in [dEGJL04]. Sparse methods have lgadfisant impact in many areas of
statistics, in particular regression and classificatiee (€T05], [DT05] and [Vap95] among oth-
ers). As in these areas, our motivation for developing theggse multivariate analysis toolbox is
the potential of these methods for yielding statisticatiltssthat are both more interpretable and
more robust than classical analyses, while giving up Igtéistical efficiency.

Principal component analysis is a classic tool for analyzarge scale multivariate data. It
seeks linear combinations of the data variables (ofteredd#ctors or principal components) that
capture a maximum amount of variance. Numerically, PCA artsoiancomputing a few dominant
eigenvectors of the data’s covariance matrix. One of theskeytcomings of PCA however is that
these factors are linear combinationsatif variables, that is, all factor coefficients (or loadings)
are non-zero. This means that while PCA facilitates mod@rpretation and visualization by
concentrating the information in a few key factors, the destthemselves are still constructed
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using all observed variables. In many applications of PCA, the coatdiraxes have a direct
physical interpretation; in finance or biology for examm@ach axis might correspond to a specific
financial asset or gene. In such cases, having only a few noroefficients in the principal
components would greatly improve the relevance and ingaipility of the factors. In sparse PCA,
we seek a trade-off between the two goalexpressive poweexplaining most of the variance
or information in the data) animhterpretability (making sure that the factors involve only a few
coordinate axes or variables).

Earlier methods to produce sparse factors include Cadimdalhffie [CJ95] where the load-
ings with smallest absolute value are thresholded to zedaanconvex algorithms called SCoT-
LASS by [JTUO3], SLRA [Z2Z2S02, ZZS04] and SPCA by [ZHTO04]. Thast method works by
writing PCA as a regression-type optimization problem amliap LASSO [Tib96], a penalization
technique based on tlignorm. Very recently, [MWAO6b] and [MWAOQG6a] also proposedragdy
approach which seeks globally optimal solutions on smalbjams and uses a greedy method to
approximate the solution of larger ones. No software pagkaglementing these results is avail-
able at this point. In what follows, we give a brief introdioct to the relaxation of this problem
in [dEGJLO04] and describe how the smooth optimization athor is implemented in the DSPCA
numerical package.

Given a covariance matrid € S,, the problem of finding a sparse factor which explains a
maximum amount of variance in the data can be written:

maximize z7 Ax
subjectto ||z||; =1 (1)
Card(z) <k,

in the variablex € R" whereCard(z) denotes the cardinality of andk > 0 is a parameter
controlling this cardinality. Computing sparse factorshamaximum variance is a combinatorial
problem and is numerically hard and [dEGJL04] use semidefielaxation techniques to compute
approximate solutions efficiently by solving the followingnvex program:

maximize Tr(AX)

subjectto Tr(X) =1 )
17|X[1 <k
X =0,

which is a semidefinite program in the variablec S*, where1”|X |1 = >
as a convex lower bound on the functi@ard(X).

While small instances of problem (2) can be solved efficiemsiyng interior point semidefinite
programming solvers such as SEDUMI by [Stu99], th@?) linear constraints make these solvers
inefficient for reasonably large instances. Furthermanerior point methods are geared towards
solving small problems with high precision requirementkjlevzhere we need to solve very large
instances with relatively low precision. In [dEGJLO04] it svahowed that a smoothing technique
due to [Nes05] could be applied to problem (2) to get a compl@stimate of

O(n*+/logn/e)
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with a much lower memory cost per iteration. The key numéstap in this algorithm is the

computation of a smooth approximation of problem (2) andgtaslient of the objective, which

amounts to computing a matrix exponential. In section 2, eitdhow the particular structure
of this problem can be exploited to compute this exponeefiadiently and we describe the nu-
merical implementation of this algorithm in DSPCA. In senti® we describe some numerical
examples analyzing gene expression data. Finally, an dppéetails installation and compilation
procedures on various platforms.

2 Implementation

DSPCA solves a penalized formulation of problem (2):
maximize Tr(AX) — p17| X1
subjectto Tr(X) =1 3)
X >0,
in the variableX € S,. The dual of this program is written:
minimize \™*(A+ U) (@)
subjectto |U;;| < p.
The algorithm in [dEGJL04] then regularizes the objeciV&) = A\™**(A + U), replacing it by
the smooth (i.e. with Lipschitz continuous gradient) appration:

fu(U) = plog (Trexp((A + U)/pn)) — plogn,
whose gradient can be computed explicitly as:
Vu(U) == (Trexp (A +U)/w) " exp (A+U)/p) .
In [dEGJLO04], it was shown that solving the smooth problem:

gellgnl fu(U)
with 1 = €/2log(n) produced am-approximate solution to (3) and required at mOs$h+/log n/¢)
iterations. The main step at each iteration is computingribrix exponentiabxp((A + U)/u).
This is a classic problem in linear algebra (see [MVLO03] faoanprehensive survey) and in what
follows, we detail three different methods implemented BHICA and their relative performance.

2.1 Full eigenvalue decomposition

An exact computation of the matrix exponential can be dormutyh a full eigenvalue decomposi-
tion of the matrix. Suppose we decompose= VDV with V = (vy, ..., v,) and D = diag(d),
whered € R" are the eigenvalues of andv; € R" its eigenvectors. The matrix exponential can
then be computed as:

exp(A) = VHVT,
with H = diag(h) andh; = e%,i = 1,...,n. While this is a simple procedure, it is also relatively
inefficient.



10

Figure 1: Pade approximation error oe’.

2.2 Pack approximation

The next method implemented in DSPCA, which is the currenthotebf choice for computing
matrix exponentials, is called Pacpproximation. This technique approximates the expdadent
by a rational function in a small neighborhood of zero and$®aling to bring the eigenvalues into
this neighborhood. The (p,q) Padpproximation foexp(A) is then defined by (see [MVLO03]):

qu<A) = [qu]ileq(A)a (5)
where
o~ (tg=
Mool ) = JZO (p+ Q)!J’!(p—j)!A
and

D (A L (ptg—ij)g Ay
pal ) ; (p+9)'5(q —j)!( 4
The Paé coefficients,N and D above, can be derived by solving the linear system of equstio
given in [PTVF92]. Due to roundoff and computational issues only use approximations with
p = ¢ in practice. A generic graph of the error of a Pade approxonadf degree 2 on the
interval [0,1] is given in Figure 1. Notice that the approzion completely fails outside of a
small neighborhood of zero and the approximation only reachhigh precision near the center.
This means that we need to scale down the matrix before camgpiis exponential using the
approximation in (5), and then scale it back to its originaés This scaling and squaring can be
done efficiently here using the property that = (e%)m. First, we scale the matrid so that
L||A]| < 1075 and find the smallest integersuch that this is true fom = 2°. We then use the
Pack approximation to compute', and simply square the matrixtimes to scale it back.
Pack approximations only requires computing matrix produdtsctv can be done very effi-
ciently. The drawback is that a matrix of sizamust be squaresltimes. Ifn or s get somewhat
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large, this can be costly, in which case a full eigenvalueodgaosition has better performance.
Numerical results illustrating this issue are detailechim last section.

2.3 Partial eigenvalue decomposition

The first two methods we described for computing the expaaleot a matrix are both geared
towards producing a solution up to (or close to) machineipi@t. In most of the sparse PCA
problems we solve here, the target precision for the algoris of the ordei0~!. Computing the
gradient up to machine precision in this context is unner@gsostly. In fact, [d’A05] shows that
the optimal convergence of the algorithm in [Nes05] can beesed using approximate function
valuesf, (U) and gradien® £, (U), provided the error satisfies the following conditions:

fuU) = FuO)] < 6 and[(V [, (U) = V[ (U), V)| <6, Uyl [Yyl < p, ij=1,....n, (6)

whered is a parameter controlling the approximation error. In pcag this means that only need
to compute a few dominant eigenvalues of the matAx+ U)/u to get a sufficient gradient ap-
proximation. More precisely, if we denote Bye R" the eigenvalues dfA + U) /1, condition (6)
means that we only need to computejitargest eigenvalues withsuch that:

(n—7)ed\/ 301, e N Vn — jel - )
(Efﬂ eri)? 2?:1 e T opn

Computing thej largest eigenvalues of a matrix can be done very efficiersiggipackages such
as ARPACK ifj << n, and whenj becomes larger, the algorithm switches to full eigenvalue
decomposition. Finally, the dominant eigenvalues tendtdesce close to the optimum, thus po-
tentially increasing the number of eigenvalues requirezhah iteration (see [Pat98] for example).
We detail some empirical results on the performance of dubriique in the last section.

3 User guide

In this section, we begin by describing the various fundioantained in the DSPCA toolbox and
their calling sequence. We then study a few practical exaspl

3.1 Contents

The package contains two main MATLAB functionBr i mal Dec and DSPCA solving (2) and
(3) respectively. Examples and executablesO8PCA are contained in the root directory, while
the those foPr i mal Dec are inthe/ Smal | Pr obl ens directory.



Solving small problems using SEDUMI The functionPr i mal Dec uses SEDUMI by [Stu99]
to solve very small instances of (2):

maximize Tr(AX)

subjectto Tr(X) =1
171X11 <k
X =0,

it is mostly intended as a pedagogical tool. A calPra mal Dec is made as:
>> [resvec, resval, oval ] =Pri mal Dec(A k)
where

e A € S, is the input covariance matrix,

e L is the target cardinality,

e resvec is the first eigenvector of the matrixX', whereX is the optimal solution of problem
(2) above,

e resval is the explained variande:)” Az,
e oval is the objective valu8r(AX).

Both parameters t€r i mal Dec are required. Whewnval andresval match, the semidefinite
relaxation is tight (see [dEGJLO04] for details).

Solving large problems using smooth optimization The main function of this toolbox is called
DSPCA and solves problem (3):

maximize Tr(AX) — p17| X1
subjectto Tr(X) =1
X > 0.
Its calling sequence is:
>> [ U, X, x] =DSPCA( A, r ho, gapchange, maxi t er, i nf o, al go)
where:
e A € S, is the input matrix,
e p > (is a parameter controlling sparsity,

e gapchange is the target reduction in duality gap,

e mauxiter IS the maximum number of iterations,
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in fo controls verbosity: O is silentp fo > 1 is the frequency of reporting,

algo controls the method for computing the matrix exponentias full eigenvalue decom-
position (default), 2 is Padapproximation, 3 is partial eigenvalue decomposition,

X is the matrixX solution of problem (3),

U is the dual solution,
e 1 is the dominant eigenvector of.

All parameters are required except for the matrix expoaéatgorithm option. Note thddSPCA

is a Matlab wrapper to the mex functigpar se_r ank_one_nex and bothDSPCA. mand the
appropriatespar se_r ank_one_nex executable must be in your Matlab path. There are also
several parameters more specific to the algorithms thate@hdnged inside the DSPCA wrapper
function that we do not describe here.

Clustering The directoryCl ust eri ng contains three functions used to measure clustering
performance. RandPar ti ti on. mcomputes the Rand inde(X,Y’) between partitionsX
andY. Cal cul at eRands. mis used to measure clustering performance in the exampdgs th
follow. Given a number of partitions, it runs K-means clustering 1000 times on a given data
set and averages the Rand index comparing the resultingigastwith the true partition. Finally
separ at i on. mcomputes the distance between the centers of two sets dgpoin

3.2 Examples

In this section, we detail a simple example using the two tions detailed above on a randomly
generated covariance matrix. We construct a sparse rankowagiance matrix4 and add noise:

>> n=10; ratio=2;

>> testvec=s[1 01 0101010];
>> testvec=testvec/(normtestvec));
>> A=rand(n, n);

>> A=A *A/ n+ratioxtestvec’ *testvec;

Such a small example can be solved with the funcBonmal Dec using SEDUMI:

>> [resvec, resval, oval ] =Pri mal Dec(A, 4)
resvec =

0. 3687
0. 0000
0. 2034
0. 0000
0.5729



0. 0000
0.1736
0. 0000
0. 6815
0. 0000

resval =

2.8412

oval =

2.8412

Here, becauseesval andoval are equal, we know that the relaxation is tight. We then ren th

large-scale functioDSPCA on this small example as a comparison.

>> [ X, U u] = DSPCA(A, .

DSPCA starting ...

Iter: 0.000e+000 nj:
I[ter: 1.000e+002 Obj:
Iter: 2.000e+002 bj:
Iter: 2.050e+002 Obj:

5,.5e-2,1000, 100, 1);

4.1381e+000 Gap: 4.4199e+000 CPU Ti me:
9. 7366e-001 Gap: 2.0434e-001 CPU Ti ne:
9. 6834e-001 Gap: 4.8100e-002 CPU Ti ne:
9. 6833e-001 Gap: 1.2607e-002 CPU Ti ne:

and compare the result with the first eigenvectoAof

DSPCA
. 4466
. 0014
. 3991
. 0036
. 4792
. 0082
. 4134
. 0012
. 4906
. 0014

cNeoNeoNeolNolNolNolNoelNol

o

Finally, the directorySmal |

OO OO0 O0OO0O0O0O0OO0o

o

PCA

. 3977
. 1934
. 3866
. 1352
. 4132
. 2215
. 3938
. 1672
. 4130
. 2516

Oh Om Os
Oh Om Os
Oh Om Os
Oh Om Os

Pr obl ens also contains the file®i t pr opsTest. mand

Car dver susKPLot s. mwhich implement the examples detailed in [dEGJLO04].

4  Applications

In this section, we use the DSPCA function to analyze large@&egene expression data. We also

discuss applications of sparse PCA to class discovery amaréeselection.
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4.1 Gene expression data

We test the performance of DSPCA on covariance matrices gtkfrom a gene expression
data set from [ABN99] on colon cancer. The data set is comprised of 62 tissu@lsam?2
from normal colon tissues and 40 from cancerous colon tsssuth 2000 genes measured in each
sample. We preprocess the data by taking the log of all d&gasities and then normalize the log
data of each sample to be mean zero and standard deviatipwbioh is a classic procedure to
minimize experimental effects (see [HKO05]).

We first run the code for increasingly large problems usiraipexd the three methods described
in section 2 (full eigenvalue decomposition, Bapproximation and partial eigenvalue decompo-
sition). Figure 2 depicts the results of these tests on a Bl GPU in a loglog plot of runtime (in
seconds) versus problem dimension.

CPU time (seconds)

—— Exact

Pade Approximation
—4— Partial Eig Approximation

10 10

Dimension

Figure 2: Running time comparison.

In these tests, partial eigenvalue is about twice as fagteasther methods for large problem
sizes. Surprisingly, computing the matrix exponentiahgsPa@& approximation is slower than
performing a full eigenvalue decomposition. This probaielfjects the high numerical cost of ma-
trix multiplications necessary for scaling and squarinate approximations. Solving a problem
of size 1000 requires about three minutes.

Another important question to study is how the number of miglkies needed for the partial
eigenvalue decomposition impacts performance. Figurefg @hows how computing time (in
seconds) varies as the number of eigenvalues needed ateation (shown as the percentage of
total eigenvalues) increases across iterations. The ésts are all of dimension 1000 and vary in
degrees of sparsity, more sparsity (ie. highend less genes) requiring more eigenvalues as the
algorithm proceeds. The graph on the right side of FigureoBvsthow the number of eigenvalues
required in the matrix exponential computation increasbkemthe duality gap decreases (due to
the fact that the largest eigenvalues tend to coalesce imeaptimum).
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Figure 3: Eigenvalues vs CPU time (left) & duality gap vs eigenvalues (right).

4.2 Class discovery

In this section, we compare the class discovery (clustgpegormance of sparse PCA to that of
standard PCA. We analyze the colon cancer data set of [ABIas well as a lymphoma data
set from [AED"00]. The lymphoma data set consists of 3 classes of lymphanatdd DLCL,
FL and CL. The top half of Figure 4 displays the clustering @8eof using two factors on the
colon cancer data while the bottom half displays the resflthe lymphoma data. Clusters are
represented using PCA factors on the left, and sparse factonsDSPCA on the right. For the
colon cancer data, the second factor has greater power dicpng the class of each sample,
while for the lymphoma data, the first factor classifies DLCId &éime second factor differentiates
between CL and FL. In this example, we observe that DSPCA mamtpod cluster separation
while requiring far fewer genes.

We then analyze the similarity of the clusters derived froa@ARand DSPCA. We first cluster
the data using K-means clustering, then use the Rand indesnmpare the partitions obtained
from PCA or DSPCA to the true partitions. The Rand index meafwaeimilarity between two
clustersX andY and is computed as the ratio

p+q

()
wherep is the number of elements that are in the same partitiol iand in the same partition
in Y, ¢ is the number of elements not in the same partitiofXimnd not in the same partition in
Y, and(g) is total number of element pairs. The results for the Randxridievarying levels of
sparsity are plotted in Figure 5. The Rand index of standard B03%4 for colon cancer (.804 for
lymphoma) as marked in Figure 5. The Rand index for the DSPC#fsof colon cancer using
13 genes is .669 and is the leftmost point above the PCA lineieider, DSPCA on the lymphoma
data does not achieve a high Rand index with very sparse $aataf it takes about 50 genes per
factor to get good clusters.

R(X,Y) =
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For lymphoma, we can also look at another measure of cluatielity. We measure the impact
of sparsity on the separation between the true clustersietkéis the distance between the cluster
centers. Figure 6 shows hows this separation varies witbghesity of the factors. The lymphoma
clusters with 108 genes have a separation of 63, after wiejglration drops sharply. Notice that
the separation of CL and FL is very small to begin with and thergliecrease in separation is
mostly due to CL and FL getting closer to DLCL.

120
® CL-FL
CL-DLCL RS
100 | % DLCL-FL 0‘3“‘0‘: L0
4 Sum ** . o
[
jel
=
©
S
(1
o
7
pERERF WRA N
B3 A 1 ¥ 3
:g RERX 2T
)

. . . . . .
0 100 200 300 400 500 600

# of nonzeros

Figure 6: Separation vs sparsity: lymphoma.

4.3 Feature selection

Using the sparse factor analysis derived above, our nextcobg is to track the action of the
remaining genes. See [GWBV02] for an example illustrating ghssible relation of selected
genes of this data set to colon cancer using Recursive Fealionenation with Support Vector
Machines (RFE-SVM) for feature selection. We compared tteoli genes in the sparse factors
produced above to genes selected by [HK05] and the Rankgém@ae®in [SMP03]. Ten genes
ranked in the top 100 of all eight methods in Rankgene and the RAE results. Five of these
genes were selected by Factor 2 of the DSPCA results with énggnes. A sixth gene was picked
up by Rankgene but not listed by RFE-SVM. These genes are giveabie 4.3.

5 Appendix

The DSPCA package contains binaries for different platforifilse correct binaries (mex files)
together with the wrapper functiddSPCA. mshould be placed in a directory within the MATLAB
path.
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DSPCA rank| Rankgene GAN Description

2 8.6 J02854 | Myosin regulator light chain 2, smooth muscle isoform (hajna
5 18.9 T92451 | Tropomyosin, fibroblast and epithelial muscle-type (human

6 31.5 T60155 | Actin, aortic smooth muscle (human)

7 25.1 H43887 | Complement factor D precursor (H. sapiens)

9 2.1 M63391 | Human desmin gene, complete cds

10 32.3 T47377 | S-100P Protein (Human).

Table 1: 6 genes selected by DSPCA and Rankgene

5.1 Installation & sources
The source code, binaries and examples can be downloaded fro
http://ww. princeton. edu/ ~aspr enon/ DSPCA. ht m

The code has been tested with MATLAB 6.1 to R2006b on Windowag @S X, and Linux.
The small scale example uses SEDUMI by [Stu99]. Precompilearries for the large scale code
are provided for the same 3 operating systems. Simply capydhl , . nexw32, . nexmac or

. mexgl x file and the wrappeDSPCA. minto your working directory or add them to the MAT-
LAB path. Unfortunately, these binaries are only compatiith the latest versions of MATLAB
and should be recompiled when used with older ones. A MATLABs Conpi | eCode. mwill
compile the code directly from MATLAB. This has not been tdsyet on platforms other than
WIN32, Mac, or Linux and the header filpar sesvd. h should be adapted to the particular
version of BLAS/LAPACK available on your system.

5.2 Win32

The Windows version was built with MS VC++ and a project file ieypded together with the
source files. The mex files can also be built directly u€ogpi | eCode. m Here, the code uses
the BLAS and LAPACK libraries provided in the MATLAB instaliah. Again, simply update
the paths in the project settings or in tBenpi | eCode. mfile to reflect differences in your
MATLAB installation and/or compiler.

53 MacOS X

The Mac OS X version was built using gcc 4.0 and Xcode. The ¥qodject is provided together
with the source files. Simply update the "search paths” inpttogect to reflect differences in the
MATLAB installation on your machine. The code uses the (geciptimized) BLAS and LAPACK
implementations in the Apple provided Accelerate framdwdliote that Accelerate uses a mix of
CBLAS and f2c’d LAPACK, hence the difference in calling sequeshc

13



5.4 Linux

Linux binaries should compile directly usir@npi | eCode. mbut path and settings may vary
with the type of distribution.
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