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Abstract

We address a problem of covariance selection, where we stallexoff between a high likelihood against the
number of non-zero elements in the inverse covariance xnatkie solve a maximum likelihood problem with a
penalty term given by the sum of absolute values of the el&sneinthe inverse covariance matrix, and allow for
imposing bounds on the condition number of the solution. g@redlem is directly amenable to now standard interior-
point algorithms for convex optimization, but remains éfrading due to its size. We first give some results on the
theoretical computational complexity of the problem, bgwimg that a recent methodology for non-smooth convex
optimization due to Nesterov can be applied to this problengreatly improve on the complexity estimate given by
interior-point algorithms. We then examine two practidgbaithms aimed at solving large-scale, noisy (hence dense
instances: one is based on a block-coordinate descentamprehere columns and rows are updated sequentially,
another applies a dual version of Nesterov’s method.

1 Introduction

Consider a data set with variables, drawn from a multivariate Gaussian distrituf\6(0, ), where the covariance
matrix ¥ is unknown. When the number of variabless large, estimating the entries &f becomes a significant
problem.

In 1972, Dempstel [DemY¥ 2] suggested reducing the numbearahpeters to be estimated by setting to zero some
elements of the inverse covariance maix'. This idea, known as covariance selection, can lead to a nobrest
estimate ofY. if enough entries in its inverse are set to zero. Furthermmoeditional independence properties of
the distribution are determined by the locations of zeros d. Hence the approach can be used to simultaneously
determine a robust estimate of the covariance matrix antiape more importantly, discover structure, namely con-
ditional independence properties, in the underlying gigghmodel, which is a useful information in its own right.
Specific applications of covariance selection include speecognition([BiI99[ CGY99, Bild0] and gene expression
data analysidTDW04, DHDA].

In [BIIOQ], Bilmes proposed a method for covariance setatthased on choosing statistical dependencies accord-
ing to conditional mutual information computed using tiaghdata. Other recent work involves identifying those
Gaussian graphical models that are best supported by theaddtany available prior information on the covariance
matrix. This approach is used hy [JED4,[DW04] and is applied to gene expression data. ReceHINP05 [DRVO5]
considered penalized maximum likelihood estimation anBYDS] in particular propose a set of large scale methods
to solvesparse problems.

In this paper we focus on the problem of computing a sparsmaist of the covariance matrix using only a
large-scale, a priorense and noisy sample covariance matbix Our approach is based énpenalized maximum
likelihood, and can be interpreted as a "robust maximuniiliked” method, where we assume that the true covariance
matrix is within a component-wise bounded perturbatiorhef sgample one, and the estimate is chosen to maximize
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the worst-case (minimal) likelihood. One of our goals is toyide an efficient algorithm to discover structure, rather
than solve problems where the inverse covariance matriahadready known sparse structure, a$ in [DRVO5].

Our contributions are as follows: we specify the problem antline some of its basic properties (secfidn 2); we
describe how one can apply a recent methodology for convémization due to Nesterov_ [Nes03], and obtain as
a result a computational complexity estimate that has a rbetier dependence on problem size than interior-point
algorithms (sectiofl3); we present two algorithms for suiMarge dense problems (sectidn 4): a version of Nesterov’s
method applied to the dual problem, and a block coordinateatd# method. In sectidd 5 we present the results of
some numerical experiments comparing these two algorithms

2 Preiminaries

Problem setup. For a given covariance matriX € S, and reals numbes < « < 3, our problem is formulated
as
p* = m)?x{logdetX -, X)—pllX|1:al, 2 X <51, } 1)

with variableX € S", and|| X||; := szzl |X,;]. The parametep > 0 controls the size of the penalty, hence the
sparsity of the solution. Her, X) = Tr ¥ X denotes the scalar product between the two symmetric raakicX .
The penalty term involving the sum of absolute values of thteies of X is a proxy for the number of its non-zero
elements, and is often used in regression techniques, sUCASSO in [Tib96], when sparsity of the solution is a
concern. In our model, the bounds, 3) on the eigenvalues oX are fixed, and user-chosen; although we allow
a =0, # = 400 in our model, such bounds are useful in practice to contettndition number of the solution.

Forp = 0, and provided: >~ 0, problem[) has a unique solutidh* = X!, and the corresponding maximum-
likelihood estimate> = 3. Due to noise in the data, in practice, the sample estiflateay not have a sparse
inverse, even if the underlying graphical model exhibitaditional independence properties; by striking a trade-of
between maximality of the likelihood and nhumber of non-zBiments in the inverse covariance matrix, our approach
is potentially useful atliscovering structure, precisely conditional independence properties in tha.dat the same
time, it serves as a regularization technique: whkeis rank-deficient, there is no well-defined maximume-likelial
estimate, whereas it can be shown that the solution to prolfi¢ is always unique and well-defined for> 0, even
if « = 0and/org = .

Robustness, duality, and bounds. In the case when = 0, 8 = co, we write [1) as

max min logdet X — (X, ¥+ U),
X-0 |[Ulle<p

where||U|| denotes the maximal absolute value of the entrie§ off his corresponds to seeking an estimate with
maximal worst-case likelihood, over all componentwisered additive perturbations+ U of the sample covariance
matrix 3. Such a "robust optimization” interpretation can be givea number of estimation problems, most notably
support vector machines for classification.

The above leads to the following equivalent, dual problerith(w = 0, 8 = o0):

d* :=min —logdet(E4+U) —n: [|[Ullec <p, +U > 0. 2

Note that the diagonal elements of an optitiadre simplyU;; = p. The corresponding covariance matrix estimate is
% := X + U. Since the above dual problem has a compact feasible sktphiotal and dual problems are equivalent.

In the case when. = 0, § = oo, we can derive finite, a priori bounds on the condition nundfehe solution.
Indeed, we can show that we can always assufmgl,, < X < 3(n)I,, wherea(n) := 1/(||X]| + np) andg(n) =
n/p. These bounds guarantee strict convexity of the objectisayell as existence, boundedness and unigueness of
the solution whemp > 0, even if no bounds are set a priori.



3 Complexity

First- vs. second-order methods. Of course, problenf]1) is convex and can readily be solveaguisiterior point
methods (seéBV04] for example). However, such secondfarethods become quickly impractical for solviliy (1),
since the corresponding complexity to compute-auboptimal solution i€)(n° log(1/¢)). The authors of [DRV05]
developed interior-point algorithms to solve a problerated tol(l), where a (sparse) structure of the solution isvkno

a priori. Here our focus is on relatively large, dense protgdefor which a solution of moderate accuracy is enough.
Note that we cannot expect to do better tiizm?), which is the cost of solving the non-penalized problem femsk
covariance matrices. The recently-developed first-order algorithms dué to (N@srade-off a better dependence on
problem size against a worse dependence on accuracy,ysyalhstead of its logarithm. The method we describe
next has a complexity aD(n*® /¢). This is a substantial improvement over interior-point moels where is not too
small, which is often the case in practice. In addition, themmory space requirement of the first-order method is
much lower than that of interior-point methods, which inbktoring a dense Hessian, and hence become quickly
prohibitive with a problem havin@(n?) variables.

Nesterov'sformat. We can write[[R) in the format given ih [Ned03]:

)?éigl max f(X) + (A(X),U) = )pg& (X)),

where we definef(X) = —logdet X + (2, X), A = pl,2, andQ; := {X € 8" : al, < X < fAL,}, Qs :=
{Ue8" : |U|o <1}

Prox-functionsand related parameters. To Q; andQ» we now associate norms and so-called prox-functions. For
@1, we use the Frobenius norm, and a prox-function

d1(X) = —logdet X + log 3.

The functiond; is strongly convex o®;, with a convexity parameter of, = 1/3?, in the sense that?d; (X)[H, H] =
Tr(X 'HX 'H) > 37%||H|% for every H. Furthermore, the center of the sé&fy := argminxeco, di(X) is
Xo = p1,, and satisfied; (Xy) = 0. With our choice, we hav®; := maxxco, di(X) =nlog(G/a).

To Q,, we also associate the Frobenius norm, and the prox-fundtid/) = ||U||%/2. With this choice, the
centerU, of Qs is Uy = 0. Furthermore, the functiod, is strictly convex on its domain, with convexity parameter
with respect to thé-normo; = 1, and we havé), := maxyeg, d2(U) = n?/2.

The functionf has a gradient that is Lipschitz-continuous with respethéoFrobenius norm on the s@f, with
Lipschitz constand/ = 1/«a?. Finally, the norm (induced by the Frobenius norm) of therafme A is || A|| = p.

Idea of the method. The method is based on replacing the objective of the origirgblem, f(X), with f.(X),
wheree > 0 is the given desired accuracy, afidis the penalized function involving the prox-functids

J(X) i= F(X) + max (X,U) — (¢/2D2)da(V). ©
The above function turns out to be a smooth uniform approti@ando f everywhere, with maximal errar/2. Fur-
thermore, the functiorf, is Lipschitz-continuous, with Lipschitz constant givenb) := M + Ds| A||?/(202¢). A
specific gradient algorithm for smooth, constrained conm@xmization is then applied to the smooth convex func-
tion f., with convergence rate i@(,/L(e)/e). Specifically, the algorithm is guaranteed to produce-anboptimal
solution after a number of steps not exceeding

N(e) := 4[| 4] dnap + V/e). (4)
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Nesterov'salgorithm. Choose: > 0 and setX, = I,,, and proceed as follows.
For k=0,...,N(e) do

. ComputeV f(Xy) = —X ! + ¥ + U*(X}), whereU*(X) solves[[B).
2. FindY}, = argminy {(Vfe(Xy),Y — Xi) + 2 L(e)||Y — Xy||% : Y € Q1 }.

=

3. FindZ, = arg minx {%E)dl(X) + Y0 HELVA(X), X — Xi) - X € Ql}.

4, UpdateXk = k—iSZk + %Yk
Complexity estimate. For stepl, the gradient off. is readily computed in closed form, via the computation of
the inverse ofX. Step2 essentially amounts to projecting @y, and requires an eigenvalue problem to be solved;
likewise for step3. In fact, each iteration cost3(n®). The number of iterations necessary to achieve an objective
with absolute accuracy less thaiis given in [4) byN (e) = O(n/e) (if p > 0). Thus, the overall complexity when
p > 0is O(n*?/¢), as claimed.

4 Algorithms

The algorithms presented next address prob[@m (1) in the when no bounds are given a priori, thatds= 0
andj3 = oco. While they do not share all the nice theoretical computati@omplexity properties of the algorithm
presented earlier, they seem to work well in practice. Wecareently implementing the algorithm in sectigh 3 and
will include it in our experiments in a future version of thuaper.

A dual version of Nesterov’'smethod. In our experiments, we have used a preliminary version oféies’s method
with o = 0 and3 = oo that, instead of working on the primél (1), addresses thé@)aThe algorithm is essentially
the same as that presented in seclibn 3, with the followitgpseDefineQ; := {z : U € 8" : ||[U]s» < 1},
Q={UeS8S} : TrU <n/p},and
f(w) = max (A(X),U) - d(U), A= —1,2, $(u) = —logdetU + (X,U).

To simplify the projections required by the algorithm, wekaahe assumption thatis small enough to ensure that
Q; is entirely included in the cone of positive semidefinite meats. In practice, we have found that the algorithm
does well, even when this condition does not hold. As in eefi each step of this algorithm cof¢n?) operations.

To Q;, we associate the Frobenius normR¥*", and a prox-function defined for € Q; by d;(X) =
(1/2)]| X ||%; the center 0f2; with respecttal; is X = 0, andD; = maxxco, d1(X) = p*n?/2. Furthermore, the
functiond; is strictly convex on its domain, with convexity parametéthwespect to the Frobenius noem = 1. For
Q, we use the dual of the standard matrix norm (dendjtefl;), and a prox-functionz(U) = Tr(U logU) + logn,
wherelog refers to thematrix (and not componentwise) logarithm. The center of the@ets Uy = n~'I,,, and
d2(Up) = 0. We havemax,cg, da(u) < logn := Dy. The convexity parameter @i on its domain with respect to
I - |I5, is bounded below by, = 1/2 [BTNO4]. Finally, the norm of the operatot, with respect to the Frobenius
norm and the dual of the standard norm} is

Dual block-coordinate descent. We now describe an algorithm based on block-coordinateetiésahich solves
the dual problem{2) by optimizing over one column/row paiadime. For simplicity, we consider the case when
a = 0 andfg = oo, which corresponds to providing no a priori bounds on thed@ton number of the solution.

The algorithm is initialized with the estimate = X + pI > 0, since the optimal diagonal values Gfin (@)
are simplyp. To updates, we solve [R) where all elements i, except the off-diagonal values of one column (and
corresponding row), are fixed. Using a permutation of rongs @iumns, we can always express the problem as one
of optimizing over the last column/row pair:

min log det (Ell El? + u) :ul < p, (5)

u,v * J22



where inequalities are understood componentwise, andutiiertt estimaté. of the covariance matrix is partitioned
into four blocks, with3:;; the upper-lef{n — 1) x (n — 1) block, and(ilg, G22) the last column. The sub-problem
@) reduces to a simple box-constrained quadratic progi@pecifically, the corresponding column/rdiy, of the
current estimaté is updated witt ;5 + u*, where

u* = argmuin u'S e Jul < p. (6)

The stopping criterion we can use involves checking if timpl-dual gap of the problenil(2) is less than a given
tolerance, which translates a&2, X) + p|| X ||; < n + ¢, whereX = C~!. In practice though, we have found that a
fixed number of sweeps (sakf, = 4) through all column/row pairs is usually enough.

It can be proven that the algorithm converges, however weotlkmow the complexity of the algorithm. A simple
modification of it, where we impose a condition number caaistron the estimat® at each column/row update,
can be shown to converge ®(n%). Hence, the dual BCD algorithm is not really competitivenirthe theoretical
complexity point of view, but the version given here remaattsactive because it is simple to implement, and does
well in practice. Since each column/row update co#ts?), when only a few, fixed numbet of sweeps through all
columns is done, the costig(Kn?).

5 Numerical Results

Recovering structure. To illustrate our method we consider a synthetic examplesitanted by adding noise to a
covariance matrix which has a sparse inverse. Preciselyakeca random x n sparse matrixd, with n = 30, and
then add a uniform noise of magnitude= .13 to its inverse to form our matriX. Our concern here is to check if our
methods reach a degree of precision sufficient to recovegrtileem structure, despite the noise masking it. Fifflire 1
shows the original sparse matti the noisy invers&—! and the solutionX of problem [1) solved using Nesterov’s
algorithm detailed in sectidd 4 with parametet o.

Original inverseA Noisy inversex ! Solution forp = o

Figure 1: Recovering the sparsity pattern. We plot the nabinverse covariance matrig, the noisy inverse !
and the solution to problerfl(1) fer=.13.

Of course, the simple example above assumes that weesptal to the noise level, so we look at what happens
when the value op is set above or below. In Figure[2 on théeft, we solve problenf{1) for various valuesof\We
plot the minimummin{X,; : A;; # 0} (solid) and mean (dash-dot) magnitude of those coeffici@ntise solution
X corresponding to non zero coefficientsAn(solid line) against the maximumax{X;, : A;; = 0} (dashed line)
and mean (dotted line) magnitude of coefficientsXincorresponding to zeros id (we only consider off-diagonal
coefficients). For all values of within the intervallV shown in Figurél2, the minimum is larger than the maximum,
meaning that for all thresholding levels between the mimmand maximum, we exactly recover the original matrix



A. As we can observe, the ranjeof values ofp for which this happens is fairly large and so is the gap betvibe
minimum and maximum within the intervad.

In Figure[2 on theight, for various values op, we randomly sample 10 noisy matricEswith n = 50 and
o = .1 and compute the number of misclassified zeros and nonzereats in the solution td{1) produced by the
block coordinate descent method. We plot the average prigenf errors (number of elements incorrectly set to zero
plus number of elements incorrectly kept nonzero, dividgd®), as well as error bars corresponding to one standard
deviation.
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Figure 2: Recovering structure.eft: zero and nonzero matrix coefficients vergusRight: average and standard
deviation of the percentage of errors (false positives sefalegatives) versyson random problems.

Large-scale problems. We now compare Nesterov’s and coordinate descent algaitma set of randomly gen-
erated examples. The noisy matbixis generated as above and we plot in Figdre 3 CPU time agaiolstgm size
for variousn and duality gap versus CPU time in seconds for a random problesize 100 with a few nonzero
coefficients. In practice, a low-precision solution[fb (@ sufficient to identify most of the nonzero coefficients ia th
original matrix A. In Figure[4 we show the classification error made by the Enluin the example witl = 100.
Typical computing time for a problem with = 300 is about 20 minutes. (All CPU times computed on a 1.5Ghz

PowerBook G4 laptop).
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Figure 3: Computing time.Left: we plot CPU time (in seconds) to reach gapeof 1 versus problem size
on random problems, solved using Nesterov's method (stand)he coordinate descent algorithm (circleRight:
convergence plot a random problem with= 100, this time comparing Nesterov’'s method where 5 (solid line A)
ande = 1 (solid line B) with one sweep of the coordinate descent n&{dashed line C).
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Figure 4: Classification Errot.eft: we plot the coefficient magnitudes for the original matdiXsolid line) and the
solution (dashed line) in decreasing order. The dotteddiagthe signal to noise level Right: we plot the magnitude

of those coefficients in the solution associated with nome&ments im (solid line), ranked in increasing magnitude,

together with the magnitude of those coefficients in thetgmuassociated with zero elementsAn(dashed line), in
decreasing order of magnitude. Again, the dotted line iseasignal to noise level and we only consider off-diagonal

elements.
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