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Abstract

A Gaussian channel, when corrupted by an additive Gaussian interfering signal whose
complete sample sequence is known non-causally to the transmitter but not to the receiver,
has the same capacity as if the interfering signal were not present. This is true even when

the noise and interference are not necessarily stationary or ergodic.

1 Introduction

When an additive white Gaussian channel is corrupted by a Gaussian interfering signal
whose entire sample sequence is known non-causally to the transmitter, but not to the
receiver, Costa [1] showed that, surprisingly, the capacity of the channel is the same
as if the interference were not present. Costa’s result is derived under the assumption
that both noise and interference are i.i.d. Gaussian processes. This result has since been
generalized to cases where the interfering process is an ergodic process with an arbitrary
distribution [2], and to cases where the interference process is an arbitrary sequence if
a common source of randomness is available at both the transmitter and the receiver
[3]. This paper extends Costa’s result in a different direction. While retaining the joint
Gaussian assumption, we consider the setting where the noise and interfering processes
are not necessarily stationary or ergodic. A coding theorem for this general setting is

established by looking at a single block of n transmissions as shown in Figure 1:

Y"=X"4+8"+2", (1)
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Figure 1: Gaussian channel with interference known at the transmitter

where S™ and Z™ are independent Gaussian sequences with arbitrary finite-dimensional
covariance matrices Kgn and Kzn respectively. The sequence S™ is known to the trans-
mitter but not to the receiver, the sequence Z™ is known neither to the transmitter
nor to the receiver. A power constraint P is imposed on the input sequence X", i.e.
E[L 3" (X™)?] < P. A codeword X"(m, S") is an encoding function that maps a code-
word index m and a side information sequence S™ to a block of n transmissions. A
codebook of 2"* codewords and a decoding rule (Y ™) can be constructed so that the
probability of error Prob(X™ # X"(Y™)) goes to zero as the block size n goes to infinity in
a way that is independent of the finite-dimensional covariance structure of interference and
noise. From this distribution-free probability of error bound, a general coding theorem
can be established for the Gaussian channel with non-causal transmitter side information
which does not require the usual stationarity and ergodicity assumptions, or the use of a
common source of randomness. This general setting also encompasses scenarios where the
channel input and output are vector-valued, and scenarios where the channel has memory
(that is not necessarily finite).

We are motivated to study this more general setting by the following additive Gaussian
noise channel where some side information V about the additive noise W is available
to the transmitter, but not to the receiver, as shown in Figure 2. Consider a block-
transmission scheme with finite block size n. Let W™ be the additive Gaussian noise
sequence distributed as N (0, Kyw ), where Ky is the covariance matrix. Let V" be

the side information sequence which is Gaussian distributed and correlated with W™ as

follows:
K K
WV~ N (o, | ) (2)
Kyw Kyy
where Ky is the covariance matrix of the sequence V", and Kyyw = KVTVV is the

cross-covariance matrix between V™ and W". When side information V™ is available
to the transmitter, the transmitter encodes an index m € {1,---,e"*} by generating a

signal X" (m, V™) based on m and V", which also satisfies a power constraint P, i.e.,
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Figure 2: Gaussian channel with partial side information at the transmitter

E[1 3", X% < P. Now, since the minimum mean squared error estimate of W™ given
V™ is the conditional mean E[W"|V"] = Ky K, V" with the corresponding mean
squared error of Kyyw — KWVK;‘I,KVW, the communication problem depicted in Figure
2 can be modeled by the equivalent problem shown in Figure 1, where S™ = E[W"|V"]
and Z" = W™ — §". The sequences S™ and Z" are independent and distributed as
N(O,KWVK;‘I,KVW) and N (0, Kyw — KWVK;‘I,KVW) respectively. Solving for the
capacity of the channel shown in Figure 2 is equivalent to solving for the capacity of the
channel in Figure 1.

An overview of the result of the paper is as follows. In section 2, an asymptotic
equipartition theorem for Gaussian random vectors is presented, and the Gaussian chan-
nel capacity theorem is restated in a way that does not depend on the finite-dimensional
distribution of the noise sequence. In section 3, the distribution-free Gaussian channel ca-
pacity theorem is extended to Gaussian channels with side information. The computation
of capacity also reveals a connection between the choice of the optimal auxiliary random

variable to a Wiener filter. Section 4 contains concluding remarks.

2 Gaussian Channel

We begin the discussion by stating a coding theorem for the ordinary Gaussian channel
where the probability of error analysis does not depend on the covariance structure of
Gaussian noise. Gaussian processes appear to be special in the sense that an asymptotic
equipartition (AEP) theorem holds without the need for stationarity or ergodicity. This
was observed in [4], and the proof is based on the fact that the difference between the em-
pirical entropy rate and the true entropy rate for a Gaussian process is a scaled chi-square
distribution, whose parameters do not depend on the particular covariance matrices, and
therefore converges to zero as the block size goes to infinity in a way that does not rely
on the stationarity or ergodicity of the Gaussian process. This result, which is essentially

a restatement of Theorem 5 in Cover and Pombra [4], is as follows:



Lemma 1 Let (Xjj)i=1...c0,j=1.i be a zero-mean Gaussian process. Let p(zp1,- -+, Tpy) be
the probability distribution of X" = (Xp1, -+, Xpn), and Kxn be its covariance matriz.
Let h(X™) = 5= In(2me)"|Kxn| be the entropy of X™. If |[Kxn| > 0, then,

1
Prob {'—— Inp(xp1, - Tpn) — H(X™)| > e} < en(e= 3 In(1+29)) (3)
n
Proof: See Cover and Pombra [4]. O

Lemma 1 states that if a sequence x' is generated from a Gaussian process, the prob-
ability that x,, is not typical does not depend on the covariance matrix Kxn». This allows
a coding theorem for the Gaussian channel to be stated in a way that does not depend

on the finite-dimensional covariance structure of the noise process.

Definition 1 Let (X™,Y™) be a pair of random sequences. The set of jointly e-typical
sequences " = (x1, -+, xy) and y"* = (y1,---,yn) with respect to (X™,Y™), denoted as
AP(X™ Y™) is defined as:

AXY") = A" y")

1
— hlp(CCn, yn) - h(Xna Yn)
n

<e}, (4)

where h(X™), h(Y™) and h(X™,Y™) denote the entropy of X™, Y™ and (X™,Y™), respec-
tively, and p(z™), p(y"™) and p(z™,y"™) denote the marginal and joint distributions of X",
Y™ and (X™,Y™), respectively.
Lemma 2 Let X" and Y™ be jointly Gaussian. The volume of the jointly typical set
AP(X™ Y™ satisfies:

(1 . efn(ef%ln(1+25))> XY ™) —ne < A" < eh(X",Y")‘F”E, (5)
Also, if (U™, V™) are independent random sequences with the same marginal distributions
as p(z™) and p(y"), then
(1 - e—n(e—%ln(l—&-Qe))) e—I(X”;Y")—3ne < PI‘Ob{(Un, Vn) c A?(Xn’yn)} < 6—[(X";Y”)+3ne.

(6)



Proof: This is a straightforward extension of the similar result from Cover and Thomas

[5, p-195] and [4]. The upper bound in (5) follows from the following inequality:
1 > / p(a"™,y")dz" dy"

| ApemhXm ¥ ) ne 7)

\Y

The lower bound in (5) follows from Lemma 1:
1 — efn(efé In(1+2¢)) < / p(xn’ yn)dxndyn
< |AT]enhEmY " ne (®)

The proof of (6) is similar. Since (U™, V™) are independent, but with the same marginals as

(X™, Y™), using the bound on the volume of typical set (5) and the definition of typicality:

Prob(U, V") € A7) = [ pla")ply")ds"dy"

< XYM bne = h(X)tne —h(Y ™) 4ne
< e IXTY™)4ne (9)
Similarly,
Prob((U", V") € A?) = /Ap "Ydx"dy"
> (1 —n(e—lln(1+25))) h(X™Y™)—ne,~h(X™)—ne ~h(Y™)—ne
> (1 fn(effln(1+26))> o~ T(X™Y™)=3ne. (10)
O

Theorem 1 Consider one block of n transmissions over a Gaussian channel Y = X" +

Z™, where Z™ is a Gaussian random sequence with covariance matric Kzn. Fix e > 0.

Let i K

Chn —m}z?f%log %, (11)
where the mazimization is over covariance matrices Kxn such that %tr(KXn) < P(1—e).
Suppose that the mazimizing K xn satisfies |Kxn| > 0, and that C,, > be, then there ezists
a (e”(C” —4e), n) code over a one-shot use of n transmissions, that satisfies power constraint
P and has probability of error Pe(n) < e ") where a(€) does not depend on Kzn. Thus,

C., is the capacity of the Gaussian channel over one shot of n transmissions.



Proof: For each n > 0, construct a codebook C, by independently generating M, =
e™(Cn=49) codewords of length n according to a Gaussian distribution N (0, Kxn), where
Kxn is the optimal input covariance matrix that maximizes I(X™;Y™). Each codeword

corresponds to one of ¢™(Cn—1€)

messages. The encoder sends out the codeword x™ corre-
sponding to the message. The decoder receives y"* = z™ + 2", and decodes the message
by looking for ™ in the codebook that is jointly e-typical with 4™. An error occurs if

We compute the probability of error by averaging over all codewords in all possi-
ble codebooks. There are three sources of possible errors. First, the average power of
codewords in the codebook may exceed the power constraint. The probability of this
happening is computed as follows. Let X™(m); denote the ith sample in mth codeword in
the codebook. Let Pyn () = = >, X"(m)? be the transmit power of the mth codeword.

Now, E [PX'n(m)] = trace(KXn) = P(1 —¢), and

var (Pxn(y)) = ( ZX" 1—e)>

< g B 0
< n2Z\/EXn \/E Xr(m +P2
< 3(nP) +P

where the third line follows from the Cauchy-Schwartz inequality, the fourth line follows
the fact that the fourth moment of a Gaussian random variable N'(0,0?) is 30, and the
variance of X™(m); is at most nP. Now, let M,, = ¢™(C»~4¢) be the number of codewords
in a codebook. Then, the probability that the average power of a codebook exceeds the

power constraint can be bounded using the Chebyshev inequality:

M,
n 1 Z"
e(l) = Prob {ﬁ PX"(m) > P}

=1
< Prob{ LgriPXn( y — P(1—¢) >€P}
a Mn m=1 "
1 &
< wvar <M lePXn(m)> /(eP)



1
S E47’L2P2/(€P)
< e e l4n?Pp, (13)
My,
where var L Z Pxn = Lvar(P n(m)) since Pxn(,,) and Pxn ) are indepen-
M, & X7 (m) M, X7 (m) X7 (m) X7 (k)

dent if m # k. The last inequality in (13) follows from the assumption that C,, > 5e, so
M, = e™Cn—4¢) > ¢ne Note that P1(,Z) goes to zero as m goes to infinity in a way that
does not depend on Kxn.

Second, the received signal y™ may not be jointly typical with 2”. By Lemma 1, and the
assumption |Kxn| > 0, this happens with probability at most Pe(g) < 3e—n(e=5 In(1+26)

Third, there might be other codewords " # x™ that are jointly typical with y™. By
Lemma 2, the probability that an independently chosen codeword is jointly typical with
y™ is at most Pe(g) < e XY™ H3ne where I(X™; Y™) is derived from the input covariance
matrix Kxn. There are (¢’(»=4) _1) other codewords, so the probability that any of these
codewords is typical with y" is at most (e"(C"*‘k) — l)Pe(g). Now, Kxn is the covariance

Kxn + Kzn
Hxn + K Z|:I(X";Y").

1
matrix that maximizes I(X"™;Y™). For this Kxn, nC,, = 3 log ]
yAL

Thus, (e™(Cn—%9) — I)Pe(g) <e "

Therefore, the total probability of error, averaged over all codebooks, is bounded by:

P

IN

P 4 PO 4 (7@t _1)p)
< e 12 p + Sefn(efé In(1+2¢)) 4 e e, (14)

This implies that there exists at least one codebook with a probability of error that is at
most this. Note that this probability of error bound does not depend on Kzn.
Finally, a converse can be proved in the usual manner [5]. So, C,, is the capacity of

the Gaussian channel over a one-shot of n transmissions. O

Theorem 1 shows that for a Gaussian channel, a codebook can be constructed for
each block-size n in such a way that the probability of error bound is independent of
the covariance structure of Z™. Thus, the noise process may have memory, or it may
be non-stationary or non-ergodic. As long as the noise is Gaussian, the probability of
error can be made arbitrarily small as the block-size goes to infinity irrespective of the
finite-dimensional distribution of the noise process. This is true even though C),, may
fluctuate arbitrarily. However, the condition |Kxn»| > 0 must be met. This condition

ensures that X" has enough degrees of freedom to drive the error probability to zero



exponentially. In fact, this assumption can be further relaxed. Let f(n) be the number
of positive eigenvalues of Kx». Then it is not difficult to see that the error probability is
now bounded by Pe(") < e~ (") Thus, as long as f(n) — oo as n — 0o, the probability

of error goes to zero.

3 Writing on Colored Paper

3.1 Dirty Paper

We wish to develop a similar distribution-free result for the Gaussian channel with non-
causal side information at the transmitter. We will begin with a brief review of “Writing
on dirty paper” [1]. Costa considered the communication problem over a Gaussian channel
Y = X"+ 85"+ Z™" with the interference signal S™ known non-causally at the transmitter
but not at the receiver. S™ and Z" are assumed to be independent and identically Gaussian
distributed with variances () and N respectively. The transmitted signal X™ has a power
constraint P. This communication channel is named “dirty-paper” because S™ can be
thought of as dirt on a piece of paper. The transmitter tries to encode messages by
writing on top of the dirt, knowing its location and intensity, while the receiver decodes
the message without prior knowledge of the dirt. Costa considered the case where S™ and
Z™ are both white Gaussian processes. The goal of this paper is to extend the result to
dirt and noise processes that are colored, thus the title “Writing on colored paper”.

The capacity of memoryless channels p(y|x,s) with non-causal side information S
available at the transmitter is given by Gel'fand and Pinsker [6] and Heegard and El
Gamal [7]:

C= max {I(U;Y)—I(U;9)}, (15)

p(u,x|s)
where the maximization is over all joint distributions of the form p(s)p(u,z|s)p(y|z, s)!,
where U is an auxiliary random variable representing the codebook. The key to finding
the capacity is to identify an appropriate U. The insight of Costa [1] is the following:
despite the fact that the encoding of X™ necessarily depends on both the message and
S™, the distribution of X™ can be chosen to be independent of S™. Costa showed that
the optimal auxiliary variable U™ takes the form U™ = X" 4+ aS™, where X™ and S™

are independent Gaussian distributed, and the optimal « is P/(P + N). This choice of

!The joint distribution can be further restricted to the form p(s)p(u|s)p(z|u, s). Moreover, p(x|u, s) can be
taken as a deterministic function z = f(u, s) without loss of capacity [6].



N
the interference S™ is also known at the receiver. Interestingly, neither capacity nor the

1 P
auxiliary variable U™ gives C = 3 log {1+ —>, which is also the channel capacity when

optimal « depend on the variance of S.

An outline of the transmission strategy using the auxiliary variable U is as follows.
First, generate e (UY)=€) j j d. sequences u" according to its marginal distribution A° (0, P+
a?Q), and distribute them at random into ¢™©=29) hins. To encode a message m €
{1,---,e"C=29} given s", look in bin m for a sequence u” such that the (u™,s") pair
is jointly typical, or equivalently find a sequence u” from bin m such that u" — as™ is
uncorrelated with s”. The transmitter then sends ™ = u™ — as™. The decoder looks for
the unique sequence 4" such that (4", y") is jointly typical and lets 7 be the index of the

bin containing u".

3.2 Colored Paper

Consider now the more general additive Gaussian noise channel Y; = X; + 5; + Z;,i =
1,---,00, where {Z;} and {S;} are independent Gaussian processes with arbitrary finite-
dimensional covariance matrices, and thus are not necessarily stationary or ergodic. The
complete sample sequence S™ is known non-causally to the transmitter, but not to the

receiver. Let an (e™(“n~9) n)-code be a codebook of size e™(Cn—¢)

)

over a single block of

n transmissions. Let Pe(" be the average probability of error. We wish to construct a

sequence of (e™(©»~€) n) codes for each finite block-size n, such that Pe(") goes to zero as
n goes to infinity, even as Kgn and Kz» vary and C), fluctuates arbitrarily. Again, the

achievability result is based on the distribution-free Gaussian AEP.

Definition 2 Consider one block of n transmissions over a Gaussian channel Y™ = X"+
S™+ Z", where 8™ and Z™ are arbitrary Gaussian sequences, S™ is completely known at
the transmitter only, and Z™ is known neither at the transmitter nor at the receiver. An

(M,,,n) code consists of the following:
1. An index set {1,---, M,}.
2. An encoding function X" (m,S™) : {1,--+, M,} x S" — X™.
3. A decoding function m(Y™) : Y" — {1,---, M,}.

The (M,,n) code is said to satisfy a power constraint P if
1
T
A mZ:l Egn[X"(m, S")T X" (m, S")] < nP, (16)

9



and the probability of error Pe(n) of the (My,,n) code is defined to be:

My
PO = 3 Bon [Prob{im(¥") # ml X" (m, 5], (17)
" m=1

where both expectations are over the interference sequence S™, as codewords are functions

of S™.

Theorem 2 Fiz e > 0. Consider one block of n transmissions over a Gaussian channel
Y™ = X"+ S"+ 2™, where S™ and Z™ are independent Gaussian sequences with covariance
Kgn and Kzn respectively, S™ is known non-causally at the transmitter but not at the
recewer, and |Kgn| > 0. Let p(z"|u”, s™)p(u"|s")p(s"™) be a joint Gaussian distribution
such that |Kyn| > 0, |[Kxn| > 0, and Ltr(Kun) < P(1 —€). Let R, = 2(I(U™;Y™) —
I(U™; 8™)), and suppose that R, > 6e. Then, there exists a (e"F=59) n) code satisfying
a power constraint P and has a probability of error Pe(n) < e PO where B(e) does not

depend on Kgn and Kzn.

Proof: Construct a (e"'"=59) n) code as follows. Randomly generate e!/(U"Y™")=4ne i .
Gaussian sequences u" according to the marginal distribution p(u™) derived from the
joint distribution p(z™|u", s")p(u™|s")p(s™). Put equal number of u™’s into e"®* bins at
random, where R, = 1(I(U™;Y™) — I(U™;S™)) — 5e. Call this codebook C,. Reveal
C, to the receiver. Also, randomly generate e!(S":U™X")+ne 4 Gaussian sequences z"
according to the marginal distribution p(z™) in a separate codebook. Call this codebook
C,.

To encode a message m € {1,---,e"} with the knowledge of s", the encoder looks
for a u™ in bin m in C, such that (u™,s") is jointly €-typical, where ¢’ will be determined
later?. If more than one pair can be found, choose one at random. Declare an error if no
such " can be found. Next, for the given pair (u", s"), find 2" in C, such that (z",u",s")
is jointly €’-typical, where €’ will also be determined later. Send z".

To decode the message based on the received sequence y" = z" + s™ + z", the decoder
looks for a 4" in C, such that (4", y™) is jointly e-typical. Declare an error if no or more
than one such 4" exists. Decode m as the index of the bin containing 4".

We now compute the probability of error averaged over S™ and over all codeword
functions in all possible codebooks. Without loss of generality, let the message index be

m = 1. There are five sources of possible errors. Let E; be the event that given s” and

2This code construction differs from the one in Gel’fand and Pinsker [6] in that it does not use strong

typicality. Here, weak typicality with ¢’ < e is sufficient.
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message m, there is no u" in bin m that is jointly €-typical with s™. Let E5 be the event
that for the selected u™, there is no z™ that is jointly €”-typical with (u",s™). Let E3 be
the event that the average power of codewords in the codebook, averaged also over S™,
exceeds the power constraint. Index sequence u™’s as {uf,--- uZI(Un;Yn),4M}. Let Ey ), be
the event that (uj,y"™) is jointly e-typical. Without loss of generality, assume u} is the
typical u" chosen. The fourth source of error is the event Ef,, i.e. when (uf,y") is not
jointly typical. The fifth source of error is the event E, for k > 2, i.e. when some other
(uy,y™) is jointly typical. Define the notation Pe(z) = E(gn ¢, c,)[Prob{E;}] for j = 1,2,3.
Let P} = E(gnc, c.)[Prob{E§,}], and P2 = E(guc, c,)[Prob{Ey;}], k # 1. By the

union bound, the average probability of error is bounded by:

P E(sn ¢, c,)[Prob{Error}]

E(Snvcuvcx) [PrOb{El UFEyUFE3U Eil U E4,2 J---u E4761(UH;Y")74M }]
E(sn ¢, c.)[Prob{E1}] + E(sn e, c,)[Prob{ E2}] + E(sn ¢, c,)[Prob{E3}] +

eI(Un;Yn)74ne
Esnc,coProb{ES 1+ D Esne,c)[Prob{Ei}]
k=2
= P+ P+ P 4 P g (Y —Ane g plY) (18)

IN

IN

First, let’s consider the first source of error Fy. The computation of P(ﬁ) mimics that

e

in [5, pp.352-356]. The following two lemmas will be useful.
Lemma 3 For all (u",s") € A?, p(u™) > p(u®|s™)e1(U":8")=3ne,
Lemma 4 For0<z,y<1,andn >0, (1—zy)" <1—z+e V"

The lemmas are proved in [5]. Let 15 be the indicator function. Given a particular s",

the probability that a randomly chosen u™ is not €’-typical with s is:

Prob{(U", s™) ¢ A%} — 1 — /

un

p(u")l(un,sn)eA?,du". (19)

By code construction, there are in total el U™Y ) —dne ynog  and el (U™YT)=I(U™S™)=bne
bins. So, each bin contains e/ (U"5™)+n¢ yn’s Thus, the probability that a bin does not

contain a u" jointly €-typical with s", averaged over S™ and over all codebooks C,,, is:

eI(U";S")+ne

Pe(ﬁ) :/ p(s™) (1—/ p(u”)l(un7sn)€AZdun) ds™ (20)

11



By Lemma 3,
/ p(un)l(u",s")eAg,dun 2/ p(un|8n)671(U”;S”)73ne 1(u",s")€Ag,dun' (21)
un un

Substitute this into the expression (20), and use Lemma 4:

eI (U™;8™)+ne

/ p(s™) (1 _ el(Un;S")ZSne’/ p(un|8n)1(un,sn)€A?/dUn> ds™

e
g
IN

< / p(sn) (1 - / p(u”‘sn)l(un,sn)eAn,dun + efefl(Un?Sn)*i’me eI(Un;Sane) ds™
sn u” ‘
- 1_ / / p(sn)p(un‘sn)l(u",s")eflz du™ds™ + e—e"(5*35 )’ (22)
s™ Ju™

The last term in the probability of error bound goes to zero doubly exponentially as n goes
to infinity if € > 3€’. The first two terms represent the probability that a randomly chosen
pair (s, u™) is not €-joint typical. This happens with probability 3¢~ n(¢'~3 In(142¢) by
Lemma 1 and the assumption |Kgn| > 0 and |[Kyn| > 0. Thus, if € < €/3,

Pl < gemnle =3 (1420 e (23)
which goes to zero as n goes to infinity in a way that does not depend on the finite-
dimensional covariance structures of S™.

The second type of error Fy occurs when for the given s™ and chosen u', there does not
exist a 2" in C, that is jointly ¢’-typical with (u”, s). Now, C, contains e/ (X":U":5™)+ne i
dependently generated x™’s. If a (u™, s") were randomly generated with the joint Gaussian

)

distribution p(u™, s™), then the same technique used in the computation of Pe(q can be
immediately used here to bound the probability of not being able to find a jointly typical
z". However, by the code construction, s” and u™ are generated independently with their
respective Gaussian marginal distributions, then an €-typical ™ is chosen from a code-
book once s™ is revealed. So, (U™, S™) does not have a joint Gaussian distribution any
more. Nevertheless, it turns out that a distribution-free error probability bound can still
be derived. The key is to observe that since v and s™ are generated independently and
a (u", s™) pair is chosen only if (u™,s™) is jointly €-typical, the distribution of (U™, S™)
is a Gaussian distribution p(u™)p(s™) conditioned on the typical set A7 (U™, S™). We will
show that by choosing € sufficiently small, the probability of error can be bounded using
the Gaussian AEP for a jointly Gaussian (U™, S™). More precisely, let Eyn ¢ be the event

that for a given (u",s"™), a randomly chosen codebook does not contain at least one z"

12



¢’-jointly typical with (u™,s™). Let p(-) denote Gaussian distributions. Then,
P% = Egnc,[Prob{Efu ]

/ Prob{E, u }p(u")p(s™)du"ds"
An

El

/ p(u™)p(s™)durds”
A

n
e

/ Prob{Ejn s Je UM Fne (=h(S™)dne gy n g gn
A

n
€/

<
/ efh(U”)fne/efh(S")fne’dundSn
AZ/
_ _dné c 1 nj.n
= e Prob{Eyn ¢n}rduds
An |A7 |
64n6/ h(U™,5™)+ne'
< c e~ , ne’ 3.n g.n
S 1 n@—Em(ia2a) /A Prob{Fm o e du”ds
5/
e6n6’
<

/ Prob{Eyn sn}p(u”, s")du™ds"
an

€

/ Prob{Eyn ¢n}p(u”, s")du™ds", (24)

1 — efn(e/fé In(1+2¢))

/
e6n6

< 1
T 1= efn(e/fi In(1+2¢))

where the definition of typicality and Lemma 2 have been used repeatedly. Now, we can

bound Pe(g) as if (u",s™) were generated by a joint Gaussian process. Using the same

U™, 8™, X"™)+ne

technique as in (19)-(22), since there are e!( 2™’s in Cy:

(U™, S™; X™)+ne

Prob{Ejn n} = Prob{(X",u",s") ¢ AQ/}*

= <1 - / p(xn)]_(xn7un7sn)€A:«” d.CL’n)

. _ "
(1 _ e I(X™U™,8™)—3ne / p(z"|u”, Sn)l(x”,u”,s")eAZN dxn>
xn

e*ﬂ(éfgé//)

eI(Un,Sn;Xn)+ne

eI (X™U™,5™) +ne

IN

<1 —/ p(x"[u", 8")L(gn yn gnyean, da™ + e~ (25)
" €

Continuing with (24) by substituting in the above,

!
eﬁne

- 1= e—n(e’—%ln(l—&—Qe’))

Pe(g) / Prob{Egn ¢n}p(u”, s")du"ds"

!
eﬁne

1— e—n(e’—% In(1+2€¢))

IN

- (_3 //)
</ Lign un snygan, p(z",u", s")dz" du™ ds" + e™¢ e >
un, ™, sn €
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6ne’ "
< ¢ 7€—n(e”—%ln(l+26”)) + 6—6"(5*36 )
- —n(e'— 1 In(14-2¢")) ’
1-—e 2

where the last inequality follows from Lemma 1. The conditions |Kyn| > 0, |Kx»| > 0 and
|Kgn| > 0 are needed for Lemma 1 to hold. This probability of error bound is distribution-
free, and it goes to zero as n goes to infinity if 3¢’ < ¢ and 6€’ < €’ — %ln(l + 2€").

The third type of error F3(C,) is the event that the average power of the codewords
in the codebook C, exceeds the power constraint. Let (X™(m,S™)); denote the ith sam-
ple in mth codeword function in the codebook. Let Pxn(yy = =Y. (X"(m,S"))? be
the power of the codeword m. We wish to compute Pe(,T:Ls) = Egn e, c.)[Prob{E3}] =

M,
1 n
Esnc,.c0) [Prob {E E Pxnimy > P }] . If X™ were Gaussian distributed, the deriva-
m=1

tion in equations (12) and (13) could have been used here again to derive this probability
of error. However, ™’s in C, are generated differently. First, s” is chosen from a Gaussian
distribution. Second, a u™ is chosen so that (u",s™) is jointly €-typical. Third, a ™ is
chosen so that (z",u", s™) is jointly €’-typical. More precisely, (™, u", s™) is generated in-
dependently from their respective Gaussian marginal distributions, and the triple is chosen
only if it is in the following set A1 NA”,, where A; = {(2",u",s") : (u",s") € AL(U",S™)}
and A7, is the €’-typical set on the joint distribution (X™,U™,S™). In other words, the
joint distribution of (U™, X™, S™) is the Gaussian distribution p(u™)p(z™)p(s™) conditioned
on Ay NAZ,. The idea is to choose € and €” sufficiently small so that (u”,z",s") looks
Gaussian. In the following, set € < €”, so that A”,(X", U™, S") C (A1NAL,). Then, using
a similar chain of inequalities as (24), Prob{Es} averaged over S™ and over all codebooks

can be computed as follows:
P = Bsne,co[Prob{Es}]

/ Prob{Es}p(u")p(z")p(s")du" dz" ds"
AlﬂA?,,

| bl e da s
Ay ﬂA?//

/ Prob{ES}efh(U”)+ne”efh(X")Jrne"efh(S")Jrne”dundxndSn
A1ﬂAZN

/ e—h(U")—ne"e—h(X”)—ne”e—h(S")—ne"dundxndsn
AlﬂA?,,

" 1
6ne ng..nj.n
= e Prob{E3}——du"dz"ds
/AlﬂA'g,, { }‘ 1 N ?”
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1" 1
< ebne / Prob{ FEj3 du"dz"ds"
s, e e
6ne”
< c - / Prob{ Eg}e MU XS0 gy gan ggn
1 — e—n(e’—iln(l—i—Qe’)) A1nA™,
ebne’ o2ne’
n n n n n n
< [ T2 /AmA”,, Prob{Es}p(u”,z", s")du"dx"ds
ebne’ o2ne’
< / Prob{Es}p(u",z",s")du" dz" ds" (27)
umn,xm,s"

1_ e—n(e’—% In(1+42¢))

Now, we can use the Chebyshev inequality to bound Pe(g) as if X™ is Gaussian as condi-
tioning has now been removed. Let M, = ¢™5n=5¢) be the size of the codebook. By the
assumption R,, > 6¢, M, > ™. Use the same technique as in (12)-(13), the probability
that the average power of the codebook, averaged over M,, messages and over S™, exceeds

the power constraint, is:

6ne’’ 2ne

Mp
(n) € € L n n
Py < [ oon(e T2y /ac" Prob { VA mzl Pin(my > P} p(x")dx

7 r _
€6ne €2nee nec 147’L2P

1— efn(e’féln(lJrZe/)) ’

< (28)
where the last inequality follows from (13). Thus, if 6¢” + 2€¢’ < e, Pe(g) goes to zero as n
goes to infinity in a way that does not depend on Kxn.

The fourth type of error Ef; occurs when (u",y") is not jointly typical. Again, had
(U™, Y™) been jointly Gaussian, Pe(;? could have been bounded by Gaussian AEP directly.
But, again (u”, s™, 2™) is generated independently with their respective Gaussian marginal
distributions conditioned on A; N A7, by the code construction process. So, the same
argument as that in (27) has to be used again to remove conditioning and to bound the
probability of error as if X™ is Gaussian. This will make y" = z™ + s™ + 2" also look

Gaussian, and allows the distribution-free Gaussian AEP to be used to compute Pe(z).

More specifically, Pe(;? averaged over S™ and over all codebooks is computed as follows:
P} = Bsnc,cn[Prob{(U",Y") ¢ AY)]

[ Prob{ Y ¢ ATl "
Ay ﬂA?,,

[ bl (s da s
AlﬂA?,,

" !
eﬁne 62ne

IN

e Imir20) /un,xn,sn Prob{(u",Y"™) ¢ AZ}p(u”, 2", s")du" dx"ds
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3667’16//627’16/6—%(6—% In(142¢))
<

1— e—n(e’—%ln(l—&—?e’)) ’ (29)
where the last inequality follows from Lemma 1 since the probability of error is now
averaged over Gaussian (u",s™, z"), so Y = 2™ 4+ s" + Z" is also Gaussian. Lemma
1 requires |Kyn| > 0, and also |Kyn»| > 0, which is provided by the assumption that
| Kxn| > 0. This probability of error bound is distribution-free, and it goes to zero as n
goes to infinity if 6¢” + 2¢' < e — 3 In(1 + 2e).

The fifth type of error E5; occurs when some other u™ is jointly typical with y™. Let 4"
denote some other u™ in the codebook. U™ is Gaussian distributed and it is independent
of Y™, Y™ is, however, not Gaussian distributed. So, in order to use the Gaussian AEP,
the previous argument has to be used again. The probability of error, averaged over all

codebooks and over S™, is computed in the same way as in (27):
Py = Eonc,c[Prob{(0",Y") € AT}

/ Prob{(U",Y") € A"}p(u™)p(z™)p(s™)du"dz"ds"™
A1I'7A:L,,

[ b duda s
AlﬂAZ,

" !
€6ne €2ne

< 1
o1 efn(e’fi In(1+2¢’))
efI(U”;Y”)+3ne+6ne”+2ne/

/ Prob{(U",Y") € A"}p(u™, z", s")du"dz"ds"

- 1— efn(e/f% In(1+42¢)) ’ (30)

where the last inequality follows from Lemma 2 because the probability of error is now
averaged over Gaussian (u",s™,x"), so Y™ = z™ + s" + Z" is also Gaussian, and also U
is Gaussian and independent of Y™. Now, there are e!(U"Y")=4n€ _ 1 other @™’s. So, the

probability of the fourth type of error is bounded by:

—n(e—6€"—2¢)

(el(U";Y")*4ne _ 1) Pe(? < €

5 =1 gl Tmee) (51

This probability of error bound is distribution-free and it goes down to zero as n goes to
infinity if 6¢” + 2¢ < e.
Putting everything together, set

—1ma+2
e":min{g,e 2 né hi 6)}. (32)




"~ In(1 4 2¢
e’:min{e”,E 2 n7( *2) . (33)

A (e"Fn=59) n) code constructed using this (¢, ¢”) will satisfy the power constraint P and
will have an average probability of error:

P = P+ B 4+ PG+ P 4 (10 e ) ply

e

76—71(6”—% In(1+2€¢")—6¢’) + €(37"(5’35”)+6ne’

Se—n(E’—% In(1+2¢")) 4 e—e”(‘_3‘/) +

IN

1— e—n(e’—% In(14-2¢€'))
efn(ef6e//72e’)€fl4n2p ge—n(e—% In(14-2¢€)—6¢€"" —2¢’) efn(ef6e//72e’)

(3
T 1 — o~/ 5 In(142¢")) + 1 — o—m(e— 3 In(142¢)) + 1— efn(e’féln(lJr?e/\))r{l)

This is the probability of error averaged over S™ and over all possible codebooks. Thus,
there must exist at least one codebook whose probability of error averaged over S™

is at most this. This error probability bound is independent of the joint distribution
p(xn|un’ Sn)p(un|5n)p(5n)p(yn|xn’ Sn). 0

3.3 Capacity

The coding theorem assumes that both X™ and U™ are Gaussian random variables. In this
section, we will further restrict the auxiliary variable to take the form U™ = X™ + FS™,
where X" and S™ are independent. In this case, the encoding process reduces to finding
a u™ jointly typical with s” in the appropriate bin, then setting =" = u™ — F's™. This is
analogous to the i.i.d. case where U = X + a5, and a = P/(P+ N). The main result here
is to show that the capacity of the “colored-paper” channel is achieved with an optimal
choice of F', hence the above choice of (U", X™) is without loss of generality. Just as in the
i.i.d. case, it turns out that neither optimal F' nor capacity depends on the distribution
of S™. Curiously, the optimal F' takes the form of an optimal non-causal Wiener filter. In
the i.i.d. case, « = P/(P+ N) can be interpreted as the optimal filter to estimate X from
X + Z. In the vector case, the optimal takes the form F' = Kxn(Kxn + Kzn)_l, and it

can be interpreted as the optimal filter to estimate X" from X" + Z™.

Theorem 3 Let Y™ = X"+ S"+ 2", where X™, S™ and Z™ are Gaussian sequences with
covariance matrices Kxn, Kgn and Kzn respectively. Let X™, S™ and Z™ be independent,
and let U" = X" + FS™, where F is an n X n matriz. Then an optimal matriz F which
mazimizes (U™ Y™) — (U™, S™) is F = Kxn(Kxn + Kzn)~'. Further, the mazimum
value of I(U™, Y™) — I(U™; S™) is I(X™; Y ™|S™).
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Proof: For the ease of notation, we drop the superscript n. It is understood that the result

holds for each individual n. Compute:

I(U;Y) = HU)+HY)-H(U;Y)

llog |Kx + FKsFT|-|Kx + Ks + K|

2 Kx + FKsFT Ky + FKg
Kx +KgFT Kx+ Kg+ Ky

(35)

where H(U), H(Y') and H(U;Y') are computed using the relation U = X + F'S. We also
need I(U;S). Since U = X + F'S, we can view S as the input and U as the output of a

Gaussian channel, with X as noise. So,

1. |Kx+ FKgFT|
1(U;S)==1Io 36
Define the function:
R(F) = I(U;Y)—1(U;9)
1 Kxl|-|K K K
_ Lygg MKl |Bx + Ks + Ky (37)

2 Kx + FKsFT Ky + FKg
Kx +KgFT Kx+ Kg+ Ky

The task is to maximize R(F') over F. By expanding the denominator using Schur’s
B

b= |D|-|A — BD~'C|, we obtain,

complement formula for matrix determinant

R(F) 1 |Kx|

lo (38
2 ® 1Ky + FEsFT — (Kx + FKg)(Kx + Ks + K7)~ (Kx + KsFT)] (38)

So to maximize R(F') over F, we only need to minimize the denominator in the above.
The denominator is a quadratic function of F, so it can be minimized with the standard
“complete-the-square” technique. Setting the denominator as (Fa—b)(Fa—b)T +¢, where

a, b and ¢ are all n x n matrices, and comparing the coefficients:

aal = KS—KS(KX+KS+KZ)_1K57 (39)
bl = Kx(Kx+Ks+ Kz) 'Ksg, (40)
W' +c = Ky - Kx(Kx +Ks+ Kz) 'Kx. (41)

Then, the minimizing F' is,

F = ba!
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= ba’(aa”)™?
= Kx(Kx+Ks+ Kz) 'Ks(Ks— Ks(Kx + Kg+ Kz) 'Kg)™*
= Kx(Kx+ Kzt (42)

This is analogous to the scalar case where a = P/(P + N). Now, set F' = ba~!. So, the

minimum value of the denominator is ¢. To find ¢, we need to solve for bb!,

W' = Fad'FT
= Kx(Kx +Kz) ' (Ks— Ks(Kx + Ks+ Kz) ' Kg)(Kx + Kz) 'Kx
Kx(Kx + Kz) WKg'+ (Kx + Kz) ) N (Kx + Kz) ' Kx
= Kx(Kg'(Kx+Kz)+I1)"HKx +Kz) 'Ky
Kx(Kx + Kz + Ks) 'Kg(Kx + Kz) 'K, (43)

where the identity (A + BCD)™!' = A71 — A='B(C~! + DA™'B)"'!DA~"! is used. The

minimum value of the denominator in (38) can then be found:

¢ = Kx—Kx(Kx+Ks+Kz) "Kx —bb"
= Kx—Kx(Kx+Kz+Kg) "I+ Ks(Kx +Kz) DKy
= Kx-Kx(Kx+Kz) 'Kx. (44)

Thus,
| Kx|

|[Kx — Kx(Kx + Kz)"'Kx|’

It remains to evaluate the above. Using the determinant formula for Schur’s complement

1
max R(F) = 3 log (45)

A B
again, b= |D|-|A— BD!C| =|A| - |D — CA™1B|, we have:
|Kx + Kz| - |[Kx — Kx(Kx + Kz)"' Kx| = |Kx| - |Kz]. (46)
Thus,
1 |KX + Kz|
F) = - log "X T 22 4
i A(F) = 5 log 1225 (47)

This is the mutual information formula for the vector Gaussian channel without the inter-
fering S. Thus maxp I(U;Y)—I(U;S) = I(X;Y]S). The optimal F = Kx (Kx + Kz)™'.
The capacity achieving Ky is equal to Kx + Kx(Kx + Kz) 'Ks(Kx + Kz)"'Kx. O

Theorem 3 by itself would have been sufficient if we only consider a memoryless

Gaussian vector channels Y™ = X" 4+ S™ 4+ Z", where each use of the channel involves a
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vector input and a vector output, and coding is done over many uses of the channel. In
this case, the general capacity result for memoryless channels with side information by
Gel'fand and Pinsker [6] and Heegard and El Gamal [7] applies, and the evaluation of the
capacity reduces to the maximization problem above. In fact, as Lapidoth pointed out to
us [8], a memoryless vector channel may be transformed into n parallel sub-channels by
a diagonalization of the noise covariance. This gives an alternative proof of Theorem 3.
Let K7 = QTA,Q be an eigenvalue decomposition. Define Y = QY, X = QX, S = QS,
and Z = QZ. Then, the vector channel reduces to Y = X + S + Z, where Z is uncorre-
lated, but S is correlated across the sub-channels. Such correlation is of no consequence
to channel capacity because each sub-channel can be coded separately and the capacity
of the scalar channel with known interference does not depend on the distribution of S.
Thus, the capacity of the memoryless vector channel is the same as if S™ is not present,
and max,(, 5|5y [(U;Y) — I(U; S) = I(X;Y]S).

The above approach works if the vector channel can be repeated so that the capacity
on each sub-channel is achieved over many blocks. In the context considered in this paper
where S™ and Z™ may be potentially non-stationary or non-ergodic, the coding theorem

developed here which works on a single block of n transmissions is indeed needed.

Theorem 4 Consider one block of n transmissions in a Gaussian channel Y = X" +
S™ + Z™, where S™ and Z" are independent Gaussian sequences with S™ known non-
causally at the transmitter. Suppose |Kgn| > 0. The capacity of the channel under a

power constraint P is:
C, = — log ————%—| 48
" K 2n 0 |Kgnl ()

provided that the maximization is over covariance matrices Kxn such that %tr(KXn) <P,

and the mazimizing Kxn is such that |Kxn| > 0.

Proof: The achievability is a direct consequence of Theorem 2 and 3. Fix ¢ > 0. By
Theorem 2, R, = L(I(U™;Y"™) — I(U™;5")) — € is achievable, provided that |Kxn| > 0
and trace(Kxn) < P(1 —¢). Now, let U" = X" + FS™, where X" and S" are in-
dependent, and F = Kxn(Kxn + Kzn)~1. By Theorem 3, this choice of U" gives

1 Kxn + Kzn
IU™Y™)=I(U"8") = (X" Y"|S") = 5 log Hxe & Bzr] X|K+ | 2l g0 R, = Lr(xmynsm) —
Zn
e is achievable. Now, I(X";Y"|S™) depends only on p(z), and not directly on p(ul|z, s),
so it can be further optimized over all p(z) satisfying the power constraint. Thus,

1 Kxn + Kzn
Rn = maxp(x) %I(XTL’YTLLS’TL) — € = maX—logM

— € is achievable. But,
Kxn 2n |KZn |
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max - log X+ Kazr|
ference. Since € is arbitrary, and the capacity of the channel with interference cannot

is the capacity of the Gaussian vector channel without inter-

exceed the capacity of the channel without interference, C,, must be the capacity of the

“colored-paper” channel. O

4 Conclusion

We have shown that Costa’s surprising results can be extended to the Gaussian channel
with colored interference and noise. This result is proved by constructing a code over
a single block of finite length which has a probability of error that does not depend on
the noise and interference covariance matrices. This coding theorem does not require
blocks to repeat, and is therefore well-suited to deal with arbitrary interference and noise
that may have memory or may be non-stationary or non-ergodic. The Gaussian nature
of the noise and the interference suffices to provide the necessary information stability
and consistency. Thus, when the interference is known non-causally at the transmitter, a
channel with arbitrary Gaussian interference and arbitrary Gaussian noise has the same

capacity as if interference does not exist.
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