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Quanthcgi ng, Fairness?

v oo 29

o Howfair: 0.3%, 0.86, ...7
* Y= [1 10 100]

o Howfair: 0.01, 041, .7
*y Jooks like” less fair

» How much less fair is Yy comparecl to x7



How Fair 7

* Given a vector x, how fairis it?
o letf:R? - R beafairness measure

o HEX) >F(9), x is more fair than Y

o Full orclering and scale

o What axioms should it satis@?



/—\Pproach . Index

) 4 (OPCCI"I normalizecb Measure O{: variance

* Min-max ratio

+ Standard deviation

* Entropy function —3_ leixj log Z‘?;j
(i)

§
>
Ty ;%

& Jain’s index

+ Diversity indices (e.g., Atkinson)



/—\Pproach 2:
Objecti\/e Function

TS alpha—-?aimoss & alpha~1[air utilit9

function

xl—a > 1
V() = { S atial

logi i 2 ci=xl
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SPocial case: Proportional and max-min fair



Questions

+ Jndex and objective function aPProaches are
ditferent. Unhcg them?

* How many are there? Can | invent a NEeWw,

MyLastName-Fairness”?
o What cannot be a measure of fairness?
* How to enforce consistency clespite cliversity?
o How can | control “resolution” of fairness?

* Whg S |arger alpha more fair?



Axiomatization

ax-i-om

Pronunciation: \'ak-sé-om)\

Function: noun

Date: 15th century

1 : a maxim widely accepted on its intrinsic merit

2 : a statement accepted as true as the basis for argument or inference
3 : an established rule or principle or a self-evident truth

ax-i-omat-i-za-tion

Pronunciation: \ ak-sé-o- ma-ta-'za-shon, -sé- 4-moa-ta-\

Function: noun
Date: 1931
the act or process of reducing to a system of axioms



1. Axiom of Continuitg

*|+(x) is continuous

+ Small Perturbation IN resource

BHOCBt‘/Oﬂ Changes Faimess measure’s

value s ightlg



2. Axiom of Homogeneitg _

o tX)isa homogenous function of

clegree O:

bl =akisal v >

o Unit/ Magnitucle doesn’t matter

+» More delicate than it might seem to be



3. Axiom of Saturation

® .’f:qual allocation’s fairness value is
inclel:)enclent of number of users as the

number OIC USCIsS becomes large:

livn f(ln—H)
Ll=r O f(ln)

==k

o A “technical” axiom for uniqueness



4. Axiom of Partition

x =[x, y=Ly?Y, ) ai=) y;
j j

s st (f(xl), f(X2)> for all Partitions
(¥) fiy') f(y?)

o Well-definedness (of fairness value

scale) growing from 2-user to n-user



Generator ancl Mean

o Mean function
1 Z f(Xi)
meaﬂ:@ ( z@(f(yz)))

* “Onmeanvalues”, Aczel (1948)

® g Kolmogorov~Nagumo generator
P

® 4= (Z :Ek) Weight (normalized)

ke



5. Axiom of Starvation

o 2-user: starvation is not more fair than

equal distribution



5 Axioms

+ Continurty

+ Homogeneity (value statement)
* Saturation

+ Partition

o Starvation (value statement)



So What?
o All axioms are “True’

o All axioms are “incorrect’

* Some are more “usetul” than others



Useful Axiomatic Sgstem _

o Non-redundant
o Self-consistent
* Unhcg known notions
* Discover new notions

+ Provide useful insights



Existence & Uniqueness

o There exists a fairness measure satismcging

Axioms 1-5

* A “Possibilit9 theorem” on generator
o Thereis on|9 one fairness function

5ati51cging Axioms 1-5

» Onlg log and power functions are

Possible generators {logy, y”)



FExistence Proot Outline

® 159 additive number-theoretic function

bropertuy, show (1) is inclepenclent of g

o Parameterize + for 2-user case
XS lncluctivelg go to N~-user case

* Plug in some g to \/erhcg all axioms, esPeciaug
Axioms 4 and 5

o (Local) uniqueness along the way



Constructed t

e 1—Br] 5
fo.r(x) = sign(r(1 = r)) Ezj (zj xj) _
(D= f(1n) =n"- f(1)

R
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Generator -> Fairness

a-fair utility
Jain’s index

Generator g(y) Fairness measure f3(x)



Unitication (Part 1)

Value of 5 Our Fairness Measure Known Names
& Zz i -
B — oo max; { } Max ratio
i
B € (1,00) [(1 R o) (w(x) )] BQair utility>
3= +n (discontinuous) No name
il
B €(0,1) — B)VUu=p (wz;) )] 5 Qair utility>
S0 Entropy
1-pr] B
— PR
e S ' ) ] No name
2
=ty (Z )" = . J(x) QH’S indeD
1-gr] B
e lnmT00) —) ] No name
Bicnid<ss Min ratio




Unitication (Part 1)

Value of 5 Our Fairness Measure Known Names
B — oo — max; {%} Max ratio
%
B € (1,00) [(1 = Blaen (wzcx) )] o-fair utility
= +n (discontinuous) No name
%
T R [( =5 L D (w(x) )] a-fair utility
A JH(75) Entropy
4"
n T P
P05 {211 (w(x) <0 name>
2
=S OFrC)s™ Jain’s index

A

2t
|:Z:L:1 (w(x) T B <o name>

B — —o0 min; { Zx 'xl } Min ratio

Be(—1,—

N—




Main Properties

* Symmetry FCXJH) = F(Q,x)

XS ."f:qual allocation fairness value inclepencleﬂt
o

|

* .__clual allocation is most fair

o Constant tax reduces fairness

* 1[(><~c,9~c) =2 F(x,g)



Majorization...

S Majorization (8 Partial order onR™)
* y majorizes xx <y if
D ic1 Ti = Do Yi
Zd:x} < zdij ford=1,...,n,
e A

* 5chur~concavit9

o hix)<hly), if x&y



. and Fairness

& [airness measures satis%ing Asioms |~

Farc Schur-concave

* A new ordering of Lorenz curves

+ “Standard” order: Gini (2 x area between

| orenz curve & straightline)
s Axioms of Gini: Aaberge 2001

o lfFxand yare majorizab!e => { and Gini give

same OFCICF



More Properties

« Fairness value bounds the number of active

USCIS

+ Fairness value bounds the maximum resource

to a user

o Box constraints of resources allocation bound

fairness value

o Perturbation of fairness value from Slight

change IN a user’s resource



lmplications

o Make use of “new” fairness measures

* Understand Prol:)erties of “old” ones



Generalized Jain’s Index

e e Ol any beta<:1)

Ja(x) = ;= f3(x)
S Prol:)ertié:S:

* Bounded in 1O,1]

+ Fairness increases it and on|9 i+

aclcling resources to users with

resources beuow a thresholcl



Useful to Generalize

o Tradeof between “resolution” and

“strictness”

B=+0.5
2 I | ¥
T T
0 0.1 0.2 0.3 0.4 0.5
B=—1.0
2
- 1.5{
1 1 1 1 1 )
0 0.1 0.2 0.3 0.4 0.5
B=—2.5
2
g
1 1 1 1 1 ]
0 0.1 0.2 0.3 0.4 0.5
B=—4.0
2
- 1.5{
1 1 1 1 1 )
0 0.1 0.2 0.3 0.4 0.5




Alpha~f:air Utilitg

& Factorization of utilitg function into:

& [airness coml:)onent

LS .’f‘__giciencg ComPonent

33'1 oY >O 1
Ua(m):< 1—a o = ,047’é
log(zitea =1

= |fs(x)|° - Us (Zf) ‘




Alpha L ine

more fFair >

O 1 1 o0

Understood for {Ojl,irnctg}, but not [O,infty)



Fair-EHicient Tradeott

S

wWhich allocation is

X

1
better?



Welfare Function

O (x) =QF (fs (x)) +£ (Z 93)

[(y) = sign(y) log(|y|)
IS Necessarg and sutficient condition on

S.T. @y (y) > @y () hcy Pareto dominates x:

&
Agl_ﬁ




Joint Measure

* You Pick your definition of “fairness’

o | ook at weiglﬁtecl sum of fairness and

egiciency

¢ Cand weigh fairness too much it you want a

dominant allocation to be a better allocation

* P!ug that “weight threshold” in thejoint

measure, and you recover all:)ha~1cair utilitg



Proot Outline

o Separates into beta<=1 and >l cases

o Sutticient:
+ Parameterize Possible pair of X,y
o Derive sutticient condition

& Necessa ry:

° }59 constructinga contradiction



Larger Alpha More Fair?

* alplﬁa fairness

corresponcls to the

solution of an .
oPtimization that Places \ .

the maximum emphasis ’ /

on the fairness measure

while Preserving Pareto

egiciencg



Detour

S 'F‘aimessa-emclciciencg reward ratio for a

Max throughput

gi\/en X

<Van:B(X)» H%H>

(lamsl0: 1)

Fairness~|:>ointing 1 : X
; : I il |
direction: U 2 i Ti




Larger Alpha More Fair?

Fairness-~

.’i{:]ciciency
reward ratio
INcreases in

alpha

y Reward Ratio

Fairness—Efficienc

o
o
T

o
o))
T

o
o
T

o
)
T




Editing AXioms

o f1dontlike a resulting theorf:mJ | need

PRy | o
to revisit some o1c the axioms



Asgmmetric Users

o (Users are not the same

o Ditferent valuations of resource

o Ditferent contributions

o Start with

o X resource allocation vector

® (q user weight vector

o | ook for function £ maPPing into scalar






2nd Set of Axioms

. Same as before excePt

o Axiom of Partition : mean function

Weight scaled bﬂ user wcight
7 = %Z% (Zl‘k)

ke ke

_QAxiom of Starvation: under equal Weight vectors



Constructed t

+ Existence and uniqueness Provecl

o Unitied representation of the new

Lairness measure

fs(x,q) = sign(—1

B)

B (ets)

|




What We Recover Now

weighted p-norm

000000

® weighted geometric mean

LW

Generator ¢(y) Fairness measure f(x)



Properties

o Still schur-concave

TS ngmetrg and equal»——a”ocatiom

maximize-fairness no longer true

& airness maximizing:
o e
Lj = %HB

+ Robin-Hood ol:)eration tilted as above



<
S
—
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)
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Q
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Equal—Fairness Curves

o




3rd Set ot Axioms

® Magnitucle should matter

o What if we remove Axiom of Homogeneitg?

o Construct fairness measures F that do not

clecouple egiciencg from fairness

o Generalize earlier results



4 Axioms

o Axiom of Continuitg
o Axiom of Saturation
o Axiom of Partition

o Axiom of Starvation



“Final” Form:

Fga(x,q) = fp(x,q) (Z %)1/,\

2 F(x) satisties Original Axioms 1-5
S F(x,c]) satisties 2nd Axioms 1-5

o 1/X s clegree of homogeneitg

o Entire alpha~1cair function constructed

o Existence and uniqueness Provecl



Ditferences: + or F?

==

° ,_qual a”ocation may Nnot be most 1Cair

even for equa”g~wczighted users:

D

=(0.5,5) for 8=0.5,\ = 0.25

-;—_O)]><t

* Mag not be Schur-concave

o There exists a minimum clegree of

homogeneitg to ensure Pareto egicieﬂcg



Fs.a(x,q) = sign(—1 — 5)




Three Fairness Measures



Reverse Engineeriﬂgmc

+ Which is more fair?
* (1.
* (xx+c)

o | et’s trg the experiment NOW



Hlustrations

¢ TE

° .L__xamples from communication networks




Congestion Control

max F@ AX (Z xz)

St pa el s <l {or =l v L.

Generalize all:)hafair utilitg objecti\/e



72]
7]
5)
£
S
=~
=
S
8
S
a2

e A

o

—A— Fairness component f|3 (x *)

—a— Efficiency component Zi X;k

= = = Optimal rate for long flow x;;

Optimal rate for short flows x;k

X.

4
Degree of homogeneity 1/A




Routy ng,

Consider Z~commoclit3 How routing

When will Iargcr y lead to more fairness?

It user2is Weighecl lﬂeavg enough



~~
w
=
(T,
w2
n
Q
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| —A— ¢=[0.109]

—— =[0.20.8]
—=— q=[0.30.7]

| —e— q=[0.40.6]

— @=[0.50.5]
q=[0.6 0.4]

0.1 0.2 . 04 0.5 0.6
Edge capacity c(s,,1)=y

[

— e —— e e

=



Power Control

) Signal—-lntemcerencea-Ratio:
G " Pi
2jz: Gig " P+ 0°

gt

TS ':oschini~!\/\ilj'anic Power Control:

s
pilk] = [k — 1]qu[k =g




SINR

Power Control

i User 1
A = = =User 2
I TR R N Rl User 3
j
!
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time t
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0.6
04r
v N N~ e
M W~ ~ \/\v\v
WV === = === Iy = = = = = = = oY= = == - - - Wy v == ===
~ 02F v 1
b v
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—04 5’ /\/" ~ V\/;
_0.6 | | | | | | |
0 05 1 1.5 2 2.5 3 35
time t

; ) :
Smaner beta 1s stricter

Lairness value more sensitive







Normalized data rates

Data rates (Mbps)

Spectrum Management

—a— f(R ]/R?,. .. ,Rn/Rg): Fairness of normalized rates

——f(R P ,Rn): Fairness of rates

Fairness of normalized data rates = Fairness of normalized power usages = 5.9062 6r
l T T T T T T
5.8r
5
s 56
: [
g 05f .
z 5.4
o
: — s
© / 52r
Dpi pi,max S~
0 : ‘ 2
1 2 3 4 5 6 o 5r
Users _g
Fairness of data rates = 4.5313, Fairness of power usages = 5.9062 ~ 48F
—_ 15 T T T T T "
g — - L
m p— P 4.6
=
w 101 7 441
5
= 5 4.2
o B )
: B
S 4+
. mll B 1 e
0
1 2 3 4 5 6 0.1
Users

| T T T T T T
0.3 04 0.5 0.6 0.7 0.8 0.9 1
Degree of energy reduction (2i P, IZp. )

i,max

of energy reduction



What's Here?

+ Axiomatic construction, 1-2 parameters
> Uniqueness

o Continuous (rather than binarg} cluanthcication

o Unification (of decomposable measures)
o Tunable Faimess—-eﬁciciencg tradeott
* Consistencg check

* Connec‘cing with other Helds



What’s Missing?

o Discrete/multi-resource/ multi—-aggregation

Allocation

* Time~deP6nAent valuation and time evolution

* User—-spechcic valuation and Proceclure

e T e e e e R el B o e T e e T i ] e T



Not the End Yet

+ What have others done (mang years ago

and from ditferent fields)?

+ What has not been done?
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Axiomatic Constructions

* Renyj, Shannon

o Atkinson

o Mean (Aczel)

» Gini and stochastic dominance (Aaberge)

+ Nash

° Shapleg, Myerson, Raitta

* fixpectecl utilitg (von Neumaanorgenstem)

* Social weltare (BergsomSamuelsom Harsanyi)



:‘50 bal, c:lecomposable

Axiomatic Constructions

l
and stochastlc domma (Aabergf:)

y ‘ |ocal closedness

Shapleg, Mgcrs Raaga

1:.: f__xPected utllltg G on Neumann- Morgenstem)

) Clal WCH:BYC ergson~58mue|son Harsangl)

- T i i e m o e g — T B o i



Statistics and CS Theorg _

Here starts the spcculativc Par’c



Renyi Entropy H (1960)

+ Continurty
* Symmetry
» Additivity
* Mean-value Propert9

o Normalization H(0.5) =1



Comparison of Axioms

S Continuitg : Continuitg
+ Normalization: Homogeneitg

® Adclitivitg + Mean-value: Partition

~ 7. Starvation and Saturation



Rengi E:ntropg H

+ Shannon entropg IS a special limiting case

o For beta<=1, Fis exponentia‘cecl Reny entropy

by 0=1—oa,A=-—1
o | essvaried: more certain and more fair
* For beta>1: generalization of Rengi entrop9

+ Turns out to be alplﬁa fairness

o Beta between 0 and 1is the fun Par‘t



Recap Relationships

Shannon

enhopy



Fairness as No~E:n\/3

o Ultimatum Game

o Cake-Cutti ng,

o Etficient: Pareto oPtimalit9

o Fair/Stable: No-envy
5trategg~laroomc?

o Fair-Division



Economics



Exl:)ectecl Utilitﬂ Theory

von Neumann-Morgenstern 1944
2 Completeness
* Transitivity
+ Continurty

° lnclePenclence



NBS and Shapleg Value

TS ngmetrg
o AHine invariance

o JIA
* Pareto oPtimalitg

® Sﬂmme‘crg
» Additivity

° Dummg

TS figiciency



User Reaction Model

+ Alesina and Angeletos 2005 2006

o Stabilit ) long-term fairness and
W08

egiciencg under F?

TS Optimal taxation theorg

S Marginal tax schedule for F?



Fairness of Taxation

Tax rate (%) | Single Bracket ($) | Married Bracket ($)
10 0-8375 0-16750
15 8376-34000 16751-68000
29 34001-82400 68001-137300
28 82401-171850 137301-209250
33 171851-373650 209251-373650
30 373650+ 3736504
Bracket Users
0-4000 1
4000-8375 24
8376-34000 33
34001-82400 30
82401-171850 20
171851-373650 42
373651+ 1
Total 50




s e e . Py T o I
— x M = = =
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Normalized Tax Fairness

Fair Iax

065 T T T T T T T
— Highest Tax Rate 0.355
06+ % ———Highest Tax Rate 0.38
--------- Highest Tax Rate 0.405
., beta=1(at (1,1
055+ P (at (1.1) — = -Highest Tax Rate 0.43 |
: ———Highest Tax Rate 0.455
05 .
045+ U
04 -
035 =
03 =
025~ beta=8 ; Sl - — 0.3 T T T T T
i Beta=50
0 ! I ! ! ! ! I I 029 ——=—Beta=40
'%06 1.08 11 112 114 116 118 12 122 1.24 —— ¢ T T Beta=30
Fairness Improvement " 028 R, MR degereratepeREAL L ~-Beta=20
% = -
“ 027L ®. Beta=10
c .
S S
w 0261 =, X Tax=20%
% \ " e + Tax=50%
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Normalized Tax Fairness
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Political Philosoplﬁg
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Detour: Back in 1950...

+ Nash Pub!ishecl his dissertation
TS Shapleg worked on his dissertation

o Rawls started Working onjus‘cice as

fairness after his dissertation

o ..all at Princeton



Rawl’s Theorg of Justice

o The original Position and veil of ignorance

° Principle I Each person is to have an equal

rig]nt to the most extensive scheme of basic

iberties compatible with a similar scheme of

iberties for others

* Princil:)le 2: Positions open to all with fair
equalitg of ol:)l:)ortunitg. | nequalities are to be
arrangecl so that theg are to be of the greatest
benefit to the |east~aAvantaged members



Distributive Justice. ..

o Axiomatic theories of fairness can be
viewed as axiomatic quanth[ication of
distributivejustice

* Principle E

& constructs the largest Possible constraint

set

o quantitied bﬂ “constant tax hurts fairness”

theorem (when will this fail?)



.. As Fairness

* Principle 2:

]

* ivergboclg’s q could be large

*» Max-min fairness, can be generalizecl
* ComPare % Points:

+ Fairness maximizing

» Nash bargaining

o ub |itg maximizing



Rawls 2001, P.éZ

Figure 1
y = LAG
difference
Prinfifle |
P R i ) ihitaran
T Tz S NB5 ™
; weighted
strict 45° Pr .,
gaxmess

egalitarian()(J o |  x=MAG

In this figure the distances along the two axes are measured in terms of an index of
primary goods, with the x-axis the more advantaged group (MAG), the y-axis the less
advantaged (LAG). The line Jj parallel to the x-axis is the highest equal-justice line
touched by the OP curve at its maximum at D. Note that D is the efficient poisit near-
est to equality, represented by the 45-degree line. N is the Nash point, where the
product of utlities is maximized (if we assume utilities to be linear in indexes of pri-
mary goods), and B is the Bentham point, where the sum of individual utilities is
maximized (again with the same assumption). The set of efficient points goes from D
to the feudal point F, at which the OP curve becomes vertical.



RefHective Equilibrium

* Experiment Design
o 2-user, user | works twice as fast
o allocate income [x1,x2]
o Which is more fair: [x1,x2], or lyl,y21?
o Based on answer, estimate f3(X,q)
» Usen——intem%cejust ciesigneci

» 4G Fairness Tool with Telcordia



Social Welfare Theorg

S Aggregating individual measures to

sgstem—-wicle measure

{fi(x)}
>W(f17f27-~7fn)‘ - f(x)
{fi(z:)}

Arrow’s imPossibility theorem

Kolm theorem

Pigou—-—Dalton Principle



Sociologg and Psgchologg



 Atkinson lnequalitg Index

2 ngmetrg

* ff:c]ual allocation is least unec]ual

» Robin Hood operation reduces inequalit9
* Homogeneity

* Population replication has no eHect

* Decomposition (bﬂ arithmetic mean)



lnequalitg Index

o Atkinson index as sPecial case

1—e€

1
: mean (H%) e

1

* Jasso, Theil indices

& [oster-Sen utilitg function



U nhcging 535tem~Wicle

Decomposable Fairness

Entropy : :
Min-Max Jain’s Index Jasso Index Proportional Fairness  Max-Min
| | |
— 00 -1 0 1 +00

Theil Index, Atkinson Index (€)
B bl e e

Renyi Entropy (o)
{FB’)\(X), A== —1, 6 s R oz}

_—

Foster-Sen Welfare Function ¢
{Fg’)\(X,q), /\ i 17 ﬁ =1- C3 R O E}

a-fairness (o)
FRs Gojs fo=at=Raj— o)}



Minimalistic Axioms?

& Partition
* Starvation

LS Continuitg and Saturation



Procedural Fairness

o Adams1963. Ti":c]uitgz Prol:)ortional to weights
+ Voting Paracloxes, AIrrow’s impossibilit9 theorem

o Qutcome vs. Proceclural fairness in legal 595tem5

* fixPeriments and correlation analysis
o Thibaut and Walker 1975
o |eventhal’s 6 rules 1980

* [airness is as much about procedure as outcome



More Fun Than Expected _

o Just a starter here (given avector or

two, look for a scaler valued function)



Thank You

Www.l:)rinceton.eclu / “’chiangm



http://www.princeton.edu/~chiangm
http://www.princeton.edu/~chiangm

