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Quantifying Fairness?
x = [1  2  3] 

How fair: 0.33, 0.86, ...? 

y = [1  10  100] 

How fair: 0.01, 0.41, ...? 

y “looks like” less fair 

How much less fair is y compared to x? 



How Fair ?

Given a vector x, how fair is it? 

Let                      be a fairness measure

If f(x)>f(y), x is more fair than y

Full ordering and scale

What axioms should it satisfy? 

f : Rn
+ → R



Approach 1: Index

(often normalized) Measure of variance

Min-max ratio

Standard deviation

Entropy function 

Jain’s index 

Diversity indices (e.g., Atkinson)
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Approach 2: 
Objective  Function

alpha-fairness & alpha-fair utility 
function

The common properties of our fairness index proven in
Section III and IV carry over to this generalized Jain’s index.
For β = −1, J−1(x) reduces to the original Jain’s index.
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Fig. 2. Plot of the fairness measure fβ(θ, 1−θ) against θ, for resource allo-
cation x = [θ, 1−θ] and different choices of β = {−4.0,−2.5,−1.0, 0.5}.
It can be observed that fβ(θ, 1− θ) is monotonic as β → 1. Further, smaller
values of |1−β| results in a steeper incline over small θ, i.e., the low-fairness
region.

Theorem 5: (Monotonicity with respect to β.) The fairness
measures in (18) is negative and decreasing for β ∈ (1,∞),
and positive and increasing for β ∈ (−∞, 1):

∂fβ(x)
∂β

≤ 0 for β ∈ (1,∞), (22)

∂fβ(x)
∂β

≥ 0 for β ∈ (−∞, 1). (23)

The monotonicity of fairness measures fβ(x) on β ∈
(−∞, 1) gives an engineering interpretation of β. Figure 2
plots fairness fβ(θ, 1−θ) for resource allocation x = [θ, 1−θ]
and different choices of β = {−4.0,−2.5,−1.0, 0.5}. The ver-
tical bars in the figure represent the level sets of function f , for
values fβ(θi, 1−θi) = i

10 (fmax − fmin) , i = 1, 2, . . . , 9. For
fixed resource allocations, since f increases as β approaches
1, the level sets of f are pushed toward the region with
small θ (i.e., the low-fairness region), resulting in a steeper
incline in the region. In the extreme case of β = 1, all
level set boundaries align with the y-axis in the plot. The
fairness measure f point-wise converges to step functions
fβ(θ, 1 − θ) = 2. Therefore, parameter β characterizes the
shape of the fairness measures: a smaller value of |1−β| (i.e.,
β closer to 1) causes the level sets to be condensed in the
low-fairness region.

Since the fairness measure must still evaluate to a number
between 1 and n here, the monotonicty and resulting shift in
granularity of the fairness measure associated with varying β
suggests differences in evaluating unfairness. At one extreme,
β → 1 any solution where no user receives an allocation of
zero is fairest. On the other hand, as β → −∞ the relationship
between fβ(x) and θ becomes linear, suggesting a stricter
concept of fairness – for the same allocation, as β → −∞
more fairness is lost. Therefore, the parameter β can tune the

generalization of Jain’s index f for different tradeoffs between
the resolution and the strictness of fairness measure.

VI. IMPLICATION 2: UNDERSTANDING α-FAIRNESS

Due to Axiom 2, the Axiom of Homogeneity, our fairness
measures only express desirability over the (n−1)-dimension
subspace orthogonal to the 1n vector. Hence, they do not
capture any notion of efficiency of an allocation.

We focus in this section on the widely applied α-fair utility
function:

�

i

Uα(xi), where Uα(x) =

�
x1−α

1−α α ≥ 0, α �= 1
log(x) α = 1

.

(24)
We first show that the α-fairness network utility function can
be factored into two components: one corresponding to the
family of fairness measures we constructed and one corre-
sponding to efficiency. We then demonstrate that, for a fixed α,
the factorization can be viewed as a single point on the optimal
tradeoff curve between fairness and efficiency. Furthermore,
this particular point is one where maximum emphasis is
placed on fairness while maintaining Pareto optimality of the
allocation. This allows us to quantitatively interpret the belief
of “larger α is more fair” across all α ≥ 0.

A. Factorization of α-fair Utility Function
Re-arranging the terms of the equation in Table III, we have

Uα=β(x) =
1

1− β
|fβ(x)|β

�
�

i

xi

�1−β

= |fβ(x)|β · Uβ

�
�

i

xi

�
, (25)

where Uβ (
�

i xi) is the one-dimensional version of the α-
fair utility function with α = β. For β → 1, it is easy to
show that our fairness measure fβ(x), multiplied by a function
of throughput

�
i xi, equals α-fair utility function with α =

1. Similarly, for β → ∞, it equals α-fair utility function as
α→∞. Therefore, Equation (25) also holds for proportional
fairness at α = 1 and max-min fairness at α→∞.

Equation (25) demonstrates that the α-fair utility functions
can be factorized as the product of two components: a fairness
measure, |fβ(x)|β , and an efficiency measure, Uβ (

�
i xi).

The fairness measure |fβ(x)|β only depends on the normalized
distribution, x/(

�
i xi), of resources (due to Axiom 2), while

the efficiency measure is a function of the sum resource
�

i xi.
The factorization of α-fair utility functions is illustrated in

Table IV and decouples the two components to tackle issues
such as fairness-efficiency tradeoff and feasibility of x under
a given constraint set. For example, it helps to explain the
counter-intuitive throughput behavior in [12]: an allocation
vector that maximizes the α-fair utility with a larger α may not
be less efficient, because the α-fair utility incorporates both
fairness and efficiency at the same time.

Although Corollary 2 states equal allocation is fairest, an
α-fair allocation may not have an equal distribution. This is

�

i

xi − yi
xα
i

≤ 0, ∀y

Special case: proportional and max-min fair



Questions
Index and objective function approaches are 
different. Unify them? 

How many are there? Can I invent a new, 
MyLastName-Fairness? 

What cannot be a measure of fairness? 

How to enforce consistency despite diversity? 

How can I control “resolution” of fairness?

Why is larger alpha more fair? 



Axiomatization

ax·i·omat·i·za·tion

Pronunciation: \ˌak-sē-əә-ˌma-təә-ˈzā-shəәn, -sē-ˌä-məә-təә-\
Function: noun
Date: 1931
the act or process of reducing to a system of axioms

     ax·i·om

Pronunciation: \ˈak-sē-əәm\
Function: noun
Date: 15th century
1 : a maxim widely accepted on its intrinsic merit
2 : a statement accepted as true as the basis for argument or inference
3 : an established rule or principle or a self-evident truth



1. Axiom of Continuity 

f(x) is continuous 

Small perturbation in resource 
allocation changes fairness measure’s 
value slightly



2. Axiom of Homogeneity 

f(x) is a homogenous function of 
degree 0: 

Unit/Magnitude doesn’t matter

More delicate than it might seem to be 

f(tx) = f(x), ∀t > 0



3. Axiom of Saturation

Equal allocation’s fairness value is 
independent of number of users as the 
number of users becomes large:

A “technical” axiom for uniqueness 

lim
n→∞

f(1n+1)

f(1n)
= 1



4. Axiom of Partition

           

             for all partitions

Well-definedness (of fairness value 
scale) growing from 2-user to n-user

x = [x1,x2], y = [y1,y2],
�

j

xi
j =

�

j

yij

f(x)

f(y)
= mean

�
f(x1)

f(y1)
,
f(x2)

f(y2)
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Generator and Mean

Mean function 

“On mean values”, Aczel (1948)

   Kolmogorov-Nagumo generator 

                       Weight (normalized) 

g

si =

�
�

k∈i

xk

�ρ

mean = g−1

�
�

i

sig

�
f(xi)

f(yi)
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5. Axiom of Starvation

 

2-user: starvation is not more fair than 
equal distribution

f(0, 1)

f( 12 ,
1
2 )

≤ 1



5 Axioms

Continuity 

Homogeneity (value statement)

Saturation  

Partition

Starvation (value statement)



So What?

All axioms are “True” 

All axioms are “incorrect”

Some are more “useful” than others



Useful Axiomatic System

Non-redundant

Self-consistent 

Unify known notions 

Discover new notions 

Provide useful insights 



Existence & Uniqueness
There exists a fairness measure satisfying 
Axioms 1-5

A “possibility theorem” on generator

There is only one fairness function 
satisfying Axioms 1-5

Only log and power functions are 
possible generators  {log y, yβ}



Existence Proof Outline
By additive number-theoretic function 
property, show f(1) is independent of g

Parameterize f for 2-user case

Inductively go to N-user case 

Plug in some g to verify all axioms, especially 
Axioms 4 and 5 

(Local) uniqueness along the way



Constructed f 

is a partial order over vectors to study whether the elements
of vector x are less spread out than the elements of vector
y. We say that x is majorized by y, and we write x ! y, if
∑n

i=1 xi =
∑n

i=1 yi (always satisfied due to Axiom 2) and
d

∑

i=1

x↑
i ≤

d
∑

i=1

y↑
i , for d = 1, . . . , n, (9)

where x↑
i and y↑

i are the ith elements of x↑ and y↑, sorted
in ascending order. According to this definition, among the
vectors with the same sum of elements, one with the equal
elements is the most majorizing vector.
Intuitively, x ! y can be interpreted as y being a fairer

allocation than x. It is a classical result [14] that x is majorized
by y, if and only if, from x we can produce y by a finite
sequence of Robin Hood operations.1
Majorization alone cannot be used to define a fairness

measure since it is a partial order and fails to compare vectors
in certain cases. Still, if resource allocation x is majorized
by y, it is desirable to have a fairness measure f such that
f(x) ≤ f(y). A function satisfying this property is known
as Schur-concave. In statistics and economics, many measures
of statistical dispersion are known to be Schur-concave, e.g.,
Gini Coefficient and Robin Hood Ratio [20], and we show our
fairness measure also is Schur-concave:
Theorem 3: (Schur-concavity.) A fairness measure satisfy-

ing Axioms 1–5 is Schur-concave:

f(x) ≤ f(y), if x ! y. (10)

Next we present several properties of fairness measures
satisfying the axioms, whose proofs rely on Schur-concavity.
Corollary 2: (Equal-resource allocation is fairest.) A fair-

ness measure f(x) satisfying Axioms 1–5 is maximized by
equal-resource allocations, i.e.,

f(1n) = max
x∈Rn

f(x). (11)

Corollary 3: (Collecting a fixed-tax is unfair.) If a fixed
amount c > 0 of the resource is subtracted from each user
(i.e., xi − c for all i), the resulting fairness measure decreases

f(x − c · 1n) ≤ f(x), ∀c > 0, (12)

where c > 0 must be small enough such that all elements of
x − c · 1n are positive.
Corollary 4: (Inactive user achieves no fairness.) When a

fairness measure f(x) satisfying Axioms 1–5 is generated by
by ρ > 0 in 5, Removing users with zero resources does not
change fairness:

f(x,0n) = f(x), ∀n ≥ 1. (13)

1In a Robin Hood operation, we replace two elements xi and xj < xi

with xi − ε and xj + ε, respectively, for some ε ∈ (0, xi − xj). In other
words, we take from the rich (xi), and give to the poor (xj ).

IV. A FAMILY OF FAIRNESS MEASURES

A. Constructing Fairness Measures
From any function g(y) satisfying the condition in Axiom

4, we can generate a unique f(x). Such an f(x) is a well-
defined fairness measure if it also satisfies Axioms 1–5. We
then refer to the corresponding g(y) as a generator of the
fairness measure.
Definition 1: Function g(y) is a generator if there exists a

f(x) satisfying Axioms 1–5 with respect to g(y).
We note, however, that different generator functions may

generate the same fairness measure. Although it is difficult
to find the entire set of generators g(y), we have found that
many forms of g(y) functions (e.g., logarithm, polynomial,
exponential, and their combinations) result in fairness mea-
sures equivalent to those generated by the family of power
functions. It remains to be determined if all fairness measures
satisfying Axioms 1–5 can be generated by power functions.
In this section, we consider power functions, g(y) = |y|β ,

parameterized by β and derive the resulting family of fairness
measures, which indeed satisfy all the axioms. The absolute
value ensures that g(y) is non-increasing over R+ for β ≥ 0,
and over R− for β < 0. From here on, we replace Equation
(3) in Axiom 4 by

f(x1,x2) = f
(

w(x1), w(x2)
)

·

(
2

∑

i=1

si · fβ(xi)

) 1
β

,

where the weights si are given by (5).
Theorem 4: (Fairness measures generated by power func-

tions) For power mean (g(y) = |y|β with parameter β),
Axioms 1–5 define a unique family of fairness measures as
follows

f(x) =





n
∑

i=1

(

xi
∑

j xj

)1−βr




1
β

, for βr ≤ 1 (14)

f(x) = −





n
∑

i=1

(

xi
∑

j xj

)1−βr




1
β

, for βr ≥ 1, (15)

where r = 1−ρ
β

is a constant exponent, which determines
the growth rate of maximum fairness as population size n
increases:

f(1n) = nr · f(1). (16)

For different values of parameter β, the fairness measures
derived above are equivalent up to a constant exponent r:

fβ,r(x) = [fβr,1]
r (x), (17)

if we denote fβ,r as the fairness measure with parameters β
and r. According to Theorem 1, r determines the growth rate
of maximum fairness as population size n increases. Without
loss of generality, we choose r = 1 such that the maximum
average fairness per user is a constant, i.e., f(1n)

n
= f(1).

r =
1− ρ

β

From a user’s perspective, her perception of maximum fairness
is independent of the population size of the system. From now
on, we will use a unified representation of the constructed
fairness measures:

fβ(x) = sign(1 − β) ·





n
∑

i=1

(

xi
∑

j xj

)1−β




1
β

. (18)

We summarize the special cases in Table III, where β
sweeps from −∞ to∞ andH(·) denotes the entropy function.
For some values of β, the corresponding mean function h
has a standard name, and for some, known approaches to
measure fairness are recovered, while for β ∈ (0,−1) and
β ∈ (−1,−∞), new fairness measures are discovered. For a
fixed resource allocation vector x = [1, 2, 5], we plot fairness
f(x) for different values of β in Figure 1.

Value of β Our Fairness Measure Known Names

β → ∞ −maxi
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h
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“
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β α-fair utility

β = 1 ±n (discontinuous) No name
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“

x
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β α-fair utility
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H

“
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”

Entropy
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»
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i=1

“

xi
w(x)

”1−βr
– 1

β

No name

β = −1
(
P

i xi)
2

P

i xi
2 = n · J(x) Jain’s index
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»

Pn
i=1

“

xi
w(x)

”1−βr
– 1

β

No name

β → −∞ mini

n P

i xi

xi

o

Min ratio

TABLE III
PREVIOUS RESULTS ARE RECOVERED AS SPECIAL CASES OF OUR

AXIOMATIC CONSTRUCTION. FOR β ∈ (0,−1) AND β ∈ (−1,−∞), NEW
FAIRNESS MEASURES OF GENERALIZED JAIN’S INDEX ARE REVEALED.

B. Engineering Implications
The fairness measures fβ in (18) corresponding to the

generator function g(y) = |y|β satisfy a number of properties,
which give interesting engineering implications.
Corollary 5: (Number of inactive users.) The fairness mea-

sures in (18) also count the number of inactive users in the
system. When fβ < 0, f(x) → −∞ if any user is assigned
zero resource. When f > 0,

Number of users with zero resource ≤ n − f(x),(19)

Maximum resource to a user ≥
∑

i xi

f(x)
. (20)

Corollary 6: (Threshold level of resource.) If we increase
resource allocation to user i by a small amount ε, while not
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Fig. 1. Plot of fairness fβ(x) for different values of β: β > 0 recovers the
utility-based approach, and β < 0 recovers the index-based approach.

changing other users’ allocation, the fairness measures in (18)

increases if and only if xi < x̄ =

(
P

j xj
P

j x1−β
j

) 1
β

and 0 < ε <

x̄ − xi.
Corollary 7: (Lower bound under box-constraints.) If a

resource allocation x = [x1, x2, . . . , xn] satisfies box-
constraints, i.e., xmin ≤ xi ≤ xmax for all i, the fairness
measures in (18) is lower bounded by a constant that only
depends on β, xmin, xmax:

f(x) ≥ sign(1 − β) ·
(

µΓ1−β + 1 − µ
) 1

β

(µΓ + 1 − µ)
1
β −1

, (21)

where Γ = xmax

xmin
and µ = Γ−Γ1−β−β(Γ−1)

β(Γ−1)(Γ1−β−1) . The bound is tight
when a µ fraction of users have xi = xmax and the remaining
1 − µ fraction of users have xi = xmin.
These results provide possible interpretations and applica-

tions of the family of fairness measures. Through Corollary 5,
by specifying a level of fairness, we can limit the number of
starved users in a system. Corollary 6 implies that x̄ serves
as a threshold for identifying “poor” and “rich” users, since
assigning additional resources to user i improves fairness if
xi < x̄, and reduces fairness if xi > x̄.

V. IMPLICATION 1: GENERALIZING JAIN’S INDEX

When β = −1 (i.e., harmonic mean is used in Axiom
4), we get a scalar multiple of the widely used Jain’s index
J(x) = 1

nf(x). Upon inspection of (18) and the specific cases
noted in Table III, we note that any (0,−∞) ∪ β ∈ (0, 1)
the range of fairness measure fβ(x) lies between 1 and n.
Equivalently, we can say that the fairness per user resides in
the interval

[
1
n
, 1

]

. When the limit as β → 0 is considered,
the resulting fairness measure can also be shown to have this
property. Because fβ(x) for β < 1 has this characteristic, we
refer to this subclass of our family of fairness measures as the
generalization of Jain’s index.
Definition 2: Jβ(x) = 1

n
fβ(x) is a generalized Jain’s index

parameterized by β ≤ 1.

fβ,r(x) = sign(r(1− βr))




n�

i=1

�
xi�
j xj

�1−βr




1
β

r = 1



An Example

where the second step uses L’Hospital’s Rule. Therefore, we

derive (9) by taking an exponential transformation in the last

step of (12). This shows that fairness measure in (9) is a

special case of (10) as β → 0. Another way to see this is

as follows: logarithm generator can be derived from the limit

of the following power generators as β → 0:

log y = lim
β→0

y
β − 1
β

. (13)

As a result of uniqueness in Theorem 2, their corresponding

fairness measures in (9) and (10) also become equivalent as

β → 0. From here on, we consider the family of fairness

measures in (10), which are parameterized by β in the power

generator function.

Notice that, for different values of parameter β, the fair-

ness measures derived above are equivalent up to a constant

exponent r:

fβ,r(x) = [fβr,1]
r (x), (14)

if we denote fβ,r to be the fairness measure with parameters

β and r.

According to Theorem 3, r determines the growth rate of

maximum fairness as population size n increases. We choose

r = 1, so that maximum fairness per user is f(1n)/n =
n

r−1 = 1, independent of population size.

We now present a unified representation of the constructed

fairness measures:

fβ(x) = sign(1− β) ·




n�

i=1

�
xi�
j xj

�1−β




1
β

. (15)

In the rest of this section, we will show that this unified

representation leads to many implications.

We summarize the special cases in Table III, where β
sweeps from −∞ to∞ and H(·) denotes the entropy function.

For some values of β, the corresponding mean function h has

a standard name, and for some values of β, known approaches

to measure fairness are recovered, while for β ∈ (0,−1)
and β ∈ (−1,−∞), new fairness measures are revealed. For

example, when β = −1 (i.e., harmonic mean is used in Axiom

4), we recover Jain’s index J(x) = fβ(x)/n. For β ≥ 0, we

recover the component of the α-fair utility functions that is

related to fairness, as we will show in Section II-E that the

α-fair utility function is equal to the product of our fairness

measure and a function of total throughput for any β = α ≥ 0.

The mapping from generators g(y) to fairness measures fβ(x)
is illustrated in Figure 1.

This axiomatic theory unifies many existing fairness indices

and utilities. In particular, for β < 1, we recover the index-

based approach in [1]–[6]. For β ≥ 0, we recover the utility-

based approach in [7], [8], [10]–[12], which quantify fairness

for the maximizers of the α-fair utility functions. For the

interesting range β ∈ [0, 1), the two approaches overlap.

Notice that for β > 1 the measures are in fact negative,

however this is actually a result of requirement in Axiom 5

that the measure be monotonically increasing towards fairer

solutions. As an illustration, for a fixed resource allocation

vectors x = [1, 2, 3, 5] and y = [1, 1, 2.5, 5], we plot

g(y) = y
β
,

g(y) = log(y)

Fairness measure fβ(x)Generator g(y)

Shannon entropy
∀β ∈ R

......

Jain’s index

α-fair utility

Fig. 1. The mapping from generators g(y) to fairness measures fβ(x).

Among the set of all continuous and increasing functions, fairness measures

satisfying axioms 1-5 can only be generated by logarithm and power functions.

A logarithm generator ends up with the same form of f as a special case of

those generated by a power function.

fairness fβ(x) and fβ(y) for different values of β in Figure 2.

Different values of β clearly changes the fairness comparison

ration, and may even result in different fairness orderings:

fβ(x) ≥ fβ(y) for β ∈ (−∞, 4.6], and fβ(x) ≤ fβ(y) for

β ∈ [4.6,∞).
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!<1
index

Fig. 2. For a given x, the plot of fairness fβ(x) and fβ(y) in (15) against

β for x = [1, 2, 3, 5] and y = [1, 1, 2.5, 5]: β ≥ 0 recovers the

utility-based approach, and β < 1 recovers the index-based approach.

C. Properties of Fairness Measures
In this section, we prove a set of properties for all fairness

measures satisfying Axioms 1-5. We start an intuitive corollary

from the five axioms that will be useful for the rest of the

presentation.

Corollary 1: (Symmetry.) A fairness measure satisfying Ax-

ioms 1–5 is symmetric over x:

f(x1, x2, . . . , xn) = f(xi1 , xi2 , . . . , xin), (16)

where i1, . . . , in is an arbitrary permutation of indices

1, . . . , n.

The symmetry property shows that the fairness measure

f(x) satisfying Axioms 1–5 is independent of labeling of

users. This corollary of the axioms may be viewed as objec-

tionable by some. In Section IV, we will modify Axiom 4, so

5



Generator -> Fairness

where the second step uses L’Hospital’s Rule. Therefore, we

derive (9) by taking an exponential transformation in the last

step of (12). This shows that fairness measure in (9) is a

special case of (10) as β → 0. Another way to see this is

as follows: logarithm generator can be derived from the limit

of the following power generators as β → 0:

log y = lim
β→0

y
β − 1
β

. (13)

As a result of uniqueness in Theorem 2, their corresponding

fairness measures in (9) and (10) also become equivalent as

β → 0. From here on, we consider the family of fairness

measures in (10), which are parameterized by β in the power

generator function.

Notice that, for different values of parameter β, the fair-

ness measures derived above are equivalent up to a constant

exponent r:

fβ,r(x) = [fβr,1]
r (x), (14)

if we denote fβ,r to be the fairness measure with parameters

β and r.

According to Theorem 3, r determines the growth rate of

maximum fairness as population size n increases. We choose

r = 1, so that maximum fairness per user is f(1n)/n =
n

r−1 = 1, independent of population size.

We now present a unified representation of the constructed

fairness measures:

fβ(x) = sign(1− β) ·




n�

i=1

�
xi�
j xj

�1−β




1
β

. (15)

In the rest of this section, we will show that this unified

representation leads to many implications.

We summarize the special cases in Table III, where β
sweeps from −∞ to∞ and H(·) denotes the entropy function.

For some values of β, the corresponding mean function h has

a standard name, and for some values of β, known approaches

to measure fairness are recovered, while for β ∈ (0,−1)
and β ∈ (−1,−∞), new fairness measures are revealed. For

example, when β = −1 (i.e., harmonic mean is used in Axiom

4), we recover Jain’s index J(x) = fβ(x)/n. For β ≥ 0, we

recover the component of the α-fair utility functions that is

related to fairness, as we will show in Section II-E that the

α-fair utility function is equal to the product of our fairness

measure and a function of total throughput for any β = α ≥ 0.

The mapping from generators g(y) to fairness measures fβ(x)
is illustrated in Figure 1.

This axiomatic theory unifies many existing fairness indices

and utilities. In particular, for β < 1, we recover the index-

based approach in [1]–[6]. For β ≥ 0, we recover the utility-

based approach in [7], [8], [10]–[12], which quantify fairness

for the maximizers of the α-fair utility functions. For the

interesting range β ∈ [0, 1), the two approaches overlap.

Notice that for β > 1 the measures are in fact negative,

however this is actually a result of requirement in Axiom 5

that the measure be monotonically increasing towards fairer

solutions. As an illustration, for a fixed resource allocation

vectors x = [1, 2, 3, 5] and y = [1, 1, 2.5, 5], we plot

g(y) = y
β
,

g(y) = log(y)

Fairness measure fβ(x)Generator g(y)

Shannon entropy
∀β ∈ R

......

Jain’s index

α-fair utility

Fig. 1. The mapping from generators g(y) to fairness measures fβ(x).

Among the set of all continuous and increasing functions, fairness measures

satisfying axioms 1-5 can only be generated by logarithm and power functions.

A logarithm generator ends up with the same form of f as a special case of

those generated by a power function.

fairness fβ(x) and fβ(y) for different values of β in Figure 2.

Different values of β clearly changes the fairness comparison

ration, and may even result in different fairness orderings:

fβ(x) ≥ fβ(y) for β ∈ (−∞, 4.6], and fβ(x) ≤ fβ(y) for

β ∈ [4.6,∞).
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Fig. 2. For a given x, the plot of fairness fβ(x) and fβ(y) in (15) against

β for x = [1, 2, 3, 5] and y = [1, 1, 2.5, 5]: β ≥ 0 recovers the

utility-based approach, and β < 1 recovers the index-based approach.

C. Properties of Fairness Measures
In this section, we prove a set of properties for all fairness

measures satisfying Axioms 1-5. We start an intuitive corollary

from the five axioms that will be useful for the rest of the

presentation.

Corollary 1: (Symmetry.) A fairness measure satisfying Ax-

ioms 1–5 is symmetric over x:

f(x1, x2, . . . , xn) = f(xi1 , xi2 , . . . , xin), (16)

where i1, . . . , in is an arbitrary permutation of indices

1, . . . , n.

The symmetry property shows that the fairness measure

f(x) satisfying Axioms 1–5 is independent of labeling of

users. This corollary of the axioms may be viewed as objec-

tionable by some. In Section IV, we will modify Axiom 4, so
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Unification (part 1)

From a user’s perspective, her perception of maximum fairness
is independent of the population size of the system. From now
on, we will use a unified representation of the constructed
fairness measures:

fβ(x) = sign(1 − β) ·





n
∑

i=1

(

xi
∑

j xj

)1−β




1
β

. (18)

We summarize the special cases in Table III, where β
sweeps from −∞ to∞ andH(·) denotes the entropy function.
For some values of β, the corresponding mean function h
has a standard name, and for some, known approaches to
measure fairness are recovered, while for β ∈ (0,−1) and
β ∈ (−1,−∞), new fairness measures are discovered. For a
fixed resource allocation vector x = [1, 2, 5], we plot fairness
f(x) for different values of β in Figure 1.

Value of β Our Fairness Measure Known Names

β → ∞ −maxi
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xi

o

Max ratio

β ∈ (1,∞) −
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w(x)

”i 1
β α-fair utility

β = 1 ±n (discontinuous) No name

β ∈ (0, 1)
h

(1 − β)Uα=β

“

x

w(x)

”i 1
β α-fair utility

β → 0 e
H

“

x

w(x)

”

Entropy

β ∈ (0,−1)

»

Pn
i=1

“

xi
w(x)

”1−βr
– 1

β

No name

β = −1
(
P

i xi)
2

P

i xi
2 = n · J(x) Jain’s index

β ∈ (−1,−∞)

»

Pn
i=1

“

xi
w(x)

”1−βr
– 1

β

No name

β → −∞ mini

n P

i xi

xi

o

Min ratio

TABLE III
PREVIOUS RESULTS ARE RECOVERED AS SPECIAL CASES OF OUR

AXIOMATIC CONSTRUCTION. FOR β ∈ (0,−1) AND β ∈ (−1,−∞), NEW
FAIRNESS MEASURES OF GENERALIZED JAIN’S INDEX ARE REVEALED.

B. Engineering Implications
The fairness measures fβ in (18) corresponding to the

generator function g(y) = |y|β satisfy a number of properties,
which give interesting engineering implications.
Corollary 5: (Number of inactive users.) The fairness mea-

sures in (18) also count the number of inactive users in the
system. When fβ < 0, f(x) → −∞ if any user is assigned
zero resource. When f > 0,

Number of users with zero resource ≤ n − f(x),(19)

Maximum resource to a user ≥
∑

i xi

f(x)
. (20)

Corollary 6: (Threshold level of resource.) If we increase
resource allocation to user i by a small amount ε, while not
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Fig. 1. Plot of fairness fβ(x) for different values of β: β > 0 recovers the
utility-based approach, and β < 0 recovers the index-based approach.

changing other users’ allocation, the fairness measures in (18)

increases if and only if xi < x̄ =

(
P

j xj
P

j x1−β
j

) 1
β

and 0 < ε <

x̄ − xi.
Corollary 7: (Lower bound under box-constraints.) If a

resource allocation x = [x1, x2, . . . , xn] satisfies box-
constraints, i.e., xmin ≤ xi ≤ xmax for all i, the fairness
measures in (18) is lower bounded by a constant that only
depends on β, xmin, xmax:

f(x) ≥ sign(1 − β) ·
(

µΓ1−β + 1 − µ
) 1

β

(µΓ + 1 − µ)
1
β −1

, (21)

where Γ = xmax

xmin
and µ = Γ−Γ1−β−β(Γ−1)

β(Γ−1)(Γ1−β−1) . The bound is tight
when a µ fraction of users have xi = xmax and the remaining
1 − µ fraction of users have xi = xmin.
These results provide possible interpretations and applica-

tions of the family of fairness measures. Through Corollary 5,
by specifying a level of fairness, we can limit the number of
starved users in a system. Corollary 6 implies that x̄ serves
as a threshold for identifying “poor” and “rich” users, since
assigning additional resources to user i improves fairness if
xi < x̄, and reduces fairness if xi > x̄.

V. IMPLICATION 1: GENERALIZING JAIN’S INDEX

When β = −1 (i.e., harmonic mean is used in Axiom
4), we get a scalar multiple of the widely used Jain’s index
J(x) = 1

nf(x). Upon inspection of (18) and the specific cases
noted in Table III, we note that any (0,−∞) ∪ β ∈ (0, 1)
the range of fairness measure fβ(x) lies between 1 and n.
Equivalently, we can say that the fairness per user resides in
the interval

[
1
n
, 1

]

. When the limit as β → 0 is considered,
the resulting fairness measure can also be shown to have this
property. Because fβ(x) for β < 1 has this characteristic, we
refer to this subclass of our family of fairness measures as the
generalization of Jain’s index.
Definition 2: Jβ(x) = 1

n
fβ(x) is a generalized Jain’s index

parameterized by β ≤ 1.



Unification (part 1)

From a user’s perspective, her perception of maximum fairness
is independent of the population size of the system. From now
on, we will use a unified representation of the constructed
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sweeps from −∞ to∞ andH(·) denotes the entropy function.
For some values of β, the corresponding mean function h
has a standard name, and for some, known approaches to
measure fairness are recovered, while for β ∈ (0,−1) and
β ∈ (−1,−∞), new fairness measures are discovered. For a
fixed resource allocation vector x = [1, 2, 5], we plot fairness
f(x) for different values of β in Figure 1.
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generator function g(y) = |y|β satisfy a number of properties,
which give interesting engineering implications.
Corollary 5: (Number of inactive users.) The fairness mea-

sures in (18) also count the number of inactive users in the
system. When fβ < 0, f(x) → −∞ if any user is assigned
zero resource. When f > 0,
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resource allocation x = [x1, x2, . . . , xn] satisfies box-
constraints, i.e., xmin ≤ xi ≤ xmax for all i, the fairness
measures in (18) is lower bounded by a constant that only
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β(Γ−1)(Γ1−β−1) . The bound is tight
when a µ fraction of users have xi = xmax and the remaining
1 − µ fraction of users have xi = xmin.
These results provide possible interpretations and applica-

tions of the family of fairness measures. Through Corollary 5,
by specifying a level of fairness, we can limit the number of
starved users in a system. Corollary 6 implies that x̄ serves
as a threshold for identifying “poor” and “rich” users, since
assigning additional resources to user i improves fairness if
xi < x̄, and reduces fairness if xi > x̄.

V. IMPLICATION 1: GENERALIZING JAIN’S INDEX

When β = −1 (i.e., harmonic mean is used in Axiom
4), we get a scalar multiple of the widely used Jain’s index
J(x) = 1

nf(x). Upon inspection of (18) and the specific cases
noted in Table III, we note that any (0,−∞) ∪ β ∈ (0, 1)
the range of fairness measure fβ(x) lies between 1 and n.
Equivalently, we can say that the fairness per user resides in
the interval

[
1
n
, 1

]

. When the limit as β → 0 is considered,
the resulting fairness measure can also be shown to have this
property. Because fβ(x) for β < 1 has this characteristic, we
refer to this subclass of our family of fairness measures as the
generalization of Jain’s index.
Definition 2: Jβ(x) = 1

n
fβ(x) is a generalized Jain’s index

parameterized by β ≤ 1.



Main Properties
Symmetry f(x,y) = f(y,x)

Equal allocation fairness value independent 
of g

Equal allocation is most fair

Constant tax reduces fairness 

f(x-c,y-c) <= f(x,y)



Majorization...

Majorization (a partial order on      )

y majorizes x           if  

Schur-concavity

 

is a partial order over vectors to study whether the elements
of vector x are less spread out than the elements of vector
y. We say that x is majorized by y, and we write x ! y, if
∑n

i=1 xi =
∑n

i=1 yi (always satisfied due to Axiom 2) and
d

∑

i=1

x↑
i ≤

d
∑

i=1

y↑
i , for d = 1, . . . , n, (9)

where x↑
i and y↑

i are the ith elements of x↑ and y↑, sorted
in ascending order. According to this definition, among the
vectors with the same sum of elements, one with the equal
elements is the most majorizing vector.
Intuitively, x ! y can be interpreted as y being a fairer

allocation than x. It is a classical result [14] that x is majorized
by y, if and only if, from x we can produce y by a finite
sequence of Robin Hood operations.1
Majorization alone cannot be used to define a fairness

measure since it is a partial order and fails to compare vectors
in certain cases. Still, if resource allocation x is majorized
by y, it is desirable to have a fairness measure f such that
f(x) ≤ f(y). A function satisfying this property is known
as Schur-concave. In statistics and economics, many measures
of statistical dispersion are known to be Schur-concave, e.g.,
Gini Coefficient and Robin Hood Ratio [20], and we show our
fairness measure also is Schur-concave:
Theorem 3: (Schur-concavity.) A fairness measure satisfy-

ing Axioms 1–5 is Schur-concave:

f(x) ≤ f(y), if x ! y. (10)

Next we present several properties of fairness measures
satisfying the axioms, whose proofs rely on Schur-concavity.
Corollary 2: (Equal-resource allocation is fairest.) A fair-

ness measure f(x) satisfying Axioms 1–5 is maximized by
equal-resource allocations, i.e.,

f(1n) = max
x∈Rn

f(x). (11)

Corollary 3: (Collecting a fixed-tax is unfair.) If a fixed
amount c > 0 of the resource is subtracted from each user
(i.e., xi − c for all i), the resulting fairness measure decreases

f(x − c · 1n) ≤ f(x), ∀c > 0, (12)

where c > 0 must be small enough such that all elements of
x − c · 1n are positive.
Corollary 4: (Inactive user achieves no fairness.) When a

fairness measure f(x) satisfying Axioms 1–5 is generated by
by ρ > 0 in 5, Removing users with zero resources does not
change fairness:

f(x,0n) = f(x), ∀n ≥ 1. (13)

1In a Robin Hood operation, we replace two elements xi and xj < xi

with xi − ε and xj + ε, respectively, for some ε ∈ (0, xi − xj). In other
words, we take from the rich (xi), and give to the poor (xj ).

IV. A FAMILY OF FAIRNESS MEASURES

A. Constructing Fairness Measures
From any function g(y) satisfying the condition in Axiom

4, we can generate a unique f(x). Such an f(x) is a well-
defined fairness measure if it also satisfies Axioms 1–5. We
then refer to the corresponding g(y) as a generator of the
fairness measure.
Definition 1: Function g(y) is a generator if there exists a

f(x) satisfying Axioms 1–5 with respect to g(y).
We note, however, that different generator functions may

generate the same fairness measure. Although it is difficult
to find the entire set of generators g(y), we have found that
many forms of g(y) functions (e.g., logarithm, polynomial,
exponential, and their combinations) result in fairness mea-
sures equivalent to those generated by the family of power
functions. It remains to be determined if all fairness measures
satisfying Axioms 1–5 can be generated by power functions.
In this section, we consider power functions, g(y) = |y|β ,

parameterized by β and derive the resulting family of fairness
measures, which indeed satisfy all the axioms. The absolute
value ensures that g(y) is non-increasing over R+ for β ≥ 0,
and over R− for β < 0. From here on, we replace Equation
(3) in Axiom 4 by

f(x1,x2) = f
(

w(x1), w(x2)
)

·

(
2

∑

i=1

si · fβ(xi)

) 1
β

,

where the weights si are given by (5).
Theorem 4: (Fairness measures generated by power func-

tions) For power mean (g(y) = |y|β with parameter β),
Axioms 1–5 define a unique family of fairness measures as
follows

f(x) =





n
∑

i=1

(

xi
∑

j xj

)1−βr




1
β

, for βr ≤ 1 (14)

f(x) = −





n
∑

i=1

(

xi
∑

j xj

)1−βr




1
β

, for βr ≥ 1, (15)

where r = 1−ρ
β

is a constant exponent, which determines
the growth rate of maximum fairness as population size n
increases:

f(1n) = nr · f(1). (16)

For different values of parameter β, the fairness measures
derived above are equivalent up to a constant exponent r:

fβ,r(x) = [fβr,1]
r (x), (17)

if we denote fβ,r as the fairness measure with parameters β
and r. According to Theorem 1, r determines the growth rate
of maximum fairness as population size n increases. Without
loss of generality, we choose r = 1 such that the maximum
average fairness per user is a constant, i.e., f(1n)

n
= f(1).
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sequence of Robin Hood operations.1
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by y, it is desirable to have a fairness measure f such that
f(x) ≤ f(y). A function satisfying this property is known
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Gini Coefficient and Robin Hood Ratio [20], and we show our
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Theorem 3: (Schur-concavity.) A fairness measure satisfy-

ing Axioms 1–5 is Schur-concave:
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defined fairness measure if it also satisfies Axioms 1–5. We
then refer to the corresponding g(y) as a generator of the
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loss of generality, we choose r = 1 such that the maximum
average fairness per user is a constant, i.e., f(1n)

n
= f(1).

is a partial order over vectors to study whether the elements
of vector x are less spread out than the elements of vector
y. We say that x is majorized by y, and we write x ! y, if
∑n

i=1 xi =
∑n

i=1 yi (always satisfied due to Axiom 2) and
d

∑

i=1

x↑
i ≤

d
∑

i=1

y↑
i , for d = 1, . . . , n, (9)

where x↑
i and y↑

i are the ith elements of x↑ and y↑, sorted
in ascending order. According to this definition, among the
vectors with the same sum of elements, one with the equal
elements is the most majorizing vector.
Intuitively, x ! y can be interpreted as y being a fairer

allocation than x. It is a classical result [14] that x is majorized
by y, if and only if, from x we can produce y by a finite
sequence of Robin Hood operations.1
Majorization alone cannot be used to define a fairness

measure since it is a partial order and fails to compare vectors
in certain cases. Still, if resource allocation x is majorized
by y, it is desirable to have a fairness measure f such that
f(x) ≤ f(y). A function satisfying this property is known
as Schur-concave. In statistics and economics, many measures
of statistical dispersion are known to be Schur-concave, e.g.,
Gini Coefficient and Robin Hood Ratio [20], and we show our
fairness measure also is Schur-concave:
Theorem 3: (Schur-concavity.) A fairness measure satisfy-

ing Axioms 1–5 is Schur-concave:

f(x) ≤ f(y), if x ! y. (10)

Next we present several properties of fairness measures
satisfying the axioms, whose proofs rely on Schur-concavity.
Corollary 2: (Equal-resource allocation is fairest.) A fair-

ness measure f(x) satisfying Axioms 1–5 is maximized by
equal-resource allocations, i.e.,

f(1n) = max
x∈Rn

f(x). (11)

Corollary 3: (Collecting a fixed-tax is unfair.) If a fixed
amount c > 0 of the resource is subtracted from each user
(i.e., xi − c for all i), the resulting fairness measure decreases

f(x − c · 1n) ≤ f(x), ∀c > 0, (12)

where c > 0 must be small enough such that all elements of
x − c · 1n are positive.
Corollary 4: (Inactive user achieves no fairness.) When a

fairness measure f(x) satisfying Axioms 1–5 is generated by
by ρ > 0 in 5, Removing users with zero resources does not
change fairness:

f(x,0n) = f(x), ∀n ≥ 1. (13)

1In a Robin Hood operation, we replace two elements xi and xj < xi

with xi − ε and xj + ε, respectively, for some ε ∈ (0, xi − xj). In other
words, we take from the rich (xi), and give to the poor (xj ).

IV. A FAMILY OF FAIRNESS MEASURES

A. Constructing Fairness Measures
From any function g(y) satisfying the condition in Axiom

4, we can generate a unique f(x). Such an f(x) is a well-
defined fairness measure if it also satisfies Axioms 1–5. We
then refer to the corresponding g(y) as a generator of the
fairness measure.
Definition 1: Function g(y) is a generator if there exists a

f(x) satisfying Axioms 1–5 with respect to g(y).
We note, however, that different generator functions may

generate the same fairness measure. Although it is difficult
to find the entire set of generators g(y), we have found that
many forms of g(y) functions (e.g., logarithm, polynomial,
exponential, and their combinations) result in fairness mea-
sures equivalent to those generated by the family of power
functions. It remains to be determined if all fairness measures
satisfying Axioms 1–5 can be generated by power functions.
In this section, we consider power functions, g(y) = |y|β ,

parameterized by β and derive the resulting family of fairness
measures, which indeed satisfy all the axioms. The absolute
value ensures that g(y) is non-increasing over R+ for β ≥ 0,
and over R− for β < 0. From here on, we replace Equation
(3) in Axiom 4 by

f(x1,x2) = f
(

w(x1), w(x2)
)

·

(
2

∑

i=1

si · fβ(xi)

) 1
β

,

where the weights si are given by (5).
Theorem 4: (Fairness measures generated by power func-

tions) For power mean (g(y) = |y|β with parameter β),
Axioms 1–5 define a unique family of fairness measures as
follows

f(x) =





n
∑

i=1

(

xi
∑

j xj

)1−βr




1
β

, for βr ≤ 1 (14)

f(x) = −





n
∑

i=1

(

xi
∑

j xj

)1−βr




1
β

, for βr ≥ 1, (15)

where r = 1−ρ
β

is a constant exponent, which determines
the growth rate of maximum fairness as population size n
increases:

f(1n) = nr · f(1). (16)

For different values of parameter β, the fairness measures
derived above are equivalent up to a constant exponent r:

fβ,r(x) = [fβr,1]
r (x), (17)

if we denote fβ,r as the fairness measure with parameters β
and r. According to Theorem 1, r determines the growth rate
of maximum fairness as population size n increases. Without
loss of generality, we choose r = 1 such that the maximum
average fairness per user is a constant, i.e., f(1n)

n
= f(1).

Rn

h(x) ≤ h(y), if x � y
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Generalized Jain’s Index
For any beta<=1, 

Properties: 

Bounded in [0,1]

Fairness increases if and only if 
adding resources to users with 
resources below a threshold

is independent of the population size of the system. From now

on, we will use a unified representation of the constructed

fairness measures:

fβ(x) = sign(1− β) ·




n�

i=1

�
xi�
j xj

�1−β




1
β

. (18)

We summarize the special cases in Table III, where β
sweeps from −∞ to∞ and H(·) denotes the entropy function.

For some values of β, the corresponding mean function h

has a standard name, and for some, known approaches to

measure fairness are recovered, while for β ∈ (0,−1) and

β ∈ (−1,−∞), new fairness measures are discovered. For a

fixed resource allocation vector x = [1, 2, 5], we plot fairness

f(x) for different values of β in Figure 1.

Value of β Our Fairness Measure Known Names

β →∞ −maxi

� �
i xi
xi

�
Max ratio

β ∈ (1,∞) −
�
(1− β)Uα=β

�
x

w(x)

�� 1
β α-fair utility

β = 1 ±n (discontinuous) No name

β ∈ (0, 1)
�
(1− β)Uα=β

�
x

w(x)

�� 1
β α-fair utility

β → 0 e
H

�
x

w(x)

�

Entropy

β ∈ (0,−1)

��
n

i=1

�
xi

w(x)

�1−βr
� 1

β
No name

β = −1
(
�

i xi)
2

�
i xi

2 = n · J(x) Jain’s index

β ∈ (−1,−∞)

��
n

i=1

�
xi

w(x)

�1−βr
� 1

β
No name

β → −∞ mini

� �
i xi
xi

�
Min ratio

TABLE III

PREVIOUS RESULTS ARE RECOVERED AS SPECIAL CASES OF OUR

AXIOMATIC CONSTRUCTION. FOR β ∈ (0,−1) AND β ∈ (−1,−∞), NEW

FAIRNESS MEASURES OF GENERALIZED JAIN’S INDEX ARE REVEALED.

B. Engineering Implications
The fairness measures fβ in (18) corresponding to the

generator function g(y) = |y|β satisfy a number of properties,

which give interesting engineering implications.

Corollary 5: (Number of inactive users.) The fairness mea-

sures in (18) also count the number of inactive users in the

system. When fβ < 0, f(x) → −∞ if any user is assigned

zero resource. When f > 0,

Number of users with zero resource ≤ n− f(x),(19)

Maximum resource to a user ≥
�

i xi

f(x)
. (20)

Corollary 6: (Threshold level of resource.) If we increase

resource allocation to user i by a small amount �, while not

changing other users’ allocation, the fairness measures in (18)
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Fig. 1. Plot of fairness fβ(x) for different values of β: β > 0 recovers the

utility-based approach, and β < 0 recovers the index-based approach.

increases if and only if xi < x̄ =
� �

j xj
�

j x1−β
j

� 1
β

and 0 < � <

x̄− xi.

Corollary 7: (Lower bound under box-constraints.) If a

resource allocation x = [x1, x2, . . . , xn] satisfies box-

constraints, i.e., xmin ≤ xi ≤ xmax for all i, the fairness

measures in (18) is lower bounded by a constant that only

depends on β, xmin, xmax:

f(x) ≥ sign(1− β) ·
�
µΓ1−β + 1− µ

� 1
β

(µΓ + 1− µ)
1
β−1

, (21)

where Γ = xmax
xmin

and µ = Γ−Γ1−β−β(Γ−1)
β(Γ−1)(Γ1−β−1) . The bound is tight

when a µ fraction of users have xi = xmax and the remaining

1− µ fraction of users have xi = xmin.

These results provide possible interpretations and applica-

tions of the family of fairness measures. Through Corollary 5,

by specifying a level of fairness, we can limit the number of

starved users in a system. Corollary 6 implies that x̄ serves

as a threshold for identifying “poor” and “rich” users, since

assigning additional resources to user i improves fairness if

xi < x̄, and reduces fairness if xi > x̄.

V. IMPLICATION 1: GENERALIZING JAIN’S INDEX

When β = −1 (i.e., harmonic mean is used in Axiom

4), we get a scalar multiple of the widely used Jain’s index

J(x) = 1
nf(x). Upon inspection of (18) and the specific cases

noted in Table III, we note that any (0,−∞) ∪ β ∈ (0, 1)
the range of fairness measure fβ(x) lies between 1 and n.

Equivalently, we can say that the fairness per user resides in

the interval
�

1
n , 1

�
. When the limit as β → 0 is considered,

the resulting fairness measure can also be shown to have this

property. Because fβ(x) for β < 1 has this characteristic, we

refer to this subclass of our family of fairness measures as the

generalization of Jain’s index.

Definition 2: Jβ(x) = 1
nfβ(x) is a generalized Jain’s index

parameterized by β ≤ 1.



Useful to Generalize
Tradeoff between “resolution” and 
“strictness”

The common properties of our fairness index proven in
Section III and IV carry over to this generalized Jain’s index.
For β = −1, J−1(x) reduces to the original Jain’s index.
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Fig. 2. Plot of the fairness measure fβ(θ, 1−θ) against θ, for resource allo-
cation x = [θ,1− θ] and different choices of β = {−4.0,−2.5,−1.0, 0.5}.
It can be observed that fβ(θ, 1− θ) is monotonic as β → 1. Further, smaller
values of |1−β| results in a steeper incline over small θ, i.e., the low-fairness
region.

Theorem 5: (Monotonicity with respect to β.) The fairness
measures in (18) is negative and decreasing for β ∈ (1,∞),
and positive and increasing for β ∈ (−∞, 1):

∂fβ(x)

∂β
≤ 0 for β ∈ (1,∞), (22)

∂fβ(x)

∂β
≥ 0 for β ∈ (−∞, 1). (23)

The monotonicity of fairness measures fβ(x) on β ∈
(−∞, 1) gives an engineering interpretation of β. Figure 2
plots fairness fβ(θ, 1−θ) for resource allocation x = [θ, 1−θ]
and different choices of β = {−4.0,−2.5,−1.0, 0.5}. The ver-
tical bars in the figure represent the level sets of function f , for
values fβ(θi, 1−θi) = i

10 (fmax − fmin) , i = 1, 2, . . . , 9. For
fixed resource allocations, since f increases as β approaches
1, the level sets of f are pushed toward the region with
small θ (i.e., the low-fairness region), resulting in a steeper
incline in the region. In the extreme case of β = 1, all
level set boundaries align with the y-axis in the plot. The
fairness measure f point-wise converges to step functions
fβ(θ, 1 − θ) = 2. Therefore, parameter β characterizes the
shape of the fairness measures: a smaller value of |1−β| (i.e.,
β closer to 1) causes the level sets to be condensed in the
low-fairness region.
Since the fairness measure must still evaluate to a number

between 1 and n here, the monotonicty and resulting shift in
granularity of the fairness measure associated with varying β
suggests differences in evaluating unfairness. At one extreme,
β → 1 any solution where no user receives an allocation of
zero is fairest. On the other hand, as β → −∞ the relationship
between fβ(x) and θ becomes linear, suggesting a stricter
concept of fairness – for the same allocation, as β → −∞
more fairness is lost. Therefore, the parameter β can tune the

generalization of Jain’s index f for different tradeoffs between
the resolution and the strictness of fairness measure.

VI. IMPLICATION 2: UNDERSTANDING α-FAIRNESS
Due to Axiom 2, the Axiom of Homogeneity, our fairness

measures only express desirability over the (n−1)-dimension
subspace orthogonal to the 1n vector. Hence, they do not
capture any notion of efficiency of an allocation.
We focus in this section on the widely applied α-fair utility

function:
∑

i

Uα(xi), where Uα(x) =

{
x1−α

1−α
α ≥ 0, α '= 1

log(x) α = 1
.

(24)
We first show that the α-fairness network utility function can
be factored into two components: one corresponding to the
family of fairness measures we constructed and one corre-
sponding to efficiency. We then demonstrate that, for a fixed α,
the factorization can be viewed as a single point on the optimal
tradeoff curve between fairness and efficiency. Furthermore,
this particular point is one where maximum emphasis is
placed on fairness while maintaining Pareto optimality of the
allocation. This allows us to quantitatively interpret the belief
of “larger α is more fair” across all α ≥ 0.

A. Factorization of α-fair Utility Function
Re-arranging the terms of the equation in Table III, we have

Uα=β(x) =
1

1 − β
|fβ(x)|β

(

∑

i

xi

)1−β

= |fβ(x)|β · Uβ

(

∑

i

xi

)

, (25)

where Uβ (
∑

i xi) is the one-dimensional version of the α-
fair utility function with α = β. For β → 1, it is easy to
show that our fairness measure fβ(x), multiplied by a function
of throughput

∑

i xi, equals α-fair utility function with α =
1. Similarly, for β → ∞, it equals α-fair utility function as
α → ∞. Therefore, Equation (25) also holds for proportional
fairness at α = 1 and max-min fairness at α → ∞.
Equation (25) demonstrates that the α-fair utility functions

can be factorized as the product of two components: a fairness
measure, |fβ(x)|β , and an efficiency measure, Uβ (

∑

i xi).
The fairness measure |fβ(x)|β only depends on the normalized
distribution, x/(

∑

i xi), of resources (due to Axiom 2), while
the efficiency measure is a function of the sum resource

∑

i xi.
The factorization of α-fair utility functions is illustrated in

Table IV and decouples the two components to tackle issues
such as fairness-efficiency tradeoff and feasibility of x under
a given constraint set. For example, it helps to explain the
counter-intuitive throughput behavior in [12]: an allocation
vector that maximizes the α-fair utility with a larger α may not
be less efficient, because the α-fair utility incorporates both
fairness and efficiency at the same time.
Although Corollary 2 states equal allocation is fairest, an

α-fair allocation may not have an equal distribution. This is
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The common properties of our fairness index proven in
Section III and IV carry over to this generalized Jain’s index.
For β = −1, J−1(x) reduces to the original Jain’s index.
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Fig. 2. Plot of the fairness measure fβ(θ, 1−θ) against θ, for resource allo-
cation x = [θ,1− θ] and different choices of β = {−4.0,−2.5,−1.0, 0.5}.
It can be observed that fβ(θ, 1− θ) is monotonic as β → 1. Further, smaller
values of |1−β| results in a steeper incline over small θ, i.e., the low-fairness
region.

Theorem 5: (Monotonicity with respect to β.) The fairness
measures in (18) is negative and decreasing for β ∈ (1,∞),
and positive and increasing for β ∈ (−∞, 1):

∂fβ(x)

∂β
≤ 0 for β ∈ (1,∞), (22)

∂fβ(x)

∂β
≥ 0 for β ∈ (−∞, 1). (23)

The monotonicity of fairness measures fβ(x) on β ∈
(−∞, 1) gives an engineering interpretation of β. Figure 2
plots fairness fβ(θ, 1−θ) for resource allocation x = [θ, 1−θ]
and different choices of β = {−4.0,−2.5,−1.0, 0.5}. The ver-
tical bars in the figure represent the level sets of function f , for
values fβ(θi, 1−θi) = i

10 (fmax − fmin) , i = 1, 2, . . . , 9. For
fixed resource allocations, since f increases as β approaches
1, the level sets of f are pushed toward the region with
small θ (i.e., the low-fairness region), resulting in a steeper
incline in the region. In the extreme case of β = 1, all
level set boundaries align with the y-axis in the plot. The
fairness measure f point-wise converges to step functions
fβ(θ, 1 − θ) = 2. Therefore, parameter β characterizes the
shape of the fairness measures: a smaller value of |1−β| (i.e.,
β closer to 1) causes the level sets to be condensed in the
low-fairness region.
Since the fairness measure must still evaluate to a number

between 1 and n here, the monotonicty and resulting shift in
granularity of the fairness measure associated with varying β
suggests differences in evaluating unfairness. At one extreme,
β → 1 any solution where no user receives an allocation of
zero is fairest. On the other hand, as β → −∞ the relationship
between fβ(x) and θ becomes linear, suggesting a stricter
concept of fairness – for the same allocation, as β → −∞
more fairness is lost. Therefore, the parameter β can tune the

generalization of Jain’s index f for different tradeoffs between
the resolution and the strictness of fairness measure.

VI. IMPLICATION 2: UNDERSTANDING α-FAIRNESS
Due to Axiom 2, the Axiom of Homogeneity, our fairness

measures only express desirability over the (n−1)-dimension
subspace orthogonal to the 1n vector. Hence, they do not
capture any notion of efficiency of an allocation.
We focus in this section on the widely applied α-fair utility

function:
∑

i

Uα(xi), where Uα(x) =

{
x1−α

1−α
α ≥ 0, α '= 1

log(x) α = 1
.

(24)
We first show that the α-fairness network utility function can
be factored into two components: one corresponding to the
family of fairness measures we constructed and one corre-
sponding to efficiency. We then demonstrate that, for a fixed α,
the factorization can be viewed as a single point on the optimal
tradeoff curve between fairness and efficiency. Furthermore,
this particular point is one where maximum emphasis is
placed on fairness while maintaining Pareto optimality of the
allocation. This allows us to quantitatively interpret the belief
of “larger α is more fair” across all α ≥ 0.

A. Factorization of α-fair Utility Function
Re-arranging the terms of the equation in Table III, we have

Uα=β(x) =
1

1 − β
|fβ(x)|β

(

∑

i

xi

)1−β

= |fβ(x)|β · Uβ

(

∑

i

xi

)

, (25)

where Uβ (
∑

i xi) is the one-dimensional version of the α-
fair utility function with α = β. For β → 1, it is easy to
show that our fairness measure fβ(x), multiplied by a function
of throughput

∑

i xi, equals α-fair utility function with α =
1. Similarly, for β → ∞, it equals α-fair utility function as
α → ∞. Therefore, Equation (25) also holds for proportional
fairness at α = 1 and max-min fairness at α → ∞.
Equation (25) demonstrates that the α-fair utility functions

can be factorized as the product of two components: a fairness
measure, |fβ(x)|β , and an efficiency measure, Uβ (

∑

i xi).
The fairness measure |fβ(x)|β only depends on the normalized
distribution, x/(

∑

i xi), of resources (due to Axiom 2), while
the efficiency measure is a function of the sum resource

∑

i xi.
The factorization of α-fair utility functions is illustrated in

Table IV and decouples the two components to tackle issues
such as fairness-efficiency tradeoff and feasibility of x under
a given constraint set. For example, it helps to explain the
counter-intuitive throughput behavior in [12]: an allocation
vector that maximizes the α-fair utility with a larger α may not
be less efficient, because the α-fair utility incorporates both
fairness and efficiency at the same time.
Although Corollary 2 states equal allocation is fairest, an

α-fair allocation may not have an equal distribution. This is

The common properties of our fairness index proven in
Section III and IV carry over to this generalized Jain’s index.
For β = −1, J−1(x) reduces to the original Jain’s index.
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Fig. 2. Plot of the fairness measure fβ(θ, 1−θ) against θ, for resource allo-
cation x = [θ,1− θ] and different choices of β = {−4.0,−2.5,−1.0, 0.5}.
It can be observed that fβ(θ, 1− θ) is monotonic as β → 1. Further, smaller
values of |1−β| results in a steeper incline over small θ, i.e., the low-fairness
region.

Theorem 5: (Monotonicity with respect to β.) The fairness
measures in (18) is negative and decreasing for β ∈ (1,∞),
and positive and increasing for β ∈ (−∞, 1):

∂fβ(x)

∂β
≤ 0 for β ∈ (1,∞), (22)

∂fβ(x)

∂β
≥ 0 for β ∈ (−∞, 1). (23)

The monotonicity of fairness measures fβ(x) on β ∈
(−∞, 1) gives an engineering interpretation of β. Figure 2
plots fairness fβ(θ, 1−θ) for resource allocation x = [θ, 1−θ]
and different choices of β = {−4.0,−2.5,−1.0, 0.5}. The ver-
tical bars in the figure represent the level sets of function f , for
values fβ(θi, 1−θi) = i

10 (fmax − fmin) , i = 1, 2, . . . , 9. For
fixed resource allocations, since f increases as β approaches
1, the level sets of f are pushed toward the region with
small θ (i.e., the low-fairness region), resulting in a steeper
incline in the region. In the extreme case of β = 1, all
level set boundaries align with the y-axis in the plot. The
fairness measure f point-wise converges to step functions
fβ(θ, 1 − θ) = 2. Therefore, parameter β characterizes the
shape of the fairness measures: a smaller value of |1−β| (i.e.,
β closer to 1) causes the level sets to be condensed in the
low-fairness region.
Since the fairness measure must still evaluate to a number

between 1 and n here, the monotonicty and resulting shift in
granularity of the fairness measure associated with varying β
suggests differences in evaluating unfairness. At one extreme,
β → 1 any solution where no user receives an allocation of
zero is fairest. On the other hand, as β → −∞ the relationship
between fβ(x) and θ becomes linear, suggesting a stricter
concept of fairness – for the same allocation, as β → −∞
more fairness is lost. Therefore, the parameter β can tune the

generalization of Jain’s index f for different tradeoffs between
the resolution and the strictness of fairness measure.

VI. IMPLICATION 2: UNDERSTANDING α-FAIRNESS
Due to Axiom 2, the Axiom of Homogeneity, our fairness

measures only express desirability over the (n−1)-dimension
subspace orthogonal to the 1n vector. Hence, they do not
capture any notion of efficiency of an allocation.
We focus in this section on the widely applied α-fair utility

function:
∑

i

Uα(xi), where Uα(x) =

{
x1−α

1−α
α ≥ 0, α '= 1

log(x) α = 1
.

(24)
We first show that the α-fairness network utility function can
be factored into two components: one corresponding to the
family of fairness measures we constructed and one corre-
sponding to efficiency. We then demonstrate that, for a fixed α,
the factorization can be viewed as a single point on the optimal
tradeoff curve between fairness and efficiency. Furthermore,
this particular point is one where maximum emphasis is
placed on fairness while maintaining Pareto optimality of the
allocation. This allows us to quantitatively interpret the belief
of “larger α is more fair” across all α ≥ 0.

A. Factorization of α-fair Utility Function
Re-arranging the terms of the equation in Table III, we have

Uα=β(x) =
1

1 − β
|fβ(x)|β

(

∑

i

xi

)1−β

= |fβ(x)|β · Uβ

(

∑

i

xi

)

, (25)

where Uβ (
∑

i xi) is the one-dimensional version of the α-
fair utility function with α = β. For β → 1, it is easy to
show that our fairness measure fβ(x), multiplied by a function
of throughput

∑

i xi, equals α-fair utility function with α =
1. Similarly, for β → ∞, it equals α-fair utility function as
α → ∞. Therefore, Equation (25) also holds for proportional
fairness at α = 1 and max-min fairness at α → ∞.
Equation (25) demonstrates that the α-fair utility functions

can be factorized as the product of two components: a fairness
measure, |fβ(x)|β , and an efficiency measure, Uβ (

∑

i xi).
The fairness measure |fβ(x)|β only depends on the normalized
distribution, x/(

∑

i xi), of resources (due to Axiom 2), while
the efficiency measure is a function of the sum resource

∑

i xi.
The factorization of α-fair utility functions is illustrated in

Table IV and decouples the two components to tackle issues
such as fairness-efficiency tradeoff and feasibility of x under
a given constraint set. For example, it helps to explain the
counter-intuitive throughput behavior in [12]: an allocation
vector that maximizes the α-fair utility with a larger α may not
be less efficient, because the α-fair utility incorporates both
fairness and efficiency at the same time.
Although Corollary 2 states equal allocation is fairest, an

α-fair allocation may not have an equal distribution. This is
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because the additional efficiency component in (25) can skew
the optimizer (i.e., the resource allocation resulting from α-
fair utility maximization) away from an equal distribution. For
this to happen there must exist an allocation that is feasible
(within the constraint set of realizable allocations) with a
large enough gain in efficiency over all equal distribution
allocations. Hence, the magnitude of this skewing depends on
the fairness parameter (α = β), the constraint set of x, and
the relative importance of fairness and efficiency.
Guided by the product form of (25), we consider a scalar-

ization of the maximization of the two objectives: fairness and
efficiency:

Φλ(x) = λ$ (fβ (x)) + $

(

∑

i

xi

)

, (26)

where β ∈ (0, 1) ∪ (1,∞) is fixed, λ ∈ [0,∞) absorbs the
exponent β in the fairness component of (25) and is a weight
specifying the relative emphasis placed on the fairness, and

$(y) = sign(y) log(|y|). (27)

The use of the log function later recovers the product in the
factorization of (25) from the sum in the scalarized (26).
B. What Does “Larger α is More Fair” Mean?
It is commonly believed that larger α is more fair, but

it is not exactly clear what this statement means for gen-
eral α ∈ [0,∞]. Guided by the factorization above and
the axiomatic construction of fairness measures, we provide
two interpretation of this statement that justify it from the
viewpoints of Pareto optimality and geometry of the constraint
set.
An allocation vector x is said to be Pareto dominated by y if

xi ≤ yi for all i and xi < yi for at least some i. An allocation
is called Pareto optimal if it is not Pareto dominated by any
other feasible allocation. If the relative emphasis on efficiency
is sufficiently high, Pareto optimality of the solution can be
maintained. To preserve Pareto optimality, we require that if
y Pareto dominates x, then Φλ(y) > Φλ(x).
Theorem 6: (Preserving Pareto optimality.) The necessary

and sufficient condition on λ such that Φλ(y) > Φλ(x) if y

Pareto dominates x is

λ ≤
∣
∣
∣
∣

β

1 − β

∣
∣
∣
∣
. (28)

Consider the set of maximizers of (26) for λ in the range
in Theorem 6:

P =

{

x : x = arg max
x∈R

Φλ(x), ∀λ ≤
∣
∣
∣
∣

β

1 − β

∣
∣
∣
∣

}

. (29)

When weight λ = 0, the corresponding points in P is most
efficient. When weight λ =

∣
∣
∣

β
1−β

∣
∣
∣, it can be shown that the

factorization in (25) is equivalent to (26). Therefore, α-fairness
corresponds to the solution of an optimization that places the
maximum emphasis on the fairness measure parameterized by
β = α while preserving Pareto optimality. Allocations in P

corresponding to other values of λ achieve a tradeoff between
fairness and efficiency, while Pareto optimality is preserved.
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Fig. 3. (a) Feasible region (i.e., the constraint set of the utility maximization
problem) where overemphasis of fairness violates Pareto dominance, and (b)
its fairness-efficiency tradeoff for β = 3. Region A corresponds to Pareto
optimal solutions. Region B is when the condition of Theorem 6 is violated,
and solutions are more fair, but no longer Pareto optimal.

Figure 3(b) illustrates an optimal fairness-efficiency tradeoff
curve

{
[

fβ(x), Σixi

]

, ∀x = arg maxx∈R Φλ(x), ∀λ

}

corre-
sponding to the constraint set shown in Figure 3(a). The set of
optimizers P in (29), which is obtained by maximizing Pareto
optimal utilities (26), is shown by curve A in Figure 3(b).
We just demonstrated the factorization (25) is an extreme

point on the tradeoff curve between fairness and efficiency for
fixed β = α. What happens when α becomes bigger?
We denote by 'x the gradient operator with respect to the

vector x. For a differentiable function, we use the standard
inner product (〈x,y〉 =

∑

i xiyi) between the gradient of
the function and a normalized vector to denote the directional
derivative of the function.
Theorem 7: (Monotonicity of fairness-efficiency reward ra-

tio.) Let allocation x be given. Define η = 1
n1n − x

P

xi
as

the vector pointing from the allocation to the nearest fairness
maximizing solution. Then the fairness-efficiency reward ratio:

〈

'xUα=β(x),
η

‖η‖

〉

〈

'xUα=β(x),
1n

‖1n‖

〉 , (30)
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because the additional efficiency component in (25) can skew
the optimizer (i.e., the resource allocation resulting from α-
fair utility maximization) away from an equal distribution. For
this to happen there must exist an allocation that is feasible
(within the constraint set of realizable allocations) with a
large enough gain in efficiency over all equal distribution
allocations. Hence, the magnitude of this skewing depends on
the fairness parameter (α = β), the constraint set of x, and
the relative importance of fairness and efficiency.
Guided by the product form of (25), we consider a scalar-

ization of the maximization of the two objectives: fairness and
efficiency:

Φλ(x) = λ$ (fβ (x)) + $

(

∑

i

xi

)

, (26)

where β ∈ (0, 1) ∪ (1,∞) is fixed, λ ∈ [0,∞) absorbs the
exponent β in the fairness component of (25) and is a weight
specifying the relative emphasis placed on the fairness, and

$(y) = sign(y) log(|y|). (27)

The use of the log function later recovers the product in the
factorization of (25) from the sum in the scalarized (26).
B. What Does “Larger α is More Fair” Mean?
It is commonly believed that larger α is more fair, but

it is not exactly clear what this statement means for gen-
eral α ∈ [0,∞]. Guided by the factorization above and
the axiomatic construction of fairness measures, we provide
two interpretation of this statement that justify it from the
viewpoints of Pareto optimality and geometry of the constraint
set.
An allocation vector x is said to be Pareto dominated by y if

xi ≤ yi for all i and xi < yi for at least some i. An allocation
is called Pareto optimal if it is not Pareto dominated by any
other feasible allocation. If the relative emphasis on efficiency
is sufficiently high, Pareto optimality of the solution can be
maintained. To preserve Pareto optimality, we require that if
y Pareto dominates x, then Φλ(y) > Φλ(x).
Theorem 6: (Preserving Pareto optimality.) The necessary

and sufficient condition on λ such that Φλ(y) > Φλ(x) if y

Pareto dominates x is

λ ≤
∣
∣
∣
∣

β

1 − β

∣
∣
∣
∣
. (28)

Consider the set of maximizers of (26) for λ in the range
in Theorem 6:

P =

{

x : x = arg max
x∈R

Φλ(x), ∀λ ≤
∣
∣
∣
∣

β

1 − β

∣
∣
∣
∣

}

. (29)

When weight λ = 0, the corresponding points in P is most
efficient. When weight λ =

∣
∣
∣

β
1−β

∣
∣
∣, it can be shown that the

factorization in (25) is equivalent to (26). Therefore, α-fairness
corresponds to the solution of an optimization that places the
maximum emphasis on the fairness measure parameterized by
β = α while preserving Pareto optimality. Allocations in P

corresponding to other values of λ achieve a tradeoff between
fairness and efficiency, while Pareto optimality is preserved.
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Fig. 3. (a) Feasible region (i.e., the constraint set of the utility maximization
problem) where overemphasis of fairness violates Pareto dominance, and (b)
its fairness-efficiency tradeoff for β = 3. Region A corresponds to Pareto
optimal solutions. Region B is when the condition of Theorem 6 is violated,
and solutions are more fair, but no longer Pareto optimal.

Figure 3(b) illustrates an optimal fairness-efficiency tradeoff
curve

{
[

fβ(x), Σixi

]

, ∀x = arg maxx∈R Φλ(x), ∀λ

}

corre-
sponding to the constraint set shown in Figure 3(a). The set of
optimizers P in (29), which is obtained by maximizing Pareto
optimal utilities (26), is shown by curve A in Figure 3(b).
We just demonstrated the factorization (25) is an extreme

point on the tradeoff curve between fairness and efficiency for
fixed β = α. What happens when α becomes bigger?
We denote by 'x the gradient operator with respect to the

vector x. For a differentiable function, we use the standard
inner product (〈x,y〉 =

∑

i xiyi) between the gradient of
the function and a normalized vector to denote the directional
derivative of the function.
Theorem 7: (Monotonicity of fairness-efficiency reward ra-

tio.) Let allocation x be given. Define η = 1
n1n − x

P

xi
as

the vector pointing from the allocation to the nearest fairness
maximizing solution. Then the fairness-efficiency reward ratio:

〈

'xUα=β(x),
η

‖η‖

〉

〈

'xUα=β(x),
1n

‖1n‖

〉 , (30)

λ

Φλ(y) > Φλ(x)

l(y) = sign(y) log(|y|)



Joint Measure

You pick your definition of “fairness”

Look at weighted sum of fairness and 
efficiency 

Can’t weigh fairness too much if you want a 
dominant allocation to be a better allocation 

Plug that “weight threshold” in the joint 
measure, and you recover alpha-fair utility



Proof Outline

Separates into beta<=1 and >1 cases 

Sufficient: 

Parameterize possible pair of (x,y)

Derive sufficient condition

Necessary: 

By constructing a contradiction 



Larger Alpha More Fair?
alpha fairness 
corresponds to the 
solution of an 
optimization that places 
the maximum emphasis 

on the fairness measure 
while preserving Pareto 
efficiency

Allocation: x

↙ ↘

Factorize: x/
P

i xi
P

i xi

↓ ↓

Measure: fβ

`

x/
P

i xi

´

Uβ

`
P

i xi

´

↘ ↙

Combine: Uα=β(x)

TABLE IV
ILLUSTRATION OF THE FACTORIZATION OF THE α-FAIR UTILITY
FUNCTIONS INTO A FAIRNESS COMPONENT OF THE NORMALIZED

RESOURCE DISTRIBUTION AND A EFFICIENCY COMPONENT OF THE SUM
RESOURCE.

because the additional efficiency component in (25) can skew
the optimizer (i.e., the resource allocation resulting from α-
fair utility maximization) away from an equal distribution. For
this to happen there must exist an allocation that is feasible
(within the constraint set of realizable allocations) with a
large enough gain in efficiency over all equal distribution
allocations. Hence, the magnitude of this skewing depends on
the fairness parameter (α = β), the constraint set of x, and
the relative importance of fairness and efficiency.
Guided by the product form of (25), we consider a scalar-

ization of the maximization of the two objectives: fairness and
efficiency:

Φλ(x) = λ$ (fβ (x)) + $

(

∑

i

xi

)

, (26)

where β ∈ (0, 1) ∪ (1,∞) is fixed, λ ∈ [0,∞) absorbs the
exponent β in the fairness component of (25) and is a weight
specifying the relative emphasis placed on the fairness, and

$(y) = sign(y) log(|y|). (27)

The use of the log function later recovers the product in the
factorization of (25) from the sum in the scalarized (26).
B. What Does “Larger α is More Fair” Mean?
It is commonly believed that larger α is more fair, but

it is not exactly clear what this statement means for gen-
eral α ∈ [0,∞]. Guided by the factorization above and
the axiomatic construction of fairness measures, we provide
two interpretation of this statement that justify it from the
viewpoints of Pareto optimality and geometry of the constraint
set.
An allocation vector x is said to be Pareto dominated by y if

xi ≤ yi for all i and xi < yi for at least some i. An allocation
is called Pareto optimal if it is not Pareto dominated by any
other feasible allocation. If the relative emphasis on efficiency
is sufficiently high, Pareto optimality of the solution can be
maintained. To preserve Pareto optimality, we require that if
y Pareto dominates x, then Φλ(y) > Φλ(x).
Theorem 6: (Preserving Pareto optimality.) The necessary

and sufficient condition on λ such that Φλ(y) > Φλ(x) if y

Pareto dominates x is

λ ≤
∣
∣
∣
∣

β

1 − β

∣
∣
∣
∣
. (28)

Consider the set of maximizers of (26) for λ in the range
in Theorem 6:

P =

{

x : x = arg max
x∈R

Φλ(x), ∀λ ≤
∣
∣
∣
∣

β

1 − β

∣
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}

. (29)

When weight λ = 0, the corresponding points in P is most
efficient. When weight λ =

∣
∣
∣

β
1−β

∣
∣
∣, it can be shown that the

factorization in (25) is equivalent to (26). Therefore, α-fairness
corresponds to the solution of an optimization that places the
maximum emphasis on the fairness measure parameterized by
β = α while preserving Pareto optimality. Allocations in P

corresponding to other values of λ achieve a tradeoff between
fairness and efficiency, while Pareto optimality is preserved.

x2

x1

A

B

Fair

1

2

4

(a)

2 2.5 3 3.5 4

−101

∑

i xi

f β
(x

)

A

λ =
∣

∣

∣

β
1−β

∣

∣

∣

B

β = 3

(b)

Fig. 3. (a) Feasible region (i.e., the constraint set of the utility maximization
problem) where overemphasis of fairness violates Pareto dominance, and (b)
its fairness-efficiency tradeoff for β = 3. Region A corresponds to Pareto
optimal solutions. Region B is when the condition of Theorem 6 is violated,
and solutions are more fair, but no longer Pareto optimal.

Figure 3(b) illustrates an optimal fairness-efficiency tradeoff
curve

{
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fβ(x), Σixi

]

, ∀x = arg maxx∈R Φλ(x), ∀λ

}

corre-
sponding to the constraint set shown in Figure 3(a). The set of
optimizers P in (29), which is obtained by maximizing Pareto
optimal utilities (26), is shown by curve A in Figure 3(b).
We just demonstrated the factorization (25) is an extreme

point on the tradeoff curve between fairness and efficiency for
fixed β = α. What happens when α becomes bigger?
We denote by 'x the gradient operator with respect to the

vector x. For a differentiable function, we use the standard
inner product (〈x,y〉 =

∑

i xiyi) between the gradient of
the function and a normalized vector to denote the directional
derivative of the function.
Theorem 7: (Monotonicity of fairness-efficiency reward ra-

tio.) Let allocation x be given. Define η = 1
n1n − x

P

xi
as

the vector pointing from the allocation to the nearest fairness
maximizing solution. Then the fairness-efficiency reward ratio:

〈

'xUα=β(x),
η

‖η‖

〉

〈

'xUα=β(x),
1n

‖1n‖

〉 , (30)
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because the additional efficiency component in (25) can skew
the optimizer (i.e., the resource allocation resulting from α-
fair utility maximization) away from an equal distribution. For
this to happen there must exist an allocation that is feasible
(within the constraint set of realizable allocations) with a
large enough gain in efficiency over all equal distribution
allocations. Hence, the magnitude of this skewing depends on
the fairness parameter (α = β), the constraint set of x, and
the relative importance of fairness and efficiency.
Guided by the product form of (25), we consider a scalar-

ization of the maximization of the two objectives: fairness and
efficiency:

Φλ(x) = λ$ (fβ (x)) + $

(

∑

i

xi

)

, (26)

where β ∈ (0, 1) ∪ (1,∞) is fixed, λ ∈ [0,∞) absorbs the
exponent β in the fairness component of (25) and is a weight
specifying the relative emphasis placed on the fairness, and

$(y) = sign(y) log(|y|). (27)

The use of the log function later recovers the product in the
factorization of (25) from the sum in the scalarized (26).
B. What Does “Larger α is More Fair” Mean?
It is commonly believed that larger α is more fair, but

it is not exactly clear what this statement means for gen-
eral α ∈ [0,∞]. Guided by the factorization above and
the axiomatic construction of fairness measures, we provide
two interpretation of this statement that justify it from the
viewpoints of Pareto optimality and geometry of the constraint
set.
An allocation vector x is said to be Pareto dominated by y if

xi ≤ yi for all i and xi < yi for at least some i. An allocation
is called Pareto optimal if it is not Pareto dominated by any
other feasible allocation. If the relative emphasis on efficiency
is sufficiently high, Pareto optimality of the solution can be
maintained. To preserve Pareto optimality, we require that if
y Pareto dominates x, then Φλ(y) > Φλ(x).
Theorem 6: (Preserving Pareto optimality.) The necessary

and sufficient condition on λ such that Φλ(y) > Φλ(x) if y

Pareto dominates x is

λ ≤
∣
∣
∣
∣

β

1 − β

∣
∣
∣
∣
. (28)

Consider the set of maximizers of (26) for λ in the range
in Theorem 6:

P =

{

x : x = arg max
x∈R

Φλ(x), ∀λ ≤
∣
∣
∣
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∣
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}

. (29)

When weight λ = 0, the corresponding points in P is most
efficient. When weight λ =

∣
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∣

β
1−β

∣
∣
∣, it can be shown that the

factorization in (25) is equivalent to (26). Therefore, α-fairness
corresponds to the solution of an optimization that places the
maximum emphasis on the fairness measure parameterized by
β = α while preserving Pareto optimality. Allocations in P

corresponding to other values of λ achieve a tradeoff between
fairness and efficiency, while Pareto optimality is preserved.
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Fig. 3. (a) Feasible region (i.e., the constraint set of the utility maximization
problem) where overemphasis of fairness violates Pareto dominance, and (b)
its fairness-efficiency tradeoff for β = 3. Region A corresponds to Pareto
optimal solutions. Region B is when the condition of Theorem 6 is violated,
and solutions are more fair, but no longer Pareto optimal.

Figure 3(b) illustrates an optimal fairness-efficiency tradeoff
curve

{
[

fβ(x), Σixi

]

, ∀x = arg maxx∈R Φλ(x), ∀λ

}

corre-
sponding to the constraint set shown in Figure 3(a). The set of
optimizers P in (29), which is obtained by maximizing Pareto
optimal utilities (26), is shown by curve A in Figure 3(b).
We just demonstrated the factorization (25) is an extreme

point on the tradeoff curve between fairness and efficiency for
fixed β = α. What happens when α becomes bigger?
We denote by 'x the gradient operator with respect to the

vector x. For a differentiable function, we use the standard
inner product (〈x,y〉 =

∑

i xiyi) between the gradient of
the function and a normalized vector to denote the directional
derivative of the function.
Theorem 7: (Monotonicity of fairness-efficiency reward ra-

tio.) Let allocation x be given. Define η = 1
n1n − x

P

xi
as

the vector pointing from the allocation to the nearest fairness
maximizing solution. Then the fairness-efficiency reward ratio:

〈

'xUα=β(x),
η

‖η‖

〉

〈

'xUα=β(x),
1n

‖1n‖

〉 , (30)
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Fairness-
Efficiency 
reward ratio 
increases in 
alpha

is non-decreasing with α, i.e., higher α gives a greater relative
reward for fairer solutions.
The the choice of direction η is a direct result of Axiom 2

and Corollary 2, which together imply that η is the direction
that most increases fairness and is orthogonal to increases in
efficiency.
An increase in either fairness or efficiency is a “desirable”

outcome. The choice of α dictates exactly how desirable
one objective is relative to the other (for a fixed allocation).
Theorem 7 states that, with a larger α, there is a larger
component of the utility function gradient in the direction of
fairer solutions, relative to the component in the direction of
more efficiency. Notice, however, that comparison is in terms
of the ratio between these two gradient components rather than
the magnitude of the gradient, and both fairness and efficiency
may increase simultaneously.
This result provides a justification for the belief that larger

α is “more fair”, not just for α ∈ {0, 1,∞}, but for any α ∈
[0,∞). Figure 4 depicts how this ratio increases with α = β
for some examples allocations.
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Fig. 4. Monotonic behavior of the ratio (30) as a function of α. Three fixed
allocations are considered, and solutions that are already more fair have a
lower ratio.

VII. ALTERNATIVE AXIOMS
Given a set of useful axioms, it is important to ask if

other useful axiomatic systems are possible. By removing
or modifying some of the five axioms here — for example,
Axiom 2 that decouples the concern on efficiency from fairness
— what kind of fairness measures would result? Could an
alternative set of axioms lead to the construction of fairness
measures that do not automatically decouple from the notions
of efficiency and feasibility of resource allocation?
In this section, we propose a set of alternative axioms, which

includes Axioms 1–5 as a special case. Let F : Rn
+ → R be

a general fairness measure satisfying four axioms as follows.
1′) Axiom of Continuity. Fairness measure F (x) is contin-

uous on Rn
+ for all integer n ≥ 1.

2′) Axiom of Asymptotic Saturation. Fairness measure f(x)
of equal resource allocations eventually becomes inde-

pendent of the number of users:

lim
n→∞

F (1n+1)

F (1n)
= 1. (31)

3′) Axiom of Irrelevance of Splitting. For an allocation
vector x = [x1, x2], we split each element xi into
multiple elements by a direct product xiy

i, where yi

is a non-negative vector. If the splitting vectors have
equal weights w(y1) = w(y2), the fairness of the new
allocation vector [x1y

1, x2y
2] is given by

F (x1y
1, x2y

2) = F (x) · g−1

(
2

∑

i=1

si · g
(

F (yi)
)

)

,

(32)
where

∑

i si = 1 are positive weights and g(y) is a
continuous and strictly increasing function.

4′) Axiom of Monotonicity. For n = 2 users, fairness
measure F (x1, x2) is increasing as ratio x1/x2 goes to
1 when sum resource x1 + x2 is fixed.

Axioms 1′ and 2′ remain the same as Axioms 1 and 3
before. Axiom 4′ is equivalent to Axiom 5 with the additional
qualification that the sum-resource does not change. This
qualification was previously unnecessary due to Axiom 2 —
f(x) did not vary with the amount of total resources —
however, is now required in the new set of axioms. Axiom 3′

is used to recursively construct fairness measure F (x) from
lower dimensions and is similar to the Axiom 4. The vector
[x1y

1, x2y
2] can be viewed as a generalized direct product of

vector x with two different vectors y1 and y2, which split the
resource of each element of x to multiple users. If y1 = y2,
this splitting reduces to a direct product.
Since the Axiom 2 of Homogeneity is removed, fairness

measure F (x) may depend on the absolute magnitude of
resource vector x. Using Axiom 3′, we can prove that F (x)
is a homogeneous function of real degree. Furthermore, the
two sets of axioms are equivalent, if the order of homogeneity
is zero. This means that the new axiomatic system is more
general than the original one.
Theorem 8: (Existence and Uniqueness.) For each genera-

tor g(y), there exists a unique fairness measure F (x) satisfying
Axioms 1′ − 4′. We have,

F (x) = f(x) ·

(

∑

i

xi

) 1
λ

, (33)

where 1
λ

∈ R is the degree of homogeneity and f(x) is a
fairness measure satisfying Axioms 1–5 with respect to the
same generator g(y).
While it is easy to verify that some properties, like that of

symmetry, in Section III also hold for fairness measure F (x),
some properties of fairness measures satisfying Axioms 1–5
are lost in the generalization. For instance, we can no longer
guarantee that the fairness measure will be Schur-concave, nor
can we say that equal allocations are the best.



Editing Axioms

If I don’t like a resulting theorem, I need 
to revisit some of the axioms



Asymmetric Users
Users are not the same 

Different valuations of resource

Different contributions

Start with 

       resource allocation vector 

       user weight vector 

Look for function f mapping into scalar 

x
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x q

model

f(x,q)

fairness value



2nd Set of Axioms
Same as before except 

Axiom of Partition : mean function 
weight scaled by user weight 

si =
1

c

�

k∈i

qk

�
�

k∈i

xk

�ρ

Axiom of Starvation: under equal weight vectors



Constructed f
Existence and uniqueness proved 

Unified representation of the new 
fairness measure

fβ(x,q) = sign(−1− β)




n�

i=1

qi

�
xi�n
j=1 xj

�−β




1
β



What We Recover Now

Theorem 12: (Constructing all fairness measures satisfying
Axioms 1�-4�.) If f(x) is a fairness measure satisfying Axioms
1�-5� with weight in (60), f(x) is of the form

f(x) = sign(−r)
n�

i=1

�
xi�n

j=1 xj

�−rqi

(63)

f(x) = sign(−r(1 + rβ))




n�

i=1

qi

�
xi�n

j=1 xj

�−rβ




1
β

(64)

where r ∈ R is a constant exponent. In 64, the two parameters
in the mean function h have to satisfy rβ + ρ = 0, where ρ is
in the weights of the weighted sum and β is in the definition
of the power generator function. It determines the fairness of
equal resource allocation, which only depends on the number
of users:

f(1n) = nr · f(1). (65)
The fairness measure in (63) can be obtained as a special

case of (64) as β → 0. Obviously, sign(−r(1 + rβ)) →
sign(−r) as β → 0. By removing the sign of (64) and taking
a logarithm transformation, we have

lim
β→0

log




n�

i=1

qi

�
xi�n

j=1 xj

�−rβ




1
β

= lim
β→0

log
��n

i=1 qi

�
xi� n

j=1 xj

�−rβ
�

β

= lim
β→0

n�

i=1

−rqi log

�
xi�n

j=1 xj

�
·
�

xi�n
j=1 xj

�−rβ

= log
n�

i=1

�
xi�n

j=1 xj

�−rqi

(66)

where the second step uses L’Hospital’s Rule. Therefore, we
derive (63) by taking an exponential transformation in the last
step of (66). This shows that fairness measure in (9) is a special
case of (10) as β → 0.

The mapping from generators g(y) to fairness measures
fβ(x) is illustrated in Figure 7. Among the set of all con-
tinuous and increasing functions, fairness measures satisfying
axioms 1�-5� can only be generated by logarithm and power
functions. A logarithm generator ends up with the same form
of f of a power function as the exponent β → 0.

We denote fβ,r to be the fairness measure with parameters β
and r. According to Theorem 12, r determines the growth rate
of maximum fairness as population size n increases. Similar to
Section II, we choose r = 1 and derive a unified representation
of the constructed fairness measures:

fβ(x) = sign(−1− β) ·




n�

i=1

qi

�
xi�n

j=1 xj

�−β




1
β

. (67)

From here on, in this section we consider the family of fairness
measures in (67) parameterized by β. Notice that (67) includes
(multiplicative) inverse of weighted p-norm as a special case
for β ≤ −1. In particular, for β = −1, we recover inverse of

weighted geometric mean

......

Fairness measure f(x)

∀β ∈ R

Generator g(y)

g(y) = log(y)

g(y) = yβ ,
weighted p-norm

Fig. 7. The mapping from generators g(y) to fairness measures f(x). Among
the set of all continuous and increasing functions, fairness measures satisfying
axioms 1�-5� can only be generated by logarithm and power functions. A
logarithm generator ends up with the same form of f as a special case of
those generated by a power function.
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inverse of p!norm

Fig. 8. For a given x, the plot of fairness fβ(x) in (67) for different
values of β: β ≤ −1 recovers inverse of p-norms for p = −β. Different
values of β may result in same fairness ordering: fβ(x) ≥ fβ(y) for β ∈
(−∞,−0.8] ∪ [1, 1.8], and fβ(x) ≤ fβ(y) for β ∈ [−0.8, 1] ∪ [1.8,∞).

taxicab norm; for β = −2, we recover inverse of Euclidean
norm; and for β = −∞, we recover inverse of infinity norm
or maximum norm.

Axioms 1�-5� differ from Axioms 1-5 in Section II mainly
in that generalized mean value in Axioms 1�-5� depends on
sum resource, as well as total user-specific weights, while in
Axioms 1-5 it depends only on sum resource of partition.
Table V summarizes the two choices of weights and the
resulting fairness measures. The axiomatic theory now pro-
vides a unification of both symmetric and asymmetric fairness.
As an illustration, for a fixed resource allocation vectors
x = [1, 2, 3, 5] and y = [1, 1, 2.5, 5], and user-specific
weights q = [0.4, 0.2, 0.2, 0.2], we plot fairness f(x) and
f(y) in the unified representation (67) against β in Figure 8.
Again, different values of β may result in different fairness
orderings: fβ(x) ≥ fβ(y) for β ∈ (−∞,−0.8] ∪ [1, 1.8], and
fβ(x) ≤ fβ(y) for β ∈ [−0.8, 1] ∪ [1.8,∞).

C. Properties and Implications
We prove the following properties for fairness measures

derived in this section. Some properties are similar to their
counterparts in Section II-C.

Corollary 18: (Weighted Symmetry.) For a fairness measure
satisfying Axioms 1�–5�, users with equal weights are symmet-
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Properties 

Still Schur-concave

Symmetry and equal-allocation-
maximize-fairness no longer true

Fairness maximizing: 

Robin-Hood operation tilted as above 
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Equal-Fairness Curves

Axioms Weight si Generators Fairness Measures

logarithm sign(r)
�n

i=1

�
xi�n

j=1 xj

�−r

�
xi�n

j=1 xj

�

1–5 wρ(xi)

power sign(r(1− βr)) ·
�
�n

i=1

�
xi�
j xj

�1−βr
� 1

β

logarithm sign(−r)
�n

i=1

�
xi�n

i=j xj

�−rqi

1�–5� (
�

j∈Ii
qj) · wρ(xi)

power sign(−r(1 + rβ)) ·
�
�n

i=1 qi

�
xi�n

j=1 xj

�−rβ
� 1

β

TABLE V
COMPARING FAIRNESS MEASURES SATISFYING AXIOMS 1-5 AND AXIOMS 1�-5� , WITH DIFFERENT CHOICES OF WEIGHTS IN GENERALIZED MEAN

VALUE. NOTE THAT WEIGHTS IN THIS TABLE REMAINS TO BE NORMALIZED BY A FACTOR 1/c, SO THAT
�

i si = 1.
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Fig. 9. Plot of equal fairness curves for n = 2 users. Different combinations
of resource allocation x = [x1, 1−x1] and weight q = [q1, 1− q1] achieve
the same fairness value for f = 1.2, 1.4, 1.6, 1.8, 2.0, 2.2, 2.4, 2.6, 2.8.

this, Figure 9 plots equal fairness curves for n = 2 users with
x = [x1, 1− x1] and q = [q1, 1− q1], i.e.,

{(x1, q1) : fβ([x1, 1− x1], [q1, 1− q1]) = f} , (68)

where β = −2 and f = 1.2, 1.4, . . . , 2.8. Unlike symmetric
fairness measures in Section II, equal fairness curves for
asymmetric fairness measures offer an extra degree of design
freedom: we can choose different user-specific weights from
various considerations including the needs and contributions
of each user.

C. Properties and Implications

We prove the following properties for fairness measures
derived in this section. Some properties are similar to their
counterparts in Section II-C.

Corollary 18: (Weighted Symmetry.) Let π be a permutation
of n elements. For a fairness measure satisfying Axioms 1�–5�,

we have

f(x,q) = f(π(x), π(q)),

for all permutation π.

Corollary 19: (Robin Hood Operations.) For small enough
�, replacing two elements xi and xj with xi − � and xj + �

improves fairness if and only if xi/q
1

rβ+1
i < xj/qj

1
rβ+1 for

fairness measures satisfying Axioms 1�–5�.
Corollary 20: (Most Fair Allocation.) Fairness measure sat-

isfying Axioms 1�–5� is optimized by a resource allocation
vector [q

1
rβ+1
1 , q

1
rβ+1
2 , . . . , q

1
rβ+1
n ].

Corollary 21: (Perturbation of fairness value from slight
change in a user’s resource.) For fairness measures satisfying
Axioms 1�–5�, if we increase resource allocation to user i by
a small amount �, while not changing other users’ allocation,
the fairness measure increases if and only if xi < q

1
rβ+1
i · x̄ =�

qi
�

j xj/
�

j qjx
−rβ
j

� 1
rβ+1

and 0 < � < q
1

rβ+1
i · x̄− xi.

Corollary 22: (Monotonicity with respect to β.) The fair-
ness measures in (67) is negative and decreasing for β ∈
(−1,∞), and positive and increasing for β ∈ (−∞,−1):

∂fβ(x,q)
∂β

≤ 0 for β ∈ (−1,∞), (69)

∂fβ(x,q)
∂β

≥ 0 for β ∈ (−∞,−1). (70)

Most properties have similar forms to their counterparts in
Section II-C, while their implications become user dependent.
The properties of fairness measure (63) can be derived as a
special case from that of fairness measure (64) as β → 0. The
weighted-symmetric property illustrates that user differentia-
tion in Axioms 1�-5� is introduced in terms of user-specific
weights. Users with equal weights are treated equally for
fairness. Corollary 11 is an extension of the Robin Hood
Operation and Schur-concavity property proven in Section II.

V. FAIRNESS-EFFICIENCY UNIFICATION

By removing some of the axioms here — for example,
Axiom (2 and 2�) of Homogeneity that decouples efficiency
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3rd Set of Axioms

Magnitude should matter

What if we remove Axiom of Homogeneity? 

Construct fairness measures F that do not 
decouple efficiency from fairness 

Generalize earlier results 
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Axiom of Starvation 



“Final” Form:

f(x) satisfies Original Axioms 1-5

f(x,q) satisfies 2nd Axioms 1-5
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Existence and uniqueness proved 
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Differences: f or F? 

Equal allocation may not be most fair 
even for equally-weighted users: 

F(1,1)<F(0.5,5) for  

May not be Schur-concave

There exists a minimum degree of 
homogeneity to ensure Pareto efficiency 

β = 0.5, λ = 0.25
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Three Fairness Measures

fβ(x)

fβ(x,q)

Fβ,λ(x,q)



Reverse Engineering f

Which is more fair? 

(1,1)

(x,x+c)

Let’s try the experiment now



Illustrations

Examples from communication networks



Congestion Control

fairness measure is not a function of the feasible region

of allocations. The following two axioms have remained

unchanged throughout the paper: the Axiom of Continuity and

the Axiom of Saturation, thus becoming interesting targets to

further investigate. Furthermore, we have ignored the process

of resource allocation, such as the issues of who makes the

allocation and whether it is made with autonomity of users.

Time and time again, centralized systems with unchecked

power claims to achieve fairness maximizing allocation and

actually produces extreme unfairness. We have also ignored

the long-term evolution of the system where users, intelligent

and sometimes irrational, react to the allocation at any given

time, which further influences the long term efficiency and

fairness of the system. Sharpened connections with other

axiomatic theories in information, economics, and politics are

thus called for.
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APPENDIX

A. Numerical Examples and Illustrations
We use classical problems in congestion control, routing,

power control, and spectrum management to numerically il-

lustrate some of the key points in the paper, including the

use of generalization of α-fairness, fairness-efficiency tradeoff,

fairness during transient behavior of iterative algorithms, and

the impact of user-specific weights.

Fig. 9. A linear network with L links and n = L + 1 flows. All links have

the same capacity of 1 unit.

1) Congestion Control: TCP congestion control in the

Internet has been studied via utility maximization since [7],

[20], with an extensive research literature including papers

focusing on α-fairness. Overviews can be found in e.g., [21],

[22]. The typical optimization problem modeling congestion

control is as follows:

max
x

U(x) (75)

s.t. x ∈ R

where U is a utility function and R is a set of all feasible

resource allocation vectors. We consider the classical example

of a linear network with L links, indexed by l = 1, . . . , L,

and n = L + 1 flows, indexed by i = 0, 1, . . . , L, shown in

Figure 9. Flow i = 0 goes through all the links and sources

i ≥ 1 go through links l = i. All links have the same

capacity of 1 unit. We denote xi to be the rate of flow i.
We will illustrate two points: how a given x can be evaluated

by different fairness measures, and how F acting as the

objective function broadens the trade-off between efficiency

and fairness.

The first example compares different fairness measures for a

given resource allocation x in the linear network with L = 5:

x =
�
1
3
,
2
3
,
2
3
,
2
3
,
2
3
,
2
3

�
. (76)

We illustrate the unified representation Fβ,λ(x) in (73), which

includes symmetric and asymmetric fairness measures devel-

oped in Sections II and IV as subclasses. Figure 10 plots

fairness Fβ,λ(x) against β for 1/λ = 0, 1, 2. Larger λ puts

more emphasis on fairness relative to efficiency. For asym-

metric fairness, user specific weights are given by q0 = 0.5
and qi = 0.1 for i ≥ 1.
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Fig. 10. Plot fairness Fβ,λ(x) derived in (73) in Section V, for β ∈ [−4, 4]
and 1/λ = 0, 1, 2. Both Symmetric and asymmetric fairness measures are

monotonically increasing on β < −1 and decreasing on β > 1.

We observe that symmetric fairness measures change sign at

β = 1, while asymmetric fairness measures change sign at β =
−1. Both symmetric and asymmetric fairness measures are

monotonically increasing on β < −1 and decreasing on β > 1.

For −1 < β < 1, they have different signs and monotonicities.

As in Theorem 13 in Section V, fairness Fβ,λ(x) can be

factorized as the product of a fairness component and an

efficiency component:

Fβ,λ(x) = fβ(x) ·
�

�

i

xi

� 1
λ

(77)

where fairness component fβ(x) is the fairness measures

developed in Sections II and IV, of homogeneous degree 0. For

fixed resource allocation x, parameter β determines the value

of fairness component in (77), while homogeneous degree 1/λ
decides how Fβ,λ(x) scales as efficiency component

�
i xi

increases.

Next, we consider a congestion control problem in linear

network, which is formulated as a maximization of fairness
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Fig. 11. This figure plots optimal rate allocations, their fairness components,
and efficiency components, for congestion control problem (78) with different
degrees of homogeneity 1/λ of the fairness measure. As 1/λ grows, efficiency
component

�
i x∗i increases and skews the optimal rate allocation x∗ away

from an equal allocation, while fairness component fβ(x∗) is monotonically
decreasing.

Fβ,λ(x), a generalization of α-fair utility function, under link
capacity constraints:

max
x

Fβ,λ(x) = fβ(x) ·
�

�

i

xi

� 1
λ

(78)

s.t. x0 + xi ≤ 1, for i = 1, . . . , L.

For β ≥ 0 and 1/λ = β/(1 − β), the optimal rate allocation
maximizing (78) achieves α-fairness for α = β. For 1/λ ≥
β/(1−β), problem (78) is concave after a logarithm change of
objective function, i.e., log Fβ,λ(x). We fix β = 1/2 and solve
(78) for different values of 1/λ. Figure 11 plots optimal rate
allocations x∗ (in terms of x∗0 and x∗i for i ≥ 1), their fairness
components fβ(x∗), and their efficiency components

�
i x∗i ,

all against 1/λ. As 1/λ grows, efficiency component
�

i x∗i
increases and skews the optimal rate allocation away from
the equal allocation: the long flow x0 in the linear network
gets penalized, while short flows xi are favored. At the same
time, fairness component of the objective function decreases.
These observations illustrate the results in Section II-E and
in Section V: degree of homogeneity 1/λ serves as a tradeoff
factor between fairness and efficiency in congestion control.
Different values of 1/λ result in various source algorithms in
dual-based TCP congestion protocols [21], [22].

2) Multi-Commodity Flow Routing: We consider one clas-
sical type of routing problems: maximum multi-commodity
flow on an undirected graph G = (V, E), with given capacity
c(u, v) on each edge (u, v) ∈ E. A multi-commodity flow
instance on G is a set of ordered pairs of vertices (si, di)
for i = 1, 2, . . . , n. Each pair (si, di) represents a commodity
with source si and destination di. The objective of a maxi-
mum multi-commodity flow problem is to maximize the total
throughput of flows traveling from the sources to the corre-
sponding destinations, subject to edge capacity constraints. Let
xi be the throughput of commodity (si, di) and φi(u, v) denote

Fig. 12. This figure shows an undirected graph G = (V, E) with n = 2
commodities, (s1, d1) and (s2, d2). The number next to each edge represents
its capacity. Due to the existence of edge (s2, 1), source s2 can contribute
more to maximum multi-commodity throughput than source s1.

its flow along edge (u, v) ∈ E. Maximum multi-commodity
flow problem is the following one extensively studied since
the 1950s:

max
x,φ

n�

i=1

xi (79)

s.t.
n�

i=1

φi(u, v) ≤ c(u, v), ∀(u, v) ∈ E

φi(u, v) = −φi(v, u), ∀(u, v) ∈ E�

u∈V

φi(u, v) = 0, if v �= si, di

n�

u∈V

φi(si, v) =
n�

u∈V

φi(u, di) = xi. ∀i
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Fig. 13. This figure plots fairness of the maximum multi-commodity flow
solutions against edge capacity c(s2, 1) = y ∈ [0, 1]. Asymmetric fairness
measures fβ(x) in (63) are employed, with parameters r = −1, β = −2, and
commodity specific weights q1 = 1−q2 and q2 = 0.9, 0.8, 0.7, 0.6, 0.5, 0.4.
Increasing y improves fairness only if the weight q2 assigned to commodity 2
is large enough. For each choice of weights, the point that achieves maximum
fairness (over choices of y) are marked by triangles.

For the graph with n = 2 commodities shown in Figure 12,
we vary capacity y from 0 to 1 on edge (s2, 1), to create
an asymmetry between the two commodities. We solve the
maximum multi-commodity flow problem (79) and evaluate
fairness of the resulting solutions x = [x1, x2], using asym-
metric fairness measures fβ(x) derived in (63) in Section IV
with r = −1, β = −2, and commodity specific weights
q1 = 1 − q2 and q2 = 0.9, 0.8, 0.7, 0.6, 0.5, 0.4. The results
are plotted in Figure 13.
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Fig. 11. This figure plots optimal rate allocations, their fairness components,
and efficiency components, for congestion control problem (78) with different
degrees of homogeneity 1/λ of the fairness measure. As 1/λ grows, efficiency
component

�
i x∗i increases and skews the optimal rate allocation x∗ away

from an equal allocation, while fairness component fβ(x∗) is monotonically
decreasing.

Fβ,λ(x), a generalization of α-fair utility function, under link
capacity constraints:

max
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Fβ,λ(x) = fβ(x) ·
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(78)

s.t. x0 + xi ≤ 1, for i = 1, . . . , L.

For β ≥ 0 and 1/λ = β/(1 − β), the optimal rate allocation
maximizing (78) achieves α-fairness for α = β. For 1/λ ≥
β/(1−β), problem (78) is concave after a logarithm change of
objective function, i.e., log Fβ,λ(x). We fix β = 1/2 and solve
(78) for different values of 1/λ. Figure 11 plots optimal rate
allocations x∗ (in terms of x∗0 and x∗i for i ≥ 1), their fairness
components fβ(x∗), and their efficiency components

�
i x∗i ,

all against 1/λ. As 1/λ grows, efficiency component
�

i x∗i
increases and skews the optimal rate allocation away from
the equal allocation: the long flow x0 in the linear network
gets penalized, while short flows xi are favored. At the same
time, fairness component of the objective function decreases.
These observations illustrate the results in Section II-E and
in Section V: degree of homogeneity 1/λ serves as a tradeoff
factor between fairness and efficiency in congestion control.
Different values of 1/λ result in various source algorithms in
dual-based TCP congestion protocols [21], [22].

2) Multi-Commodity Flow Routing: We consider one clas-
sical type of routing problems: maximum multi-commodity
flow on an undirected graph G = (V, E), with given capacity
c(u, v) on each edge (u, v) ∈ E. A multi-commodity flow
instance on G is a set of ordered pairs of vertices (si, di)
for i = 1, 2, . . . , n. Each pair (si, di) represents a commodity
with source si and destination di. The objective of a maxi-
mum multi-commodity flow problem is to maximize the total
throughput of flows traveling from the sources to the corre-
sponding destinations, subject to edge capacity constraints. Let
xi be the throughput of commodity (si, di) and φi(u, v) denote

Fig. 12. This figure shows an undirected graph G = (V, E) with n = 2
commodities, (s1, d1) and (s2, d2). The number next to each edge represents
its capacity. Due to the existence of edge (s2, 1), source s2 can contribute
more to maximum multi-commodity throughput than source s1.

its flow along edge (u, v) ∈ E. Maximum multi-commodity
flow problem is the following one extensively studied since
the 1950s:

max
x,φ
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Fig. 13. This figure plots fairness of the maximum multi-commodity flow
solutions against edge capacity c(s2, 1) = y ∈ [0, 1]. Asymmetric fairness
measures fβ(x) in (63) are employed, with parameters r = −1, β = −2, and
commodity specific weights q1 = 1−q2 and q2 = 0.9, 0.8, 0.7, 0.6, 0.5, 0.4.
Increasing y improves fairness only if the weight q2 assigned to commodity 2
is large enough. For each choice of weights, the point that achieves maximum
fairness (over choices of y) are marked by triangles.

For the graph with n = 2 commodities shown in Figure 12,
we vary capacity y from 0 to 1 on edge (s2, 1), to create
an asymmetry between the two commodities. We solve the
maximum multi-commodity flow problem (79) and evaluate
fairness of the resulting solutions x = [x1, x2], using asym-
metric fairness measures fβ(x) derived in (63) in Section IV
with r = −1, β = −2, and commodity specific weights
q1 = 1 − q2 and q2 = 0.9, 0.8, 0.7, 0.6, 0.5, 0.4. The results
are plotted in Figure 13.
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s.t. x0 + xi ≤ 1, for i = 1, . . . , L.

For β ≥ 0 and 1/λ = β/(1 − β), the optimal rate allocation
maximizing (78) achieves α-fairness for α = β. For 1/λ ≥
β/(1−β), problem (78) is concave after a logarithm change of
objective function, i.e., log Fβ,λ(x). We fix β = 1/2 and solve
(78) for different values of 1/λ. Figure 11 plots optimal rate
allocations x∗ (in terms of x∗0 and x∗i for i ≥ 1), their fairness
components fβ(x∗), and their efficiency components
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all against 1/λ. As 1/λ grows, efficiency component
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i x∗i
increases and skews the optimal rate allocation away from
the equal allocation: the long flow x0 in the linear network
gets penalized, while short flows xi are favored. At the same
time, fairness component of the objective function decreases.
These observations illustrate the results in Section II-E and
in Section V: degree of homogeneity 1/λ serves as a tradeoff
factor between fairness and efficiency in congestion control.
Different values of 1/λ result in various source algorithms in
dual-based TCP congestion protocols [21], [22].

2) Multi-Commodity Flow Routing: We consider one clas-
sical type of routing problems: maximum multi-commodity
flow on an undirected graph G = (V, E), with given capacity
c(u, v) on each edge (u, v) ∈ E. A multi-commodity flow
instance on G is a set of ordered pairs of vertices (si, di)
for i = 1, 2, . . . , n. Each pair (si, di) represents a commodity
with source si and destination di. The objective of a maxi-
mum multi-commodity flow problem is to maximize the total
throughput of flows traveling from the sources to the corre-
sponding destinations, subject to edge capacity constraints. Let
xi be the throughput of commodity (si, di) and φi(u, v) denote

Fig. 12. This figure shows an undirected graph G = (V, E) with n = 2
commodities, (s1, d1) and (s2, d2). The number next to each edge represents
its capacity. Due to the existence of edge (s2, 1), source s2 can contribute
more to maximum multi-commodity throughput than source s1.

its flow along edge (u, v) ∈ E. Maximum multi-commodity
flow problem is the following one extensively studied since
the 1950s:
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solutions against edge capacity c(s2, 1) = y ∈ [0, 1]. Asymmetric fairness
measures fβ(x) in (63) are employed, with parameters r = −1, β = −2, and
commodity specific weights q1 = 1−q2 and q2 = 0.9, 0.8, 0.7, 0.6, 0.5, 0.4.
Increasing y improves fairness only if the weight q2 assigned to commodity 2
is large enough. For each choice of weights, the point that achieves maximum
fairness (over choices of y) are marked by triangles.

For the graph with n = 2 commodities shown in Figure 12,
we vary capacity y from 0 to 1 on edge (s2, 1), to create
an asymmetry between the two commodities. We solve the
maximum multi-commodity flow problem (79) and evaluate
fairness of the resulting solutions x = [x1, x2], using asym-
metric fairness measures fβ(x) derived in (63) in Section IV
with r = −1, β = −2, and commodity specific weights
q1 = 1 − q2 and q2 = 0.9, 0.8, 0.7, 0.6, 0.5, 0.4. The results
are plotted in Figure 13.
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s.t. x0 + xi ≤ 1, for i = 1, . . . , L.

For β ≥ 0 and 1/λ = β/(1 − β), the optimal rate allocation
maximizing (78) achieves α-fairness for α = β. For 1/λ ≥
β/(1−β), problem (78) is concave after a logarithm change of
objective function, i.e., log Fβ,λ(x). We fix β = 1/2 and solve
(78) for different values of 1/λ. Figure 11 plots optimal rate
allocations x∗ (in terms of x∗0 and x∗i for i ≥ 1), their fairness
components fβ(x∗), and their efficiency components
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i x∗i ,

all against 1/λ. As 1/λ grows, efficiency component
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i x∗i
increases and skews the optimal rate allocation away from
the equal allocation: the long flow x0 in the linear network
gets penalized, while short flows xi are favored. At the same
time, fairness component of the objective function decreases.
These observations illustrate the results in Section II-E and
in Section V: degree of homogeneity 1/λ serves as a tradeoff
factor between fairness and efficiency in congestion control.
Different values of 1/λ result in various source algorithms in
dual-based TCP congestion protocols [21], [22].

2) Multi-Commodity Flow Routing: We consider one clas-
sical type of routing problems: maximum multi-commodity
flow on an undirected graph G = (V, E), with given capacity
c(u, v) on each edge (u, v) ∈ E. A multi-commodity flow
instance on G is a set of ordered pairs of vertices (si, di)
for i = 1, 2, . . . , n. Each pair (si, di) represents a commodity
with source si and destination di. The objective of a maxi-
mum multi-commodity flow problem is to maximize the total
throughput of flows traveling from the sources to the corre-
sponding destinations, subject to edge capacity constraints. Let
xi be the throughput of commodity (si, di) and φi(u, v) denote

Fig. 12. This figure shows an undirected graph G = (V, E) with n = 2
commodities, (s1, d1) and (s2, d2). The number next to each edge represents
its capacity. Due to the existence of edge (s2, 1), source s2 can contribute
more to maximum multi-commodity throughput than source s1.

its flow along edge (u, v) ∈ E. Maximum multi-commodity
flow problem is the following one extensively studied since
the 1950s:

max
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measures fβ(x) in (63) are employed, with parameters r = −1, β = −2, and
commodity specific weights q1 = 1−q2 and q2 = 0.9, 0.8, 0.7, 0.6, 0.5, 0.4.
Increasing y improves fairness only if the weight q2 assigned to commodity 2
is large enough. For each choice of weights, the point that achieves maximum
fairness (over choices of y) are marked by triangles.

For the graph with n = 2 commodities shown in Figure 12,
we vary capacity y from 0 to 1 on edge (s2, 1), to create
an asymmetry between the two commodities. We solve the
maximum multi-commodity flow problem (79) and evaluate
fairness of the resulting solutions x = [x1, x2], using asym-
metric fairness measures fβ(x) derived in (63) in Section IV
with r = −1, β = −2, and commodity specific weights
q1 = 1 − q2 and q2 = 0.9, 0.8, 0.7, 0.6, 0.5, 0.4. The results
are plotted in Figure 13.
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Due to the existence of edge (s2, 1), source s2 contributes
more to maximum multi-commodity throughput than source
s1. Figure 13 shows that this contribution improves fairness
only if the weight q2 assigned to commodity 2 is large
enough. When q1 ≥ q2, increasing capacity y always reduces
fairness, an objectionable outcome. For y ∈ [0, 1], we derive
the solution to the maximum commodity flow problem (79)
as x = [1, 1 + y]. Using Corollary 21 in Section IV, in
order to have a monotonic relationship between fairness fβ(x)
and capacity y ∈ [0, t], we need to choose weights [q1, q2]
satisfying

q2

q1
≥ (1 + t)1+rβ . (80)

This closed-form bound quantifies the argument that sources
contributing more to maximum multi-commodity throughput
should be given higher weights, if we want their contribution to
have a positive impact on fairness. Larger the range of capacity
y for which this needs to hold, larger the ratio q2/q1 needs
to be.
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Fig. 14. Plot evolution of users’ SINR over time t, using the distributed
power control algorithm [19]. Transmit power is updated according to (82)
every 0.05 second. Channel matrix G is updated every 1 second.

3) Power Control: Transmit power control is a key design
challenge in wireless cellular networks since the 1990s, with
a vast literature on optimization problem formulations and
algorithms, e.g., as surveyed in [23]. We use different fairness
measures to evaluate a wireless power control system. Con-
sider a wireless cellular network with n users, each served
by a different logical link from the mobile device to the base
station. Let pj be the transmit power of user j and Gij denote
the channel gain from the transmitter of logical channel j to
the receiver of logical channel i. Therefore, interference caused
from user j to user i has power Gij ·pj . Signal-To-Interference-
Noise-Ratio (SINR) for user i’s link is defined as:

γi =
Gii · pi�

j �=i Gij · pj + σ2
, for i = 1, . . . , n, (81)

where σ2 denotes noise power on this link. Much of the study
on cellular network power control started in 1992 with a series
of results that minimize total transmit power

�
i pi for a fixed,

feasible SINR target γ∗.

We consider the widely adopted distributed power control
algorithm [19], which iteratively updates user’s transmit power
to achieve SINR target γ∗. In this iterative algorithm with each
iteration indexed by integer k, each user only needs to monitor
its individual received SINR and then update its transmit power
by

pi[k] =
γ∗i

γ[k − 1]
pi[k − 1], for i = 1, . . . , n, (82)

independently and possibly asynchronously. Intuitively, each
user i increases its power when its SINR is below target γ∗i and
decreases it otherwise. We run this algorithm, for n = 3 and a
channel matrix G draw from a i.i.d. Gaussian distribution with
0 mean and variance 1. The channels are changed every second
due to variations of the wireless propagation environment. We
choose SINR target γ∗ = [1, 2, 3] and update transmit power
according to (82) every 0.05 second. The resulting evolution
of users’ SINR over time t is illustrated in 14.

0 0.5 1 1.5 2 2.5 3 3.5 4
!0.6

!0.4

!0.2

0

0.2

0.4

0.6

0.8

time t

Fa
irn

es
s f

 

 

Fairness (9)
Fairness (10), !=!2,!5
Fairness (63)
Fairness (64), !=!2,!5

Fig. 15. Use different fairness measures to evaluate a wireless power control
system, which runs a iterative power update algorithm for a fixed, feasible
SINR assignment [19]. Fairness for system snapshots are plotted against time
t. As |β| increases, fairness value becomes more sensitive to resource changes
during system transit states.

First, we take a snapshot of the network at each time t
and evaluate fairness of the instantaneous SINR assignment,
i.e., f(γ). We choose r = −1 and β = −2,−5 for fairness
measures (10) and (64), generated by power functions. For
asymmetric fairness measures (63) and (64), we choose weight
q = [1/6, 1/3, 1/2] and q = [0.03, 0.22, 0.75] in (63) and (64)
respectively, so that fairness f(γ) is maximized at target SINR
as in Corollary 13.

As shown in Figure 15, at time t = 1, 2, 3, fairness of
the system fluctuates due to the fluctuation of channel matrix
G. Fairness measures (10) and (64) with β = −5 are more
sensitive during transit states than that of β = −2, while
fairness measures (9) and (63) with β = 0 are least sensi-
tive. This illustrates the analysis in Section II-D that smaller
parameter β suggests a stricter notion of fairness: fairness
value becomes more sensitive to resource change. If we choose
user-specific weights in asymmetric fairness measures so that
fairness is maximized at target SINR, the distributed power
control algorithm can be viewed as maximizing (asymmetric)
fairness of the network.
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Due to the existence of edge (s2, 1), source s2 contributes
more to maximum multi-commodity throughput than source
s1. Figure 13 shows that this contribution improves fairness
only if the weight q2 assigned to commodity 2 is large
enough. When q1 ≥ q2, increasing capacity y always reduces
fairness, an objectionable outcome. For y ∈ [0, 1], we derive
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every 0.05 second. Channel matrix G is updated every 1 second.

3) Power Control: Transmit power control is a key design
challenge in wireless cellular networks since the 1990s, with
a vast literature on optimization problem formulations and
algorithms, e.g., as surveyed in [23]. We use different fairness
measures to evaluate a wireless power control system. Con-
sider a wireless cellular network with n users, each served
by a different logical link from the mobile device to the base
station. Let pj be the transmit power of user j and Gij denote
the channel gain from the transmitter of logical channel j to
the receiver of logical channel i. Therefore, interference caused
from user j to user i has power Gij ·pj . Signal-To-Interference-
Noise-Ratio (SINR) for user i’s link is defined as:

γi =
Gii · pi�

j �=i Gij · pj + σ2
, for i = 1, . . . , n, (81)

where σ2 denotes noise power on this link. Much of the study
on cellular network power control started in 1992 with a series
of results that minimize total transmit power
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i pi for a fixed,

feasible SINR target γ∗.

We consider the widely adopted distributed power control
algorithm [19], which iteratively updates user’s transmit power
to achieve SINR target γ∗. In this iterative algorithm with each
iteration indexed by integer k, each user only needs to monitor
its individual received SINR and then update its transmit power
by

pi[k] =
γ∗i

γ[k − 1]
pi[k − 1], for i = 1, . . . , n, (82)

independently and possibly asynchronously. Intuitively, each
user i increases its power when its SINR is below target γ∗i and
decreases it otherwise. We run this algorithm, for n = 3 and a
channel matrix G draw from a i.i.d. Gaussian distribution with
0 mean and variance 1. The channels are changed every second
due to variations of the wireless propagation environment. We
choose SINR target γ∗ = [1, 2, 3] and update transmit power
according to (82) every 0.05 second. The resulting evolution
of users’ SINR over time t is illustrated in 14.
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First, we take a snapshot of the network at each time t
and evaluate fairness of the instantaneous SINR assignment,
i.e., f(γ). We choose r = −1 and β = −2,−5 for fairness
measures (10) and (64), generated by power functions. For
asymmetric fairness measures (63) and (64), we choose weight
q = [1/6, 1/3, 1/2] and q = [0.03, 0.22, 0.75] in (63) and (64)
respectively, so that fairness f(γ) is maximized at target SINR
as in Corollary 13.

As shown in Figure 15, at time t = 1, 2, 3, fairness of
the system fluctuates due to the fluctuation of channel matrix
G. Fairness measures (10) and (64) with β = −5 are more
sensitive during transit states than that of β = −2, while
fairness measures (9) and (63) with β = 0 are least sensi-
tive. This illustrates the analysis in Section II-D that smaller
parameter β suggests a stricter notion of fairness: fairness
value becomes more sensitive to resource change. If we choose
user-specific weights in asymmetric fairness measures so that
fairness is maximized at target SINR, the distributed power
control algorithm can be viewed as maximizing (asymmetric)
fairness of the network.
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Due to the existence of edge (s2, 1), source s2 contributes
more to maximum multi-commodity throughput than source
s1. Figure 13 shows that this contribution improves fairness
only if the weight q2 assigned to commodity 2 is large
enough. When q1 ≥ q2, increasing capacity y always reduces
fairness, an objectionable outcome. For y ∈ [0, 1], we derive
the solution to the maximum commodity flow problem (79)
as x = [1, 1 + y]. Using Corollary 21 in Section IV, in
order to have a monotonic relationship between fairness fβ(x)
and capacity y ∈ [0, t], we need to choose weights [q1, q2]
satisfying
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≥ (1 + t)1+rβ . (80)

This closed-form bound quantifies the argument that sources
contributing more to maximum multi-commodity throughput
should be given higher weights, if we want their contribution to
have a positive impact on fairness. Larger the range of capacity
y for which this needs to hold, larger the ratio q2/q1 needs
to be.
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power control algorithm [19]. Transmit power is updated according to (82)
every 0.05 second. Channel matrix G is updated every 1 second.

3) Power Control: Transmit power control is a key design
challenge in wireless cellular networks since the 1990s, with
a vast literature on optimization problem formulations and
algorithms, e.g., as surveyed in [23]. We use different fairness
measures to evaluate a wireless power control system. Con-
sider a wireless cellular network with n users, each served
by a different logical link from the mobile device to the base
station. Let pj be the transmit power of user j and Gij denote
the channel gain from the transmitter of logical channel j to
the receiver of logical channel i. Therefore, interference caused
from user j to user i has power Gij ·pj . Signal-To-Interference-
Noise-Ratio (SINR) for user i’s link is defined as:

γi =
Gii · pi�

j �=i Gij · pj + σ2
, for i = 1, . . . , n, (81)

where σ2 denotes noise power on this link. Much of the study
on cellular network power control started in 1992 with a series
of results that minimize total transmit power

�
i pi for a fixed,

feasible SINR target γ∗.

We consider the widely adopted distributed power control
algorithm [19], which iteratively updates user’s transmit power
to achieve SINR target γ∗. In this iterative algorithm with each
iteration indexed by integer k, each user only needs to monitor
its individual received SINR and then update its transmit power
by

pi[k] =
γ∗i

γ[k − 1]
pi[k − 1], for i = 1, . . . , n, (82)

independently and possibly asynchronously. Intuitively, each
user i increases its power when its SINR is below target γ∗i and
decreases it otherwise. We run this algorithm, for n = 3 and a
channel matrix G draw from a i.i.d. Gaussian distribution with
0 mean and variance 1. The channels are changed every second
due to variations of the wireless propagation environment. We
choose SINR target γ∗ = [1, 2, 3] and update transmit power
according to (82) every 0.05 second. The resulting evolution
of users’ SINR over time t is illustrated in 14.
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Fig. 15. Use different fairness measures to evaluate a wireless power control
system, which runs a iterative power update algorithm for a fixed, feasible
SINR assignment [19]. Fairness for system snapshots are plotted against time
t. As |β| increases, fairness value becomes more sensitive to resource changes
during system transit states.

First, we take a snapshot of the network at each time t
and evaluate fairness of the instantaneous SINR assignment,
i.e., f(γ). We choose r = −1 and β = −2,−5 for fairness
measures (10) and (64), generated by power functions. For
asymmetric fairness measures (63) and (64), we choose weight
q = [1/6, 1/3, 1/2] and q = [0.03, 0.22, 0.75] in (63) and (64)
respectively, so that fairness f(γ) is maximized at target SINR
as in Corollary 13.

As shown in Figure 15, at time t = 1, 2, 3, fairness of
the system fluctuates due to the fluctuation of channel matrix
G. Fairness measures (10) and (64) with β = −5 are more
sensitive during transit states than that of β = −2, while
fairness measures (9) and (63) with β = 0 are least sensi-
tive. This illustrates the analysis in Section II-D that smaller
parameter β suggests a stricter notion of fairness: fairness
value becomes more sensitive to resource change. If we choose
user-specific weights in asymmetric fairness measures so that
fairness is maximized at target SINR, the distributed power
control algorithm can be viewed as maximizing (asymmetric)
fairness of the network.
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Due to the existence of edge (s2, 1), source s2 contributes
more to maximum multi-commodity throughput than source
s1. Figure 13 shows that this contribution improves fairness
only if the weight q2 assigned to commodity 2 is large
enough. When q1 ≥ q2, increasing capacity y always reduces
fairness, an objectionable outcome. For y ∈ [0, 1], we derive
the solution to the maximum commodity flow problem (79)
as x = [1, 1 + y]. Using Corollary 21 in Section IV, in
order to have a monotonic relationship between fairness fβ(x)
and capacity y ∈ [0, t], we need to choose weights [q1, q2]
satisfying

q2

q1
≥ (1 + t)1+rβ . (80)

This closed-form bound quantifies the argument that sources
contributing more to maximum multi-commodity throughput
should be given higher weights, if we want their contribution to
have a positive impact on fairness. Larger the range of capacity
y for which this needs to hold, larger the ratio q2/q1 needs
to be.
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by a different logical link from the mobile device to the base
station. Let pj be the transmit power of user j and Gij denote
the channel gain from the transmitter of logical channel j to
the receiver of logical channel i. Therefore, interference caused
from user j to user i has power Gij ·pj . Signal-To-Interference-
Noise-Ratio (SINR) for user i’s link is defined as:
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, for i = 1, . . . , n, (81)

where σ2 denotes noise power on this link. Much of the study
on cellular network power control started in 1992 with a series
of results that minimize total transmit power
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i pi for a fixed,

feasible SINR target γ∗.

We consider the widely adopted distributed power control
algorithm [19], which iteratively updates user’s transmit power
to achieve SINR target γ∗. In this iterative algorithm with each
iteration indexed by integer k, each user only needs to monitor
its individual received SINR and then update its transmit power
by

pi[k] =
γ∗i

γ[k − 1]
pi[k − 1], for i = 1, . . . , n, (82)

independently and possibly asynchronously. Intuitively, each
user i increases its power when its SINR is below target γ∗i and
decreases it otherwise. We run this algorithm, for n = 3 and a
channel matrix G draw from a i.i.d. Gaussian distribution with
0 mean and variance 1. The channels are changed every second
due to variations of the wireless propagation environment. We
choose SINR target γ∗ = [1, 2, 3] and update transmit power
according to (82) every 0.05 second. The resulting evolution
of users’ SINR over time t is illustrated in 14.
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during system transit states.

First, we take a snapshot of the network at each time t
and evaluate fairness of the instantaneous SINR assignment,
i.e., f(γ). We choose r = −1 and β = −2,−5 for fairness
measures (10) and (64), generated by power functions. For
asymmetric fairness measures (63) and (64), we choose weight
q = [1/6, 1/3, 1/2] and q = [0.03, 0.22, 0.75] in (63) and (64)
respectively, so that fairness f(γ) is maximized at target SINR
as in Corollary 13.

As shown in Figure 15, at time t = 1, 2, 3, fairness of
the system fluctuates due to the fluctuation of channel matrix
G. Fairness measures (10) and (64) with β = −5 are more
sensitive during transit states than that of β = −2, while
fairness measures (9) and (63) with β = 0 are least sensi-
tive. This illustrates the analysis in Section II-D that smaller
parameter β suggests a stricter notion of fairness: fairness
value becomes more sensitive to resource change. If we choose
user-specific weights in asymmetric fairness measures so that
fairness is maximized at target SINR, the distributed power
control algorithm can be viewed as maximizing (asymmetric)
fairness of the network.
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Fig. 16. Use F(γi,t∈[0,T ]) in (40) to quantify fairness of users’ SINR

distributions over time. We choose r = 1 and compute fairness F for users

i = 1, 2, 3 for β = −2 and β = −5. User 1’s SINR distribution over time

is most fair.

Another approach to analyze fairness values aggregated over

time is to start with time series of users’ SINR and quantify

fairness of SINR distributions over time. Let γi,t∈[0,T ] be user

i’s SINR distribution over time [0, T ]. We use fairness measure

(40) in Section III to evaluate γi,t∈[0,T ]:

F(γi,t∈[0,T ]) = sign(r(1− βr)) ·
�

1
T

� T

t=0
(γi,t/µ)1−βr dt

� 1
β

.

We choose r = 1 and compute fairness F for users i = 1, 2, 3
for two different choices of parameters: β = −2 and β = −5.

Fairness measure F for this range is generalized Jain’s index

with continuous-dimensional resource distributions. Fairness

value for different users’ SINR distributions are shown in

Figure 16. In this case, what matters is how stable (small

magnitude of fluctuation) is γ during the transient stage after

channel change. User 1’s SINR is most stable over the transient

stage in Figure 14. Therefore, it chieves the maximum fairness

of F = 0.89 for β = −2 among the three users in the

network. User 3’s SINR is most fluctuating over time. It is

most unfair with F = 0.18. Although β = −2 and β = −5
gives different fairness values, the fairness ordering of users

remains unchanged.

Fig. 17. A network consisting of n = 6 DSL users (i.e., lines). Near-far

crosstalk occurs when a user (e.g., line 6) enjoying a good channel close to

the receiver interferes with the received signal of a user (e.g., line 4) further

away having a worse channel. Crosstalk may be mitigated by power control

over the frequency bands, i.e., spectrum management.

4) Rate-Power Tradeoff in Spectrum Management: When

power control takes place over multiple frequency bands, it

is often called spectrum management. It arises in both Or-

thogonal Frequency-Division Multiplexing (OFDM) wireless

networks and Digital-Subscriber-Line (DSL) broadband access

networks. In the past decade, it has become one of the most

effective solutions in engineering next generation DSL [24].

We consider a network consisting of n interfering DSL

users (i.e., lines), depicted in Figure 17, with a standard

synchronous discrete multi-tone (DMT) modulation of K
tones (i.e., frequency bands). Let pk

i be the transmit power of

user i on tone k and pi =
�

k pk
i be his total transmit power.

We denote Gk
to be an n × n channel gain matrix, whose

(i, j)’th element is the channel gain from transmitter modem

i to receiver modem j on tome k. The diagonal elements of

Gk
are the direct channels and the off-diagonal elements are

the crosstalk channels. The data rate of user i on tone k is

defined as:

bk
i = ψk

i (Gk,pk) � log

�
1 +

1
Γ

Gk
ii · pk

i�
j �=i Gk

ij · pk
j + σk

i

�
, (83)

where ψk
i (·) is a data rate function for user i on tone k, σk

i

denotes the corresponding noise power, and Γ is the SNR-

gap to capacity, which is a function of bit error rate, coding

gain, and noise margin. Let η be the DMT symbol rate. Total

achievable data rate of user i is given by

Ri = η ·
K�

k=1

bk
i = η ·

K�

k=1

ψk
i (Gk,pk) (84)

The goal of DSL spectrum management is to allocate each

user’s transmit powers over K tones to optimize certain design

objectives and satisfy certain constraints. One of the recent

spectrum management challenges is to strike a proper tradeoff

between power-consumption and total rate of the network. In

order to reduce power consumed, rates achieved by the users

need to be decreased, and decreased by different amounts

for different users. Since rates are interference-limited as in

(83) and location of users put them into different interference

environment (i.e., different Gk
ij), an interesting question is

to quantify fairness of rate-reduction. In [25], the following

optimization problem is formulated and solved to enforce a

certain notion of fairness:

max
{pk

i ,Ri}

n�

i=1

Ri (85)

s.t. pi =
K�

k=1

pk
i ≤ pi,max, for i = 1, . . . , n

Ri = η ·
K�

k=1

ψk
i (Gk,pk), for i = 1, . . . , n

Ri

Ro
i

/
pi

pi,max
= ρ, for i = 1, . . . , n

where [Ro
1, R

o
2, . . . , R

o
n] is a given rate allocation vector some-

where on the boundary of feasible rate region, pi,max is the

given transmit power budget of user i, and ρ > 0 is a positive

constant.

The notion of fairness enforced by the third constraint

in optimization problem (85) is based on the following ad
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Fig. 16. Use F(γi,t∈[0,T ]) in (40) to quantify fairness of users’ SINR

distributions over time. We choose r = 1 and compute fairness F for users

i = 1, 2, 3 for β = −2 and β = −5. User 1’s SINR distribution over time

is most fair.

Another approach to analyze fairness values aggregated over

time is to start with time series of users’ SINR and quantify

fairness of SINR distributions over time. Let γi,t∈[0,T ] be user

i’s SINR distribution over time [0, T ]. We use fairness measure

(40) in Section III to evaluate γi,t∈[0,T ]:

F(γi,t∈[0,T ]) = sign(r(1− βr)) ·
�

1
T

� T

t=0
(γi,t/µ)1−βr dt

� 1
β

.

We choose r = 1 and compute fairness F for users i = 1, 2, 3
for two different choices of parameters: β = −2 and β = −5.

Fairness measure F for this range is generalized Jain’s index

with continuous-dimensional resource distributions. Fairness

value for different users’ SINR distributions are shown in

Figure 16. In this case, what matters is how stable (small

magnitude of fluctuation) is γ during the transient stage after

channel change. User 1’s SINR is most stable over the transient

stage in Figure 14. Therefore, it chieves the maximum fairness

of F = 0.89 for β = −2 among the three users in the

network. User 3’s SINR is most fluctuating over time. It is

most unfair with F = 0.18. Although β = −2 and β = −5
gives different fairness values, the fairness ordering of users

remains unchanged.

Fig. 17. A network consisting of n = 6 DSL users (i.e., lines). Near-far

crosstalk occurs when a user (e.g., line 6) enjoying a good channel close to

the receiver interferes with the received signal of a user (e.g., line 4) further

away having a worse channel. Crosstalk may be mitigated by power control

over the frequency bands, i.e., spectrum management.

4) Rate-Power Tradeoff in Spectrum Management: When

power control takes place over multiple frequency bands, it

is often called spectrum management. It arises in both Or-

thogonal Frequency-Division Multiplexing (OFDM) wireless

networks and Digital-Subscriber-Line (DSL) broadband access

networks. In the past decade, it has become one of the most

effective solutions in engineering next generation DSL [24].

We consider a network consisting of n interfering DSL

users (i.e., lines), depicted in Figure 17, with a standard

synchronous discrete multi-tone (DMT) modulation of K
tones (i.e., frequency bands). Let pk

i be the transmit power of

user i on tone k and pi =
�

k pk
i be his total transmit power.

We denote Gk
to be an n × n channel gain matrix, whose

(i, j)’th element is the channel gain from transmitter modem

i to receiver modem j on tome k. The diagonal elements of

Gk
are the direct channels and the off-diagonal elements are

the crosstalk channels. The data rate of user i on tone k is

defined as:

bk
i = ψk

i (Gk,pk) � log

�
1 +

1
Γ

Gk
ii · pk

i�
j �=i Gk

ij · pk
j + σk
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�
, (83)

where ψk
i (·) is a data rate function for user i on tone k, σk

i

denotes the corresponding noise power, and Γ is the SNR-

gap to capacity, which is a function of bit error rate, coding

gain, and noise margin. Let η be the DMT symbol rate. Total

achievable data rate of user i is given by

Ri = η ·
K�

k=1

bk
i = η ·

K�

k=1

ψk
i (Gk,pk) (84)

The goal of DSL spectrum management is to allocate each

user’s transmit powers over K tones to optimize certain design

objectives and satisfy certain constraints. One of the recent

spectrum management challenges is to strike a proper tradeoff

between power-consumption and total rate of the network. In

order to reduce power consumed, rates achieved by the users

need to be decreased, and decreased by different amounts

for different users. Since rates are interference-limited as in

(83) and location of users put them into different interference

environment (i.e., different Gk
ij), an interesting question is

to quantify fairness of rate-reduction. In [25], the following

optimization problem is formulated and solved to enforce a

certain notion of fairness:

max
{pk

i ,Ri}

n�

i=1

Ri (85)

s.t. pi =
K�

k=1

pk
i ≤ pi,max, for i = 1, . . . , n

Ri = η ·
K�

k=1

ψk
i (Gk,pk), for i = 1, . . . , n

Ri

Ro
i

/
pi

pi,max
= ρ, for i = 1, . . . , n

where [Ro
1, R

o
2, . . . , R

o
n] is a given rate allocation vector some-

where on the boundary of feasible rate region, pi,max is the

given transmit power budget of user i, and ρ > 0 is a positive

constant.

The notion of fairness enforced by the third constraint

in optimization problem (85) is based on the following ad
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hoc argument: the ratio of each user’s percentage data rate

decrement to her percentage transmit power decrement should

be the same across the users.

We use the algorithm and data in [25] to illustrate further

uses of the axiomatically constructed fairness measures in the

paper. The topology is as shown in Figure 17. The channel

model in [25] has the following parameters: Twisted pair

lines have a diameter of 0.5 mm. Transmit power budget is

pi,max =20.4 dBm for each user. SNR gap Γ is 12.9 dB,

corresponding to a coding gain of 3 dB, a noise margin of

6 dB, and a target symbol error probability of 10−7
. Tone

spacing is 4.3125 kHz. DMT symbol rate is η =4 kHz.

There are three points we will illustrate. First, the “propor-

tional” style fairness in (85) can be quantified using fairness

measure f . Second, using f we can quantify the tradeoff

between reducing power and the fairness of doing so. Third,

asymmetric fairness measures are usefuls in weighing different

users based on her location.
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Fig. 18. Plot optimal (normalized and unnormalized) data rates and power

usages, solving (85). Normalized data rates and power usages achieve a large

fairness value f = 5.9062, while fairness of data rates is smaller, due to an

near-far effect in the network.

First, we solve problem (85) with ρ = 1.75 and plot the

distributions of the optimal data rate and transmit power across

different users in Figure 18. The ratio of normalized data rates

to normalized power usage is proportional for all users, due

to the third constraint in (85). The optimal solution to (85)

achieves the same fairness for the rate reduction vector and

the power reduction vector , i.e.,

f

�
R1

Ro
1

, . . . ,
R1

Ro
1

�
= f

�
p1

p1,max
, . . . ,

pn

pn,max

�
= 5.9062 (86)

where we choose f to be the symmetric fairness measure (10)

in Section II with β = −2. This fairness value is only 0.1 (i.e.,

2%) away from maximum fairness f = 6. It is (almost) β =
−2 fair. We also observe that fairness of data rate distribution

is much smaller:

f (R1, . . . , Rn) = 4.5313. (87)

This is due to the near far near-far effect in the DSL network.

Next, we solve (85) with different constant ρ > 0 and let

the resulting normalized total power
�

i pi/
�

i pi,max in the

optimal solution vary between 0.2 and 1. Figure 19 plots the

corresponding fairness of (normalized and unnormalized) data

rate distributions in each optimal solution, using the same

symmetric fairness measure with β = −2. It illustrates a

tradeoff between fairness and the amount of power reduction:

fairness improves as normalized total power
�

i pi/
�

i pi,max

increases from 0.2 (i.e., an 80% power reduction) to 1 (i.e.,

no power reduction). Again, data rates are less fair than

normalized data rates due to the near-far effect.
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Fig. 19. Tradeoff between reducing power and fairness in doing so,

i.e., fairness of (normalized and unnormalized) data rate distributions vs.

normalized total power
�

i pi/
�

i pi,max. Fairness improves as normalized

total power increases from 0.2 (80% power reduction) to 1 (no power

reduction).

Finally, consider R∗
i , user i’s optimal data rate in problem

(85). It is larger for the more advantageously-located users. If

we consider the family of asymmetric fairness measures (64)

in Section IV, according to Corollary 20, {R∗
i } also maximizes

the following asymmetric fairness measure f(R1, . . . , Rn),
where a higher weight is assigned to a user with larger optimal

data rate, with the following choice of user specific weights:

qi = (R∗
i )

rβ+1, for i = 1, . . . , n. (88)

B. Related Axiomatic Theories
Forcing metrics of important notions to be the inevitable

consequence of simple statements is a practice commonly

found in mathematical way of thinking. Here we compare

and contrast with several axiomatic theories in information,

economics, and political philosophy, most of which are quan-

titative and one qualitative. We show that fairness measures in

this paper is a generalization of Renyi entropy, and a special

case of Lorenz curve ordering. Axioms here are contrasted

with those in Nash bargaining solution and in Shapley value,

with their potential interacitons to be studied in future work.

1) Renyi Entropy: Renyi entropy is a family of functionals

quantifying the uncertainty or randomness of generalized prob-

ability distributions, developed in 1960 [26]. Renyi entropy is

derived from a set of five axioms as follows:

20

hoc argument: the ratio of each user’s percentage data rate

decrement to her percentage transmit power decrement should

be the same across the users.

We use the algorithm and data in [25] to illustrate further

uses of the axiomatically constructed fairness measures in the

paper. The topology is as shown in Figure 17. The channel

model in [25] has the following parameters: Twisted pair

lines have a diameter of 0.5 mm. Transmit power budget is

pi,max =20.4 dBm for each user. SNR gap Γ is 12.9 dB,

corresponding to a coding gain of 3 dB, a noise margin of

6 dB, and a target symbol error probability of 10−7
. Tone

spacing is 4.3125 kHz. DMT symbol rate is η =4 kHz.

There are three points we will illustrate. First, the “propor-

tional” style fairness in (85) can be quantified using fairness

measure f . Second, using f we can quantify the tradeoff

between reducing power and the fairness of doing so. Third,

asymmetric fairness measures are usefuls in weighing different

users based on her location.
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Fig. 18. Plot optimal (normalized and unnormalized) data rates and power

usages, solving (85). Normalized data rates and power usages achieve a large

fairness value f = 5.9062, while fairness of data rates is smaller, due to an

near-far effect in the network.

First, we solve problem (85) with ρ = 1.75 and plot the

distributions of the optimal data rate and transmit power across

different users in Figure 18. The ratio of normalized data rates

to normalized power usage is proportional for all users, due

to the third constraint in (85). The optimal solution to (85)

achieves the same fairness for the rate reduction vector and

the power reduction vector , i.e.,

f
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�
= 5.9062 (86)

where we choose f to be the symmetric fairness measure (10)

in Section II with β = −2. This fairness value is only 0.1 (i.e.,

2%) away from maximum fairness f = 6. It is (almost) β =
−2 fair. We also observe that fairness of data rate distribution

is much smaller:

f (R1, . . . , Rn) = 4.5313. (87)

This is due to the near far near-far effect in the DSL network.

Next, we solve (85) with different constant ρ > 0 and let

the resulting normalized total power
�

i pi/
�

i pi,max in the

optimal solution vary between 0.2 and 1. Figure 19 plots the

corresponding fairness of (normalized and unnormalized) data

rate distributions in each optimal solution, using the same

symmetric fairness measure with β = −2. It illustrates a

tradeoff between fairness and the amount of power reduction:

fairness improves as normalized total power
�

i pi/
�

i pi,max

increases from 0.2 (i.e., an 80% power reduction) to 1 (i.e.,

no power reduction). Again, data rates are less fair than

normalized data rates due to the near-far effect.
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Fig. 19. Tradeoff between reducing power and fairness in doing so,

i.e., fairness of (normalized and unnormalized) data rate distributions vs.

normalized total power
�

i pi/
�

i pi,max. Fairness improves as normalized

total power increases from 0.2 (80% power reduction) to 1 (no power

reduction).

Finally, consider R∗
i , user i’s optimal data rate in problem

(85). It is larger for the more advantageously-located users. If

we consider the family of asymmetric fairness measures (64)

in Section IV, according to Corollary 20, {R∗
i } also maximizes

the following asymmetric fairness measure f(R1, . . . , Rn),
where a higher weight is assigned to a user with larger optimal

data rate, with the following choice of user specific weights:

qi = (R∗
i )

rβ+1, for i = 1, . . . , n. (88)

B. Related Axiomatic Theories
Forcing metrics of important notions to be the inevitable

consequence of simple statements is a practice commonly

found in mathematical way of thinking. Here we compare

and contrast with several axiomatic theories in information,

economics, and political philosophy, most of which are quan-

titative and one qualitative. We show that fairness measures in

this paper is a generalization of Renyi entropy, and a special

case of Lorenz curve ordering. Axioms here are contrasted

with those in Nash bargaining solution and in Shapley value,

with their potential interacitons to be studied in future work.

1) Renyi Entropy: Renyi entropy is a family of functionals

quantifying the uncertainty or randomness of generalized prob-

ability distributions, developed in 1960 [26]. Renyi entropy is

derived from a set of five axioms as follows:

20

Allocating “price” of energy reduction



What’s Here?
Axiomatic construction, 1-2 parameters 

Uniqueness

Continuous (rather than binary) quantification

Unification (of decomposable measures)

Tunable fairness-efficiency tradeoff 

Consistency check 

Connecting with other fields



What’s Missing?

Discrete/multi-resource/multi-aggregation  
Allocation

Time-dependent valuation and time evolution

User-specific valuation and procedure    



Not the End Yet

What have others done (many years ago 
and from different fields)? 

What has not been done? 



ON MEASURES OF ENTROPY AND
INFORMATION

ALFRPED RRNYI
MATHEMATICAL INSTITUTE

HUNGARIAN ACADEMY OF SCIENCES

1. Characterization of Shannon's measure of entropy
Let d' = (pI, P2, - , pn,) be a finite discrete probability distribution, that

is, suppose pk _ O(k = 1, 2, * , n) and t-l Pk = 1. The amount of un-
certainty of the distribution (P, that is, the amount of uncertainty concerning
the outcome of an experiment, the possible results of which have the probabili-
ties PI, P2, * * * p,n, is called the entropy of the distribution (P and is usually
measured by the quantity H[(P] = H(p1, P2, * * pn), introduced by Shannon [1]
and defined by

n 1
(1.1) H(pl,p2,p p.) = E pk 1og2

k=1 Pk

Different sets of postulates have been given, which characterize the quantity
(1.1). The simplest such set of postulates is that given by Fadeev [2] (see also
Feinstein [3]). Fadeev's postulates are as follows.

(a) H(p1, P2, - pn) is a symmetric function of its variables for n = 2, 3,
(b) H(p, 1 - p) is a continuous function of p for 0 < p _ 1.
(c) H(1/2, 1/2) = 1.
(d) H[tpI, (1 - t)pI, P2, * p.] = H(p1, P2, * Pn) + PIH(t, 1 -t)

for any distribution (P = (pI, P2, * * , pn) and for 0 _ t _ 1.
The proof that the postulates (a), (b), (c), and (d) characterize the quantity

(1.1) uniquely is easy except for the following lemma, whose proofs up to now
are rather intricate.
LEMMA. Let f(n) be an additive number-theoretical function, that is, let f(n) be

defined for n = 1, 2, * and suppose
(1.2) f(nm) = f(n) + f(m), n, m = 1, 2, .
Let us suppose further that
(1.3) lim [f(n + 1) - f(n)] = 0.

n-+-
Then we have
(1.4) f(n) = c log n,
where c is a constant.

547



Axiomatic Constructions
Renyi, Shannon

Atkinson

Mean (Aczel)

Gini and stochastic dominance (Aaberge)

Nash 

Shapley, Myerson, Raiffa

Expected utility (von Neumann-Morgenstern)

Social welfare (Bergson-Samuelson, Harsanyi)



Axiomatic Constructions
Renyi, Shannon

Atkinson

Mean (Aczel)

Gini and stochastic dominance (Aaberge)

Nash 

Shapley, Myerson, Raiffa

Expected utility (von Neumann-Morgenstern)

Social welfare (Bergson-Samuelson, Harsanyi)

global, decomposable

global

local closedness



Statistics and CS Theory

Here starts the speculative part



Renyi Entropy H (1960)

Continuity 

Symmetry 

Additivity 

Mean-value property

Normalization H(0.5)=1



Comparison of Axioms

Continuity : Continuity

Normalization: Homogeneity  

Additivity + Mean-value: Partition 

? : Starvation and Saturation  



Renyi Entropy H
Shannon entropy is a special limiting case 

For beta<=1, F is exponentiated Renyi entropy 
by 

Less varied: more certain and more fair

For beta>1: generalization of Renyi entropy 

Turns out to be alpha fairness

Beta between 0 and 1 is the fun part 

β = 1− α, λ = −1



Recap Relationships

Shannon
entropy

Renyi entropy

Fβ,λ



Fairness as No-Envy

Ultimatum Game

Cake-Cutting

Efficient: Pareto optimality

Fair/Stable: No-envy

Strategy-proof?

Fair-Division



Economics



Expected Utility Theory

von Neumann-Morgenstern 1944 

Completeness

Transitivity 

Continuity 

Independence



NBS and Shapley Value

Symmetry 

Affine invariance

IIA 

Pareto optimality                         

Symmetry 

Additivity

Dummy   

Efficiency  



User Reaction Model

Alesina and Angeletos 2005 2006

Stability, long-term fairness and 
efficiency under F? 

Optimal taxation theory

Marginal tax schedule for F?



Fairness of Taxation 
Tax rate (%) Single Bracket ($) Married Bracket ($)

10 0-8375 0-16750
15 8376-34000 16751-68000
25 34001-82400 68001-137300
28 82401-171850 137301-209250
33 171851-373650 209251-373650
35 373650+ 373650+

Table 1: U.S. Income Tax Rates, 2010 (source: Wikipedia).

Figure Range of β Range of tax rate Slope
1 Less positive 33% to 45% -2.5
1 More positive 33% to 45% -2
2 Over 60 33% to 100% -1.5
3 Less negative 33% to 45% -2
4 Below -60 Near 33% -2
4 Below -60 Near 100% -0.25
5 0.1 33% to 100% -3
5 0.9 33% to 100% -2

Table 2: Slopes in Figs. 1-4.

Since fairness behaves differently for β > 1 and β < 1, I use separate plots for
each case. I translated and rescaled numbers drawn from a normal distribution
to get the income distribution of 50 users. For the tax scheme, I used the 2010
U.S. income tax rates for single tax returns, shown in Table 1.

Figure 1 shows normalized tax fairness vs. fairness improvement for 130 ≥

β > 1, with five different highest-tax rates. Figure 3 shows the normalized
tax fairness vs. fairness improvement for −130 ≤ β < 1. In both cases, as β
increases the fairness improvement generally increases while the normalized tax
fairness decreases. The curves for all of the tax rates have the same shape for
both ranges of β.

Figure 1 shows that for each fixed tax, the tradeoff curve for β very positive
hardly changes with β. As β becomes very positive, the trade-off on each curve
stays almost the same. In fact, Fig. 2 shows that for very positive β, the level
curves for different tax rates are close together. The dynamic spread of fairness
improvement and normalized tax fairness is given in Table 3; it is larger for
β than for the tax rate, but remains relatively small. Normalized tax fairness
decreases as fairness improvement increases in practically a straight line, with
slopes given in Table 2.

The curves for β < 1 in Fig. 3 fan out from the (1, 1) point (the limit of
fβ(x−c(x))

fβ(x) vs. fβ(c(x)) as β → 1 from the left) and, for β < −30, actually “loop

up” again, corresponding to fairness improvement decreasing and normalized
tax fairness increasing. As in Fig. 1 for very positive β, for very negative β
the trade-off curve hardly changes. Figure 4 shows the level curves for varying

2

Tax rate (%) Single Bracket ($) Married Bracket ($)
10 0-8375 0-16750
15 8376-34000 16751-68000
25 34001-82400 68001-137300
28 82401-171850 137301-209250
33 171851-373650 209251-373650
35 373651+ 373651+

Table 1: U.S. Income Tax Rates, 2010 (source: Wikipedia).

Bracket Users
0-4000 1

4000-8375 24
8376-34000 38
34001-82400 30
82401-171850 20
171851-373650 42

373651+ 1
Total 50

Table 2: U.S. distribution of incomes by tax bracket, 2007 (source: IRS).

Since fairness behaves differently for β > 1 and β < 1, I use separate plots
for each case. For the tax scheme, I used the 2010 U.S. income tax rates for
single tax returns, shown in Table 1. There were 50 users, distributed among
the tax brackets according to Table 2. The distribution of income within each
bracket was drawn from a normal distribution.

Figure 1 shows normalized tax fairness vs. fairness improvement for 60 ≥

β > 1, with five different highest-tax rates. Figure 3 shows the normalized tax
fairness vs. fairness improvement for −60 ≤ β < 1. In both cases, as β increases
the fairness improvement generally increases while the normalized tax fairness
decreases. The curves for all of the tax rates have the same shape for both
ranges of β.

Figure 1 shows that for each fixed tax, the trade-off curve for β very positive
hardly changes with β. As β becomes very positive, the trade-off on each curve
stays almost the same. In fact, Fig. 2 shows that for very positive β, the level
curves for different tax rates are close together. The dynamic spread of fairness
improvement and normalized tax fairness is given in Table 4; it is larger for
β than for the tax rate, but remains relatively small. Normalized tax fairness
decreases as fairness improvement increases in practically a straight line, with
slopes given in Table 3.

The curves for β < 1 in Fig. 3 fan out from the (1, 1) point (the limit of
fβ(x−c(x))

fβ(x) vs. fβ(c(x)) as β → 1 from the left) and, for β < −30, actually “loop

up” again, corresponding to fairness improvement decreasing and normalized

2



Fair Tax

Figure 5: Level curves of normalized tax fairness vs. fairness improvement for
a range of highest-tax rates and β ∈ (0, 1).

2 Reverse Engineering

We can reverse-engineer an individual person’s β and λ values from an ulti-
matum game. Suppose we offer players two allocations: (1,1) and (x, x + c),
where c is some fixed constant. The player always gets the lowest value in the
allocation vector. We keep increasing x until (x, x + c) is preferable to (1,1); as
long as λ > 0, this is bound to happen sometime, as x → ∞. We do this for
two constants, cx and cy; suppose that the player’s chosen allocations are then
(x, x + cx) and (y, y + cy).

At the point where (z, z + cz) is preferable to (1,1), z = x, y, the utility of

both allocations is the same. Defining the utility function as fβ(#z) (z1 + z2)
λ,

where #z = (z1, z2) is the allocation vector, we have

sgn(1−β)2λ+1
≤ sgn(1−β)

[

(

z

2z + cz

)1−β

+

(

z + cz

2z + cz

)1−β
]

1

β

(2z+cz)
λ. (5)

Simplifying and taking z = x, y, we obtain

x1−β + (x + cx)1−β =
2βλ+β

(2x + cx)βλ+β−1
(6)

y1−β + (y + cy)1−β =
2βλ+β

(2y + cy)βλ+β−1
. (7)

6



Fair Tax

Figure 1: Level curves of normalized tax fairness vs. fairness improvement for
β > 1 and highest-tax rates.

Figure 2: Level curves of normalized tax fairness vs. fairness improvement for
a range of highest-tax rates and β very positive.

4

Figure 1: Level curves of normalized tax fairness vs. fairness improvement for
β > 1 and highest-tax rates.

Figure 2: Level curves of normalized tax fairness vs. fairness improvement for
a range of highest-tax rates and β very positive.

4



Fair Tax

Figure 3: Level curves of normalized tax fairness vs. fairness improvement for
different β < 1 and highest-tax rates.

Figure 4: Level curves of normalized tax fairness vs. fairness improvement for
a range of highest-tax rates and β very negative.

5

Figure 3: Level curves of normalized tax fairness vs. fairness improvement for
different β < 1 and highest-tax rates.

Figure 4: Level curves of normalized tax fairness vs. fairness improvement for
a range of highest-tax rates and β very negative.

5



Political Philosophy



Principles of Fairness (1971)



Detour: Back in 1950...

Nash published his dissertation 

Shapley worked on his dissertation 

Rawls started working on justice as 
fairness after his dissertation 

...all at Princeton



Rawl’s Theory of Justice
The original position and veil of ignorance 

Principle 1: Each person is to have an equal 
right to the most extensive scheme of basic 
liberties compatible with a similar scheme of 
liberties for others 

Principle 2: Positions open to all with fair 
equality of opportunity. Inequalities are to be 
arranged so that they are to be of the greatest 
benefit to the least-advantaged members 



Distributive Justice...
Axiomatic theories of fairness can be 
viewed as axiomatic quantification of 
distributive justice

Principle 1: 

constructs the largest possible constraint 
set 

quantified by “constant tax hurts fairness” 
theorem (when will this fail?)



... As Fairness
Principle 2: 

Everybody’s q could be large 

Max-min fairness, can be generalized

Compare 3 points: 

Fairness maximizing

Nash bargaining

utility maximizing



Rawls 2001, p.62

difference 
principle

strict 
egalitarian

NBS
utilitarian

weighted
fairness



Reflective Equilibrium

Experiment Design

2-user, user 1 works twice as fast

allocate income [x1,x2]

Which is more fair: [x1,x2], or [y1,y2]?

Based on answer, estimate 

User-interface just designed

 4G Fairness Tool with Telcordia

fβ(x,q)



Social Welfare Theory
Aggregating individual measures to 
system-wide measure

{fi(x)}

{fi(xi)}
W (f1, f2, . . . , fn) f(x)

Arrow’s impossibility theorem
Kolm theorem

Pigou-Dalton principle



Sociology and Psychology



Atkinson Inequality Index

Symmetry

Equal allocation is least unequal 

Robin Hood operation reduces inequality

Homogeneity 

Population replication has no effect 

Decomposition (by arithmetic mean)



Inequality Index
Atkinson index as special case

Jasso, Theil indices

Foster-Sen utility function

A� = 1− 1

mean

�
1

n

�

i

x1−�
i

� 1
1−�

, � ∈ [0, 1)

1− 1

mean

�
�

i

xi

� 1
n

, � = 1



Unifying System-Wide    
Decomposable Fairness

−∞ -1 0 1 +∞
β

Min-Max Max-Min

Theil Index, Atkinson Index (�)

Jain’s Index Proportional FairnessJasso Index
Entropy

{Fβ,λ(x), λ = 1−β
β , β = α}

Renyi Entropy (α)
{Fβ,λ(x), λ = −1, β = 1− α}

α-fairness (α)

{fβ(x,q), β = 1− �, qi = 1
n , r = −1}

Foster-Sen Welfare Function
{Fβ,λ(x,q), λ = 1, β = 1− �, qi = 1

n}

1



Minimalistic Axioms?

Partition

Starvation 

Continuity and Saturation 



Procedural Fairness
Adams 1963. Equity: proportional to weights

Voting paradoxes, Arrow’s impossibility theorem

Outcome vs. procedural fairness in legal systems 

Experiments and correlation analysis 

Thibaut and Walker 1975 

Leventhal’s 6 rules 1980

Fairness is as much about procedure as outcome



More Fun Than Expected

Just a starter here (given a vector or 
two, look for a scaler valued function)



Thank You

www.princeton.edu/~chiangm

http://www.princeton.edu/~chiangm
http://www.princeton.edu/~chiangm

