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Abstract—In a multiple-access communication network, nodes
must compete for scarce communication resources such as band-
width. This paper analyzes the asymptotic behavior of a multiple-
access network comprising a large number of selfish transmitters
competing for access to a common wireless communication
channel, and having different utility functions for determining
their strategies. A necessary and sufficient condition is given for
the total number of packet arrivals from selfish transmitters to
converge in distribution. The asymptotic packet arrival distribu-
tion at Nash equilibrium is shown to be a mixture of a Poisson
distribution and finitely many Bernoulli distributions.

I. INTRODUCTION

fundamental problem arising in communications is the

contention of transmitters for access to a common wire-
less communication channel in order to communicate with
their intended receivers. For example, mobile users compete
with one another for uplink reservations in currently existing
cellular systems. Furthermore, due to the broadcast nature
of the wireless medium, such situations are commonplace in
many types of wireless networks. As a result, this problem
has been received considerable attention in the literature,
and issues such as packet arrival rates required to stabilize
transmitters’ queues, channel throughput, etc., are relatively
well-understood when nodes obey to predetermined rules for
choosing their transmission probabilities and back-off strate-
gies (see [1], [2] and [3]).

On the other hand, understanding the behavior of selfish
transmitters sharing a common wireless channel is a relatively
recent problem. One way of dealing with such selfish behav-
ior in communication networks is to push all the decision-
making burden to individual nodes. Nodes selfishly decide
what to do by sensing their local environments with the
aim of maximizing their own utilities. Such an approach by
its very nature results in distributed and scalable network
control and management. Game theory provides the necessary
mathematical tools to analyze the behavior of networks under
such conditions. Examples of such approaches are found in [4]
and [5], in which the authors use a game-theoretic approach to
understand the behavior of selfish transmitters when they share
a common wireless communication channel via the slotted
ALOHA protocol.
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Game theory has an important role to play in the design
of large networks in general, and that of wireless networks in
particular (see, e.g. [6] and [7]). Game theory and the related
field of mechanism design bring key tools into play - equi-
librium concepts, utility functions, and signaling/bargaining
- that are critical to the understanding of communication
networks’ dynamics and to the design of distributed network
control algorithms for them. For example, in [8], authors
reverse engineer exponential type back-off protocols for ad-
hoc networks by using game theoretic tools, and prove that
such protocols implicitly participate in a non-cooperative game
trying to maximize selfish local utilities of network nodes. This
result further reveals that game theory and the related field of
mechanism design are not only important to understand the
behavior of communication networks with selfish agents but
also vital for understanding the intricate properties of exist-
ing medium access control (MAC) and contention resolution
protocols for communication networks.

In this paper, we focus on the asymptotic properties
of multiple-access communication networks in which self-
ish nodes share a common wireless communication channel
to communicate with their intended receivers. We consider
a heterogeneous multiple-access communication network in
which selfish transmitters are allowed to have different util-
ity functions from one another. We first give a complete
characterization for all Nash equilibria of such a multiple-
access communication network. Then, by building on this
result, we obtain a necessary and sufficient condition for the
total number of packet arrivals from selfish transmitters to
converge in distribution as the number of selfish transmitters
contending for channel access increases. We also identify the
asymptotic form of the packet arrival distribution. In particular,
we show that asymptotic packet arrival distribution at Nash
equilibrium is a mixture of a Poisson distribution and finitely
many Bernoulli distributions.

An important practical implication of this result for mathe-
matical modeling of multiple-access communication networks
is that packet arrivals to a common wireless communication
cannot be assumed to be a pure Poisson process in multiple-
access communication networks consisting of infinitely many
selfish transmitters having different utility functions. Rather,
asymptotic packet arrival distribution consists of two parts,
one of which is a pure Poisson distribution, and the other one
is a convolution of finitely many Bernoulli distributions.



A. Related Work

Two related studies are described in [4] and [5]. In these
studies, the authors model the behavior of slotted ALOHA
with selfish transmitters by using repeated games, and they
thereby analyze the performance and stability properties of
slotted ALOHA in this situation. However, they consider only
the homogenous case in which selfish nodes have identical
utility functions, and prove that there exists a symmetric
Nash equilibrium. In another study [9], the authors give a
similar game theoretic analysis of slotted ALOHA. They also
assume that all the nodes are identical and consider only
the symmetric Nash equilibrium. Furthermore, [10] and [11]
consider the asymptotic channel throughput and the asymptotic
packet arrival distribution in the homogenous case for the
same problem set-up. In particular, the asymptotic form of
the channel throughput and the packet arrival distribution as
well as bounds on convergence are obtained there for the
homogenous case.

Unlike the existing work in the literature, this paper will
concentrate on the asymptotic packet arrival distribution in
the more general and realistic situation in which selfish trans-
mitters having different utility functions contend for access
to a common wireless communication channel. We provide
a necessary and sufficient condition for the convergence in
distribution of the total number of packet arrivals as the num-
ber of selfish transmitters increases without bound. We also
specify the form of the asymptotic packet arrival distribution.

B. A Note on Notation

We assume a common probability space (2, F,P) on which
all random variables are defined. Convergence with probability
one (w.p.I) is taken with respect to the probability measure
P. Po()\) and Bern(p) indicate the Poisson distribution with
mean A and the O-1 Bernoulli distribution with mean p,
respectively, as well as generic random variables with these
distributions.

N and Z represent the set of natural numbers and the set of
integers, respectively. Ry and R} represent the set of positive
real numbers and the nth-fold cartesian product of the set of
positive real numbers for n > 2, respectively. For a given set
Mo, | NVo| will represent the cardinality of the set. We say a real
valued function f(t) is O(¢) if there exists a constant ¢ > 0
such that | f(¢)] < c|t| as ¢ goes to zero.

For any given discrete distributions p and v on Z, dy (u, v)
denotes the variational distance between them:

dy (i) = 3 |u(z) - v(z)].
2€L

If X and Y are random variables with distributions p
and v, we sometimes write dy (X,Y) in stead of dy (u,v)
for ease of understanding. If one of the arguments of dy
contains a summation of random variables, this refers to the
convolution of their respective distributions. If a sequence
of probability distributions {u, }32 ; converges (in the usual
sense of convergence in distribution) to another probability
distribution p, we represent this convergence by p,, = g as

n — o0. Var(X) denotes the variance of the random variable
X.

II. PROBLEM SETUP AND THE NASH EQUILIBRIA OF THE
ONE-SHOT RANDOM ACCESS GAME

To investigate the behavior of a multiple-access communica-
tion network consisting of large number of selfish transmitters,
we consider the network model depicted in Fig. 1. In Fig.
1, each transmitter in the transmitter set has an intended
receiver in the receiver set. In the context of cellular networks,
the transmitter set consists of mobile users requesting uplink
reservations to communicate with a base station. In a more
general setting, it can be thought of as containing some number
of wireless transmitters that are closely located in a wireless
ad-hoc network, and that are willing to communicate with
another close-by node. The results in this paper can be viewed
as characterizing the local behavior of dense wireless networks
containing selfish nodes and using a collision channel model at
the medium access control layer. The collision channel model
has been extensively used in the past (e.g., [12], [13]), and it
is appropriate to characterize the behavior of networks using
no power control and containing nodes with single packet
detection capabilities. The protocol model defined in [14] is a
variation of the collision model.

A. Game Definition

We assume that transmitter nodes always have packets to
transmit, and a transmission fails if there are more than one
transmissions at the same time. The cost of unsuccessful
transmission of node ¢ is ¢; € (0,00). If a transmission is
successful, the node that transmitted its packet successfully
gets utility 1 unit. We model this situation by using a strategic
game G(n,c), which is defined formally as follows.

Definition 1: A heterogenous one-shot random access
game with n transmitter nodes is the game G(n,c) =
(N (Adiens (Wi)ien) such that N = {1, 2,..., n} is the
set of transmitters, A; = {0,1} for all i € N, where A;
is the set of actions for node i and 1 means transmission
and 0 means back-off, ¢ = (¢;)ien Where ¢; is the cost of
unsuccessful transmission for node i, and the utility function
u; for each i € N is defined as

ui(a) = 0 if a; =0,
1 if a;=1and a; =0,Yj #1,
—c¢; Iif a; =1 and 3j # i such that a; = 1.

u;(a)

Uj (a) =

If ¢; = ¢ > 0 for all i € NV, then we will denote G(n, c)
by G(n,c), and call it a homogenous one-shot random access
game. c¢; is node ¢’s subjective evaluation for failed packet
transmissions. Every failed packet results in an increase of
the delay of a packet until it is delivered to its intended
destination, and the amount of energy spent per packet until
successful delivery. Therefore, it is very natural to expect that
selfish nodes evaluate failed packet transmissions differently
depending on their battery energy limitations and how delay
tolerant they are. For example, it is anticipated that failed
transmissions incur high costs for nodes having very limited
battery energy.
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Fig. 1. Network model in which n selfish transmitters contend for the
access of a common wireless communication channel to communicate with
their intended receivers in the receiver set.

B. Nash Equilibria of G(n,c)

Recall that a Nash equilibrium is an equilibrium point at
which none of the transmitters has an incentive to deviate.
Therefore, the commonly used transmission probability vector
at which all nodes back-off with probability one is not a Nash
equilibrium of G(n,c) since any node can obtain positive
utility by setting its transmission probability to a positive
number given the fact that others do not transmit. Thus, there
is an incentive for nodes to deviate from the strategy profile
at which all of them back-off. As a result, at Nash equilibria
of G(n,c), we expect to observe some of the transmitters
transmitting with positive probabilities and the rest backing-
off with probability one.

To further investigate this point, let 7 : |~ , R — Ry
be such that for any ¢ € U, 2, R}, 7(c) = [[, 15 The
following theorem from [11] characterizes the Nash equilibria
of this game.

Theorem 1: Let Xi(n) denote the action chosen by trans-
mitter i € N, ¢ € R" and Ny C N with 2 < |[Ny| < n.
Then, G(n,c) has n pure-strategy Nash equilibria. Moreover,
any mixed-strategy profile such that nodes in Ny transmit with
some positive probability, and nodes in N' — Ny back-off with
probability 1 is a Nash equilibrium if and only if

1

) (r(e)

Ci

P{X}")zl}zl—(

T (i) F(C/)W for all i € N (with >
ifi € N —Ny), where ¢’ = (¢;)ien,-

Note that X" in Theorem 1 is a 0-1 random variable
showing the action chosen by transmitter ¢ € A" when the
game G(n,c) is played. 0 means back-off, and 1 means
transmit. Therefore, if S, represents the total number of packet
arrivals when there are n transmitters contending for channel
access, S, is then equal to

for i € Ny, and -

n

Su=3 X"

i=1

We represent the transmission probability of transmitter @
by p;.n when there are n transmitters contending for channel

access. We call a Nash equilibrium a fully-mixed Nash equi-
librium (FMNE) if all transmitters transmit with some positive
probability at this equilibrium (i.e., p;,, > 0 for all i € N).

C. Review: Homogenous Case

We briefly mention the form of the asymptotic distribution
of the total number of packet arrivals when all transmitters
have identical utility functions. In this case, the necessary and
sufficient condition given in Theorem 1 can be satisfied for
any subset Ny of N other than the empty set for proper
choice of the nodes’ transmission probabilities. Therefore,
for any given Ny C N (apart from the empty set), a Nash
equilibrium at which only the transmitters in Ny transmit
with some positive probability, and the rest of them back-off
with probability one exists. At such a Nash equilibrium, the
transmission probabilities of transmitters in Ay are all equal

to .
c [Nol—1
P (1 —l—c)
c

Thus, transmitters transmit with probability p = 1—( 1
at the FMNE. Hence, at the FMNE of the homogenous
random access game, S, becomes a binomial random vari-

P
- (%)

1
C

n: <]‘ - (1—(0:—c> - 1+4c

infinity, S,, converges, in distribution, to a Poisson distribu-

n—1

able with success probability p = . Since

approaches —log( ) as n goes to

tion with mean — log (1—; , which can be shown by using
the Poisson approximation to the binomial distribution [16].
Further details can be found in [10]. For the rest of the paper,
our aim is to prove a similar limit theorem for S, in the
more general case when nodes do not have identical utility
functions. We first give a counter example showing that the
limiting distribution of S,, cannot always be a pure Poisson
distribution when nodes have different utility functions. In this
latter case, we then, however, show that it can be arbitrarily
closely approximated in distribution by a summation of finitely
many independent Bernoulli random variables and a Poisson
random variable.

III. LIMITING BEHAVIOR OF S,, IN THE HETEROGENEOUS
CASE

We start our discussion with an example illustrating that
the Poisson type convergence does not occur in general in
the heterogeneous utility case. This result, while somewhat
negative, will shed light on the general form of the limiting
distributions for S,,. In this example, the limiting distribution
of the packet arrivals will be a mixture of a Poisson distribution
and several Bernoulli distributions.

A. Example

We consider the FMNE of the one-shot random access
game, and let

¢, = (My, My, ..., M;,1,1,...,1).
N——

n—1 of them



By Theorem 1, G(n,c,) has an FMNE if and only if the
following conditions are satisfied:

n—1 1 1
Mi n—1 n—1
forl1 <:<I, (1
1+ M, () I_I<1+M> orlsisi @)
and
-1 l
1 M; .
- <71 <n.
(2> >||1+Mj forl+1<i<n 2)

j=1

Since the right-hand side of (1) approaches % as n goes to
infinity, we must choose M; > 1 for all + € {1,2,...,1} to
have the FMNE for all sufficiently large n. Any choice of
My, Ms, ..., M; such that M; > 1 forall i € {1,2,...,1} and

ﬁ 3 1 -1
. 2
J=1
is good for our purposes One way of choosing such M;’s
1

is to make all of the T M ’s smaller than (5)%, which
corresponds to

1+ M,

1
M, Ms,...,M; € (1’1_1)
27T —1

For appropriately chosen M;, 1 < ¢ < [, we have the
following transmission probabilities:

n—1 l 1
1 n—1 Mj n—1
(2) I I <1 + Mj>
j=1 -

for 1 <i <1, 3)

1+ M;
M;

Pin = 1-

and

n—1L 1

1 n—1 M n—1
in 1-2( = :
2 ()" (%)
j=1
fori+1<i<n. @)
Define Yn—zz 141X ). Then,

AN
Observe that pgrlla)x = maxj4+i1<i<n Pi,n — 0 and

Z Pin — log (2171) +Zlog(1+) )

1=l+1

as n — oo. Therefore,

!
Y, = Po|log(2"7")+ Zlog (1 + ]\i) . (6)
J

j=1
and
Xi() = Bern(l— 2Mi> for 1 <i<I. @)

As a result, we conclude, by using the continuity theorem and

the independence of the random variables Y,, and X ("), that
S Po | log (2'7) log (14 —
= o<og( —l—;og(—&-M))
14+ M;
B 1-— . (8
+ ; ern( 5, ) ()

One interesting feature of this example is that we cannot find
infinitely many M;’s that are uniformly bounded away from 1,
since — 1 as | — oo. As [ increases, we must choose

2T —1
My, Ms, ..., M; closer to 1 in order to satisfy the necessary
and sufficient condition for the existence of the FMNE For
example, if [ = 10, then ——— 22 1.155, whereas G 1 =

2.414 when [ = 2. It is ?)olssible to make some of the Z\lli’s
bigger but in this case the rest of them must be chosen even
smaller to assure the existence of the FMNE. This observation
will help us in obtaining the asymptotic distribution of S,, in
the heterogeneous case.

For the rest of the paper, we focus on the asymptotic
distribution of S,, at the FMNE of G(n,c,,). Slightly more
general results for any sequence of Nash equilibria at which
the number of selfish transmitters contending for channel
access goes to infinity can be found in [15].

B. Limiting Behavior of the Costs of Transmitters at the
FMNE

Our next result will show that there can be only one
accumulation point ¢ € (0, 00) of the costs of the transmitters
contending for the access of the common wireless channel
when the number of selfish transmitters goes to infinity. Set

J— Cq
@ = 19 and

Amin(N) = min a;.

mm( ) 1<i<n 7

We will assume that the costs of unsuccessful transmission of
the nodes depend only on their internal parameters such as
remaining battery lifetime or energy spent per transmission.
Therefore, adding new transmitters to the game does not
change the costs of the transmitters already playing the game.
Thus, the limit

o= 1r>1f a; = lim apin(n)

n— 00

is well-defined.
The following two results will help in proving the main
theorem, Theorem 4, of the paper. The first one states the con-
vergence of the geometric mean of the numbers aq, as, ..., a,
to a constant &« > 0 as n — oo if the FMNE exists for all
n > 2. The second one states the convergence of the a;’s to
the same constant « if the FMNE exists for all n > 2.
Lemma 1: Let Geo(ay,as,...,a,) denote the geometric
mean of ai,0s,...,a,. If the FMNE exists for all n > 2,
then
lim Geo(ay,as,...

n—oo

Proof: Assume that the FMNE exists for all values of n
greater than or equal to 2. Observe the fact that the geometric

,an) = a > 0.



mean of a set of numbers is always greater than the minimum
of this set. Using this fact and the necessary and sufficient
condition for the existence of fully-mixed Nash equilibrium
in Theorem 1, we have

1
n—1

Geo(ay, ag,...,an) = amin(n) > (H ai> . 9)
i=1

Let b, = 237" log(a;), and A be a limit point of
{bn}n>2. Then, there exists a subsequence {n};>, such that

klingo by, = A.

By (9), A > log(«). For the same subsequence, observe that

. 1 & . ng
klingo — ;bg(ai) = klir& ﬁbnk = A <log(a).

Thus, all of the limit points of {Geo(ay,aq, ..
are equal to a.. As a result,

) an)}nZQ

lim Geo(ay,as, ..

n—oo

S ap) = Q.

It is easy to see that « belongs to [0, 1). Therefore, we need
to show that « is strictly greater than 0 to complete the proof.
Suppose now that a = 0. Then, when n nodes play the game,
the transmission probabilities of nodes 1 and 2 are given as

1

n n—1
pi(n) = 1—a! (Hai> )
i=1
and
1
n n—1
pa(n) = 1—ay" (Hai> .
i=1

The expected utility of node 1 given the event {X {") =1}
can be bounded as

E [un (X)X = 1] < (1= pa()) = crpa(n).

Note that po(n) approaches 1 as n — oo by the supposition
that « = 0. Thus, E [ul(X("))\Xl(”) = 1} eventually becomes
negative, which contradicts the existence of the FMNE for all
n > 2. [ |

Theorem 2: If the FMNE exists for all n > 2, then

lim a; = a > 0.
71— 00

(10)
Proof: We first show that « is a limit point of {a;}$2;.

Suppose not. Then, there exist N € N and € > 0 such that
a; > a+eforalli > N.Forn> N +1,

n T N = n et
i=1 i=1 i=N+1
N T
n—N
> (Hai> (a+e)n T,
i=1

Therefore, we can find M € N such that (H;;l ai)ﬁ >
a+¢€/2 and amin(n) < a+e¢/2 for all n > M. The necessary

and sufficient condition for the existence of the FMNE of
G(n,cy,) in Theorem 1 implies that the FMNE does not exist
for n > M, which is a contradiction. Thus, « is a limit point
of {a;}$2,, and in fact

«a = liminf q;
1— 00

since o = infizl a;.

Now, we show that « is the only limit point of {a;}2;.
Suppose not, and let b be another limit point of {a; }$°,. Then,
there exists an € > 0 such that b — 2e > a + €. Let

ge(n) :N— N

be the function showing the number of a;’s belonging to (b—
€,b + €) among the first n a;’s. Since b is a limit point of
{a;}$2,, we have

lim g.(n) = oco.

n—oo

For all n large enough, we have amin(n) € [o, a + €). Then,

1
n n—1
( ai)
i=1
ge(n)

1 € =T
= Umin min n=l. ] .
i) (aain ()77 (14 )
We now show that

(amn(m) ™7 =10 )

n
(1+ ¢ > . 1+o<ge(”)).
Amin(N) n
We start with (amin(n)) ™.

- e (ool

n—1

_ ‘_ (log(amin(n))) 1 (log(amin(n)))2 _‘

ge(n)

“(amin(n) +€) "7

n—ge(n)

> (@min(n)) "1

and

_1
’1 - amin(n) n=t

n—1 2l (n—1)
< log(amin(n))’
- n—1
1 |log(amin(n)) 1 |log(amin(n)) 2
e m [ s R

IOg(amin(n))

- n—1
1 2

(1 om0 + 5 Nogamia () -+
= i 7 108 (amin (n))| exp ([log(amin (1))])
<

In a similar way, we prove that

ge(n)

(1+ami§(n)>"l :1+O<967(ln)).




ge(n)
n—1

€
1—(1+——
( + Amin (TL)

ll—exp(”"ibg(”amifl(n)))\
(n) +amm >

3 (1) ()

o ) < am:l(n))

)
Dox (14555

<1+
) <1+-amm >2+”..

Ge

L (1 )
- exp <10g (1 + amiz(")))

< ge(n) (1

+£>log(1+£),
n—1 « «

where (a) follows from observing that g.(n) < n — 1 for all

n large enough. As a result,
(T, )™ 0() - (HO(GE )
— awin(n) (140 (%) 0

T > amin(n) (1 -
Eventually, O (g‘("N> -0()-o0 (g‘(" ) becomes pos-
itive after some N € N. Thus,

n et
(H a,;) > amin(n)
i=1

for all n > N, which contradicts the existence of the FMNE
for all n > 2. Therefore, « is the only limit point of {a;}32;.
|
Having proved Theorem 2, it is not hard to prove similar
convergence result about the costs of the transmitters. The
following corollary to Theorem 2 establishes the desired
convergence property of the costs of transmitters at the FMNE
of G(n,c).
Corollary 1: If the FMNE exists for all n > 2, then

o
48

+

TL

n—l

o1
(i
+§' (32

lim ¢; = ¢ € (0, 00).

11— 00

a;

Proof: The proof follows from observing that ¢; = —
and using the limiting behavior of the sequence {a;}2°;
established in Theorem 2. Note that ¢ = 2— € (0, 00) since

€ (0,1). [

o)

There are only finitely many of them

/_/% c—06 ¢ (,;{’-(5 /_/%
. o o oo ae f o . e o o oo ae
—

There are infinitely many of them

Fig. 2. An illustration of Theorem 2 and its Corollary 1. For any given
arbitrarily small § > 0, the costs of all the transmitters, except for at most
finitely many of them, lie in the d-neighborhood of c.

Space of all probability
distributions

510
'\.4"". S,
Po()) + ZBern(pk V\.

k=1

Fig. 3. A pictorial explanation of Theorem 4 . The limiting distribution
of S,, lies in a small ball around the distribution of the random variable

Po(\) + Zszl Bern(pg).

In words, Theorem 2 and its Corollary 1 say that if the
FMNE exists for all n > 2, then we can find a ¢ > 0 such
that for any given § > 0, the costs of all but finitely many
transmitters incurred as a result of unsuccessful transmissions
are concentrated in (¢ — d, ¢ + §). Intuitively, we anticipate
that the selfish nodes whose costs lie in (¢ — d,¢ + ) to
behave as in the homogeneous case. Thus, the total number
of packet arrivals from these nodes can be approximated by
a Poisson random variable up to an arbitrarily small error
term €(0) depending on §. The arrivals from the other finitely
many nodes whose costs lie outside of (¢ — d,¢ + ) can
be given by a summation of finitely many Bernoulli random
variables. Therefore, we expect that once S, converges in
distribution, for any given ¢ > 0, we should be able to
find a Poisson random variable Po()\) and finitely many
Bernoulli random variables {Bern(pj) _, such that S,, can
be approximated, in variational distance, by the sum of Po(\)
and {Bern(p;)}/<, up to an error term less than e. This
observation is formally proved in Theorem 4. A pictorial
representation of this fact is given in Fig. 3.

C. Asymptotic Distribution of the Packet Arrivals at the FMNE

We now focus on the asymptotic distribution of the packet
arrivals at the FMINE. We first obtain a necessary condition for
the convergence in distribution of S,, at the FMNE by using
an approach based on characteristic functions. We then extend
this result by obtaining a necessary and sufficient condition for
the convergence in distribution of S,, at the FMNE. The proof
of this extension uses concepts such as weak convergence and
tightness of the probability measures, and uniform integrability
(see, e.g., [17] or [18]).



In the proofs of Theorem 3 and Theorem 4, we let
Pioo = lim Pin
n—oo

when the FMNE exists for all n > 2. Existence of this limit
can be shown by using Lemma 1 and noting that

n—1

n
_ —1
pin=1—a;" | ]
=1

at the FMNE of G(n, c).
Theorem 3: If S,, converges in distribution to a random

variable S, then
o0
meo < 0.
i=1

Proof: Let @; ,»(t) be the characteristic function of Xi(").
Then,

Soz,n(t) = E[eﬁtXi(n)] =1- DPin + pi,neilt7

where 22 = —1. Let ,(t) and @.(t) be characteristic
functions of S,, and S, respectively. Then, by the continuity
theorem (see [18]), vn(t) — @ool(t) as n — oo for all
t € (—00,00).

Now, we will show that there exist tg > 0 and ¢ > 0
such that [pu (to)| > 0 and @i n(to)]*> <1 — epin(l — pin)-
Since poo(t) is a continuous function and | (0)| = 1, there
exists a ¢ > 0 such that | (t)] > 0 for all ¢ € (0,9). Set
f(t) = |@in(t)|?. Then, it can be shown that

FEM () = (—=1)"2(1 = pin)pin cos(t),
and
FEMED (@) = (1) 2(1 = pip)pin sin(t),

where f(*)(t) represents the kth derivative of f(t) with respect
to ¢.
By Taylor’s theorem, we have

fo o= <0>%
" 00 £2m
- 14 72231(71)7"2(1 - pi,n)pi,nm
= 1= (1= pin)pin (2 +O(tY)
< 1- ;(1 — Pin)Pin for sufficiently small ¢.

We choose a to € (0, ) small enough that

t2
f(to) <1 50(1 — Din)Pin-

t2 .
Put ¢ = 2. Therefore, we obtain f(tg) < 1 — €(1 — p; ,)pin,
and ¢ does not depend on p; ,,. For these € and t(, we have

—00 < log (@ (to)]?)
= lim log (|¢n(to)[)
< liminf ) Jlog (1= epin(l=pin)). (D)

i=1

Let s, = — > log (1 — €p; (1 — pi,5)). Then, all of the
limit points of {s,,}52; are smaller than oo by (11). By using
Fatou’s lemma, we obtain

oo
lim inf > —Ti<ny log (1 = epin(1—pin))

oo >
=1
(oo}
> ) liminf —Tl <y log (1= €pin(l = pin))
=1
= Z —log (1 — epi oo(l — piso)) -
=1

Therefore, the sum

oo

Z - IOg (1 - epi,oo(l - pi,oc))

i=1
must be finite whenever .S;, converges in distribution to another
random variable S... Observing p; . — 0 as ¢ — oo by means
of Lemma 1 and Theorem 2, and using L"Hopital’s rule, one
can show

—log ((1 — epi 0o (1 = pic)))

lim =e€ (0,00).
71— 00 pi’OO
As a result, we also conclude that > p; o < c0. |

We now extend Theorem 3 by proving a necessary and
sufficient condition for the convergence in distribution of .S,, in
distribution at the FMNE as the number of selfish transmitters
contending for the channel access goes to infinity. We also
obtain the asymptotic form of the packet arrival distribution
in Theorem 4, which formally confirms the intuitive expla-
nation regarding the structure of the asymptotic packet arrival
distribution given in the previous section. Before going into the
details of the proof of this result, we first would like to discuss
one technical difficulty which makes the proof complicated.

Recall that the action, X i("), chosen by the 7th transmitter at
the FMNE is distributed according to Bern(p; ) when there
are n transmitters contending for the channel access. Then,
the total number packet arrivals is equal to S,, = > | Xi("),
and its expectation is equal to E[S,,] = >""" | pi ». In general,
one cannot claim that

n oo
lim E DPin = § Pi,
n—oo
i=1 i=1
because the dominated convergence theorem cannot be justi-

fied. For example, consider the homogenous case in which all
transmitters have identical utility functions. In this case, we

have .
¢ w1
in:]-*
P <1—|—c>

for all transmitters ¢ € A. Then,

. c n—1
Pioo = lim 1— (1+C> =0,

and therefore, Zf; Di,co = 0. However,

- C
li in = —1 .
i i = —os ()

12)



Thus, one needs to be careful in the proof of Theorem 4 while
interchanging the order of limits and sums.

The following lemma will be helpful during the proof
of Theorem 4. We also provide its proof for the sake of
completeness.

Lemma 2: Let {1;}?_, and {v;}7_, be two collections of
probability distributions on Z and n > 2. Let (1 = i1 * g *

% iy, and vV = vy % Vg % - - - % Uy, denote convolutions of these
probability distributions. Then,

v) <> dy (i, vi). (13)
i=1
Proof: 1t is enough to prove this lemma for n = 2.

The general case for n greater than 2 follows from the
repeated applications of this result by considering p; (v1) and
Lo % 3 %« % W, (V9 % V3 % -+ x 1,) separately. By recall-
ing the commutativity property of convolution of probability
distributions, we have

dy (p1 * pro, v1 % v2) < dy (pn * pio, V1 * fi2)
+dy (p2 * v1, v % v1)
=3 |pa o pa(z) — vr % pa(2)]
ZEZ
+> |p2 # v (2)
2€Z

— vg kv (2)].

Consider the first summation.

> lp # pa(2) — 1 % pa(2))|
z€EZL
= 1 m(k)pa(z — k) — va(k)pa(z — k)
zeZ |kez
SIOD pa(z— k) - (k) — va (k)]
2€EZ kEZ
= (k) — (k)] > pa(z — k)
kEZL Z€EZ
= dy (p1,v1).
Similarly,
D e #va(2) — va ki (2)] < dv (g, o).
z€ZL
As a result,
dy (1 * po, v * v9) < dy(p1, 1) + dv (pe, v2). (14)
[ |

Theorem 4: Assume the FMNE exists for all n > 2. Then,
Sy converges in distribution if and only if

n
lim Pin =m € (0,00).
Moreover, whenever S,, converges in distribution, for any
€ > 0, there exists a Poisson random variable Po()\) and
a collection of finitely many Bernoulli random variables
{Bern(py)}_ | such that

n—oo

lim sup dy (Sn, Po(A
k=1

K
)+ ZB@Tn(p;Q) <e. (15)

Proof: <=: We first show the if direction. Suppose

Lim D pi =m € (0,00)

i=1

exists. Let m,, = Z?:l pin and S, be distributed according
to i, We will first show that {u,, }52 ; is a tight sequence of
distributions. To this end, we show that for each ¢ > 0, there
exists M € N such that P{S,, € [0, M]} > 1—e. Choosea § >
0 and choose N € N large enough that m,, € [m — 6, m + J]
for all n > N. Then, by the Markov inequality,

E [(S,, — mn)z}

P{Sn>M}§W

We bound E [(S,, — m,,)?] as follows:

N (n)
= ;Va,r (XZ )

< my, <m-+9.

E [(Sn

- mn)z]

In addition, (M —m,)? > (M —m — §)2. Thus,
m—+ 4
P{S, >M < —u———.
{Sn > M} < (M —m —§)?

If M is large enough, then we have P{S,, > M} < ¢ for all
n > N. By making M larger, if necessary, we have P{S,, >
M} =0 for all n < N. As a result,

P{S, €[0,M]} > 1 — ¢ for all n.

Thus, {1, }22, is a tight sequence of distributions.

Now, we will show that u, converges, in variational
distance, to a distribution p. This fact, combined with the
tightness of {1, 15 1, will imply that y is in fact a probability
distribution and p,, = p. By using Lemma 1 and Theorem 2,
it is easy to see that

lim p; 0 = 0.
1— 00

Thus, for any given ¢ > 0, we can choose K large enough
that

€
masz o < m

Let A\, = >0 ;eDip and X = limn_,oo)\ Then, by
using Lemma 2, dy (SmPo( )+ ZZ 1 ' Bern(p;, oo)) can
be bounded above as

K-1
dv (SmPo(A) + Z Bern(pi,oo)>
i=1
K-1 K-1
< dy (Z XMy Bem(pl-,oo))
=1 i=1
+dy (Z X, Pom) .

i=K

Let us now focus on dy (Z?:K Xi(n),Po()\)). Since

dy (-, -) forms a metric on the space of all discrete probability



distributions on Z, we can write

dy (Z X, Pom)
i=K

<dy (zn: x", Po()\n)> +dy (Po(An), Po(N)) .
i=K

By using Le Cam’s inequality,

dy (Z x™, Po(\, > <2 me (16)
=K
Thus,
K-1
dy <Sn7P0()\) + Z Bern(pi,oo)>
i=1

K—-1 K—-1
<dy (z PORS Bem(pm))
=1 =1
)+2> PP
1=K

K-1 K-1
<dy (Z Xi(n)v Z BeTn(pi,oo)>

i=1 i=1

+ dy (Po(Ay), Po(X)

+ dv (Po(A\n), Po(N)) +2 max pin Z Pin:

By noting that Zfi}lXi(") = ZZ 1 ' Bern(p; o) and
Po(\,) = Po(\) as n goes to infinity, we obtain

K—1
lim sup dy <S,L, Z Bern(pi,co) + Po()\)>

< 2limsup (An. max pin)
= 2\ lim sup max pin (since A, — ).

n—0o0 K_

Let i(n) be such that p;(,) , = maxx<i<n Pi,n. Then, there

exists a subsequence {nj}7>, such that

lim p; = limsup max p;,.

k~>oopz(nk)mk nﬂoop Kgignpl,n
If {i(ng)}72, is a bounded sequence, there exists a further
subsequence {i(ng;}32; such that lim;_ . i(ng,) = i**.
Since we are considering a sequence of integers converging
to another integer, there exists N € N such that we have
i(ng,) = i** for all j > N. Thus,

lim sup max pzn
n—oo K

i oo < MAX P oo-
Pir* 0o S i>K Pi, o0
If {i(ng)}52, is not a bounded sequence, then there exists a
further subsequence {i(ny,)}52; such that lim; ., i(ng;) =

oo. Let v, = (J]i—; @;)™ . Recall that transmission proba-
bilities at the FMNE are given as p; , =1 — a; 1%. So,

limsup max p;, =

lim Di
o K<i<n o i(nk; ),k

= 1- lim a; (71” y im oy,

]4)00 ‘37 J—00

= 0 < maxp; co-
i>K

Therefore,

n—oo

K—1
lim sup dy <S,L,Po(/\) + Z Bern(pim))
i=1
<2 o < 5
S Iigaf((pz,oo ST

Thus, there exists N € N large enough so that

K—1
v (Sn,Po()\) + ; Bern(piﬁoo)> < %

for all n > N. As a result, {,}22 is a Cauchy sequence
with respect to the metric dy on the set of all probability
measures Z on Z. That is, dy (tin, ptm) < € for all n,m >
N. This also implies that {u,(2)}22, is a Cauchy sequence
for all z € Z, and therefore, converges for any z € Z. Let
w(z) = lim,, o iy (2) for all z € Z. This, combined with the
tightness of {1, }5° ;, implies that p is a probability measure
and pp, = p.

—>: Now, we prove the only if part. In fact, this will
be a general result for any sequence of triangular arrays of
Bernoulli random variables. Suppose now that there exists
an R valued random variable S, such that S,, converges in
distribution to S.. First, assume

lim sup m,, = oo,
and let V" = x™ —p, . Set R, =3,
]E{ —tv " } for t > 0. We have

o]
:1+ [(Yf”)” —( )3]14:{(1/(”)) }+
o] el

We will show ‘ {(Y(")) ] ‘ < pip for all k. For k = 2,

7

=[]

v™ . Consider

<1+ # 4o

Var (Xi(")>

E [(X}”))z] = Pim.

IA

For any k£ > 3, we have

} ) (Holder’s Ineq.)
1
2

6l
) el e

(n) 1

(e

Thus,

5 4!+~-->. (17)



Then, there is a 6; > 0 such that, uniformly over all p; ,,, we
have

n)
B {e_tyf } < 14 t2pi,n for all ¢ € (0,47).

Now, make d; smaller (if necessary) so that 2 <
t € (0,01), we have

mTL
P{s <3}
= P{e%ﬁR" > e%}

E [e_tR"]

tmnp
2

2 (n)
—tmy n
—e 2 HE |:e_tyi }

ﬁ. Then, for

IN

(Markov Inequality)

u'::]: I
= =

<e (1+ tzpl n)
"t
= exp Z( ]29 +log(1+t pm)>
i=1
n —t
< exp ( ]2% T4 2 n) (since log(z) <z — 1)
=1
—t <
< exp e me
i=1

Since lim sup,,_,,, m» = 00, we can find a subsequence of
{mn}52,, which we call {1, }72,, such that m,y > k,
Vk. Then, ]P’{Sn(k) < Tl < exp( =tk). On setting

={weQ:S,pw) < n(k)}

we have

Z P (Ak) < o0
k=1

By the Borel-Cantelli lemma, P{ Ay, i.0} = 0. Thus,
lim Sn(k) = Q. W.p.l.

Since almost sure convergence implies convergence in distri-
bution, we have S, = oo w.p.l, which is a contradiction.
Thus,
lim supm,, < co.
n—oo
In this case, we can find C < oo such that m,, < C for all n.
Now, we will show that {S,,}52 ; is uniformly integrable.

E[$?] = E i(x}")f +E ix}")XJ("’
=1 11;111
< meJr mepgn
4,j=1

= mn+mn§C(1+C)<oo.

Therefore, {S,}52, is uniformly integrable. By Skorohod’s
representation theorem (see [17]), there exists a probability
space (', F’, P') and random variables S/, and S’ having

the same distributions as S,, and S, respectively, such that
S! — S’ w.p.l. By uniform integrability, we also have L!
convergence, i.e.,

lim B[S = (18)

n—oo

E[S%]-

As a result, the limit lim,, o, m,, exists and belongs to (0, c0).
| ]

IV. CONCLUSION

In this paper, we have analyzed the asymptotic behavior of
multiple-access networks containing large numbers of selfish
transmitters that share a common wireless communication
channel to communicate with their intended receivers. In
particular, we have focused on the asymptotic distribution of
the total number of packet arrivals to the common wireless
channel coming from these selfish transmitters.

When selfish transmitters are identical to one another in
their utility functions, the asymptotic distribution of the total
number of packet arrivals becomes a Poisson distribution.
On the other hand, when selfish transmitters do not have
identical utility functions, we have first obtained a necessary
and sufficient condition for the total number of packet arrivals
to converge in distribution. We then have shown that the
asymptotic packet arrival distribution can be arbitrarily closely
approximated in distribution by a summation of finitely many
independent Bernoulli random variables and an independent
Poisson random variable.

From the practical point of view for modeling and analyzing
multiple-access communication networks, this result further
implies that assuming packet arrivals to a common wireless
communication channel to be governed by a pure Poisson
process is not correct for multiple-access communication net-
works consisting of selfish transmitters with different utility
functions. Rather, one should assume that the distribution
of packet arrivals is a mixture of a Poisson distribution
and finitely many Bernoulli distributions while modeling and
analyzing such networks.

REFERENCES

[1] N. Abramson, “The Aloha system - another alternative for computer
communications,” Fall Joint Computer Conference, AFIPS Conference
Proceedings, vol. 37, pp.281-285, Montale, NJ, 1970.

[2] V. Anantharam, “The stability region of the finite-user slotted Aloha
protocol,” IEEE Trans. Info. Theory, vol. 37, no. 3, pp. 535-540, May
1991.

[3] S. Ghez, S. Verdu and S. C. Schwartz, “Stability properties of slotted
Aloha with multipacket reception capability,” IEEE Trans. Automatic
Control, vol. 33, no. 7, pp. 640-649, July 1988.

[4] A. B. MacKenzie and S. B. Wicker, “Selfish users in Aloha: A Game-
theoreic approach,” Vehicular Technology Conference, vol. 3, pp. 1354-
1357, Atlantic City, NJ, 2001.

[5] A. B. MacKenzie and S. B. Wicker, “Stability of multipacket slotted
Aloha with selfish users and perfect information,” Proc. 22nd Annual Joint
Conference of the IEEE Computer and Communications Societies. , Vol.
3, pp. 1583-1590, San Francisco, CA, April 2003.

[6] A. B. MacKenzie and L. A. DaSilva, Game Theory for Wireless Engi-
neers, Morgan and Claypool publishers, first edition, 2006.

[7] F. Meshkati, H. V. Poor and S. C. Schwartz, “Energy efficient resource
allocation in wireless networks,” IEEE Signal Process. Mag., vol. 24, no.
3, pp. 58-68, May 2007.

[8] J.-W.Lee, A. Tang, J. Huang, M. Chiang and A. R. Calderbank, “Reverse-
engineering MAC: a non-cooperative game model,” IEEE J. Sel. Area
Comm., vol. 25, n0. 6, pp. 1135-1147, August 2007.



[9] E. Altman, R. E. Azouzi and T. Jimenez, “Slotted Aloha as a stochastic
game with partial information,” Proc. Modeling and Optimization in
Mobile, Ad Hoc and Wireless Networks, Sophia-Antipolis, France, March
2003.

[10] H. Inaltekin and S. B. Wicker, “The analysis of a game theoretic MAC
protocol for wireless networks,” Proc. 3rd Annual Communications Society
Conference on Sensor, Mesh and Ad Hoc Communications and Networks,
pp- 296-305, Reston, VA, 2006.

[11] H. Inaltekin and S. B. Wicker, “The analysis of Nash equilibria of the
one-shot random access game for wireless networks and the behavior of
selfish nodes,” To appear in IEEE/ACM Trans. on Networking, vol. 16,
December 2008.

[12] L. Kleinrock and J. A. Silvester, “Optimal transmission radii in packet
radio networks or why six is a magic number,” Proc. Nat. Telecommun.
Conf., Birmingham, AL, Dec. 1978.

[13] H. Takagi and L. Kleinrock, “Optimal transmission ranges for randomly
distributed packet radio terminals,” IEEE Trans. Commun., vol. COM-32,
No. 3, pp. 246-257, March 1984.

[14] P. Gupta and P. R. Kumar, “The capacity of wireless networks,” IEEE
Trans. Info. Theory, vol. 46, no. 2, pp. 388-404, March 2000.

[15] H. Inaltekin, Topics on Wireless Network Design: Game Theoretic MAC
Protocol Design and Interference Analysis for Wireless Networks, PhD
Dissertation, School of Electrical and Computer Engineering, Cornell
University, Ithaca, NY, Aug. 2006.

[16] W. Feller, An Introduction to Probability Theory and Its Applications,
John Wiley and Sons, Inc., New York, vol. 1, third edition, 1968.

[17] P. Billingsley, Probability and Measure, John Wiley and Sons, Inc., New
York, third edition, 1995.

[18] R. Durrett, Probability: Theory and Examples, Duxbury Press, Belmont,
CA, second edition, 1996.



