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Abstract

Maximizing the minimum weighted SIR, minimizing the weigdtsum MSE and maximizing the weighted
sum rate in a multiuser downlink system are three importanfiopmance objectives in joint transceiver and power
optimization, where all the users have a total power coimgtid/e show that, through connections with the nonlinear
Perron-Frobenius theory, jointly optimizing power and fé@mers in the max-min weighted SIR problem can
be solved optimally in a distributed fashion. Then, conimgcthese three performance objectives through the
arithmetic-geometric mean inequality and nonnegativeaimtteory, we solve the weighted sum MSE minimization
and the weighted sum rate maximization in the low to moddra&ference regimes using fast algorithms. In the
general case, we first establish the optimality conditienthe weighted sum MSE minimization and the weighted
sum rate maximization problems and provide their furthemsetion to the max-min weighted SIR problem. We
then propose a distributed weighted proportional SIR dlgor that leverages our fast max-min weighted SIR
algorithm to solve the two nonconvex problems, and give @@t under which global optimality is achieved.
Numerical results are provided to complement the analysis.

Index Terms— Duality, Distributed optimization, Power control, SunteaMMSE, Beamforming, Interference channel.

. INTRODUCTION

We consider the multiuser downlink transmission on a Midtiimput-Single-Output (MISO) channel,
where the transmitter (at the base station) is equipped avitantenna array and each user has a single
receive antenna. Full channel information is available @thlthe transmitter and the receiver, and all
the users share the same bandwidth under a total power @msifhe multiuser downlink system is
modeled as an interference channel, where a minimal or mwptexity coordination among the users
is desired for the purpose of decentralized implementatioam network. Under this setting, the antenna
array provides an extra degree of freedom, in addition togvosentrol, to optimize performance, e.g.,
increasing the total throughput (sum rates) or the totahbdity in the system. Joint optimization of
transmit power and beamformer involving the weighted sutesrand weighted sum mean squared error
(MSE) as objectives are however challenging to solve, exthese two problems are nonconvex. Further,
the transmit beamformers are coupled across users, tharaking them hard to optimize in a distributed
fashion.

Our approach to these two nonconvex optimization probleegins by first considering a joint op-
timization of power and transmit beamformer for the min-n{aseighted) mean squared error (MSE)
problem or, equivalently, the max-min (weighted) Sigrahiterference RatioYIR) problem. While
previous algorithms in the literature require centralizethputation of the eigenvalue and eigenvector of
an extended coupling matrix, we propose a fast distributgdrishm that computes the optimal power
and transmit beamformer in the max-min weight# problem with geometric convergence rate. This is
achieved by applying the nonlinear Perron-Frobenius thaof1]-[3] and the uplink-downlink duality in
[4]-[10], wherein the uplink acts as an intermediate me@dmarto optimize transmit beamformers in the
downlink. We also show that the uplink-downlink duality isecial case of a nonlinear Perron-Frobenius
minimax characterization.
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in (27), ii) weighted sum rate maximization in (39), and iiax-min weightedIR in (8). The upper half of the dotted line considers power
control only, while the lower half considers both power cohtand beamforming.

From an information theory viewpoint, treating interfecenas noise in the low interference regime
has recently been justified in [11]. By considering simplal dow-complexity receiver design, e.g.,
linear beamformer (effectively treating interference asse), we study the nonconvex problems of, 1)
minimizing the weighted sum MSE between the transmitted estomated symbols, and, 2) maximizing
the weighted sum rate. The max-nfiR problem is shown to be a special case of these two problems in
the sense that optimal solutions are equivalent under apeases. Previous work in the literature, see e.g.,
[12], only solve these two nonconvex problems in a centdlimanner and suboptimally. We develop
fast algorithms (independent of stepsize and no configuratihatsoever) to solve these two nonconvex
problems optimally under low to medium interference cands. We leverage the standard interference
function approach in [13] to show that our algorithms cogeeeven under asynchronous updates.

We then turn to establishing the optimality conditions oe fiower and beamformer of these two
nonconvex problems in the general case (any interferengditoans). Using nonnegative matrix theory,
the optimal beamformer will be shown to be the linear minimomean squared error (LMMSE) filter.
This relates to earlier work on the optimality of the LMMSE#dil in the max-minSIR problem and a
related total power minimization problem [4], [5], [8], [FFurther theoretical and algorithmic connections
between the two nonconvex problems and the max-shihproblem are established using nonnegative
matrix theory, and a fast algorithm (with minimal configuwal that leverages our fast max-min weighted
SIR algorithm and the uplink-downlink duality is then propodedsolve these nonconvex problems in a
distributed fashion.

This paper is organized as follows. We present the systenehmiodbection II. In Section 11, we look
at the max-min weighte8IR power control problem and its extension to joint beamfognamd power
control, and we propose fast algorithms to solve them. Inti@edV and Section V, we look at the
MSE minimization and weighted sum rate maximization powantwl problems and solve them using
fast algorithms in the low to medium interference regime.Skection VI, we establish the optimality
conditions for these two problems and propose a weightepgptional SIR algorithm to solve them in
the general case. We highlight the performance of our algos using numerical examples in Section
VII. We conclude with a summary in Section VIII. All the praotan be found in Appendix.

We refer the readers to Figure 1 for an overview of the conmedtetween the three main optimization
problems in the paper. The following notation is used. Badéfuppercase letters denote matrices, boldface
lowercase letters denote column vectors, italics denatias; and: > v (B > F) denotes componentwise
inequality between nonnegative vectarsand v (nonnegative matriceB and F). We let (By), denote
the ith element ofBy. The Perron-Frobenius eigenvalue of a nonnegative matrix denoted ag(F),
and the Perron (right) and left eigenvectorskbfassociated withp(F) are denoted by (F) andy(F),
respectively. The super-scriqt-é,T and(-)' denote transpose and complex conjugate transpose reghecti



We lete, denote thdth unit coordinate vector anddenote the identity matrix. Let oy denotexoy =
(2191, .., 2yr]” (Schur product). Let* denotee* = [e™', ... e"t] .

II. SYSTEM MODEL

We consider a single cell multiuser downlink system with antennas at the base station ahd
decentralized users, each equipped with a single receitenta, operating in a frequency-flat fading
channel. The downlink channel can be modeled as a vectorstaaulsroadcast channel:

y=hle+z, 1=1,... L, 1)

wherey, € C'*! is the received signal of thith user,h; € CV*! is the channel matrix between the base
station and théth user,x € CV*! is the transmitted signal vector, argds are the i.i.d. additive complex
Gaussian noise vectors with varianeg2 on each of its real and imaginary components.

We assume that the multiuser system adopts a linear trasismiand reception strategy. In transmit
beamforming, the base station transmits a sighah the form ofx = Zl":] djw;, wherew, € CV*! is
the transmit beamformer that carries the information dighaf the ith user. We assume a total power
constraint at the transmit antennas, il§zx'xz] = P. From (1), the received signal for thith user can
be expressed as

y = (hfwn) di+ Y (nli;) d; + 2 )
i#l

Next, we writew; = /p;u;, wherep; is the downlink transmit power ang} is the normalized transmit
beamformer, i.e.,u}ul = 1, of the ith user. Now, the receive8IR of the ith user in the downlink
transmission can be given in termspfandU = [u; ... uy|:

pilhw|?

e 6= > pi b+ ©
We define the matrixG with entries G); = |h/u;|? in the downlink transmission. In terms of the
beamforming matriXU, we also define the (cross channel interference) mat(&) with entries:
Fij(U) ={ o) 11 (4)
Gu(U)° if 17
and .
n n n
v = (GH(IU)’ G22(2U)7m7 GLLiU)> ' ©)

For brevity, we omit the dependency @hwhen we fix the beamformers and for the most part of the
paper. This dependency is made explicit only in SectiorClII-

Note that (3), as a linear fractional function pfand U, depends only on thé pairs of parameters
{h;,n;}. An equivalent form of (3) is obtained if we rewrite (3) in te$ of the normalized parameter

pairs {h;, 1}, whereh, = h;/n; [14]. Accordingly, the normalized in (4) has entries#fz,;uj\2 for all
j # 1, and the normalized in (5) becomesl subject to\fzju;\ =1 for all .

In the following, we study optimization problems having twerformance metrics that are functions
of SIR,(p, U), namely the MSE at the output of a LMMSE filter of each user [15§]:

1
and the throughput of each user (assuming the Shannon taparonula) [10], [17]:

r(p) = log(1 + SIR.(p)). ()

MSE (p) (6)



. M AX-MIN WEIGHTED SIR OPTIMIZATION

In this section, we first consider optimizing only power brefave consider a joint optimization between
power and transmit beamformers. L@tbe a positive vector, where thith entry 5, is assigned by the
network to thelth link (to reflect some long-term priority). We first conside following max-min
weightedSIR problem:

SIR;(p)

maximize mlin
: T ol (8)
subjectto 1 p< P, p >0,
variables: p.
Note that (8) is equivalent to the min-max weighted MSE peatl

B

(1 + SIRl(I’)) (9)
subjectto 1 'p < P, p > 0,

variables: p.

minimize max BMSE(p) =

Next, let us define the following nonnegative matrix
B=F+ (1/P)vl . (10)

We will extensively exploit the spectra @ (particularly, its spectral radius, its correspondingeeig

vectors, its quasi-inverse and other properties) in oublera formulation, their solution and algorithm
design in this paper.

A. Optimal solution and algorithm

By exploiting a connection between the nonlinear Perrayb€nius theory in [1], [2] and the algebraic
structure of (8), we can give a closed form solution to%(8).

Lemma 1: The optimal objective and solution of (8) is given byp(diag 8)B) and(P/1 " x(diag(8)B))x(diag 8
respectively.

Note that the optimal power in Lemma 1 can also be expressed as

p = (p(diag B)B)I — diag B3)F) ' diag(B)v. (11)

The following algorithm computes the optimal power of (8)yagi in Lemma 1. We let index discrete
time slots.

Algorithm 1 (Max-min Weighte8IR):
1) Update powep(k + 1):

_ B
pi(k+1) = (W) p(k) VI (12)
2) Normalizep(k + 1): o
p(k+1)«<p(k+1)-P/1 p(k+1). (13)

Corollary 1: Starting from any initial poinp(0), p(k) in Algorithm 1 converges geometrically fast to
the optimal solution of (8)(P/1" x(diag8)B))x(diag3)B).

Remark 1:Interestingly, (12) in Algorithm 1 is simply the Distribuitd?ower Control (DPC) algorithm
in [18], where thelth user has a virtuagdIR threshold of3, in the downlink transmission. However, the

A closed-form solution to (8) was first obtained in [8] usingi@nnegative (increased dimension) matrix totally differfom B. As
such, the algorithmic solution to (8) in [8] is different aidmainly centralized. On the other hand, our solution eixpline DPC algorithm
in [18] and is distributed.



standard interference function approach in [13], a web¥n method used to prove the convergence of
the DPC algorithm, cannot prove the convergence of Algorith (due to (13) violating the standard
interference function). Our convergence result in Corglla follows from [1], [2], a special case of
nonlinear Perron-Frobenius theory.

Remark 2:In principle, the normalization at Step 2 can be made disted by using gossip algorithms
to computel ' p(k + 1) at each user [19].

B. Nonlinear Perron-Frobenius minimax characterization

We first establish the following result based on the nonlifEron-Frobenius theory and the Friedland-
Karlin inequality in [20], [21] (see (80) in Appendix and sg] for its extension), and then discuss how
it provides further insight into the analytical solution @&). The result is also useful when we consider
a different reformulation of (8) in Section VI-A.

Lemma 2:Let A be an irreducible nonnegative matrix,a nonnegative vector arjgt || a norm onR”
with a corresponding dual nortp- || . Then,

log p(A +be, ) = max logp(A + be' )

llellp=1

. (Ap +b),
= max min A log ——— 14
32017 a1 lpll= 12 LT, (14)
(A b),
= min max Z)\l p+ >, (15)

llpll=1 x>0,1Tx=1

where the optimap in (14) and (15) are both given by(A + be, ), and the optimal\ in (14) and (15)
are both given by(A + be, ) o y(A + bc, ).

Furthermorep = x(A + bc, ) is the dual ofc, with respect tq|| - || p.2

Remark 3:Lemma 2 is a general version of the Friedland-Karlin spéctdius minimax characteri-
zation in [20], [21]. In patrticular, ib = 0, we obtain Theorem 3.2 in [21].

Using Lemma 2 (letA = diag 8)F, b = (1/P)diag8)v andc, = 1 in Lemma 2), we deduce that
the optimalSIR allocation in (8) is a weighted geometric mean of the optifi&l where the weights are
the normalized Schur product of the uplink power and the downlink power (®erand left eigenvectors
of diag3)B, respectively):

[I(SIRi(p)/Bi)P /% = 1/ p(diag B)B). (16)

l

Further, both the optimal uplink and the downlink power fodoral pairs with the vectof1/P)1, i.e.,
(p, (1/P)1) and(q, (1/P)1) are dual pairs with respect {p- ||;.

C. Uplink-downlink duality and joint optimization

Next, we consider the joint optimization of power and trandmamformer in the following max-min
weightedSIR problem:

. SIR
maximize min M
! 6l (17)
subjectto SF ;< P, p >0, ulw =1 VI,
variables: U = [u; . u,] p.

We first review the notion of uplink-downlink duality. The ality theory states that, under a same
total power constraint and additive white noise for all gs¢he achievabl&IR region for a downlink

2/ pair (x,y) of vectors ofR” is said to be a dual pair with respectto | if |ly||»|x| = 1.
3The normalization of the Schur product is such thatpiqi /6 = 1.



transmission with joint transmit beamforming and powertoanoptimization is equivalent to that of a
reciprocal uplink transmission with joint receive beamforming and powontrol optimization. Further,
the optimalreceivebeamforming vectors in the uplink is also the optirtraihsmitbeamforming vectors
in the downlink. Since joint power control and beamformingtimization in the uplink does not have
the beamformer coupling difficulty associated with the dimkn(hence easier to solve), the (dual) uplink
problem can be first used to obtain the optimal transmit beemdrs in the downlink. The optimal
downlink transmit power is then computed by keeping thesmaih beamformers fixed. In the case where
the noise is different for each user, a virtual uplink trarssion (assuming that all users have the same
noise, i.e.,n; = 1 for all [) is constructed as an intermediary step to compute the aptirmnsmit
beamforming vector.

Let the virtual uplink power be given by. Now, suppose there exists positive valuggoptimal
max-min weightedIR) and g, for all [ such that the virtual uplin§IR; satisfies

alhju?
S ia gl +1

for all I. Since SIR; in (18) only depends on the beamforming veciqr the receive beamforming
optimization, with the power fixed af, is solved by

: G (U) 1
= E ; 19
uj = arg min q; + (19)

SIR,(q, U) =

> By (18)

whose solution is the LMMSE receiver given by (optimal up tecaling factor):

n
u = (Z gjh;h! +1) h;, (20)
i#l

where (-)* denotes pseudo-inversion. Using this LMMSE receiver, §ie constraint in (18) is always
met with equality, i.e.STRl(q, U) = fyvy. By the uplink-downlink duality, the LMMSE receiver is also
the optimal transmit beamformer in the downlink max-min gieedSIR problem given by (17).

Now, we are ready to use Algorithm 1 to solve the joint powentod and beamforming problem in
(17) in a fast and distributed fashion. The following algfoam computes the optimal power and transmit
beamformer in (17):

Algorithm 2 (Max-min Weighte8IR—Joint Optimization):
1) Update (virtual) uplink poweg(k + 1):

_ B
a(k+1)= (Sle(q(k),U(k))>Ql(k) Vi (21)
2) Normalizeq(k + 1):
qk+1) < q(k+1)-P/1 q(k+1). (22)

3) Update transmit beamforming matX(k + 1) = [uy(k +1)...u,(k + 1)]:

+
w(k+1) = (z#l ¢;(k + 1)hyh! +1) h, VI,
w(k+1)+wk+1)/|lwk+1)] VI
4) Update downlink powep(k + 1):

(23)

5
4 1) = (g ) v (24)
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Fig. 2. The uplink-downlink duality characterized throuiie nonlinear Perron-Frobenius theorem and the Friedkantin spectral radius
minimax theorem. The equality notation used in the equatignotes equality up to a scaling constant.

5) Normalizep(k + 1):
p(k+1) < p(k+1)-P/1 p(k+1). (25)

Theorem 1:Let the optimal power and beamforming matrix in (17) fveand U* respectively. Then,
starting from any initial poiny(0) andp(0), p(k) in Algorithm 2 converges geometrically fast g =
x(B(U*)) (unigque up to a scaling constant).

Remark 4:1n Algorithm 2, the uplink poweg(k) converges geometrically fast (/1" x(diag8)B " ))x(diag(3)
It is equal to the left eigenvector of dig@)B if 3 = 1.

Remark 5:Note that (21) and (24) of Algorithm 2 use the DPC algorithn{18], where thelth user
has a virtuaIR threshold of5; in both the (virtual) uplink and downlink transmission. hetcase where
n;’s are equal for all, q in (21) is the exact uplink transmit power, and only compgltiﬁq(k +1)in
(22) requires a global coordination at the base station. g2oed to previous centralized solution in [8],
[9], our solution has less complexity and provable georoetonvergence rate. In principle,Tq(k +1)
at Step 2 and 'p(k+1) at Step 5 can also be computed in a distributed manner usssjpgalgorithms
[19].

Finally, we summarize this interesting connection betwgenuplink-downlink duality with the non-
linear Perron-Frobenius theorem and the Friedland-Kapiectral radius minimax characterization from
Section 1lI-B in Figure 2.

IV. WEIGHTED SUM MSE MINIMIZATION

In this section, we state the optimization problem of mimimg the weighted sum of the MSE’s of
individual data streams under a sum power constraint. Titwbl@m is nonconvex, and we will approach
this problem by two methods. In our first method (Section y-t&e will show that it can be solved
exactly as special cases when the problem parametersysaishin conditions (which will be associated
with the interference an8NR level). In our second method (Section VI), for the generaecave will
deduce optimality conditions and propose suboptimal #@lyorthat exploits the connection with max-min
weightedSIR (and its associated fast algorithms in the previous sectmsolve it.

A. Problem statement

We assume that all the receivers use the LMMSE filter for esttimy the received symbols of all users.
The weighted sum MSE at the output of the LMMSE receiver iggity [15]:

L L

1
Z wMSE(p) = Z leTRl(p)’ (26)

=1 =1
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Fig. 3. (a) A geometrical illustration of the weighted sum MSE miigation problem. The probability vector is superimposed on the MSE achievable
region, and its perpendicular coincides with the optimahpim the MSE achievable region. (b) A geometrical illusiva of the weighted sum rate maximization
problem. The probability vectow is superimposed on the MSE achievable region, and its peiméar coincides with the optimal point in the rate achigea
region.

where w; is some positive weight assigned by the network to felink (to reflect some long-term
priority). Without loss of generality, we assume thvatis a probability vector. The weighted sum MSE
minimization problem is given by
minimize 37", wi gk
subjectto Y/, m < P, p >0 VI, (27)
variables: p;, VL.

We denote the optimal power vector to (27) py. By expressing the solution in the MSE variable, a
geometrical illustration of (27) is given in Figure 3(a).

B. Exact solution to special cases

We can rewrite (27) as

L. L 2kt GiePr+n
MINIMIZE D121 WS, G

subjectto 3> p < P, p >0 Vi, (28)
variables: p, VI.

It can be shown that the total power constraint in (27) and é28 tight at optimality (see Appendix
IX-E), which we exploit to transform (28) in the variablesinto another optimization problem that can
be used to solve (28) optimally. To proceed further, we needtroduce the notion of quasi-invertibility
of a nonnegative matrix in [23], which will be useful in salg (28) optimally.

Definition 1 (Quasi-invertibility): A square nonnegative matri® is a quasi-inverse of a square non-
negative matrixB if B — B = BB = BB. Furthermore(I — B)' =1+ B [23]. B

We will now apply the definition of quasi-invertibility t&8 in (10), and study the existence Bf which
can interestingly be associated with &R regime. In the case where the total power is very large, i.e.,
P — oo (high SNR regime) or when interference (off-diagonals¥f is very large, it is deduced in the
following that B does not exist.

Lemma 3:B does not exist whei = F, whereF}; > 0 for all /,5 and[ # ;.

However, whenF = 0 (no interference) such th@® = vlT/P or when P is sufficiently small (low
SNR regime) such thaB ~ v1 /P thenB always eX|sts as shown by the foIIowmg lemma.

Lemma 4:For any nonnegative vecter, B =1/(1+1'v)vl' whenB =v1'

Example 1:In a numerical example for a ten-user IEEE 802.11b netWOEkeMperiment with a total
power constraint o83mW and1W (the largest possible value allowed in IEEE 802.11b). Agérg over



10, 000 random channel coefficient instances, the percentage t@iicss wherd exists is99% and65%
corresponding to the total power constraint3dmW and1W, respectively.
In the rest of Section IV-B, we focus on the case whmxists. We next solve (28) in the following.
Let us define
z = (I+ B)p. (29)

Note thatG), 2 is the total received (desired and interfering) signal poplas the additive white noise
at thelth receiver.
Then, we can rewrite (28) in terms afas

(Bz),
minimize Y, w, -

subject to z > (Bz),, [=1,...,L, (30)
variables: z VI,

where the constraints in (30) are due to the nonnegativity, since, using Definition Ip = (I+B)"
(I-B)z>0.

The following result provides a condition under which thdim@al solution to (30),z*, can be trans-
formed to yield the optimal solution to (28) or equivalentr).

Theorem 2:The optimal solution to (27) is given hy* = (I+B) 'z*, wherez* is the optimal solution
to (30), if B is the quasi-inverse of a nonnegative maﬂﬁxwherep(B) <1.

Lemma 5:1f B exists, therB has the spectral radius

- p(B)
B = 2"/
pB) =17 B’
with the corresponding left and Perron eigenvector8of

In the following, we derive useful lower bounds to (27), istigate special cases, and finally characterize
the exact solution to (27).

(31)

C. A lower bound to weighted sum MSE minimization

By exploiting the eigenspace d@ and the Friedland-Karlin inequality, the following resgives a
lower bound on the weighted sum MSE problem in (27).
Theorem 3:If B exists,

go(B)Dy(B)

L 1 1 HW”
Zmll—i—SlRl(p) = (1—|—1/p(B)> (32)

=1

for all feasiblep in (27).

Equality is achieved if and only iw = x(B) oy(B). Thus,SIR,(p*) = (1/p(B)) for all [. In this case,
p* = x(B) solves (27).

Interestingly, Theorem 3 shows that solving (8) wBh= 1 can be seen as an approximation method
to solving (27) suboptimally, but with an approximation gargtee. In particular, by taking the logarithm
of the objective function of (27)|Jw||f§£B)°y(B> can be interpreted as the approximation ratio of Algorithm
1 with 8 = 1 in solving (27).

Remark 6:Based on Theorem 3, we obtain a connection between the minvi8& problem ((9) with
B = 1) and the weighted sum MSE optimization in (27). Suppose wesider min-max MSE:

mr)inmlaxl/(l—i-SlRl(p)). (33)
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Then, by the max-min characterization gf8):*

. (BZ)l .
max min = min max
z>0 l 2 z>0 l 2l

B2)_ 5, (34)

the optimal objective of (33) is simply(B) = 1/(1 + 1/p(B)). It immediately follows from Theorem
3 that (8) with3 = 1 yields the equivalent power allocation as (33) and the ogitisum MSE with
w = x(B) o y(B).

We will establish further connection and equivalence tssugtween the max-min weight&tR problem
and the two nonconvex problems (27) and (39) in Section VA4l {squiring the existence oB) and in
Section VI-A for the general case (without requiring thesgaice ofB).

D. Exact solution and fast algorithm

The existence oB allows us to delineate cases of (27) that can be solved ofbifiiam the general
problem. The following result gives the exact closed-footugon to (27), which motivates a fast algorithm
(Algorithm 3 below) to compute the optimal solution. _

Theorem 4:If B exists, then the optimal solution to (27) is given py = (I — B)z* > 0, wherez*
is given by

w) Zj;él BUZ;
Zj#l TI)ijl/Z;

2 = (35)

for all | and satisfied 'z* — 1" Bz* = P.

Example 2: The solution for the two-user case assumes a simple forngusecTheorem 4 simplifies
to: If F12F21p + Fiovg + Fojv; < min{vl,UQ}, thenp* = (I — B)Z*, WhereZT = \/wlém/(wQBQl)z;
andZ; = P/(\/U)]B]Q/(’ll)z.ég])(l — B]] — BQ]) + 1-— B]Q — BQQ).

Now, (35) in Theorem 4 can be written in the form 0t (z), wherel is a homogeneous function.

We will leverage the standard interference function raesulf13] to propose the following (step size free)
algorithm that computes* in Theorem 4, and implicitly, the optimal transmit power &f7{.

Algorithm 3 (Weighted Sum MSE Minimization):

1) Initialize an arbitrarily smalk > 0.
2) Update auxiliary variable(k + 1):

w0 Biizi(k)

2k +1) = > s B2 () +e VI (36)
3) Updatep(k + 1):
) Opeete 1) = —RPE) gy oy (37)
PR T T SIR (e (k) |
4) Normalizep(k + 1): .
plk+1)«pk+1)-P/(1 p(k+1)). (38)

The following theorem shows that Algorithm 3 converges ® diptimal solutiore* andp* in Theorem
4.

“The max-min characterization of the spectral radius of aedircible nonnegative matriB is also known as the Collatz-Wielandt
characterization in nonnegative matrix theory, e.g., 283, [24].
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Theorem 5:If B exists, for arbitrarily smalt > 0, Algorithm 3 converges to the unique fixed poirit
andp* in Theorem 4 from any initial poinz(0) under asynchronous update.

Remark 7:Algorithm 3 requires a complexity of @) to computeB. Step 2 of Algorithm 3 can be
implemented by distributed message passing. Transforfringz(k + 1) to p(k+1) in (37) is performed
locally by each user, and the normalization at Step 38 isopmd at the base station.

Remark 8:The convergence of Algorithm 3 leverages the standardferesice function approach in
[13] by introducinge in (36) of Algorithm 3.

V. WEIGHTED SUM RATE MAXIMIZATION

In this section, we consider the weighted sum rate of allaiasra performance metric to be optimized.
Similar to Section 1V, we will first show that it can be solvexketly as special cases when the problem
parameters satisfy certain conditions, and then look agj@meral case in Section VI. Further, we quantify
the connection of the weighted sum rate maximization anduéighted sum MSE minimization.

A. Problem statement
The weighted sum rate maximization problem is given by
maximize 3./, w;log(1 + SIR,(p))

subjectto 7 p < P, p, >0 VI, (39)
variables: p, VI.

By expressing the solution in the rate variable, a geonadtilicistration of (39) is given in Figure 3(b).

B. Exact solution and fast algorithm
We can rewrite (39) to be equivalent to

. L Zpp Gueprt1 )™
minimize [[,, (W

subjectto 32", p < P, p >0 VI, (40)
variables: p, VI.

Similar to Section 1V, ifB is the quasi-inverse dB, we can rewrite (40) as

. . : B Wi
minimize [], ((BZ”)

2]
subject to z, > (BZ)z, l=1,...,L, (41)
variables: z; VI,

wherez is given by (29).

Similar to Theorem 2, the following Theorem 6 gives the ctindiunder which (39) is solved optimally.

Theorem 6:1f B exists, the optimal solution to (39) is given ly = (I + B) 'z*, wherez* is the
optimal solution of (41).

Theorem 6 is used to give the following solution of (39). _

Theorem 7:If B exists, then the optimal solution to (39) is given py = (I — B)z* > 0, wherez*
is given by

2 = — (42)
>, wiBj/(Bz*);

for all / and satisfied 'z* — 1'Bz* = P.

Example 3:The solution for the two-user case assumes a simple forngusecTheorem 7 simplifies
to: If FHEQIP + Fiovg + Fyvy < min{uy, vp}, thenp* = (I — B)z*, wherez} andz; are the solutions
to w1B12B22(z§)2 + (w1 — w2)B12B21ZTZ§ — w9 B Bay (ZT)2 = (0 and Z; = (P — (1 — By — BQl)ZT)/(l —
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By — Bzg). As a side remark, we note the close similarity in our suffitieondition (existence oB
for two users) obtained here and the information-theomatficient condition of sum-capacity optimality
established in [11]. More precisely, our sufficient coratiticontains the one obtained in [11]. Could a
fundamental relatiohsip be found theoretically? We ledie tor a future work.

As in the previous, (42) in Theorem 7 can be expressed as /(z), where is a homogeneous
function. Using the standard interference function apghda [13], the following algorithm computes the
optimal solution of (39).

Algorithm 4 (Weighted Sum Rate Maximization):
1) Initialize an arbitrarily smalk > 0.
2) Update auxiliary variable(k + 1):

wy

zi(k = = = e VI 43
) ijjBﬂ/(BZ(k))jJr )
3) Updatep(k + 1):
) Up aep( + ) (k+1) B SIR;(p(k)) Z(k—l—l) V1 (44)
PRET Y = TSR (p (k) )
4) Normalizep(k + 1): .
plk+1)«pk+1)-P/(1 p(k+1)). (45)

The following result shows that Algorithm 4 converges to tpimal solutionz* and p* in Theorem
7.

Theorem 8:1f B exists, for arbitrarily smalt > 0, Algorithm 4 converges to the unique fixed poirit
andp* in Theorem 7 from any initial point(0) under asynchronous update.

Next, we connect the three optimization problems given if),(239) and (8) withG = 1.

C. Connection between weighted sum rate, sum MSE and ma&IRin

Applying the arithmetic-geometric mean inequality (se2) (B Appendix) to connect (30) and (41),
we deduce that the weighted sum rate maximization has the sguimal power as the weighted sum
MSE minimization wherw = x(B) o y(B). Furthermore, from Remark 6, this optimal power is also the
solution to the max-min weighteslR problem (withg = 1).

Example 4:We give an example for the two user case. The channel gaingieea by G, =
0.73,G12 = 0.04,G2 = 0.03,G2 = 0.89 and the AWGN for the first and second user are 0.1 and
0.3 respectively. The total power 2$V. It can be easily checked thBt exists. We solve (8) witlB = 1.

We then setw = x(B) o y(B) in both (27) and (39), and find their corresponding optimaltson by
exhaustive search. These are then plotted on the respedinievable rate and MSE region. Figure 5
shows that the optimal weighted sum rate point is the saméeasveighted sum rate point evaluated
using the max-mirSIR power control. Figure 4 shows that the optimal weighted suBENpoint is the
same as the weighted sum MSE point evaluated using the magiRipower control.

In Section VI-B, we continue to highlight this connectiortween (8) with3 = 1 and the two problems
(27) and (39) withw = x(B) o y(B) in the general case, i.e., without tli® existence condition (see
Corollary 2).

VI. GLoOBAL OPTIMIZATION IN SIR

In this section, we first study the optimality conditions @7] and (39) in the general case. We then
solve the problems using a centralized algorithm that camaee distributed using the gradient method
and Algorithm 2. Conditions under which these algorithmisesahem optimally will also be given.
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MSE region (per symbol)

Fig. 4. Achievable MSE region for a 2-user interference dehnFrom a geometrical perspective, the weighted sum M3iit pealuated at
the solution of the max-mi8IR power control finds the largest hypercube that supports énet@ boundary of the achievable MSE region.

Rate region (units in nats/symbol)

«—w=x(B)oy(B)

2.5

Fig. 5. Achievable rate region for a 2-user interferencenoeh From a geometrical perspective, the weighted sumpeite evaluated at
the solution of the max-miiSIR power control finds the largest hypercube that is containeitié the achievable rate region.
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A. Optimality conditions irbIR

First, we reformulate both (39) and (27) as optimizationbems having a new set of variables (in
the SIR domain) and a spectral radius constraint involviagn (10). The new formulation permits us
to derive optimality conditions, propose fast algorithmsl durther connect the max-mBiR problem to
(27) and (39). In particular, by leveraging the beamformiagult in Section 1lI-C, we also address the
optimal beamformer to (27) and (39).

First, let us consider the following optimization problem:

maximize f(v)
subject to p(diag(vy)B) < 1, (46)
variables: U = [u;...u;], 7.

Let us denote the optimal solution of (51) by. Now, the optimal power to the weighted MSE min-
imization problem in (27) and the weighted sum rate maxitioraproblem in (39) can be implicitly
obtained by solving (46) using, respectively,

Fy) == w/(1+7) (weighted sum MSE) (47)
l
and
fly) = Z w; log(1 + 7)) (weighted sum rate) (48)
l

in (46). We summarize this in the following result.
Lemma 6:For a feasibley in (46), a feasible power in (27) and in (39) can be computed by

p = (I - diagvy)F) 'diagy)v. (49)

This means that if we first solve (46) to obtajrt, the optimal power in (27) and (39) can be obtained
using (49) in Lemma 6.
We continue with a further change of variable technique ®).(forv = (v,...,7.)" >0, let

v =log~, forall I, (50)
i.e.,v = €7. Then, (46) is equivalent to:

maximize f(e?)
subject to log p(diag(e¥)B) < 0, (51)
variables: U = [u;...uz], 4= %,...,7%) € R-.

Note that the constraint set in (51) is an unbounded convexLe¢ us denote the optimal solution of
(51) by ~4*. Note thaty; = log~; for all I.

Suppose we know the optim&l in (51). Define the first order derivative of the objective dtian in
(51) with respect toy by f'(¢7) € R*. The following result characterizes the optimality coiudit of
(51), and also applies to (46) after using the mapping in.(50)

Theorem 9:The optimal solution of (51)y*, satisfies

x(ding(c )B) o y (diag(c )B) = L\ (52)
and )
p(diag(e?)B) = 1. (53)

Furthermoreiy* is unique.
Our results in Sections IV and V established the connectetwéen these three problems only in the
low interference or low signal-to-noise regime. Now, weabish the connection for the general case.
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From (53) in Theorem 9, we see that if the optin88R, is equal for all/, then the optimal solution to
(51) can be obtained by solving the max-n%ilR problem in (17).

Now, by extending this observation to the constraint set4f),(we see that the uplink-downlink
duality applies to the weighted sum rate maximization anijited sum MSE minimization problems.
In particular, the optimal in (46) is given by the LMMSE filter in (20), where

q = (I1- diagy*)F ") 'diagv*)v (54)

in (20).
Further, using (14) in Lemma 2, we see that a simple proofeagslink-downlink duality is to observe
that

p(diag(y)(F + (1/P)11")) = p(diagy)(F + (1/P)11')) = 1, (55)

where we have used both the fact thgA C) = p(CA) andp(A) = p(A ") for any irreducible nonnegative
matricesA and C [24]. The first and second spectral radius expression in ¢6&espond to the uplink
and the downlink systems, respectively. Note that (55)attarizes alpareto efficientachievableSIR in
both the uplink and downlink systems (since the spectrausaohcreases monotonically in the entry of
a matrix [24]).

Interestingly, using the weighted geometric mean equnaderesult in (16), (17) is equivalent to an
optimization problem given in the form of (46) by letting

f(v) =22, w(diag8)B)y,(diag8)B) log v, (max-min
weightedSIR)

and its corresponding transformed problem in (51), whichasvex in4, can be solved efficiently. We
will now exploit this fact and our max-min weighteéglR algorithm in Section IlI-A to propose a fast
algorithm that can be made distributed to solve (27) and i3%e following.

(56)

B. A weighted proportiona$IR algorithm

We first state our weighted proportion&lR algorithm, which uses Algorithm 1 as a sub-module and
adapts the weight paramet@rof Algorithm 1 iteratively to solve either (27) or (39).

Algorithm 5 (Weighted ProportiondIR):
1) Compute the weighin(k + 1):

F/(50)
m(k+1) = T () (57)
2) Obtainv(k + 1) as the optimal solution to:
maximize 3>, my(k +1)7
subject to log p(diag(e?)B) < 0, (58)

variables: 4.

3) Set the output of Algorithm 1 using the input weight partang3 = ¢7#+D) asp(k +1).°

Depending on thg’(4(k)) used in (57), Algorithm 5 can compute the optimal solutior{2x) or (39)
when the initial point is sufficiently close to the optimalwwion. This is stated in the following result.

5The output of Algorithm 1 is obtained after it converges tohivi a given tolerance. Algorithm 5 is essentially a two tisuale algorithm
- the power and beamformer are updated at a much faster tieeban the variablé.
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Theorem 10:For any4(0) in a sufficiently close neighborhood §f, p(k+1) in Algorithm 5 converges
to the optimal solution of (27) and (39) for, respectively,

1oAY er ) B\ 59
fi(e™) = —w]m, a*wLm (59)
and
() N (k) SECEAN
f (e ) = (’ll)] m, R ,'ll)Lm) (60)

Example 5:Algorithm 5 for the two-user case assumes a simple form, usscéhe optimal solution to
(58), (e7k+1)), is given by the positive root of the quadratic equatiom, (k)2 + (be(my (k) +ma(k)) —
a(my(k) — my(k)))y —ma(k)e =0, and (e3¢+0)y = (bmy (k) (e7*H)1 — (ma(k) — ma(k)))/ (cma(K)),
wherea = FioFy + Fyjv /P + Fiavy /P, b= v /P andc = vy /P.

The convergence in Theorem 10 is proved only for initial peim the neighbourhood of the optimal
solution. However, we now state a result stronger than T@reot0 (for a more relaxed initialization)
that also highlights the connection between the max-mirglatedSIR problem and the two nonconvex
problems (27) and (39).

Corollary 2: If 47 are equal for all andw = x(B) o y(B), thenp(k + 1) in Algorithm 5 converges
to the optimal solution of (27) and (39) for (59) and (60),pectively, from any initial pointy(0) such
that,(0) are equal for all.

Remark 9:This result is similar in flavor to the result in Section V-Qutlis more general (without the
existence condition oB).

C. Distributed optimization

Although Algorithm 5 is centralized (due to the need to so{88)), it can be made distributed by
leveraging the output of Algorithm 1. In particular, we wike the approximate projected gradient method
to obtain a distributed solution to solve (58). Distributedhnique involving the subgradient method to
solve eigenvalue problems has recently also been used domaned gossip algorithms [19].

Recall that the gradient € R: of log p(diagle¥)B) at 4 satisfies

log p(diag(e¥)B) > log p(diag(e?)B) + g (¥ — 4) (61)
for any feasibley. In fact, g is given by [21]:
g = x(diage?)B) o y(diage?)B), (62)

normalized such that’ g=1. Computing the left and right Perron eigenvector reguaentralized compu-

tation in general. However, observe that it is also the ném®d Schur product of the optimal uplink and
downlink power whermB = ¢” in (8) (cf. Figure 2). Leveraging on this fact, we next apjiig approximate

projected gradient method to obtain a distributed versibAlgorithm 5.

Algorithm 6 (Distributed Weighted Proportion&IR): Set the step size(0) € (0, 1).

1) Compute the weighin(k + 1):

f'(e7W)

2) Set the downlink power and uplink power output of Algomitt2 using the input weight parameter
(B = ¢7%)) asp(k) andq(k), respectively.

3) Eachlith user computes:

Yk +1) = %u(k) 4 log SIR,(p(k))
(k) (ml<k+1)<e*(k>>lp<kfdiage*“@)q(k) - 1> (64)

(63)

(p(k)oq(k));
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for all I. Updatev(k + 1) = v(k)/k.

Theorem 11:Let x(k) = x(diage?®)B) and y(k) = y(diage?*))B)) be the optimal solution of
Algorithm 2 wheng = ¢7*), Suppose the output of Algorithm 2 (at Step 2 of Algorithm &)isfies

timsup |/ (= 1) 5|+ D)1 < o

and
lim sup [[x(k) |55 [|y (k) ||2*) < M,
k

for some positivel/; and M, respectively. For anyy(0) in a sufficiently close neighborhood éf* and
a sequence of step sizesk) > 0, {v(k)}, that satisfies

v(k) =00, » (v(k))” < oo, (65)
k=0 k=0
p(k + 1) in Algorithm 6 converges to within a closed neighbourhoodhef optimal solution of (27) and
(39) for, respectively, (59) and (60).

Remark 10:We make the following remarks on Algorithm 6. At Step 2, thenpaitation ofp(k) and
q(k) is approximately optimal in the sense of max-min weigh#® as the time to run Algorithm 2
is finite. These approximation errors carry over to Step @s tleading to an approximate gradient with
error. Theorem 11 states that these accumulated approaimatrors however do not affect the overall
convergence as long as the number of iterations to execgeriiim 2 (at Step 2 of Algorithm 6) is
sufficiently long and the step size is tuned appropriatelgaath iteration. At Step 3, the computation of
both the normalizedn (k) andp(k) diagle ¥*))q(k) can be obtained by a gossip algorithm.

VII. NUMERICAL EXAMPLES

In this section, we evaluate the performance of 3, 4 and 6 rioaily. We focus on the case whd
exists, whereby Algorithm 3 and 4 can be used. We use thewmltp channel gain matrix:

[0.73 0.14 0.13}
G=10.15 0.69 0.12 |. (66)
[0.15 0.12 0.79J

We set the total power constraint @s= 3.65W and the noise power of each user B&. The weight
vector is given byw = x(B) o y(B). It is easily verified thaB exists. Using exaustive search, both
the optimal solution to (27) and (39) are attained at the ke§lRallocation of0.673 for the three users
(equal to the solution of (8) witlB = 1), wherep* = x(B) = [1.2238 1.2870 1.1392}TW. Thus, the
optimal sum rate i$).5144 nats/symbol.

Figure 6 plots the evolution of the power for the three usheg tun Algorithm 4 and 6. At Step
of Algorithm 6, we run Algorithm 2 for100 iterations before it terminates. We use a diminishing step
sizev(k +1) = v(k)/k,k > 1. In Figure 6(a) and (b), we set the initidlR vector in Algorithm 6
to [0.473 0.473 0.473]" (closer to the optimal solution) an@NR, 0 0]  (further from the optimal
solution) respectively. It is observed that Algorithm 4 eerges geometrically fast to the optimal solution
(verifying Theorem 8) under synchronous updates. In the cag\lgorithm 6, convergence to the optimal
solution is observed for initial vectors close to the oplis@ution (verifying Theorem 11). Interestingly,
we have never observed a case where convergence to the bgptiluion fails even for the other initial
vectors further away from the optimal solution that we haastdd. We also observe that the convergence
speed is faster when the initidIR vector is closer to the optimal solution.

Next, we evaluate the performance of using a constant stepafi).07 in Algorithm 6, and evaluate
its performance to solve (27) for different number of inneops executed at Stepof Algorithm 6. The
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Fig. 6. lllustration of the convergence of Algorithm 3 andgatithm 6 with an initialSIR vectors that are closer to, in (a), and further

from, in (b), the optimal solution.

Evolution of power for three users Evolution of power for three users

T e : 350

w
3]

—_—
p—

I

—User 1 (Algo. 3) 1 Use (Ao 3
<2.5¢ ~User 2 (Algo. 3)| - ~25 ser 1 (Algo. 3)| |
= ~User 3 (Algo. 3) 2 ~User 2 (Algo. 3)

g 2 -+-User 1 (Algo. 6)| - 5 2 ~-User 3 (Algo. 3)| |
g User 2 (Algo. 6) H ~User 1 (Algo. 6)
a4l . ] aqcl User 2 (Algo. 6)| |
15 ~-User 3 (Algo. 6 15
ser 8 (Algo- & -+-User 3 (Algo. 6)

-
[

e

U1
o
3]

) e
0 1000 2000 3000 4000 5000 6000 7000 8000 0 1000 2000 3000 4000 5000 6000 7000
iteration iteration
(a) (b)

Fig. 7. lllustration of the convergence of Algorithm 4 andgétithm 6 with different number of inner loops executed bye@ithm 2 of
150 (a), and70 in (b).

weight vector is given by = [0.1309 0.1678 0.7013]T. Using exaustive search, the optimal solution to
(27) is attained at the poifd@ 0.3884 3.2616]T. The initial SIR vectors in Algorithm 6 are set close to the
optimal solution. Figure 7 plots the evolution of the power the three users that run Algorithm 3 and
Algorithm 6. Figure 7(a) and (b) illustrate the cases whenrwe Algorithm 2 for 150 and 70 iterations
before it terminates, respectively. We observe that if thealper of inner loops to execute Algorithm 2 is
smaller, we obtain a faster convergence speed of AlgorithmtBe neighborhood of the optimal solution,
but it may not converge to the optimal solution due to the apipnate gradient error (In Figure 7(b), a
maximum of9% deviation from the optimal solution is observed).

VIIl. CONCLUSION

Maximizing the minimum weighte8IR, minimizing weighted sum MSE and maximizing weighted sum
rate on a multiuser downlink system are three importantggobjoint transceiver and power optimization.
We established a theoretical connection between these fhrablems using nonnegative matrix theory,
nonlinear Perron-Frobenius theory and the arithmetigrggac mean inequality. Under sufficiently low to
medium interference, we showed that the weighted sum MSknwization and the sum rate maximization
problems can be solved optimally using fast algorithmsHuut any configuration). In the general case,
we established optimality conditions and also theoretal algorithmic connections between the three
problems. We then proposed a weighted proportidi&l algorithm that leveraged our fast max-min
weighted SIR algorithm and the uplink-downlink duality to solve theseotwonconvex problems in
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a distributed manner. Our numerical analysis highlighteel tobust performance of our algorithms in
finding the global optimal solution of these nonconvex peofd. As future work, it will be interesting to
find a connection between the quasi-inverse existence anuhfitbrmation-theoretic sum-capacity optimal
condition in [11], and to prove our empirical evidence on whigorithm 5 (centralized version) and
Algorithm 6 (distributed version) never fail to find the ghdtoptimal solution from any initial point.
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IX. APPENDIX
A. Proof of Lemma 1

Proof: Our proof is based on the nonlinear Perron-Frobenius thggry[2]. We let the optimal
weighted max-mirSIR(p*) in (8) be 7*. A key observation is that all th8IR constraints are tight at
optimality. This implies, at optimality of (8),

(pi/ > 1))

= Gir* 67
S B )+ ) ©7)
for all I. Lettings* = (1/)_p;)p*, (67) can be rewritten as
(1/7%)s" = diagB)Fs* + (1/ > _pj)diagB)v. (68)
l

We first state the following conditional eigenvalue lemma:
Lemma 7 (Conditional eigenvalue [1], Corollary 13)cet A be a nonnegative matrix arldlbe a non-
negative vector. (A +b1') > p(A), then the conditional eigenvalue problem

As=As+b, AeR s>0, ) s=1,
l

has a unique solution given by= p(A + blT) ands being the unique normalized Perron eigenvector
of A+ bl .

Letting A = 1/7*, A = diag(8)F,b = (1/P)diag/8)v in Lemma 7 and noting thaf_, s; = 1 shows
that p* = (5;/P)x(diag(8)(F + (1/P)v1')) is a fixed point of (68). m

B. Proof of Corollary 1
Proof: The fixed point in Lemma 7 is also a unique fixed point of thedwlihg equation [1]:
_ As+b
~ [JAs+b];

Applying the power method in (69) to the system of equatiang@8) yields the following iterative
method:

1) Update auxiliary variable(k + 1):
s(k+1) = Fs(k) + (1/P)v. (70)

(69)

2) Normalizes(k + 1):
s(k+1) < s(k+1)/ > si(k+1). (71)

l
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3) Compute powep(k + 1):

p(k+1)=s(k+1)P. (72)

Combining Step 1 and 3 in the above and after some rearramggnetds Algorithm 1.

We first state the following key theorem in [2] to establisk tonvergence rate of Algorithm 1.

Theorem 12 (Krause’s theorem [2]):et || - || be a monotone norm oR’. For a concave mapping
f: R — RY with f(z) > 0 for z > 0, the following statements hold. The conditional eigenealu
problem f(z) = Xz, A € R, z > 0, ||z|| = 1 has a unique solutiof\*,z*), where \* > 0, z* > 0.
Furthermorelim,_,, f*(z) converges geometrically fast &, where f(z) = f(z)/||(z)]|.
It is shown in [1] thatf(z) = Az+b is a concave mapping, whese > 0, b > 0. Hence, the convergence
of the iteration(Az +b)/||Az+ b||, to the fixed point is geometrically fast, regardless of thigahpoint.

[ |

C. Proof of Lemma 2

Proof: Let A be an irreducible nonnegative matrix,a nonnegative vector anfl- || a norm onR”
with a corresponding dual nortp- || . Then, Proposition 5 in [1] establishes that

log p(A + bc,) = max logp(A +bc'),

fellp=1

T

and the fact thap = x(A + bc, ), which is the Perron eigenvector &f + bc, , is the dual ofc, with
respect to|| - || . Further, thisp is also the unique solution to the problem:

tp=Ap+b, TR p>0, [p]|=1. (73)

The above result is a special case of Krause’s theorem [2] dbeve proof of Corollary 1). Next, we
give further characterization of the above result by apgythe Friedland-Karlin inequality and minimax
theorem in [20], [21] onA + be, .

The equality between (14) and (15) in Lemma 2 can be provediindifferent ways. We sketch the
first proof (see [3] for more details). Observe that (15) isieglent to

. (Ap + b)]
min maxlog ———,
lpl=1 ! D
which can be solved optimally by first casting it in epigramuni (introduce an auxiliary variablé

and additional constrainﬂsg% < 7 for all {), and then using the logarithmic change of variable

technique orp, i.e., p = ¢P to make the problem convex ip and 7. Next, a partial Lagrangian from

the epigraph form is considered by relaxing the constrah@;é‘“e:ﬁifb)l < 7 for all I. Using the Lagrange

duality, i.e., the Karush-Kuhn-Tucker (KKT) conditiond.({25]), to solve the primal and dual problems,
the optimalX in (15) turns out to be the optimal dual variable.

The next observation is to apply the Friedland-Karlin iragy to upper bound the dual problem,
which turns out to be tight for a feasibfg. The optimalp and A is thus given byx(A + bc, ) and
x(A + bcI) oy(A+ bcI) respectively. In fact, the optimal in the epigraph form is related to thein
(73): 7 = log 7. Once (15) is solved completely, the equality between (1) @5) follows from strong
duality. The last step is to observe that the Collatz-Wiédlacharacterization (cf. (34)) relates (15) to
log p(A + bc, ).

The second and simpler proof is a direct application of thedfand-Karlin minimax theorem in [21]
(See Theorem 3.2 in [21]) to the matriX + bc, . n
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D. Proof of Theorem 1

Proof: Let the optimal power and beamforming matrix in (17) ffeand U* respectively.

First, the authors in [8] used thextended coupling matrigpproach to show that the downlink max-
min SIR problem in (17) has an optimal objective and an optimal povestor p*, given respectively
by 1/p(E(U*)) and the vector that contains the firkt elements of the eigenvectar(E(U*)) (with
(x(E(U)))r41 = 1), where

U* = arg min p(E(U)) (74)
UeCN*L ufu;=1Vv1
and

F(U) v(U)
BU) =1 /1 Fru) (/P v) |- (75)

Now, using the fact that the optimal max-m#itR is unique and the above fact in [8] thgi* 1]T =
x(E(U*)) and

p(B(UY) = 51" F(UY)p* + 51 v(U), (76)
we deduce that
p(E(U%)) = p(B(U")) (77)
and
x(E(U*)) = [ X(B(lu*» } , (78)

where1’ x(B(U*)) = P.

Next, we focus on Algorithm 2 and show that it produggsand U*. It was shown in [9] that the
uplink-downlink duality can be combined with tleatended coupling matrixpproach in [8] to solve (17).
In particular, a virtual uplink transmission that consglére uplink receivéIR expression given by (18)
is first constructed. By considering the followingtual uplink coupling matrix

~

E(U) = F' (U) v(U)

(1/P)1'F'(U) (1/P)1"v(U) |’ (79)

the authors in [9] showed that the fittelements of the eigenvecte(E(U*)) (with (x(E(U))),41 = 1)
yields the virtual uplink power vectay*, which when plugged into (19) yields the optimal beamforgnin
matrix U*, This leads to an iterative method (see Table | in [9]) thahpotes the eigenvector and spectral
radius of E(U) in [9].

Building on the connection between the virtual uplink caoglmatrix in [9] and the virtual uplink
power q , we can solve both the virtual uplink power and the downlink power using Algorithm 1.
This leads to Algorithm 2, where in Steps 1-@k) is computed and is used to compute the transmit
beamforming matri@J(k) in Step 3. Lastly, Steps 4-5 keep the transmit beamfomerd &ird compute the
downlink powerp(k). Using (77) and (78), the convergence of Algorithm 2 folldwsn the convergence
result of the iterative method (Table | in [9]). This comgletthe proof of Theorem 1. [ |

E. Total power constraint in (27) and (28) tight at optimwlit

Proof: Supposel ' p < 1'p at optimality. The objective function in (28) can be stycthinimized
by increasing the power of all users proportionally such thg = 1" p, sinceSIR,(p) for all [ increases
monotonically. But this contradicts the assumption, thes total power constraint in (27) and (28) are
tight at optimality. [ |
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F. Proof of Lemma 3

Proof: Let B = F, WhereF,‘7 > (0 forall [, and[ # j. SupposeB > 0 exists. SinceF); = 0 for all
[, by definition 1,F > B, thusB;, = 0 for all /. We assumd with B, = 0 for all [ exists. By definition
1, F — B = FB. Thus, T{FB] — Tr[BF] = 0, where Tf] denotes the trace operator. But, this cannot
happen unles§ = 0 or B = 0, which is at once a contradiction thBt exists. This proves Lemma 3

G. Proof of Lemma 4

Proof: Suppose thaB = avl' for some positive: whenB = v1'. We shall show thaB satisfies
definition 1 for a uniqueu < 1. By definition 1,(I+v1') = (I—av1l')"', which can be written as
I+v1') =32 (avl ") usmg the von Neumann’s expansion [24]. This Ieaditﬁ] (v 1)’ =1,
which yieldsa = 1/(141'v). It can be checked, by definition 1, thBt-B = (1—1/(1+1 v))1v' =
BB = BB > 0, thus proving Lemma 4. |

H. Proof of Theorem 2

Proof: We first show thap(B) < 1. Now, I+ B = (I-B)~' = 3. (B)*, which converges if and
only if p( ) < 1. Note p(B) = 1 corresponds to the trivial solution that= 0, shown as follows. Let
z = x( ). Then, take the inner product on both sidesx¢B) > Bx(B) in (30) by y(B), which yields

y(B)'B ( )/y(B) x(B) = p(B) < 1. If p(B) = 1, thenz = Bz, which impliesp = 0, which can be
ignored since, at optimality;, > 0 for somel.  _ _ _

SupposeB is the quasi-inverse dB. Then,(I - B) ! is always nonnegative jf(B) < 1 sincel — B is
an M-matrix [24]. Thus, there is a unique mapping betweerfealible nonnegative in (30) and feasible
p in (28), and the optimal solution to (27) is given by = (I — B)z*. Sincep(B) < 1, p* > 0. [ |

[. Proof of Lemma 5

Proof: We first state the following lemma.

Lemma 8 (Splitting lemma [24], Chapter 7, Theorem 5.2t A = M — N with A and M nonsin-
gular. Suppose tha > 0, whereH = M'N. Thenp(H) = p(A"'N)/(1 + p(A~'N)) if and only if
AN > 0.

Letting A = (I+B)~!,M = I andN = B in Lemma 8, we havp(B) = p((I+B)B)/(1+p((I1+B)B)).
But (I + B)B B, thus obtaining (31). Next, we multiply both sidesBf— B = BB with the Perron
eigenvectorx of B. After rearranging, we obtailx = p(B)x. Thus, B and B have the same Perron
eigenvectorx. A similar proof for the left eigenvectoy can also be shown. [ ]

J. Proof of Theorem 3

Proof: We first recall the following result in [20].
Theorem 13 (Theorem 3.1 in [20]For any irreducible nonnegative matrix,

I1 ((Az)l> L A (80)

zZ
I l

for all strictly positivez, wherex andy are the Perron and left eigenvectorsAfrespectively.
We will call (80) the Friedland-Karlin inequality in this par.
Furthermore, iz > Az (which impliesp(A) < 1), then for any positive vectox, (80) can be extended

11 <(AZ)l>wl > (p(A))ME, (81)

z
I l

Clearly, (81) reduces to (80) whem = xoy.

to
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Next, the arithmetic-geometric mean inequality states tha
Z o 2> Hvlal; (82)
{ l

wherev > 0 anda > 0, 1 a=1. Equality is achieved in (82) if and only if, = v, = - - = vy,.
Now, we are ready to prove (32). From the objective functiii30), we can establish the following
chain of inequalities:

SyuBa)/a = T ((Bey/a)”

(b) ~ x(B)oy (B
> (p(B)) M= ®3)

© ( pmy \IWIED
-\ 14+p(B) ’

where (a) is due to letting, = (Bz),/z for all  ande. = w in (82), (b) is due to lettingA = B in (81)
sincez > Bz, and (c) is due to Lemma 5. But, using (23}, w;(Bz),/2z = Y1, wi/(1+ 7). Thus, we
establish (32).

To prove the second part, we note that both inequalitiesr{d)(b) in (83) become tight if and only if
M =7 =---=7,andw = x(B) oy(B) (required only for (b) to become tight). In particular, afleus
receive a commoBIR given by~ = 1/p(B) for all /.

To establish the power vector correspondingyto= 1/p(B), we further note that equality is achieved
in (32) of Theorem 3 by the max-misIR power allocation. More precisely; = 1/p(B) is in fact the
total power constrained max-m#iR whose associated power vector is given in Lemma 1. This cetepl
the proof of Theorem 3. [ ]

K. Proof of Theorem 4

Proof: First, we note that though (30) is seemingly nonconvex,i30) can nevertheless be solved
optimally by further making a change of variablgs= log 2, for all [. This is allowed since > 0. We
thus consider _

minimize Y7, w;(B exp(z))/e”
subject to (Bexp(z)),/e? <1, I=1,...,L, (84)
variables: z; VI,

which is clearly strictly convex ix. Though the constraint set in (84) is unbounded, the optsakition
to (84) cannot have; = —oo for somel since, at optimalityz* > 0. Next, the Lagrangian of (84) can

be written as .

L
L(Z ) =) w(Bexp(z))i/e” + > M(Bexp(z))/e”. (85)
=1 =1

We can further simplify (85) by noting that, at optimali#/, > Bz*. This is proved easily by noting the
following lemma.

Lemma 9 ( [24], Chapter 2)If z > 0, then Az < [§z implies p(A) < 5 and Az < [z implies
p(A) < B. N )

Thus, exp(z*) > Bexp(z*) implies p(B) < 1, which satisfies Theorem 2. This also implies, using
complementary slackness, that the optimal dual variakfes 0. Hence,p* = (I — B)z* > 0, and (85)

becomes .

L(Z,A) =) w(Bexp(z)) /e, (86)
=1
which is in fact an unconstrained version of (84). Taking fin& order derivative of (86) with respect to
z, for eachl and setting it to zero, we have (35) after making the changeanébles back te. Since

1 p* =1'(I—- B)z* = P, this completes the proof of Theorem 4. |
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L. Proof of Theorem 5

Proof: The convergence proof of Algorithm 3 is based on the stanfiarction approach [13], which
is summarized as follows.

Definition 2: I(p) is a standard function if it satisfies [13]:

1) (monotonicity)/(p') > I(p) if p’ > p.

2) (scalability) Supposg > 1. Then,5I(p) > I(Sp).

Lemma 10 ( [13]):If I(p) is standard, thep(k + 1) = I(p(k)) converges to the unique fixed point
from any initial pointp(0) under synchronous and asynchronous updates.

It can be verified that the iterative equation in (36) is seaddThus, by Lemma 1@,k + 1) converges
to the fixed point of (35) for arbitrarily smadl > 0 under synchronous and asynchronous updates. Hence,
p(k + 1) also converges tp* under synchronous and asynchronous updates.

Now, in order to compute the powex(k + 1) from z(k + 1), we could use

p(k+1)=(1-B)z(k+1), (87)

which however has to be computed in a centralized manneeeddsof using (87) in Algorithm 3, we
derive in the following a simpler mapping. From (29), obsethiat

2 = Z Fijpj + v +p (88)
j#l
can be rewritten as SIR(p)
- AN Y
P T sRp)™ (89)
Thus, we use (89) as the nonlinear map betweendz, and write
SIRi(p(k))
k+1) = k+1) VI 90
in (37), which can be computed locally by thi user. [ |

M. Proof of Theorem 6

Proof: Theorem 6 can be proved in a manner similar to the proof of fldreo4, and therefore is
omitted. [ |

N. Proof of Theorem 7

Proof: Similar to the proof of Theorem 4, we make a change of varg@ahle- log 2, for all [ in (41),
and thus convexify (41) to yield:

minimize [, wi(Bexp(z)),/e*
subject to (Bexp(z));/e* <1 1=1,...,L, (91)
variables: z;,, VI,

which is strictly convex inz. Applying the KKT conditions to (91) and making a change ofiafales
back to thez domain, we obtain (42). The optimal power vectdrin (39) is then recovered from* in
(42) using Theorem 6. [ ]
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O. Proof of Theorem 8

Proof: Similar to the proof of Theorem 5, the convergence proof ajokithm 3 is based on the
standard function approach [13]. It can be verified that theatonz = 7(z) in (42) is homogeneous
of degree 1. As in the previous, we incorporate an arbiyragihall positive value: to (42) to make it
a standard interference function. We thus consider thatiter methodz(k + 1) = I(z(k)) + €. Using
Lemma 10,z(k + 1) converges to the fixed point of (42) for arbitrarily smalt> 0 under synchronous
and asynchronous updates. Hence, using the mapping ing(@0}; 1) also converges tp* of (39) under
synchronous and asynchronous updates. [ |

P. Proof of Lemma 6
Proof: It is easy to observe that for a givéiR value ~, the power to achieve is given by (49)

[10], [18]. Next, we will show that this power vector is feblg in (27) and (39), i.e., it satisfies the total
power constraint. First, observe that diggB is an irreducible nonnegative matrix. Now, using (49), we

have .
diagv)Bp =diagv)Fp+ (1 p/P)v (92)
< diagy)Fp +v =p.

Thus, diagy)Bp < p for any p in (49). Using the Perron-Frobenius Theorem [24], this iegplthat
p(diagv)B) < 1. n

Q. Proof of Theorem 9

Proof: Theorem 9 is proved using Lagrange duality, i.e., the KKTdittons, and the fact that the
optimal dual variable is unique as follows. We introduce aldiariable to the constraint of (51) and write
the Lagrangian:

L(#A) = f(e¥) — Alog p(diage?)B),

Now, the gradient ofog p(diag(e?)B) with respect toy is given by (unique up to a scaling constant)
[21]: ) i
x(diag(e”)B) o y(diage”)B),

wherex(diag(¢?)B) andy(diag(¢¥)B) are scaled such that(diag(¢?)B) "y (diag¢?)B) = 1. Using this
fact, we can computéL (7, \)/07, for all [. In addition, we see that is unique and equalff’(e‘?*)
at optimality. Hencey* satisfies

x(diag(e?")B) o y(diag(¢?")B) =

and )
p(diag(e7)B) = 1.

Lastly, the uniqueness @§’ follows from the following result:

Lemma 11 ( [26]):Let B € R*" w ¢ R’ be a given irreducible matrix with positive diagonal
elements and positive probability vector, respectivelyef there existg € R such thatx(diag(e”)B) o
y(diag(e™)B) = w. Furthermorey is unique up to an addition dfl, ¢ being a scalar. In particular, this
n can be computed by solving the following convex optimizatpyoblem:

maximize w ' n
subject to log p(diag(e”)B) < 0, (93)
variables: 7.
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R. Proof of Theorem 10

Proof: We use the fact that in a sufficiently close neighborhoodytf the domain set is convex,
and the objective functiorf(e7") is twice continuously differentiable. We then use a sudeessonvex
approximation technique to compufe® assuming that the initial point is sufficiently close 4¢. The
convergence conditions for such a technique are given ip [28]. Instead of solving (51) directly, we
replace the objective function of (51) in a neighborhood dééasible pointy(0) by its Taylor series (up

to the first order terms): i i -
(€)= F(T) + F(e7) (7~ 7(0)-

Assume a feasibl§(0) that is close t@y*. We then compute a feasibig .+ 1) by solving the(k+1)th
approximation problem:

maximize f'(e¥®)" (5 — F(k))
subject to log p(dlag( 7)B) <0, (94)
variables: U =[u;...u;], 4= 1,..-,%)" € R",

where# (k) is the optimal solution of théth approximation problem. This inner approximation tecfue
converges to a local optimal solution [27], [28]. In additjaf 4(0) is sufficiently close toy*, then
limy 00 ¥ (k) = 7.

Next, we leverage Lemma 11 in [26] and Algorithm 1 to solve)(9% be more precise, note that the
solution to the max-min weighteslR problem satisfies the following optimality condition:

x(diag(¢7)B) o y (diag¢")B) = x(diag(8)B) o y(diag 8)B),

which can be made equal t(¢7*) /1" f'(¢7%)) by choosing3 appropriately. In particular, by setting
B = 7% Algorithm 1 computes a feasible powp(k + 1):

p(k+ 1) = (I - diage?™)F)'diage?™)v,

which converges to the optimal solution of (27) and (39) fespectively,/’(¢7*)) = <—w1 %, Wy (]ff
T
5 71 (k) (k)
andf,(eﬁﬂk)) = (wlma R ;wLm) : u

S. Proof of Corollary 2

Proof: If 4 = 1 (up to a scaling constant), and = x(B) o y(B), then the optimality conditions
in Theorem 9 are clearly satisfied. Any initial conditig®i0) = 1 (up to a scaling constant), will satisfy
(up to a scaling constant):

1(7(0)
iaq 70 OBy = L)
x(diage”"")B) o y(diag(e””)B) = ()
Thus,5(k) = 1 (up to a scaling constant) for all This proves Corollary 2. [ |

T. Proof of Theorem 11

Proof: Theorem 11 is proved by using the projected gradient methiti @vror [25] to solve (58)
and then applying a result on the convergence of approximetdient method in [29]. We first look
at computing an approximate projected gradient for (58¢, #ren show that the approximate projected
gradient method converges to a neighbourhood of the optsmlation under certain conditions on the
sequence of step sizes.
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Definew € R’ as the vector with théth entry given byl /(x(diagleY)B)oy(diage?)B)),. Now, based
on the gradient ofbg p(diage¥)B), V log p(diag(e?)B) = (dlog p(diage?)B) /871, . . ., dlog p(diag(e?)B)/d7,) ",
in (62), an approximate gradient fp of (58) can be given by

9(7) = diagw)(m — Vlog p(diag¢”)B)).

Note that, at Step 2, the downlink powp(k) and uplink powerq(k) output of Algorithm 2 using
the input weight parametep(= ¢7*)) are approximately optimal (in the sense of solving the down
and uplink max-min weighte®IR respectively), because the time to compute them is finite thrsd
computation terminates within some tolerance.

Let g(k) be the vector with théth entry:

my(k +1)(e7W);p(k) "diage 7®)q(k)
(p(k) oq(k))

Note that ifp(k) = x(diag(¢?)B) andq(k) = y(diag(e?)B), theng(k) = g(7(k)). However,p(k) and
q(k) contains errors, as Algorithm 2 terminates in finite time.

We now show that the gradient method converges depite ajppation errors made in the computation
of the eigenvectorsp(k) and q(k)) at Step 2, which spills into the gradient projection conapion at
Step 3. We will use the following result from [29] (Propositil in [29], see also [25], Sec. 1.3, pp. 61):

Theorem 14:Let {s(k + 1)} be a sequence generated by the gradient method with errors

s(k+1) =s(k) +v(k)(d(k) + e(k)),
where Vv f satisfies the Lipschitz assumptiad(k) safisfies
llVFSI)IP < vEsE) k), ldRE)]| < ex(1+ | Fs(R)]), VE
wherec; andc, are some scalars, the stepsiesk)} satisfy

[e.e] o
v(k) = oo, E

k=0 k=0

— 1.

T

and the errorde(k)} satisfy
le(k)|| < v(k)(cs + cal VF(s(R)I), VK

wherec; and ¢, are some scalars. Then eithgts(k)) — —oo or else{f(s(k))} converges to a finite
value andv f(s(k)) — 0. Furthermore, every limit point ofs(k)} is a stationary point off.

The idea of Theorem 14 is that as long as the descent direstisuificiently aligned with the gradient
and the errors are sufficiently bounded, then the gradietthiedeconverges to the optimal solution. Now,
(g(k)); can be written as (lex(k) = x(diage¥*))B) andy (k) = y(diage?®))B)):

(&) = 9T a(k) + (3 () (% - a(k))
sy = 5
In Theorem 14, we let = 7, / = g(%), di(k) = gi(5(k))a (k) andey (k) = i(3(k))— (Gl — (k) ).

(x(k)oy(k))
It can be shown that . l
| du(k) g3 (K)) 1< g3 (R)) |11 (k) 1B |y (k) || &)

le(®)ll < llau(5(k)) ||+||\/ k+1 I v/ (k + 11"

13 (h) |5 [y ()

and
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where /m(k + 1) = (y/mi(k+1),..../my(k+1))", and we have used the fact that o y|[P°9 <

Ix||B|ly]|& for any posmve vect0|x, y, p andq.

Assume that
limSI;p Iv/m(k + 1) X[ v/m(k + DI <

and
limsup [[x (k) |27 [ly (k) |49 < Mo
k
for some positivel/; and M, respectively, we can seleetk) such that
le(R)|| < w(k)(timsup(1/v(k)) (M + M) + limsup(1/v(k))|9:(3(K))[]), ¥ k.
in the following gradient update:
Tk +1) = 7 (k>+

(P(k)OQ(k))l

Now, the pointy’ (k + 1) after the above gradient update may be infeasible with ct¢pehe constraint
set of (58). We now projecy’(k + 1) to the feasible set by adding a constant téo@SIR,(p(k))/5 =

1/p(diage>'R(®(*)/B)B) (the value of the logarithmic weighted max-nfiR evaluated ap(k)) to obtain
the following update:

Nk +1) =5/(k+1) + log(SIR(p(k))/ Br)-

To show the feasibility ofy;(k + 1), we have (letx’ = x(diage? *+1))B)):
diag¢¥#+1)Bx’ = diagSIR(p(k))/8)diag(¢¥ 1)) Bx’
< max; S’I&leag(e” k“))Bx

dlag(e‘f +D)Bx/

p(diag(e? *+B)x' = x'.

< p(diage «7’(k+1>

p(d|age’7'(k+1))B)

Hence,p(diage7*+*1)B) < 1, i.e., ¥(k + 1) is feasible with respect to the constraint set of (58). Using
Theorem 14, we conclude th&{ k) converges to the optimal solution &s— oc.
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