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Chapter 5

Nonconvex Optimization for
Communication Networks

Mung Chiang

Summary. Nonlinear convex optimization has provided both an insightful
modeling language and a powerful solution tool to the analysis and design of
communication systems over the last decade. A main challenge today is on
nonconvex problems in these applications. This chapter presents an overview
on some of the important nonconvex optimization problems in communi-
cation networks. Four typical applications are covered: Internet congestion
control through nonconcave network utility maximization, wireless network
power control through geometric and sigmoidal programming, DSL spectrum
management through distributed nonconvex optimization, and Internet intra-
domain routing through nonconvex, nonsmooth optimization. A variety of
nonconvex optimization techniques are showcased: sum-of-squares program-
ming through successive SDP relaxation, signomial programming through
successive GP relaxation, leveraging specific structures in these engineering
problems for efficient and distributed heuristics, and changing the underlying
protocol to enable a different problem formulation in the first place. Collec-
tively, they illustrate three alternatives of tackling nonconvex optimization
for communication networks: going “through” nonconvexity, “around” non-
convexity, and “above” nonconvexity.
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5.1 Introduction

There have been two major “waves” in the history of optimization theory
and its applications: the first started with linear programming (LP) and the
simplex method in the late 1940s, and the second with convex optimization
and the interior point method in the late 1980s. Each has been followed by a
transforming period of “appreciation-application cycle”: as more people ap-
preciate the use of LP/convex optimization, more look for their formulations
in various applications; then more work on its theory, efficient algorithms,
and software; the more powerful the tools become, and in turn more peo-
ple appreciate its usage. Communication systems benefit significantly from
both waves; the vast array of many success stories includes multicommodity
flow solutions (e.g., Bellman—Ford algorithm) from LP, and network utility
maximization and robust transceiver design from convex optimization.
Much of the current research is about the potential of the third wave, on

nonconvex optimization. If one word is used to differentiate between easy and
hard problems, convexity is probably the “watershed.” But if a longer descrip-
tion length is allowed, useful conclusions can be drawn even for nonconvex
optimization. Indeed, convexity is a very disturbing watershed, because it is
not a topological invariant under change of variable (e.g., see geometric pro-
gramming) or higher-dimension embedding (e.g., see sum of squares method).
A variety of approaches has been proposed to tackle nonconvex optimization
problems: from successive convex approximation to dualization, from nonlin-
ear transformation to turn an apparently nonconvex problem into a convex
problem to characterization of attraction regions and systematically jump-
ing out of a local optimum, and from leveraging the specific structures of the
problems (e.g., difference of convex functions, concave minimization, low rank
nonconvexity) to developing more efficient branch-and-bound procedures.
Researchers in communications and networking have been examining non-

convex optimization using domain-specific structures in important problems
in the areas of wireless networking, Internet engineering, and communication
theory. Perhaps four typical topics best illustrate the variety of challenging
issues arising from nonconvex optimization in communication systems:

• Nonconvex objective to be minimized. An example is congestion control
for inelastic application traffic, where a nonconcave utility function needs
to be maximized.

• Nonconvex constraint set. An example is power control in the low SIR
regime.

• Integer constraints. Two important examples are single path routing and
multiuser detection.

• Constraint sets that are convex but require an exponential number of in-
equalities to explicitly describe. An example is optimal scheduling in mul-
tihop wireless networks under certain interference models. The problem of
wireless scheduling will not be discussed in this chapter. Interested readers
can refer to [73] for a unifying framework of the problem.
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This chapter overviews the latest results in recent publications about the
first two topics, with a particular focus on showing the connections between
the engineering intuitions about important problems in communication net-
works and the state-of-the-art algorithms in nonconvex optimization theory.
Most of the results surveyed here were obtained in 2005—2006, and the prob-
lems driven by fundamental issues in the Internet, wireless, and broadband
access networks. As this chapter illustrates, even after much progress made
in recent years, there are still many challenging mysteries to be resolved on
these important nonconvex optimization problems.

1 2 3

Fig. 5.1 Three major types of approaches when tackling nonconvex optimization problems
in communication networks: Go (1) through, (2) around, or (3) above nonconvexity.

It is interesting to point out that, as illustrated in Figure 5.1, there are at
least three very different approaches to tackle the difficult issue of noncon-
vexity.

• Go “through” nonconvexity. In this approach, we try to solve the difficult
nonconvex problem; for example, we may use successive convex relaxations
(e.g., sum-of-squares, signomial programming), utilize special structures in
the problem (e.g., difference of convex functions, generalized quasiconcav-
ity), or leverage smarter branch and bound methods.

• Go “around” nonconvexity. In this approach, we try to avoid solving the
convex problem; for example, we may discover a change of variables that
turns the seemingly nonconvex problem into a convex one, determine con-
ditions under which the problem is convex or the KKT point is unique, or
make approximations to make the problem convex.

• Go “above” nonconvexity. In this approach, we try to reformulate the
nonconvex problem in the first place to make it more “solvable” or “ap-
proximately solvable.” We observe that optimization problem formulations
are induced by some underlying assumptions on what the network archi-
tectures and protocols should look like. By changing these assumptions, a
different, much easier-to-solve or easier-to-approximate formulations may
result. We refer to this approach as design for optimizability, which is con-
cerned with redrawing architectures to make the resulting optimization
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problem easier to solve. This approach of changing a hard problem into
an easier one is in contrast to optimization, which tries to solve a given,
possibly difficult, problem.

The four topics chosen in this chapter span a range of application contexts and
tasks in communication networks. The sources of difficulty in these nonconvex
optimization problems are summarized in Table 5.1, together with the key
ideas in solving them and the type of approaches used. For more details
beyond this brief overview chapter, please refer to the related publications
[29, 19, 14, 35, 7, 70, 71] by the author and coworkers and the references
therein.

Table 5.1 Summary of four nonconvex optimization problems in this chapter

Section Application Task Difficulty Solution Approach

5.2 Internet Congestion Nonconcave U Sum of “Through”
control squares

5.3 Wireless Power Posynomial Geometric “Around”
control ratio program

5.4 DSL Spectrum Posynomial Problem “Around”
management ratio structure

5.5 Internet Routing Nonconvex Approximation “Above”
constraint

5.2 Internet Congestion Control

5.2.1 Introduction

Basic Network Utility Maximization

Since the publication of the seminal paper [37] by Kelly, Maulloo, and Tan in
1998, the framework of network utility maximization (NUM) has found many
applications in network rate allocation algorithms and Internet congestion
control protocols (e.g., surveyed in [45, 60]). It has also led to a systematic
understanding of the entire network protocol stack in the unifying framework
of “layering as optimization decomposition” (e.g., surveyed in [13, 49, 44]).
By allowing nonlinear concave utility objective functions, NUM substantially
expands the scope of the classical LP-based network flow problems.
Consider a communication network with L links, each with a fixed capacity

of cl bps, and S sources (i.e., end-users), each transmitting at a source rate
of xs bps. Each source s emits one flow, using a fixed set L(s) of links in its
path, and has a utility function Us(xs). Each link l is shared by a set S(l) of
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sources. Network utility maximization, in its basic version, is the following
problem of maximizing the total utility of the network

P
s Us(xs), over the

source rates x, subject to linear flow constraints
P

s:l∈L(s) xs ≤ cl for all
links l:

maximize
P

s Us(xs)

subject to
P

s∈S(l) xs ≤ cl, ∀l,
x º 0,

(5.1)

where the variables are x ∈ RS .
There are many nice properties of the basic NUM model due to several

simplifying assumptions of the utility functions and flow constraints, which
provide the mathematical tractability of problem (5.1) but also limit its ap-
plicability. In particular, the utility functions {Us} are often assumed to be
increasing and strictly concave functions.
Assuming that Us(xs) becomes concave for large enough xs is reasonable,

because the law of diminishing marginal utility eventually will be effective.
However, Us may not be concave throughout its domain. In his seminal pa-
per in 1995, Shenker [57] differentiated inelastic network traffic from elastic
traffic. Utility functions for elastic traffic were modeled as strictly concave
functions. Although inelastic flows with nonconcave utility functions repre-
sent important applications in practice, they have received little attention
and rate allocation among them has only a limited mathematical foundation.
There have been three recent publications [41, 29, 19] (see also earlier work
in [69, 42, 43] related to the approach in [41]) on this topic.
In this section, we investigate the extension of the basic NUM to max-

imization of nonconcave utilities, as in the approach of [19]. We provide a
centralized algorithm for offline analysis and establishment of a performance
benchmark for nonconcave utility maximization when the utility function is a
polynomial or signomial. Based on the semialgebraic approach to polynomial
optimization, we employ convex sum-of-squares (SOS) relaxations solved by
a sequence of semidefinite programs (SDP), to obtain increasingly tighter up-
per bounds on total achievable utility for polynomial utilities. Surprisingly,
in all our experiments, a very low-order and often a minimal-order relaxation
yields not just a bound on attainable network utility, but the globally maxi-
mized network utility. When the bound is exact, which can be proved using
a sufficient test, we can also recover a globally optimal rate allocation.

Canonical Distributed Algorithm

A reason that the assumption of a utility function’s concavity is upheld in
many papers on NUM is that it leads to three highly desirable mathematical
properties of the basic NUM:
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• It is a convex optimization problem, therefore the global minimum can be
computed (at least in centralized algorithms) in worst-case polynomial-
time complexity [4].

• Strong duality holds for (5.1) and its Lagrange dual problem. A zero du-
ality gap enables a dual approach to solve (5.1).

• Minimization of a separable objective function over linear constraints can
be conducted by distributed algorithms based on the dual approach.

Indeed, the basic NUM (5.1) is such a “nice” optimization problem that
its theoretical and computational properties have been well studied since the
1960s in the field of monotropic programming (e.g., as summarized in [54]).
For network rate allocation problems, a dual-decomposition-based distributed
algorithm has been widely studied (e.g., in [37, 45]), and is summarized below.
Zero duality gap for (5.1) states that solving the Lagrange dual problem is

equivalent to solving the primal problem (5.1). The Lagrange dual problem
is readily derived. We first form the Lagrangian of (5.1):

L(x,λ) =
X
s

Us(xs) +
X
l

λl

⎛⎝cl −
X
s∈S(l)

xs

⎞⎠ ,

where λl ≥ 0 is the Lagrange multiplier (can be interpreted as the link con-
gestion price) associated with the linear flow constraint on link l. Additivity
of total utility and linearity of flow constraints lead to a Lagrangian dual
decomposition into individual source terms:

L(x,λ) =
X
s

⎡⎣Us(xs)−
⎛⎝ X
l∈L(s)

λl

⎞⎠xs

⎤⎦+X
l

clλl

=
X
s

Ls(xs, λ
s) +

X
l

clλl,

where λs =
P

l∈L(s) λl. For each source s, Ls(xs, λ
s) = Us(xs) − λsxs only

depends on local xs and the link prices λl on those links used by source s.
The Lagrange dual function g(λ) is defined as the maximized L(x,λ) over

x. This “net utility” maximization obviously can be conducted distributively
by each source, as long as the aggregate link price λs =

P
l∈L(s) λl is available

to source s, where source s maximizes a strictly concave function Ls(xs, λ
s)

over xs for a given λs:

x∗s(λ
s) = argmax [Us(xs)− λsxs] , ∀s. (5.2)

The Lagrange dual problem is

minimize g(λ) = L(x∗(λ),λ)
subject to λ º 0, (5.3)
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where the optimization variable is λ. Any algorithms that find a pair of
primal—dual variables (x,λ) that satisfy the KKT optimality condition would
solve (5.1) and its dual problem (5.3). One possibility is a distributed,
iterative subgradient method, which updates the dual variables λ to solve
the dual problem (5.3):

λl(t+ 1) =

⎡⎣λl(t)− α(t)

⎛⎝cl −
X
s∈S(l)

xs(λ
s(t))

⎞⎠⎤⎦+ , ∀l, (5.4)

where t is the iteration number and α(t) > 0 are step sizes. Certain choices of
step sizes, such as α(t) = α0/t, α0 > 0, guarantee that the sequence of dual
variables λ(t) will converge to the dual optimal λ∗ as t → ∞. The primal
variable x(λ(t)) will also converge to the primal optimal variable x∗. For a
primal problem that is a convex optimization, the convergence is towards the
global optimum.
The sequence of the pair of algorithmic steps (5.2, 5.4) forms what we refer

to as the canonical distributed algorithm, which solves the network utility
optimization problem (5.1) and the dual (5.3) and computes the optimal
rates x∗ and link prices λ∗.

Nonconcave Network Utility Maximization

It is known that for many multimedia applications, user satisfaction may
assume a nonconcave shape as a function of the allocated rate. For example,
the utility for voice applications is better described by a sigmoidal function:
with a convex part at low rate and a concave part at high rate, and a single
inflexion point x0 (with U 00s (x

0) = 0) separating the two parts. Furthermore,
in some other models of utility functions, the concavity assumption on Us
is also related to the elasticity assumption on rate demands by users. When
demands for xs are not perfectly elastic, Us(xs) may not be concave.
Suppose we remove the critical assumption that {Us} are concave func-

tions, and allow them to be any nonlinear functions. The resulting NUM
becomes nonconvex optimization and significantly harder to be analyzed and
solved, even by centralized computational methods. In particular, a local op-
timum may not be a global optimum and the duality gap can be strictly
positive. The standard distributive algorithms that solve the dual problem
may produce infeasible or suboptimal rate allocation.
There have been several recent publications on distributed algorithms for

nonconcave utility maximization. In [41], a “self-regulation” heuristic is pro-
posed to avoid the resulting oscillation in rate allocation and is shown to
converge to an optimal rate allocation asymptotically when the proportion of
nonconcave utility sources vanishes. In [29], a set of sufficient conditions and
necessary conditions is presented under which the canonical distributed algo-
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Fig. 5.2 Some examples of utility functions Us(xs): it can be concave or sigmoidal as
shown in the graph, or any general nonconcave function. If the bottleneck link capacity
used by the source is small enough, that is, if the dotted vertical line is pushed to the left,
a sigmoidal utility function effectively becomes a convex utility function.

rithm still converges to the globally optimal solution. However, these condi-
tions may not hold in many cases. These two approaches illustrate the choice
between admission control and capacity planning to deal with nonconvexity
(see also the discussion in [36]). But neither approach provides a theoretically
polynomial-time and practically efficient algorithm (distributed or central-
ized) for nonconcave utility maximization.
In [19], using a family of convex semidefinite programming (SDP) relax-

ations based on the sum-of-squares (SOS) relaxation and the positivstellen-
satz theorem in real algebraic geometry, we apply a centralized computational
method to bound the total network utility in polynomial time. A surprising
result is that for all the examples we have tried, wherever we could verify
the result, the tightest possible bound (i.e., the globally optimal solution)
of NUM with nonconcave utilities is computed with a very low-order relax-
ation. This efficient numerical method for offline analysis also provides the
benchmark for distributed heuristics.
These three different approaches: proposing distributed but suboptimal

heuristics (for sigmoidal utilities) in [41], determining optimality conditions
for the canonical distributed algorithm to converge globally (for all nonlinear
utilities) in [29], and proposing an efficient but centralized method to compute
the global optimum (for a wide class of utilities that can be transformed into
polynomial utilities) in [19] (and this section), are complementary in the
study of distributed rate allocation by nonconcave NUM.
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5.2.2 Global Maximization of Nonconcave Network
Utility

Sum-of-Squares Method

We would like to bound the maximum network utility by γ in polynomial
time and search for a tight bound. Had there been no link capacity con-
straints, maximizing a polynomial is already an NP-hard problem, but can
be relaxed into an SDP [58]. This is because testing if the following bound-
ing inequality holds γ ≥ p(x), where p(x) is a polynomial of degree d in n
variables, is equivalent to testing the positivity of γ − p(x), which can be
relaxed into testing if γ − p(x) can be written as a sum of squares (SOS):
p(x) =

Pr
i=1 qi(x)

2 for some polynomials qi, where the degree of qi is less
than or equal to d/2. This is referred to as the SOS relaxation. If a poly-
nomial can be written as a sum of squares, it must be nonnegative, but not
vice versa. Conditions under which this relaxation is tight have been studied
since Hilbert. Determining if a sum of squares decomposition exists can be
formulated as an SDP feasibility problem, thus polynomial-time solvable.
Constrained nonconcave NUM can be relaxed by a generalization of the

Lagrange duality theory, which involves nonlinear combinations of the con-
straints instead of linear combinations in the standard duality theory. The
key result is the positivstellensatz, due to Stengle [62], in real algebraic geom-
etry, which states that for a system of polynomial inequalities, either there
exists a solution in Rn or there exists a polynomial which is a certificate
that no solution exists. This infeasibility certificate has recently been shown
to be also computable by an SDP of sufficient size [51, 50], a process that
is referred to as the sum-of-squares method and automated by the software
SOSTOOLS [52] initiated by Parrilo in 2000. For a complete theory and many
applications of SOS methods, see [51] and references therein.
Furthermore, the bound γ itself can become an optimization variable in the

SDP and can be directly minimized. A nested family of SDP relaxations, each
indexed by the degree of the certificate polynomial, is guaranteed to produce
the exact global maximum. Of course, given the problem is NP-hard, it is
not surprising that the worst-case degree of certificate (thus the number of
SDP relaxations needed) is exponential in the number of variables. What is
interesting is the observation that in applying SOSTOOLS to nonconcave
utility maximization, a very low-order, often the minimum-order relaxation
already produces the globally optimal solution.

Application of SOS Method to Nonconcave NUM

Using sum-of-squares and the positivstellensatz, we set up the following prob-
lem whose objective value converges to the optimal value of problem (5.1),
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where {Ui} are now general polynomials, as the degree of the polynomials
involved is increased.

minimize γ
subject to
γ −

P
s Us(xs)−

P
l λl(x)(cl −

P
s∈S(l) xs)

−
P

j,k λjk(x)(cj −
P

s∈S(j) xs)(ck −
P

s∈S(k) xs)−
. . .− λ12...n(x)(c1 −

P
s∈S(1) xs) . . . (cn −

P
s∈S(n) xs)

is SOS,
λl(x), λjk(x), . . . , λ12...n(x) are SOS.

(5.5)

The optimization variables are γ and all of the coefficients in polynomials
λl(x), λjk(x), . . ., λ12...n(x). Note that x is not an optimization variable; the
constraints hold for all x, therefore imposing constraints on the coefficients.
This formulation uses Schmüdgen’s representation of positive polynomials
over compact sets [56].
Let D be the degree of the expression in the first constraint in (5.5). We

refer to problem (5.5) as the SOS relaxation of order D for the constrained
NUM. For a fixed D, the problem can be solved via SDP. As D is increased,
the expression includes more terms, the corresponding SDP becomes larger,
and the relaxation gives tighter bounds. An important property of this nested
family of relaxations is guaranteed convergence of the bound to the global
maximum.
Regarding the choice of degree D for each level of relaxation, clearly a

polynomial of odd degree cannot be SOS, so we need to consider only the
cases where the expression has even degree. Therefore, the degree of the first
nontrivial relaxation is the largest even number greater than or equal to
degree

P
s Us(xs), and the degree is increased by 2 for the next level.

A key question now becomes: how do we find out, after solving an SOS
relaxation, if the bound happens to be exact? Fortunately, there is a suffi-
cient test that can reveal this, using the properties of the SDP and its dual
solution. In [31, 39], a parallel set of relaxations, equivalent to the SOS ones,
is developed in the dual framework. The dual of checking the nonnegativity
of a polynomial over a semialgebraic set turns out to be finding a sequence of
moments that represent a probability measure with support in that set. To
be a valid set of moments, the sequence should form a positive semidefinite
moment matrix. Then, each level of relaxation fixes the size of this matrix
(i.e., considers moments up a certain order) and therefore solves an SDP.
This is equivalent to fixing the order of the polynomials appearing in SOS
relaxations. The sufficient rank test checks a rank condition on this moment
matrix and recovers (one or several) optimal x∗, as discussed in [31].
In summary, we have the following algorithm for centralized computa-

tion of a globally optimal rate allocation to nonconcave utility maximization,
where the utility functions can be written as or converted into polynomials.
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Algorithm 1. Sum-of-squares for nonconcave utility maximization.

1. Formulate the relaxed problem (5.5) for a given degree D.
2. Use SDP to solve the Dth order relaxation, which can be conducted

using SOSTOOLS [52].
3. If the resulting dual SDP solution satisfies the sufficient rank condition,

the Dth-order optimizer γ∗(D) is the globally optimal network utility, and a
corresponding x∗ can be obtained.1

4. IncreaseD toD+2, that is, the next higher-order relaxation, and repeat.

In the following section, we give examples of the application of SOS re-
laxation to the nonconcave NUM. We also apply the above sufficient test to
check if the bound is exact, and if so, we recover the optimum rate allocation
x∗ that achieve this tightest bound.

5.2.3 Numerical Examples and Sigmoidal Utilities

Polynomial Utility Examples

First, consider quadratic utilities (i.e., Us(xs) = x2s) as a simple case to start
with (this can be useful, for example, when the bottleneck link capacity limits
sources to their convex region of a sigmoidal utility). We present examples
that are typical, in our experience, of the performance of the relaxations.

x1

x2 x3

c1 c2

Fig. 5.3 Network topology for Example 5.1.

Example 5.1. A small illustrative example. Consider the simple 2-link, 3-
user network shown in Figure 5.3, with c = [1, 2]. The optimization problem
is

maximize
P

s x
2
s

subject to x1 + x2 ≤ 1
x1 + x3 ≤ 2
x1, x2, x3 ≥ 0.

(5.6)

1 Otherwise, γ∗(D) may still be the globally optimal network utility but is only provably
an upper bound.
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The first level relaxation with D = 2 is

minimize γ
subject to
γ − (x21 + x22 + x23)− λ1(−x1 − x2 + 1)− λ2(−x1
−x3 + 2)− λ3x1 − λ4x2 − λ5x3 − λ6(−x1 − x2 + 1)
(−x1 − x3 + 2)− λ7x1(−x1 − x2 + 1)− λ8x2(−x1
−x2 + 1)− λ9x3(−x1 − x2 + 1)− λ10x1(−x1 − x3 + 2)
−λ11x2(−x1 − x3 + 2)− λ12x3(−x1 − x3 + 2)−
λ13x1x2 − λ14x1x3 − λ15x2x3 is SOS,
λi ≥ 0, i = 1, . . . , 15.

(5.7)

The first constraint above can be written as xTQx for x = [1, x1, x2, x3]
T

and an appropriate Q. For example, the (1,1) entry which is the constant
term reads γ − λ1 − 2λ2 − 2λ6, the (2,1) entry, coefficient of x1, reads λ1 +
λ2 − λ3 + 3λ6 − λ7 − 2λ10, and so on. The expression is SOS if and only if
Q ≥ 0. The optimal γ is 5, which is achieved by, for example, λ1 = 1, λ2 = 2,
λ3 = 1, λ8 = 1, λ10 = 1, λ12 = 1, λ13 = 1, λ14 = 2 and the rest of the λi
equal to zero. Using the sufficient test (or, in this example, by inspection) we
find the optimal rates x0 = [0, 1, 2].
In this example, many of the λi could be chosen to be zero. This means

not all product terms appearing in (5.7) are needed in constructing the SOS
polynomial. Such information is valuable from the decentralization point of
view, and can help determine to what extent our bound can be calculated in
a distributed manner. This is a challenging topic for future work.

c1 c2

c3

c4

c5

c6

c7

Fig. 5.4 Network topology for Example 5.2.

Example 5.2. Larger tree topology. As a larger example, consider the net-
work shown in Figure 5.4 with seven links. There are nine users, with the
following routing table that lists the links on each user’s path.

x1 x2 x3 x4 x5 x6 x7 x8 x9
1,2 1,2,4 2,3 4,5 2,4 6,5,7 5,6 7 5
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For c = [5, 10, 4, 3, 7, 3, 5], we obtain the bound γ = 116 with D = 2,
which turns out to be globally optimal, and the globally optimal rate vector
can be recovered: x0 = [5, 0, 4, 0, 1, 0, 0, 5, 7]. In this example, exhaustive
search is too computationally intensive, and the sufficient condition test plays
an important role in proving the bound is exact and in recovering x0.

c1

c2

c3

c4

c5

c6

Fig. 5.5 Network topology for Example 5.3.

Example 5.3. Large m-hop ring topology. Consider a ring network with n
nodes, n users, and n links where each user’s flow starts from a node and goes
clockwise through the next m links, as shown in Figure 5.5 for n = 6, m = 2.
As a large example, with n = 25, m = 2, and capacities chosen randomly
for a uniform distribution on [0, 10], using relaxation of order D = 2 we
obtain the exact bound γ = 321.11 and recover an optimal rate allocation.
For n = 30, m = 2, and capacities randomly chosen from [0, 15], it turns out
that D = 2 relaxation yields the exact bound 816.95 and a globally optimal
rate allocation.

Sigmoidal Utility Examples

Now consider sigmoidal utilities in a standard form:

Us(xs) =
1

1 + e−(asxs+bs)
,

where {as, bs} are constant integers. Even though these sigmoidal functions
are not polynomials, we show the problem can be cast as one with polynomial
cost and constraints, with a change of variables.

Example 5.4. Sigmoidal utility. Consider the simple 2-link, 3-user example
shown in Figure 5.3 for as = 1 and bs = −5.
The NUM problem is to
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maximize
P

s
1

1+e−(xs−5)

subject to x1 + x2 ≤ c1
x1 + x3 ≤ c2
x ≥ 0.

(5.8)

Let ys = 1/
¡
1 + e−(xs−5)

¢
, then xs = − log((1/ys)− 1) + 5. Substituting

for x1, x2 in the first constraint, arranging terms and taking exponentials,
then multiplying the sides by y1y2 (note that y1, y2 > 0), we get

(1− y1)(1− y2) ≥ e(10−c1)y1y2,

which is polynomial in the new variables y. This applies to all capac-
ity constraints, and the nonnegativity constraints for xs translate to ys ≥
1/
¡
1 + e5

¢
. Therefore the whole problem can be written in polynomial form,

and SOS methods apply. This transformation renders the problem polynomial
for general sigmoidal utility functions, with any as and bs.
We present some numerical results, using a small illustrative example. Here

SOS relaxations of order 4 (D = 4) were used. For c1 = 4, c2 = 8, we find
γ = 1.228, which turns out to be a global optimum, with x0 = [0, 4, 8]
as the optimal rate vector. For c1 = 9, c2 = 10, we find γ = 1.982 and
x0 = [0, 9, 10]. Now place a weight of 2 on y1, and the other ys have weight
one; we obtain γ = 1.982 and x0 = [9, 0, 1].
In general, if as 6= 1 for some s, however, the degree of the polynomials in

the transformed problem may be very high. If we write the general problem
as

maximize
P

s
1

1+e−(asxs+bs)

subject to
P

s∈S(l) xs ≤ cl, ∀l,
x ≥ 0,

(5.9)

each capacity constraint after transformation will beQ
s(1− ys)

rlsΠk 6=sak ≥

exp(−
Q

s as(cl +
P

s rls/asbs))
Q

s y
rls

Q
k 6=s ak

s ,

where rls = 1 if l ∈ L(s) and equals 0 otherwise. Because the product of the
as appears in the exponents, as > 1 significantly increases the degree of the
polynomials appearing in the problem and hence the dimension of the SDP
in the SOS method.
It is therefore also useful to consider alternative representations of sig-

moidal functions such as the following rational function:

Us(xs) =
xns

a+ xns
,

where the inflection point is x0 = ((a(n− 1)) / (n+ 1))1/n and the slope at
the inflection point is Us(x

0) = ((n− 1) /4n) ((n+ 1) / (a(n− 1)))1/n. Let
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ys = Us(xs); the NUM problem in this case is equivalent to

maximize
P

s ys
subject to xns − ysx

n
s − ays = 0P

s∈S(l) xs ≤ cl, ∀l
x ≥ 0

(5.10)

which again can be accommodated in the SOS method and be solved by
Algorithm 1.
The benefit of this choice of utility function is that the largest degree of

the polynomials in the problem is n + 1, therefore growing linearly with n.
The disadvantage compared to the exponential form for sigmoidal functions
is that the location of the inflection point and the slope at that point cannot
be set independently.

5.2.4 Alternative Representations for Convex
Relaxations to Nonconcave NUM

The SOS relaxation we used in the last two sections is based on Schmüdgen’s
representation for positive polynomials over compact sets described by other
polynomials. We now briefly discuss two other representations of relevance
to the NUM, that are interesting from both theoretical (e.g., interpretation)
and computational points of view.

LP Relaxation

Exploiting linearity of the constraints in NUM and with the additional as-
sumption of nonempty interior for the feasible set (which holds for NUM),
we can use Handelman’s representation [30] and refine the positivstellen-
satz condition to obtain the following convex relaxation of nonconcave NUM
problem.

maximize γ
subject to

γ −
P

s Us(xs) =
X
α∈NL

λα

LY
l=1

(cl −
P

s∈S(l) xs)
αl , ∀x

λα ≥ 0, ∀α,

(5.11)

where the optimization variables are γ and λα, and α denotes an ordered set
of integers {αl}.
Fixing D where

P
l αl ≤ D, and equating the coefficients on the two

sides of the equality in (5.11), yields a linear program (LP). There are no
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SOS terms, therefore no semidefiniteness conditions. As before, increasing
the degree D gives higher-order relaxations and a tighter bound.
We provide a pricing interpretation for problem (5.11). First, normalize

each capacity constraint as 1 − ul(x) ≥ 0, where ul(x) =
P

s∈S(l) xs/cl. We

can interpret ul(x) as link usage, or the probability that link l is used at
any given point in time. Then, in (5.11), we have terms linear in u such as
λl(1−ul(x)), in which λl has a similar interpretation as in concave NUM, as
the price of using link l. We also have product terms such as λjk(1−uj(x))(1−
uk(x)), where λjkuj(x)uk(x) indicates the probability of simultaneous usage
of links j and k, for links whose usage probabilities are independent (e.g.,
they do not share any flows). Products of more terms can be interpreted
similarly.
Although the above price interpretation is not complete and does not jus-

tify all the terms appearing in (5.11) (e.g., powers of the constraints, product
terms for links with shared flows), it does provide some useful intuition: this
relaxation results in a pricing scheme that provides better incentives for the
users to observe the constraints, by giving an additional reward (because the
corresponding term adds positively to the utility) for simultaneously keeping
two links free. Such incentive helps tighten the upper bound and eventually
achieve a feasible (and optimal) allocation.
This relaxation is computationally attractive because we need to solve an

LPs instead of the previous SDPs at each level. However, significantly more
levels may be required [40].

Relaxation with No Product Terms

Putinar [53] showed that a polynomial positive over a compact set2 can be
represented as an SOS-combination of the constraints. This yields the follow-
ing convex relaxation for nonconcave NUM problem.

maximize γ
subject to

γ −
P

s Us(xs) =
PL

l=1 λl(x)(cl −
P

s∈S(l) xs), ∀x
λ(x) is SOS,

(5.12)

where the optimization variables are the coefficients in λl(x). Similar to the
SOS relaxation (5.5), fixing the order D of the expression in (5.12) results in
an SDP. This relaxation has the nice property that no product terms appear:
the relaxation becomes exact with a high enough D without the need of
product terms. However, this degree might be much higher than what the
previous SOS method requires.

2 With an extra assumption that always holds for linear constraints as in NUM problems.
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5.2.5 Concluding Remarks and Future Directions

We consider the NUM problem in the presence of inelastic flows, that is, flows
with nonconcave utilities. Despite its practical importance, this problem has
not been studied widely, mainly due to the fact it is a nonconvex problem.
There has been no effective mechanism, centralized or distributed, to com-
pute the globally optimal rate allocation for nonconcave utility maximization
problems in networks. This limitation has made performance assessment and
design of networks that include inelastic flows very difficult.
In one of the recent works on this topic [19], we employed convex SOS re-

laxations, solved by a sequence of SDPs, to obtain high-quality, increasingly
tighter upper bounds on total achievable utility. In practice, the performance
of our SOSTOOLS-based algorithm was surprisingly good, and bounds ob-
tained using a polynomial-time (and indeed a low-order and often minimal-
order) relaxation were found to be exact, achieving the global optimum of
nonconcave NUM problems. Furthermore, a dual-based sufficient test, if suc-
cessful, detects the exactness of the bound, in which case the optimal rate
allocation can also be recovered. This performance of the proposed algorithm
brings up a fundamental question on whether there is any particular property
or structure in nonconcave NUM that makes it especially suitable for SOS
relaxations.
We further examined the use of two more specialized polynomial repre-

sentations, one that uses products of constraints with constant multipliers,
resulting in LP relaxations; and at the other end of spectrum, one that uses
a linear combination of constraints with SOS multipliers. We expect these re-
laxations to give higher-order certificates, thus their potential computational
benefits need to be examined further. We also show they admit economics
interpretations (e.g., prices, incentives) that provide some insight on how the
SOS relaxations work in the framework of link congestion pricing for the
simultaneous usage of multiple links.
An important research issue to be further investigated is decentralization

methods for rate allocation among sources with nonconcave utilities. The
proposed algorithm here is not easy to decentralize, given the products of the
constraints or polynomial multipliers that destroy the separable structure of
the problem. However, when relaxations become exact, the sparsity pattern
of the coefficients can provide information about partially decentralized com-
putation of optimal rates. For example, if after solving the NUM offline, we
obtain an exact bound, then if the coefficient of the cross-term xixj turns out
to be zero, it means users i and j do not need to communicate to each other
to find their optimal rates. An interesting next step in this area of research is
to investigate a distributed version of the proposed algorithm through limited
message passing among clusters of network nodes and links.
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5.3 Wireless Network Power Control

5.3.1 Introduction

Due to the broadcast nature of radio transmission, data rates and other qual-
ity of service (QoS) issues in a wireless network are affected by interference.
This is particularly important in CDMA systems where users transmit at
the same time over the same frequency bands and their spreading codes are
not perfectly orthogonal. Transmit power control is often used to tackle this
problem of signal interference [12]. We study how to optimize over the trans-
mit powers to create the optimal set of signal-to-interference ratios (SIR) on
wireless links. Optimality here can be with respect to a variety of objectives,
such as maximizing a systemwide efficiency metric (e.g., the total system
throughput), or maximizing a QoS metric for a user in the highest QoS class,
or maximizing a QoS metric for the user with the minimum QoS metric value
(i.e., a maxmin optimization).
The objective represents a systemwide goal to be optimized; however, in-

dividual users’ QoS requirements also need to be satisfied. Any power alloca-
tion must therefore be constrained by a feasible set formed by these minimum
requirements from the users. Such a constrained optimization captures the
tradeoff between user-centric constraints and some network-centric objective.
Because a higher power level from one transmitter increases the interference
levels at other receivers, there may not be any feasible power allocation to
satisfy the requirements from all the users. Sometimes an existing set of re-
quirements can be satisfied, but when a new user is admitted into the system,
there exist no more feasible power control solutions, or the maximized ob-
jective is reduced due to the tightening of the constraint set, leading to the
need for admission control and admission pricing, respectively.
Because many QoS metrics are nonlinear functions of SIR, which is in turn

a nonlinear (and neither convex nor concave) function of transmit powers,
in general, power control optimization or feasibility problems are difficult
nonlinear optimization problems that may appear to be NP-hard problems.
Following [14, 35], this section shows that, when SIR is much larger than 0 dB,
a class of nonlinear optimization called geometric programming (GP) can be
used to efficiently compute the globally optimal power control in many of
these problems, and efficiently determine the feasibility of user requirements
by returning either a feasible (and indeed optimal) set of powers or a cer-
tificate of infeasibility. This also leads to an effective admission control and
admission pricing method.
The key observation is that despite the apparent nonconvexity, through log

change of variable the GP technique turns these constrained optimizations
of power control into convex optimization, which is intrinsically tractable
despite its nonlinearity in objective and constraints. However, when SIR is
comparable to or below 0 dB, the power control problems are truly nonconvex
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with no efficient and global solution methods. In this case, we present a
heuristic that is provably convergent and empirically almost always computes
the globally optimal power allocation by solving a sequence of GPs through
the approach of successive convex approximations.
The GP approach reveals the hidden convexity structure, which implies

efficient solution methods and the global optimality of any local optimum in
power control problems with nonlinear objective functions. It clearly differ-
entiates the tractable formulations in a high-SIR regime from the intractable
ones in a low-SIR regime. Power control by GP is applicable to formulations
in both cellular networks with single-hop transmission between mobile users
and base stations, and ad hoc networks with multihop transmission among
the nodes, as illustrated through several numerical examples in this section.
Traditionally, GP is solved by centralized computation through the highly
efficient interior point methods. In this section we present a new result on
how GP can be solved distributively with message passing, which has inde-
pendent value to general maximization of coupled objective, and applies it to
power control problems with a further reduction of message-passing overhead
by leveraging the specific structures of power control problems.
More generally, the technique of nonlinear change of variables, including

the log change of variables, to reveal “hidden” convexity in optimization for-
mulations has recently become quite popular in the communication network
research community.

5.3.2 Geometric Programming

GP is a class of nonlinear, nonconvex optimization problems with many useful
theoretical and computational properties. It was invented in 1967 by Duffin,
Peterson, and Zener [17], and much of the development by the early 1980s was
summarized in [1]. Because a GP can be turned into a convex optimization
problem, a local optimum is also a global optimum, the Lagrange duality gap
is zero under mild conditions, and a global optimum can be computed very
efficiently. Numerical efficiency holds both in theory and in practice: interior
point methods applied to GP have provably polynomial-time complexity [48],
and are very fast in practice with high-quality software downloadable from
the Internet (e.g., the MOSEK package). Convexity and duality properties
of GP are well understood, and large-scale, robust numerical solvers for GP
are available. Furthermore, special structures in GP and its Lagrange dual
problem lead to distributed algorithms, physical interpretations, and compu-
tational acceleration beyond the generic results for convex optimization. A
detailed tutorial of GP and comprehensive survey of its recent applications
to communication systems and to circuit design can be found in [11] and [3],
respectively. This section contains a brief introduction of GP terminology.
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There are two equivalent forms of GP: standard form and convex form.
The first is a constrained optimization of a type of function called posynomial,
and the second form is obtained from the first through a logarithmic change
of variable.
We first define a monomial as a function f : Rn

++ → R:

f(x) = dxa
(1)

1 xa
(2)

2 . . . xa
(n)

n ,

where the multiplicative constant d ≥ 0 and the exponential constants a(j) ∈
R, j = 1, 2, . . . , n. A sum of monomials, indexed by k below, is called a
posynomial:

f(x) =
KX
k=1

dkx
a
(1)
k
1 x

a
(2)
k
2 . . . x

a
(n)
k
n ,

where dk ≥ 0, k = 1, 2, . . . ,K, and a
(j)
k ∈ R, j = 1, 2, . . . , n, k = 1, 2, . . . ,K.

For example, 2x−π1 x0.52 + 3x1x
100
3 is a posynomial in x, x1 − x2 is not a

posynomial, and x1/x2 is a monomial, thus also a posynomial.
Minimizing a posynomial subject to posynomial upper bound inequality

constraints and monomial equality constraints is called GP in standard form:

minimize f0(x)
subject to fi(x) ≤ 1, i = 1, 2, . . . ,m,

hl(x) = 1, l = 1, 2, . . . ,M,
(5.13)

where fi, i = 0, 1, . . . ,m, are posynomials: fi(x) =
PKi

k=1 dikx
a
(1)
ik
1 x

a
(2)
ik
2 . . . x

a
(n)
ik
n ,

and hl, l = 1, 2, . . . ,M , are monomials: hl(x) = dlx
a
(1)
l
1 x

a
(2)
l
2 . . . x

a
(n)
l
n .

GP in standard form is not a convex optimization problem, because posy-
nomials are not convex functions. However, with a logarithmic change of the
variables and multiplicative constants: yi = log xi, bik = log dik, bl = log dl,
and a logarithmic change of the functions’ values, we can turn it into the
following equivalent problem in y.

minimize p0(y) = log
PK0

k=1 exp(a
T
0ky+ b0k)

subject to pi(y) = log
PKi

k=1 exp(a
T
iky+ bik) ≤ 0, i = 1, 2, . . . ,m,

ql(y) = a
T
l y+ bl = 0, l = 1, 2, . . . ,M.

(5.14)

This is referred to as GP in convex form, which is a convex optimization
problem because it can be verified that the log-sum-exp function is convex
[4].
In summary, GP is a nonlinear, nonconvex optimization problem that can

be transformed into a nonlinear convex problem. GP in standard form can
be used to formulate network resource allocation problems with nonlinear
objectives under nonlinear QoS constraints. The basic idea is that resources
are often allocated proportional to some parameters, and when resource allo-



5 Nonconvex Optimization for Communication Networks 157

0
5

10

0

5

10

0

20

40

60

80

100

120

Y
X

F
un

ct
io

n

0
2

4

024
0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

AB
F

un
ct

io
n

Fig. 5.6 A bivariate posynomial before (left graph) and after (right graph) the log trans-
formation. A nonconvex function is turned into a convex one.

cations are optimized over these parameters, we are maximizing an inverted
posynomial subject to lower bounds on other inverted posynomials, which
are equivalent to GP in standard form.

SP/GP, SOS/SDP

Note that, although the posynomial seems to be a nonconvex function, it be-
comes a convex function after the log transformation, as shown in an example
in Figure 5.6. Compared to the (constrained or unconstrained) minimization
of a polynomial, the minimization of a posynomial in GP relaxes the integer
constraint on the exponential constants but imposes a positivity constraint on
the multiplicative constants and variables. There is a sharp contrast between
these two problems: polynomial minimization is NP-hard, but GP can be
turned into convex optimization with provably polynomial-time algorithms
for a global optimum.
In an extension of GP called signomial programming discussed later in this

section, the restriction of nonnegative multiplicative constants is removed.
This results in a general class of nonlinear and truly nonconvex problems
that is simultaneously a generalization of GP and polynomial minimization
over the positive quadrant, as summarized in the comparison Table 5.2.
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Table 5.2 Comparison of GP, constrained polynomial minimization over the positive
quadrant (PMoP), and signomial programming (SP). All three types of problems minimize
a sum of monomials subject to upper bound inequality constraints on sums of monomials,

but have different definitions of monomial: c
Q
j x

a(j)

j , as shown in the table. GP is known
to be polynomial-time solvable, but PMoP and SP are not.

GP PMoP SP

c R+ R R

a(j) R Z+ R

xj R++ R++ R++

The objective function of signomial programming can be formulated as
minimizing a ratio between two posynomials, which is not a posynomial (be-
cause posynomials are closed under positive multiplication and addition but
not division). As shown in Figure 5.7, a ratio between two posynomials is a
nonconvex function both before and after the log transformation. Although it
does not seem likely that signomial programming can be turned into a convex
optimization problem, there are heuristics to solve it through a sequence of
GP relaxations. However, due to the absence of algebraic structures found
in polynomials, such methods for signomial programming currently lack a
theoretical foundation of convergence to global optimality. This is in contrast
to the sum-of-squares method [51], which uses a nested family of SDP relax-
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Fig. 5.7 Ratio between two bivariate posynomials before (left graph) and after (right
graph) the log transformation. It is a nonconvex function in both cases.
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ations to solve constrained polynomial minimization problems as explained
in the last section.

5.3.3 Power Control by Geometric Programming:
Convex Case

Various schemes for power control, centralized or distributed, have been ex-
tensively studied since the 1990s based on different transmission models and
application needs (e.g., in [2, 26, 47, 55, 63, 72]). This section summarizes
the new approach of formulating power control problems through GP. The
key advantage is that globally optimal power allocations can be efficiently
computed for a variety of nonlinear systemwide objectives and user QoS
constraints, even when these nonlinear problems appear to be nonconvex
optimization.

Basic Model

Consider a wireless (cellular or multihop) network with n logical transmit-
ter/receiver pairs. Transmit powers are denoted as P1, . . . , Pn. In the cellular
uplink case, all logical receivers may reside in the same physical receiver,
that is, the base station. In the multihop case, because the transmission en-
vironment can be different on the links comprising an end-to-end path, power
control schemes must consider each link along a flow’s path.
Under Rayleigh fading, the power received from transmitter j at receiver

i is given by GijFijPj where Gij ≥ 0 represents the path gain (it may also
encompass antenna gain and coding gain) that is often modeled as propor-
tional to d−γij , where dij denotes distance, γ is the power fall-off factor, and
Fij model Rayleigh fading and are independent and exponentially distributed
with unit mean. The distribution of the received power from transmitter j
at receiver i is then exponential with mean value E [GijFijPj ] = GijPj . The
SIR for the receiver on logical link i is:

SIRi =
PiGiiFiiPN

j 6=i PjGijFij + ni
(5.15)

where ni is the noise power for receiver i.
The constellation size M used by a link can be closely approximated for

MQAMmodulations as follows.M = 1+(−φ1/ (ln(φ2BER)))SIR, where BER
is the bit error rate and φ1, φ2 are constants that depend on the modulation
type. Defining K = −φ1/ (ln(φ2BER)) leads to an expression of the data rate
Ri on the ith link as a function of the SIR: Ri = (1/T ) log2(1+KSIRi), which
can be approximated as
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Ri =
1

T
log2(KSIRi) (5.16)

when KSIR is much larger than 1. This approximation is reasonable either
when the signal level is much higher than the interference level or, in CDMA
systems, when the spreading gain is large. For notational simplicity in the
rest of this section, we redefine Gii asK times the original Gii, thus absorbing
constant K into the definition of SIR.
The aggregate data rate for the system can then be written as

Rsystem =
X
i

Ri =
1

T
log2

"Y
i

SIRi

#
.

So in the high SIR regime, aggregate data rate maximization is equivalent
to maximizing a product of SIR. The system throughput is the aggregate
data rate supportable by the system given a set of users with specified QoS
requirements.
Outage probability is another important QoS parameter for reliable com-

munication in wireless networks. A channel outage is declared and packets
lost when the received SIR falls below a given threshold SIRth, often com-
puted from the BER requirement. Most systems are interference-dominated
and the thermal noise is relatively small, thus the ith link outage probability
is

Po,i = Prob{SIRi ≤ SIRth}
= Prob{GiiFiiPi ≤ SIRth

X
j 6=i

GijFijPj}.

The outage probability can be expressed as [38]

Po,i = 1−
Y
j 6=i

1

1 +
SIRthGijPj

GiiPi

,

which means that the upper bound Po,i ≤ Po,i,max can be written as an upper
bound on a posynomial in P:Y

j 6=i

µ
1 +

SIRthGijPj
GiiPi

¶
≤ 1

1− Po,i,max
. (5.17)

Cellular Wireless Networks

We first present how GP-based power control applies to cellular wireless
networks with one-hop transmission from N users to a base station. These
results extend the scope of power control by the classical solution in CDMA



5 Nonconvex Optimization for Communication Networks 161

systems that equalizes SIRs, and those by the iterative algorithms (e.g., in
[2, 26, 47]) that minimize total power (a linear objective function) subject to
SIR constraints.
We start the discussion on the suite of power control problem formula-

tions with a simple objective function and basic constraints. The following
constrained problem of maximizing the SIR of a particular user i∗ is a GP.

maximize Ri∗(P)
subject to Ri(P) ≥ Ri,min, ∀i,

Pi1Gi1 = Pi2Gi2,
0 ≤ Pi ≤ Pi,max, ∀i.

The first constraint, equivalent to SIRi ≥ SIRi,min, sets a floor on the SIR
of other users and protects these users from user i∗ increasing her transmit
power excessively. The second constraint reflects the classical power control
criterion in solving the near—far problem in CDMA systems: the expected
received power from one transmitter i1 must equal that from another i2. The
third constraint is regulatory or system limitations on transmit powers. All
constraints can be verified to be inequality upper bounds on posynomials in
transmit power vector P.
Alternatively, we can use GP to maximize the minimum rate among all

users. The maxmin fairness objective

maximizeP min
i
{Ri}

can be accommodated in GP-based power control because it can be turned
into equivalently maximizing an auxiliary variable t such that SIRi(P) ≥
exp(t), ∀i, which has a posynomial objective and constraints in (P, t).

Example 5.5. A small illustrative example. A simple system comprised of
five users is used for a numerical example. The five users are spaced at dis-
tances d of 1, 5, 10, 15, and 20 units from the base station. The power fall-off
factor γ = 4. Each user has a maximum power constraint of Pmax = 0.5 mW.
The noise power is 0.5 μW for all users. The SIR of all users, other than
the user we are optimizing for, must be greater than a common threshold
SIR level β. In different experiments, β is varied to observe the effect on the
optimized user’s SIR. This is done independently for the near user at d = 1,
a medium distance user at d = 15, and the far user at d = 20. The results
are plotted in Figure 5.8.
Several interesting effects are illustrated. First, when the required thresh-

old SIR in the constraints is sufficiently high, there is no feasible power con-
trol solution. At moderate threshold SIR, as β is decreased, the optimized
SIR initially increases rapidly. This is because it is allowed to increase its
own power by the sum of the power reductions in the four other users, and
the noise is relatively insignificant. At low threshold SIR, the noise becomes
more significant and the power tradeoff from the other users less significant,
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Fig. 5.8 Constrained optimization of power control in a cellular network (Example 5.5).

so the curve starts to bend over. Eventually, the optimized user reaches its
upper bound on power and cannot utilize the excess power allowed by the
lower threshold SIR for other users. This is exhibited by the transition from
a sharp bend in the curve to a much shallower sloped curve.
We now proceed to show that GP can also be applied to the problem

formulations with an overall system objective of total system throughput,
under both user data rate constraints and outage probability constraints.
The following constrained problem of maximizing system throughput is a

GP.
maximize Rsystem(P)
subject to Ri(P) ≥ Ri,min, ∀i,

Po,i(P) ≤ Po,i,max, ∀i,
0 ≤ Pi ≤ Pi,max, ∀i

(5.18)

where the optimization variables are the transmit powers P. The objective
is equivalent to minimizing the posynomial

Q
i ISRi, where ISR is 1/SIR.

Each ISR is a posynomial in P and the product of posynomials is again a
posynomial. The first constraint is from the data rate demand Ri,min by each
user. The second constraint represents the outage probability upper bounds
Po,i,max. These inequality constraints put upper bounds on posynomials of
P, as can be readily verified through (5.16) and (5.17). Thus (5.18) is indeed
a GP, and efficiently solvable for global optimality.
There are several obvious variations of problem (5.18) that can be solved

by GP; for example, we can lower boundRsystem as a constraint and maximize
Ri∗ for a particular user i

∗, or have a total power
P

i Pi constraint or objective
function.
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Table 5.3 Suite of power control optimization solvable by GP

Objective Function Constraints

(A) Max Ri∗ (a) Ri ≥ Ri,min

(specific user) (rate constraint)

(B) Max mini Ri (b) Pi1Gi1 = Pi2Gi2

(worst-case user) (near—far constraint)

(C) Max
P

iRi (c)
P

iRi ≥ Rsystem,min
(total throughput) (sum rate constraint)

(D) Max
P

i wiRi (d) Po,i ≤ Po,i,max
(weighted rate sum) (outage probability constraint)

(E) Min
P

i Pi (e) 0 ≤ Pi ≤ Pi,max
(total power) (power constraint)

The objective function to be maximized can also be generalized to a
weighted sum of data rates,

P
iwiRi, where w º 0 is a given weight vector.

This is still a GP because maximizing
P

iwi log SIRi is equivalent to maxi-
mizing log

Q
i SIR

wi
i , which is in turn equivalent to minimizing

Q
i ISR

wi
i . Now

use auxiliary variables {ti}, and minimize
Q

i t
wi
i over the original constraints

in (5.18) plus the additional constraints ISRi ≤ ti for all i. This is readily
verified to be a GP in (x, t), and is equivalent to the original problem.

Generalizing the above discussions and observing that high-SIR assump-
tion is needed for GP formulation only when there are sums of log(1 + SIR)
in the optimization problem, we have the following summary.

Proposition 5.1. In the high-SIR regime, any combination of objectives
(A)—(E) and constraints (a)—(e) in Table 5.3 (pick any one of the objectives
and any subset of the constraints) is a power control optimization problem
that can be solved by GP, that is, can be transformed into a convex optimiza-
tion with efficient algorithms to compute the globally optimal power vector.
When objectives (C)—(D) or constraints (c)—(d) do not appear, the power
control optimization problem can be solved by GP in any SIR regime.

In addition to efficient computation of the globally optimal power allo-
cation with nonlinear objectives and constraints, GP can also be used for
admission control based on feasibility study described in [11], and for deter-
mining which QoS constraint is a performance bottleneck, that is, met tightly
at the optimal power allocation.3

3 This is because most GP solution algorithms solve both the primal GP and its Lagrange
dual problem, and by the complementary slackness condition, a resource constraint is tight
at optimal power allocation when the corresponding optimal dual variable is nonzero.
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Extensions

In wireless multihop networks, system throughput may be measured either by
end-to-end transport layer utilities or by link layer aggregate throughput. GP
application to the first approach has appeared in [10], and those to the second
approach in [11]. Furthermore, delay and buffer overflow properties can also
be accommodated in the constraints or objective function of GP-based power
control.

5.3.4 Power Control by Geometric Programming:
Nonconvex Case

If we maximize the total throughput Rsystem in the medium to low SIR case
(i.e., when SIR is not much larger than 0 dB), the approximation of log(1 +
SIR) as log SIR does not hold. Unlike SIR, which is an inverted posynomial,
1+SIR is not an inverted posynomial. Instead, 1/ (1 + SIR) is a ratio between
two posynomials:

f(P)

g(P)
=

P
j 6=iGijPj + niP
j GijPj + ni

. (5.19)

Minimizing, or upper bounding, a ratio between two posynomials be-
longs to a truly nonconvex class of problems known as complementary GP
[1, 11] that is in general an NP-hard problem. An equivalent generalization
of GP is signomial programming [1, 11]: minimizing a signomial subject to
upper bound inequality constraints on signomials, where a signomial s(x)
is a sum of monomials, possibly with negative multiplicative coefficients:
s(x) =

PN
i=1 cigi(x) where c ∈ R

N and gi(x) are monomials.
4

Successive Convex Approximation Method

Consider the following nonconvex problem,

minimize f0(x)
subject to fi(x) ≤ 1, i = 1, 2, . . . ,m,

(5.20)

where f0 is convex without loss of generality,
5 but the fi(x)s, ∀i are noncon-

vex. Because directly solving this problem is NP-hard, we want to solve it by

4 An SP can always be converted into a complementary GP, because an inequality in SP,
which can be written as fi1(x)− fi2(x) ≤ 1, where fi1, fi2 are posynomials, is equivalent
to an inequality fi1(x)/ (1 + fi2(x)) ≤ 1 in complementary GP.
5 If f0 is nonconvex, we can move the objective function to the constraint by introducing
auxiliary scalar variable t and writing minimize t subject to the additional constraint
f0(x)− t ≤ 0.
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a series of approximations f̃i(x) ≈ fi(x),∀x, each of which can be optimally
solved in an easy way. It is known [46] that if the approximations satisfy the
following three properties, then the solutions of this series of approximations
converge to a point satisfying the necessary optimality Karush—Kuhn—Tucker
(KKT) conditions of the original problem.

(1) fi(x) ≤ f̃i(x) for all x.
(2) fi(x0) = f̃i(x0) where x0 is the optimal solution of the approximated

problem in the previous iteration.
(3) ∇fi(x0) = ∇f̃i(x0).
The following algorithm describes the generic successive approximation

approach. Given a method to approximate fi(x) with f̃i(x) , ∀i, around some
point of interest x0, the following algorithm provides the output of a vector
that satisfies the KKT conditions of the original problem.

Algorithm 2. Successive approximation to a nonconvex problem.

1. Choose an initial feasible point x(0) and set k = 1.
2. Form an approximated problem of (5.20) based on the previous point

x(k−1).
3. Solve the kth approximated problem to obtain x(k).
4. Increment k and go to step 2 until convergence to a stationary point.

Single condensation method. Complementary GPs involve upper bounds
on the ratio of posynomials as in (5.19); they can be turned into GPs by
approximating the denominator of the ratio of posynomials, g(x), with a
monomial g̃(x), but leaving the numerator f(x) as a posynomial.
The following basic result can be readily proved using the arithmetic-

mean—geometric-mean inequality.

Lemma 5.1. Let g(x) =
P

i ui(x) be a posynomial. Then

g(x) ≥ g̃(x) =
Y
i

µ
ui(x)

αi

¶αi
. (5.21)

If, in addition, αi = ui(x0)/g(x0), ∀i, for any fixed positive x0, then g̃(x0) =
g(x0), and g̃(x) is the best local monomial approximation to g(x) near x0 in
the sense of first-order Taylor approximation.

The above lemma easily leads to the following

Proposition 5.2. The approximation of a ratio of posynomials f(x)/g(x)
with f(x)/g̃(x) where g̃(x) is the monomial approximation of g(x) using the
arithmetic-geometric mean approximation of Lemma 5.1 satisfies the three
conditions for the convergence of the successive approximation method.

Double condensation method. Another choice of approximation is to make
a double monomial approximation for both the denominator and numerator
in (5.19). However, in order to satisfy the three conditions for the convergence
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of the successive approximation method, a monomial approximation for the
numerator f(x) should satisfy f(x) ≤ f̃(x).

Applications to Power Control

Figure 5.9 shows a block diagram of the approach of GP-based power control
for a general SIR regime [64]. In the high SIR regime, we need to solve only
one GP. In the medium to low SIR regimes, we solve truly nonconvex power
control problems that cannot be turned into convex formulation through a
series of GPs.

(High SIR)
Original

Problem
Solve
1 GP

(Medium
to

Low SIR)

Original

Problem
SP

Complementary

GP (Condensed)
Solve
1 GP

-

- - -

6

Fig. 5.9 GP-based power control in different SIR regimes.

GP-based power control problems in the medium to low SIR regimes be-
come SP (or, equivalently, complementary GP), which can be solved by the
single or double condensation method. We focus on the single condensation
method here. Consider a representative problem formulation of maximizing
total system throughput in a cellular wireless network subject to user rate
and outage probability constraints in problem (5.18), which can be explicitly
written out as

minimize
QN

i=1
1

1+SIRi
subject to (2TRi,min − 1) 1

SIRi
≤ 1, i = 1, . . . , N,

(SIRth)
N−1(1− Po,i,max)

QN
j 6=i

GijPj
GiiPi

≤ 1, i = 1, . . . , N,

Pi(Pi,max)
−1 ≤ 1, i = 1, . . . , N.

(5.22)

All the constraints are posynomials. However, the objective is not a posyno-
mial, but a ratio between two posynomials as in (5.19). This power control
problem can be solved by the condensation method by solving a series of
GPs. Specifically, we have the following single-condensation algorithm.

Algorithm 3. Single condensation GP power control.

1. Evaluate the denominator posynomial of the objective function in (5.22)
with the given P.
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Fig. 5.10 Maximized total system throughput achieved by the (single) condensation
method for 500 different initial feasible vectors (Example 5.6). Each point represents a
different experiment with a different initial power vector.

2. Compute for each term i in this posynomial,

αi =
value of ith term in posynomial

value of posynomial
.

3. Condense the denominator posynomial of the (5.22) objective function
into a monomial using (5.21) with weights αi.
4. Solve the resulting GP using an interior point method.
5. Go to step 1 using P of step 4.
6. Terminate the kth loop if

°°P(k) −P(k−1)°° ≤ where is the error
tolerance for exit condition.

As condensing the objective in the above problem gives us an underesti-
mate of the objective value, each GP in the condensation iteration loop tries
to improve the accuracy of the approximation to a particular minimum in
the original feasible region. All three conditions for convergence are satisfied,
and the algorithm is convergent. Empirically through extensive numerical ex-
periments, we observe that it almost always computes the globally optimal
power allocation.

Example 5.6. Single condensation example. We consider a wireless cellular
network with three users. Let T = 10−6 s, Gii = 1.5, and generate Gij , i 6= j,
as independent random variables uniformly distributed between 0 and 0.3.
Threshold SIR is SIRth = −10 dB, and minimal data rate requirements are
100 kbps, 600 kbps, and 1000 kbps for logical links 1, 2, and 3, respectively.
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Maximal outage probabilities are 0.01 for all links, and maximal transmit
powers are 3 mW, 4 mW, and 5 mW for links 1, 2, and 3, respectively. For
each instance of problem (5.22), we pick a random initial feasible power vec-
tor P uniformly between 0 and Pmax. Figure 5.10 compares the maximized
total network throughput achieved over 500 sets of experiments with differ-
ent initial vectors. With the (single) condensation method, SP converges to
different optima over the entire set of experiments, achieving (or coming very
close to) the global optimum at 5290 bps 96% of the time and a local op-
timum at 5060 bps 4% of the time. The average number of GP iterations
required by the condensation method over the same set of experiments is 15
if an extremely tight exit condition is picked for SP condensation iteration:
= 1× 10−10. This average can be substantially reduced by using a larger ;
for example, increasing to 1× 10−2 requires on average only 4 GPs.

We have thus far discussed a power control problem (5.22) where the
objective function needs to be condensed. The method is also applicable if
some constraint functions are signomials and need to be condensed [14, 35].

5.3.5 Distributed Algorithm

A limitation for GP-based power control in ad hoc networks (without base
stations) is the need for centralized computation (e.g., by interior point meth-
ods). The GP formulations of power control problems can also be solved by
a new method of distributed algorithm for GP. The basic idea is that each
user solves its own local optimization problem and the coupling among users
is taken care of by message passing among the users. Interestingly, the spe-
cial structure of coupling for the problem at hand (all coupling among the
logical links can be lumped together using interference terms) allows one to
further reduce the amount of message passing among the users. Specifically,
we use a dual decomposition method to decompose a GP into smaller sub-
problems whose solutions are jointly and iteratively coordinated by the use
of dual variables. The key step is to introduce auxiliary variables and to add
extra equality constraints, thus transferring the coupling in the objective to
coupling in the constraints, which can be solved by introducing “consistency
pricing” (in contrast to “congestion pricing”). We illustrate this idea through
an unconstrained GP followed by an application of the technique to power
control.

Distributed Algorithm for GP

Suppose we have the following unconstrained standard form GP in x Â 0,

minimize
P

i fi(xi, {xj}j∈I(i)), (5.23)
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where xi denotes the local variable of the ith user, {xj}j∈I(i) denotes the
coupled variables from other users, and fi is either a monomial or posynomial.
Making a change of variable yi = log xi,∀i, in the original problem, we obtain

minimize
P

i fi(e
yi , {eyj}j∈I(i)).

We now rewrite the problem by introducing auxiliary variables yij for the
coupled arguments and additional equality constraints to enforce consistency:

minimize
P

i fi(e
yi , {eyij}j∈I(i))

subject to yij = yj ,∀j ∈ I(i),∀i. (5.24)

Each ith user controls the local variables (yi, {yij}j∈I(i)). Next, the Lagran-
gian of (5.24) is formed as

L({yi}, {yij}; {γij}) =
X
i

fi(e
yi , {eyij}j∈I(i)) +

X
i

X
j∈I(i)

γij(yj − yij)

=
X
i

Li(yi, {yij}; {γij}),

where

Li(yi, {yij}; {γij}) = fi(e
yi , {eyij}j∈I(i)) +

µ X
j:i∈I(j)

γji

¶
yi −

X
j∈I(i)

γijyij .

(5.25)
The minimization of the Lagrangian with respect to the primal variables
({yi}, {yij}) can be done simultaneously and distributively by each user in
parallel. In the more general case where the original problem (5.23) is con-
strained, the additional constraints can be included in the minimization at
each Li.
In addition, the following master Lagrange dual problem has to be solved

to obtain the optimal dual variables or consistency prices {γij},

max
{γij}

g({γij}), (5.26)

where
g({γij}) =

X
i

min
yi,{yij}

Li(yi, {yij}; {γij}).

Note that the transformed primal problem (5.24) is convex with zero duality
gap; hence the Lagrange dual problem indeed solves the original standard
GP problem. A simple way to solve the maximization in (5.26) is with the
following subgradient update for the consistency prices,

γij(t+ 1) = γij(t) + δ(t)(yj(t)− yij(t)). (5.27)
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Appropriate choice of the stepsize δ(t) > 0, for example, δ(t) = δ0/t for some
constant δ0 > 0, leads to convergence of the dual algorithm.
Summarizing, the ith user has to: (i) minimize the function Li in (5.25)

involving only local variables, upon receiving the updated dual variables
{γji, j : i ∈ I(j)}, and (ii) update the local consistency prices {γij , j ∈ I(i)}
with (5.27), and broadcast the updated prices to the coupled users.

Applications to Power Control

As an illustrative example, we maximize the total system throughput in the
high SIR regime with constraints local to each user. If we directly applied
the distributed approach described in the last section, the resulting algorithm
would require knowledge by each user of the interfering channels and inter-
fering transmit powers, which would translate into a large amount of message
passing. To obtain a practical distributed solution, we can leverage the struc-
tures of power control problems at hand, and instead keep a local copy of
each of the effective received powers PR

ij = GijPj . Again using problem (5.18)
as an example formulation and assuming high SIR, we can write the problem
as (after the log change of variable)

minimize
P

i log
³
G−1ii exp(−P̃i)

³P
j 6=i exp(P̃

R
ij ) + σ2

´´
subject to P̃R

ij = G̃ij + P̃j ,
(5.28)

Constraints are local to each user, for example, (a), (d), and (e) in Table 5.3.
The partial Lagrangian is

L =
X
i

log

⎛⎝G−1ii exp(−P̃i)

⎛⎝X
j 6=i

exp(P̃R
ij ) + σ2

⎞⎠⎞⎠
+
X
i

X
j 6=i

γij

³
P̃R
ij −

³
G̃ij + P̃j

´´
, (5.29)

and the local ith Lagrangian function in (5.29) is distributed to the ith user,
from which the dual decomposition method can be used to determine the op-
timal power allocation P∗. The distributed power control algorithm is sum-
marized as follows.

Algorithm 4. Distributed power allocation update to maximize Rsystem.

At each iteration t:
1. The ith user receives the term

³P
j 6=i γji(t)

´
involving the dual vari-

ables from the interfering users by message-passing and minimizes the fol-

lowing local Lagrangian with respect to P̃i(t),
n
P̃R
ij (t)

o
j
subject to the local

constraints.
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Li

µ
P̃i(t),

n
P̃R
ij (t)

o
j
; {γij(t)}j

¶

= log

⎛⎝G−1ii exp(−P̃i(t))

⎛⎝X
j 6=i

exp(P̃R
ij (t)) + σ2

⎞⎠⎞⎠
+
X
j 6=i

γijP̃
R
ij (t)−

⎛⎝X
j 6=i

γji(t)

⎞⎠ P̃i(t).

2. The ith user estimates the effective received power from each of the
interfering users PR

ij (t) = GijPj(t) for j 6= i, updates the dual variable by

γij (t+ 1) = γij (t) + (δ0/t)
³
P̃R
ij (t)− logGijPj(t)

´
, (5.30)

and then broadcasts them by message passing to all interfering users in the
system.

Example 5.7. Distributed GP power control.We apply the distributed algo-
rithm to solve the above power control problem for three logical links with
Gij = 0.2, i 6= j, Gii = 1, ∀i, maximal transmit powers of 6 mW, 7 mW, and
7 mW for links 1, 2, and 3 respectively. Figure 5.11 shows the convergence of
the dual objective function towards the globally optimal total throughput of
the network. Figure 5.12 shows the convergence of the two auxiliary variables
in links 1 and 3 towards the optimal solutions.

0 50 100 150 200
0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2
x 10

4

Iteration

Dual objective function

Fig. 5.11 Convergence of the dual objective function through distributed algorithm (Ex-
ample 5.7).
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Fig. 5.12 Convergence of the consistency constraints through distributed algorithm (Ex-
ample 5.7).

5.3.6 Concluding Remarks and Future Directions

Power control problems with nonlinear objective and constraints may seem
to be difficult, NP-hard problems to solve for global optimality. However,
when SIR is much larger than 0 dB, GP can be used to turn these prob-
lems into intrinsically tractable convex formulations, accommodating a vari-
ety of possible combinations of objective and constraint functions involving
data rate, delay, and outage probability. Then interior point algorithms can
efficiently compute the globally optimal power allocation even for a large
network. Feasibility analysis of GP naturally leads to admission control and
pricing schemes. When the high SIR approximation cannot be made, these
power control problems become SP and may be solved by the heuristic of
the condensation method through a series of GPs. Distributed optimal algo-
rithms for GP-based power control in multihop networks can also be carried
out through message passing.
Several challenging research issues in the low-SIR regime remain to be

further explored. These include, for example, the reduction of SP solution
complexity (e.g., by using high-SIR approximation to obtain the initial power
vector and by solving the series of GPs only approximately except the last
GP), and the combination of SP solution and distributed algorithm for dis-
tributed power control in low SIR regime. We also note that other approaches
to tackle nonconvex power control problems have been studied, for example,
the use of a particular utility function of rate to turn the problem into a
convex one [28].
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5.4 DSL Spectrum Management

5.4.1 Introduction

Digital subscriber line (DSL) technologies transform traditional voice-band
copper channels into high-bandwidth data pipes, which are currently capable
of delivering data rates up to several Mbps per twisted-pair over a distance
of about 10 kft. The major obstacle for performance improvement in today’s
DSL systems (e.g., ADSL and VDSL) is crosstalk, which is the interference
generated between different lines in the same binder. The crosstalk is typically
10—20 dB larger than the background noise, and direct crosstalk cancellation
(e.g., [6, 27]) may not be feasible in many cases due to complexity issues or
as a result of unbundling. To mitigate the detriments caused by crosstalk,
static spectrum management which mandates spectrum mask or flat power
backoff across all frequencies (i.e., tones) has been implemented in the current
system.
Dynamic spectrum management (DSM) techniques, on the other hand,

can significantly improve data rates over the current practice of static spec-
trum management. Within the current capability of the DSL modems, each
modem has the capability to shape its own power spectrum density (PSD)
across different tones, but can only treat crosstalk as background noise (i.e.,
no signal level coordination, such as vector transmission or iterative decod-
ing, is allowed), and each modem is inherently a single-input—single-output
communication system. The objective would be to optimize the PSD of all
users on all tones (i.e., continuous power loading or discrete bit loading), such
that they are “compatible” with each other and the system performance (e.g.,
weighted rate sum as discussed below) is maximized.
Compared to power control in wireless networks treated in the last sec-

tion, the channel gains are not time-varying in DSL systems, but the prob-
lem dimension increases tremendously because there are many “tones” (or
frequency carriers) over which transmission takes place. Nonconvexity still
remains a major technical challenge, and high SIR approximation in gen-
eral cannot be made. However, utilizing the specific structures of the prob-
lem (e.g., the interference channel gain values), an efficient and distributed
heuristic is shown to perform close to the optimum in many realistic DSL
network scenarios.
Following [7], this section presents a new algorithm for spectrum manage-

ment in frequency selective interference channels for DSL, called autonomous
spectrum balancing (ASB). It is the first DSL spectrum management algo-
rithm that satisfies all of the following requirements for performance and
complexity. It is autonomous (distributed algorithm across the users without
explicit information exchange) with linear-complexity, while provably conver-
gent, and comes close to the globally optimal rate region in practice. ASB
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overcomes the bottlenecks in the state-of-the-art algorithms in DSM, includ-
ing IW, OSB, and ISB summarized below.
Let K be the number of tones and N the number of users (lines). The

iterative waterfilling (IW) algorithm [74] is among one of the first DSM algo-
rithms proposed. In IW, each user views any crosstalk experienced as additive
Gaussian noise, and seeks to maximize its data rate by “waterfilling” over the
aggregated noise plus interference. No information exchange is needed among
users, and all the actions are completely autonomous. IW leads to a great
performance increase over the static approach, and enjoys a low complexity
that is linear in N . However, the greedy nature of IW leads to a performance
far from optimal in the near—far scenarios such as mixed CO/RT deployment
and upstream VDSL.
To address this, an optimal spectrum balancing (OSB) algorithm [9] has

been proposed, which finds the best possible spectrum management solution
under the current capabilities of the DSL modems. OSB avoids the selfish be-
haviors of individual users by aiming at the maximization of a total weighted
sum of user rates, which corresponds to a boundary point of the achievable
rate region. On the other hand, OSB has a high computational complex-
ity that is exponential in N , which quickly leads to intractability when N
is larger than 6. Moreover, it is a completely centralized algorithm where a
spectrum management center at the central office needs to know the global
information (i.e., all the noise PSDs and crosstalk channel gains in the same
binder) to perform the algorithm.
As an improvement to the OSB algorithm, an iterative spectrum balancing

(ISB) algorithm [8] has been proposed, which is based on a weighted sum
rate maximization similar to OSB. Different from OSB, ISB performs the
optimization iteratively through users, which leads to a quadratic complexity
in N . Close to optimal performance can be achieved by the ISB algorithm
in most cases. However, each user still needs to know the global information
as in OSB, thus ISB is still a centralized algorithm and is considered to be
impractical in many cases.
This section presents the ASB algorithm [7], which attains near-optimal

performance in an implementable way. The basic idea is to use the concept
of a reference line to mimic a “typical” victim line in the current binder.
By setting the power spectrum level to protect the reference line, a good
balance between selfish and global maximizations can be achieved. The ASB
algorithm enjoys a linear complexity in N and K, and can be implemented
in a completely autonomous way. We prove the convergence of ASB under
both sequential and parallel updates.
Table 5.4 compares various aspects of different DSM algorithms. Utilizing

the structures of the DSL problem, in particular, the lack of channel variation
and user mobility, is the key to provide a linear complexity, distributed, con-
vergent, and almost optimal solution to this coupled, nonconvex optimization
problem.
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Table 5.4 Comparison of different DSM algorithms

Algorithm Operation Complexity Performance Reference

IW Autonomous O (KN) Suboptimal [74]

OSB Centralized O
¡
KeN

¢
Optimal [9]

ISB Centralized O
¡
KN2

¢
Near optimal [8]

ASB Autonomous O (KN) Near optimal [7]

5.4.2 System Model

Using the notation as in [9, 8], we consider a DSL bundle withN = {1, . . . , N}
modems (i.e., lines, users) and K = {1, . . . ,K} tones. Assume discrete mul-
titone (DMT) modulation is employed by all modems; transmission can be
modeled independently on each tone as

yk =Hkxk + zk.

The vector xk = {xnk , n ∈ N} contains transmitted signals on tone k, where
xnk is the signal transmitted onto line n at tone k. yk and zk have similar
structures. yk is the vector of received signals on tone k. zk is the vector of
additive noise on tone k and contains thermal noise, alien crosstalk, single-
carrier modems, radio frequency interference, and so on.Hk = [h

n,m
k ]n,m∈N is

the N×N channel transfer matrix on tone k, where hn,mk is the channel from
TX m to RX n on tone k. The diagonal elements of Hk contain the direct-
channels whereas the off-diagonal elements contain the crosstalk channels. We

denote the transmit power spectrum density (PSD) snk = E
n
|xnk |

2
o
. In the

last section’s notation for single-carrier systems, we would have snk = Pn, ∀k.
For convenience we denote the vector containing the PSD of user n on all
tones as sn = {snk , k ∈ K}. We denote the DMT symbol rate as fs.
Assume that each modem treats interference from other modems as noise.

When the number of interfering modems is large, the interference can be
well approximated by a Gaussian distribution. Under this assumption the
achievable bit loading of user n on tone k is

bnk = log

Ã
1 +

1

Γ

snkP
m6=n α

n,m
k smk + σnk

!
, (5.31)

where αn,mk = |hn,mk |2 / |hn,nk |2 is the normalized crosstalk channel gain, and
σnk is the noise power density normalized by the direct channel gain |h

n,n
k |2.

Here Γ denotes the SINR-gap to capacity, which is a function of the de-
sired BER, coding gain, and noise margin [61]. Without loss of generality, we
assume Γ = 1. The data rate on line n is thus
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Rn = fs
X
k∈K

bnk . (5.32)

Each modem n is typically subject to a total power constraint Pn, due to the
limitations on each modem’s analogue frontend.X

k∈K
snk ≤ Pn. (5.33)

5.4.3 Spectrum Management Problem Formulation

One way to define the spectrum management problem is start with the fol-
lowing optimization problem.

maximize R1

subject to Rn ≥ Rn,target, ∀n > 1P
k∈K snk ≤ Pn,∀n.

(5.34)

Here Rn,target is the target rate constraint of user n. In other words, we
try to maximize the achievable rate of user 1, under the condition that all
other users achieve their target rates Rn,target. The mutual interference in
(5.31) causes Problem (5.34) to be coupled across users on each tone, and
the individual total power constraint causes Problem (5.34) to be coupled
across tones as well.
Moreover, the objective function in Problem (5.34) is nonconvex due to

the coupling of interference, and the convexity of the rate region cannot be
guaranteed in general.
However, it has been shown in [75] that the duality gap between the dual

gap of Problem (5.34) goes to zero when the number of tones K gets large
(e.g., for VDSL), thus Problem (5.34) can be solved by the dual decomposition
method, which brings the complexity as a function of K down to linear.
Moreover, a frequency-sharing property ensures the rate region is convex
with large enough K, and each boundary point of the boundary point of the
rate region can be achieved by a weighted rate maximization as (following
[9]),

maximize R1 +
P

n>1w
nRn

subject to
P

k∈K snk ≤ Pn,∀n ∈ N ,
(5.35)

such that the nonnegative weight coefficient wn is adjusted to ensure that the
target rate constraint of user n is met. Without loss of generality, here we
define w1 = 1. By changing the rate constraints Rn,target for users n > 1 (or
equivalently, changing the weight coefficients, wn for n > 1), every boundary
point of the convex rate region can be traced.
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We observe that at the optimal solutions of (5.34), each user chooses a
PSD level that leads to a good balance of maximization of its own rate
and minimization of the damages it causes to the other users. To accurately
calculate the latter, the user needs to know the global information of the noise
PSDs and crosstalk channel gains. However, if we aim at a less aggressive
objective and only require each user give enough protection to the other
users in the binder while maximizing her own rate, then global information
may not be needed. Indeed, we can introduce the concept of a “reference
line”, a virtual line that represents a “typical” victim in the current binder.
Then instead of solving (5.34), each user tries to maximize the achievable
data rate on the reference line, subject to its own data rate and total power
constraint. Define the rate of the reference line to user n as

Rn,ref =
X
k∈K

b̃nk =
X
k∈K

log

µ
1 +

s̃k
α̃nks

n
k + σ̃k

¶
.

The coefficients {s̃k, σ̃k, α̃nk ,∀k, n} are parameters of the reference line and
can be obtained from field measurement. They represent the conditions of a
“typical” victim user in an interference channel (here a binder of DSL lines),
and are known to the users a priori. They can be further updated on a much
slower time scale through channel measurement data. User n then wants to
solve the following problem local to itself,

maximize Rn,ref

subject to Rn ≥ Rn,target,P
k∈K snk ≤ Pn.

(5.36)

By using Lagrangian relaxation on the rate target constraint in Problem
(5.36) with a weight coefficient (dual variable) wn, the relaxed version of
(5.36) is

maximize wnRn +Rn,ref

subject to
P

k∈K snk ≤ Pn.
(5.37)

The weight coefficient wn needs to be adjusted to enforce the rate constraint.

5.4.4 ASB Algorithms

We first introduce the basic version of the ASB algorithm (ASB-I), where each
user n chooses the PSD sn to solve (5.36) , and updates the weight coefficient
wn to enforce the target rate constraint. Then we introduce a variation of the
ASB algorithm (ASB-II) that enjoys even lower computational complexity
and provable convergence.
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ASB-I

For each user n, replacing the original optimization (5.36) with the Lagrange
dual problem

max
λn≥0,

P
k∈K snk≤Pn

X
k∈K

max
snk

Jnk
¡
wn, λn, snk , s

−n
k

¢
, (5.38)

where
Jnk
¡
wn, λn, snk , s

−n
k

¢
= wnbnk + b̃nk − λnsnk . (5.39)

By introducing the dual variable λn, we decouple (5.36) into several smaller
subproblems, one for each tone. And define Jnk as user n’s objective function
on tone k. The optimal PSD that maximizes Jnk for given wn and λn is

sn,Ik

¡
wn, λn, s−nk

¢
= arg max

snk∈[0,Pn]
Jnk
¡
wn, λn, snk , s

−n
k

¢
, (5.40)

which can be found by solving the first-order condition,

∂Jnk
¡
wn, λn, snk , s

−n
k

¢
/∂snk = 0,

which leads to

wn

sn,Ik +
P

m6=n α
n,m
k smk + σnk

− α̃nk s̃k³
s̃k + α̃nks

n,I
k + σ̃k

´³
α̃nks

n,I
k + σ̃k

´ − λn = 0.

(5.41)
Note that (5.41) can be simplified into a cubic equation that has three

solutions. The optimal PSD can be found by substituting these three solutions
back to the objective function Jnk

¡
wn, λn, snk , s

−n
k

¢
, as well as checking the

boundary solutions snk = 0 and snk = Pn, and picking the one that yields the
largest value of Jnk .
The user then updates λn to enforce the power constraint, and updates

wn to enforce the target rate constraint. The complete algorithm is given as
follows, where ελ and εw are small stepsizes for updating λ

n and wn.

Algorithm 5. Autonomous Spectrum Balancing.

repeat
for each user n = 1, . . . , N

repeat
for each tone k = 1, . . . ,K, find

sn,Ik = argmaxsnk≥0 J
n
k

λn =
h
λn + ελ

³P
k s

n,I
k − Pn

´i+
;

wn = [wn + εw (R
n,target −

P
k b

n
k)]

+
;

until convergence
end

until convergence
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ASB-II with Frequency-Selective Waterfilling

To obtain the optimal PSD in ASB-I (for fixed λn and wn), we have to solve
the roots of a cubic equation. To reduce the computational complexity and
gain more insights of the solution structure, we assume that the reference
line operates in the high SIR regime whenever it is active: If s̃k > 0, then
s̃k À σ̃k À αn,mk snk for any feasible s

n
k , n ∈ N , and k ∈ K. This assumption

is motivated by our observations on optimal solutions in the DSL type of
interference channels. It means that the reference PSD is much larger than
the reference noise, which is in turn much larger than the interference from
user n. Then on any tone k ∈ K̄ = {k | s̃k > 0, k ∈ K}, the reference line’s
achievable rate is

log

µ
1 +

s̃k
α̃nks

n
k + σ̃k

¶
≈ log

µ
s̃k
σ̃k

¶
− α̃nks

n
k

σ̃k
,

and user n’s objective function on tone k can be approximated by

Jn,II,1k

¡
wn, λn, snk , s

−n
k

¢
= wnbnk −

α̃nks
n
k

σ̃k
− λnsnk + log

µ
s̃k
σ̃k

¶
.

The corresponding optimal PSD is

sn,II,1k

¡
wn, λn, s−nk

¢
=

⎛⎝ wn

λn + α̃nk/σ̃k
−
X
m6=n

αn,mk smk − σnk

⎞⎠+

. (5.42)

This is a waterfilling type of solution and is intuitively satisfying: the PSD
should be smaller when the power constraint is tighter (i.e., λn is larger), or
the interference coefficient to the reference line α̃nk is higher, or the noise level
on the reference line σ̃k is smaller, or there is more interference plus noiseP

m6=n α
n,m
k smk +σnk on the current tone. It is different from the conventional

waterfilling in that the water level in each tone is not only determined by the
dual variables wn and λn, but also by the parameters of the reference line,
α̃nk/σ̃k.
On the other hand, on any tone where the reference line is inactive, that

is, k ∈ K̄C= {k | s̃k = 0, k ∈ K}, the objective function is

Jn,II,2k

¡
wn, λn, snk , s

−n
k

¢
= wnbnk − λnsnk ,

and the corresponding optimal PSD is

sn,II,2k

¡
wn, λn, s−nk

¢
=

⎛⎝wn

λn
−
X
m6=n

αn,mk smk − σnk

⎞⎠+

. (5.43)

This is the same solution as the iterative waterfilling.
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The choice of optimal PSD in ASB-II can be summarized as the following.

sn,IIk

¡
wn, λn, s−nk

¢
=

⎧⎨⎩
³

wn

λn+α̃nk/σ̃k
−
P

m6=n α
n,m
k smk − σnk

´+
, k ∈ K̄,³

wn

λn −
P

m6=n α
n,m
k smk − σnk

´+
, k ∈ K̄C .

(5.44)
This is essentially a waterfilling type of solution, with different water levels

for different tones (frequencies). We call it frequency selective waterfilling.

5.4.5 Convergence Analysis

In this section, we show the convergence for both ASB-I and ASB-II, for the
case where users fix their weight coefficients wn, which is also called rate
adaptive (RA) spectrum balancing [61] that aims at maximizing users’ rates
subject to power constraint.

Convergence in the Two-User Case

The first result is on the convergence of ASB-I algorithm, with fixed w =¡
w1, w2

¢
and λ =

¡
λ1, λ2

¢
.

Proposition 5.3. The ASB-I algorithm converges in a two-user case under
fixed w and λ, if users start from initial PSD values

¡
s1k, s

2
k

¢
=
¡
0, P 2

¢
or¡

s1k, s
2
k

¢
=
¡
P 1, 0

¢
on all tones.

The proof of Proposition 5.3 uses supermodular game theory [65] and
strategy transformation similar to [32].
Now consider the ASB-II algorithm where two users sequentially optimize

their PSD levels under fixed values of w, but adjust λ to enforce the power
constraint. Denote sn,tk as the PSD of user n in tone k after iteration t, whereP

k s
n,t
k = Pn is satisfied for any n and t. One iteration is defined as one

round of updates of all users. We can show that

Proposition 5.4. The ASB-II algorithm globally converges to the unique
fixed point in a two-user system under fixed w, if maxk α

2,1
k maxk α

1,2
k < 1.

The convergence result of iterative waterfilling in the two-user case [74] is
a special case of Proposition 5.4 by setting s̃k = 0,∀k.
We further extend the convergence results to a system with an arbitrary

N > 2 of users. We consider both sequential and parallel PSD updates of the
users. In the more realistic but harder-to-analyze parallel updates, time is
divided into slots, and each user n updates the PSD simultaneously in each
time slot according to (5.44) based on the PSDs in the previous slot, where
the λn is adjusted such that the power constraint is satisfied.
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Fig. 5.13 An example of mixed CO/RT deployment topology (Example 5.8).

Proposition 5.5. Assume maxn,m,k α
n,m
k < 1/ (N − 1); then the ASB-II al-

gorithm globally converges (to the unique fixed point) in an N-user system
under fixed w, with either sequential or parallel updates.

Proposition 5.5 contains the convergence of iterative waterfilling in an N -
user case with sequential updates (proved in [15]) as a special case of ASB
convergence with sequential or parallel updates. Moreover, the convergence
proof for the parallel updates turns out to be simpler than the one for sequen-
tial updates. The proof extends that of Proposition 5.4, and can be found in
[7].

5.4.6 Simulation Results

Example 5.8. Mixed CO-RT DSL. Here we summarize a typical numerical
example comparing the performances of ASB algorithms with IW, OSB, and
ISB. We consider a standard mixed central office (CO) and remote terminal
(RT) deployment. A four-user scenario has been selected to make a compar-
ison with the highly complex OSB algorithm possible. As depicted in Figure
5.13 the scenario consists of one CO distributed line, and three RT distributed
lines. The target rates on RT1 and RT2 have both been set to 2 Mbps. For
a variety of different target rates on RT3, the CO line attempts to maximize
its own data rate either by transmitting at full power in IW, or by setting its
corresponding weight wco to unity in OSB, ISB, and ASB.
This produces the rate regions shown in Figure 5.14, which shows that ASB

achieves near optimal performance similar to OSB and ISB, and significant
gain over IW even though both ASB and IW are autonomous. For example,
with a target rate of 1 Mbps on CO, the rate on RT3 reaches 7.3 Mbps
under the ASB algorithm, which is a 121% increase compared with the 3.3
Mbps achieved by IW. We have also performed extensive simulations (more
than 10, 000 scenarios) with different CO and RT positions, line lengths,
and reference line parameters. We found that the performance of ASB is
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Fig. 5.14 Rate regions obtained by ASB, IW, OSB, and ISB (Example 5.8).

very insensitive to definition of the reference line: with a single choice of the
reference line we observe good performance in a broad range of scenarios.

5.4.7 Concluding Remarks and Future Directions

Dynamic spectrum management techniques can greatly improve the perfor-
mance of DSL lines by inducing cooperation among interfering users in the
same binder. For example, the iterative waterfiling algorithm is a completely
autonomous DSM algorithm with linear complexity in the number of users
and number of tones, but the performance could be far from optimal in the
mixed CO/RT deployment scenario. The optimal spectrum balancing and
iterative spectrum balancing algorithms achieve optimal and close to opti-
mal performances, respectively, but have high complexities in terms of the
number of users and are completely centralized.
This section surveys an autonomous dynamic spectrum management al-

gorithm called autonomous spectrum balancing. ASB utilizes the concept of
“reference line”, which mimics a typical victim line in the binder. By setting
the power spectrum level to protect the reference line, a good balance between
selfish and global maximizations can be achieved. Compared with IW, OSB,
and ISB, the ASB algorithm enjoys completely autonomous operations, low
(linear) complexity in both the number of users and number of tones. Simu-
lation shows that the ASB algorithm achieves close to optimal performance
and is robust to the choice of reference line parameters.
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We conclude this section by highlighting the key ideas behind ASB. The
reference line represents the statistical average of all victims within a typical
network, and can be thought as a “static pricing”. This differentiates the
ASB algorithm with power control algorithms in the wireless setting, where
pricing mechanisms have to be adaptive to the change of channel fading states
and network topology, or Internet congestion control, where time-varying
congestion pricing signals are used to align selfish interests for social welfare
maximization. By using static pricing, no explicit message passing among the
users is needed and the algorithm becomes autonomous across the users. This
is possible because of the static nature of the channel gains in DSL networks.
Mathematically, the surprisingly good rate region results by ASB means

that the specific engineering problem structures in this nonconvex and cou-
pled optimization problem can be leveraged to provide a very effective ap-
proximation solution algorithm. Furthermore, robustness of the attained rate
region with respect to perturbation of the reference line parameters has been
verified to be very strong. This means that the dependence of the values of the
local maxima of this nonconvex optimization problem on crosstalk channel
coefficients is sufficiently insensitive for the observed robustness to hold.
There are several exciting further directions to pursue with ASB, for exam-

ple, convergence conditions for ASB-I, extensions to intercarrier-interference
cases, and bounds on optimality gap that are empirically verified to be very
small. Interactions of ASB with link layer scheduling have resulted in further
improvement of throughput in DSL networks [33, 67].

5.5 Internet Routing

5.5.1 Introduction

Most large IP (Internet protocol) networks run interior gateway protocols
(IGPs) such as OSPF (open shortest path first) or IS-IS (intermediate
system—intermediate system) that select paths based on link weights. Routers
use these protocols to exchange link weights and construct a complete view
of the topology inside the autonomous system (AS). Then, each router com-
putes shortest paths (where the length of a path is the sum of the weights on
the links) and creates a table that controls the forwarding of each IP packet
to the next hop in its route. To handle the presence of multiple shortest
paths, in practice, a router typically splits traffic roughly evenly over each of
the outgoing links along a shortest path to the destination. The link weights
are typically configured by the network operators or automated management
systems, through centralized computation, to satisfy traffic-engineering goals,
such as minimizing the maximum link utilization or the sum of link cost [24].
Following common practice, we use the the sum of some increasing and convex
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link cost functions as the primary comparison metric and the optimization
objective in this section.
Setting link weights under OSPF and IS-IS can be categorized as link-

weight-based traffic engineering, where a set of link weights can uniquely and
distributively determine the flow of traffic within the network for any given
traffic matrix. The traffic matrix can be computed based on traffic measure-
ments (e.g., [20]) or may represent explicit subscriptions or reservations from
users. Link-weight-based traffic engineering has two key components: a cen-
tralized approach for setting the routing parameters (i.e., link weights) and
a distributed way of using these link weights to decide the routes to forward
packets. Setting the routing parameters based on a networkwide view of the
topology and traffic, rather than the local views at each router, can achieve
better performance [22].
Evaluation of various traffic engineering schemes, in terms of total link cost

minimization, can be made against the performance benchmark of optimal
routing (OPT), which can direct traffic along any paths in any proportion.
The formulation can be found, for example, in [70]. OPT models an idealized
routing scheme that can establish one or more explicit paths between every
pair of nodes, and distribute an arbitrary amount of traffic on each of the
paths.
It is easy to construct examples where OSPF, one of the most prevalent IP

routing protocols today, with the best link weighting performs substantially
(5000 times) worse than OPT in terms of minimizing sum of link cost. In ad-
dition, finding the best link weights under OSPF is NP-hard [24]. Although
the best OSPF link weights can be found by solving an integer linear pro-
gram (ILP) formulation, such an approach is impractical even for a midsize
network. Many heuristics, including local search [24] and simulated annealing
[5, 18] have been proposed to search for the best link weights under OSPF.
Among them, local-search technique is the most attractive method in finding
a good setting of the link weights for large-scale networks. Even though OSPF
with a good setting of the weights performs within a few percent of OPT for
some practical scenarios [24, 18, 5], there are still many realistic situations
where the performance gap between OSPF and OPT could be significant
even at low utilization.
There are two main reasons for the difficulty in tuning OSPF for good

performance. First, the routing mechanism restricts the traffic to be routed
only on shortest paths (and evenly split across shortest paths, an issue that
has been addressed in [59]). Second, link weights and the traffic matrix are
not integrated into the optimization formulation.
Both bottlenecks are overcome in the distributed exponentially weighted

flow splitting (DEFT) protocol developed in [70]:

1. Traffic is allowed to be routed on nonshortest paths, with exponential
penalty on path lengths.
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2. An innovative optimization formulation is proposed, where both link
weights and flows are variables. It leads to an effective two-stage itera-
tive method.

As a result, DEFT, discussed in this section, has the following desirable
properties.

• It determines a unique flow of traffic for a given link weight setting in
polynomial time.

• It is provably always better than OSPF in terms of minimizing the maxi-
mum link utilization or the sum of link cost.

• It is readily implemented as an extension to the existing IGP (e.g., OSPF).
• The traffic engineering under DEFT with the two-stage iterative method
realizes near-optimal flow of traffic even for large-scale network topologies.

• The optimizing procedure for DEFT converges much faster than that for
OSPF.

In summary, DEFT provides a new way to compute link weights for OSPF
that exceeds the current benchmark based on local search methods while re-
ducing computational complexity at the same time. Furthermore, the perfor-
mance turns out to be very close to the much more complicated and difficult
to implement family of MPLS-type routing protocols, which allows arbitrary
flow splitting.
More recently in [71], we have proved that a variation of DEFT, called

PEFT, can provably achieve the optimal traffic engineering as a link-state
routing protocol with hop-by-hop forwarding, with the optimal link weights
computed in polynomial time and much faster than local search methods for
link weight computation for OSPF. This answers the question on optimal
traffic engineering by link state routing conclusively and positively.

5.5.2 DEFT: Framework and Properties

Given a directed graph G = (V,E) with capacity cu,v for each link (u, v),
let D(s, t) denote the traffic demand originated from node s and destined
for node t. Φ(fu,v, cu,v) is a strictly increasing convex function of flow fu,v
on link (u, v), typically a piecewise linear cost [24, 59] as shown in equation
(5.45). The networkwide objective is to minimize

P
(u,v)∈E Φ(fu,v, cu,v).

Φ(fu,v, cu,v) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

fu,v fu,v/cu,v ≤ 1/3
3fu,v − 2/3 cu,v 1/3 ≤ fu,v/cu,v ≤ 2/3
10fu,v − 16/3 cu,v 2/3 ≤ fu,v/cu,v ≤ 9/10
70fu,v − 178/3 cu,v 9/10 ≤ fu,v/cu,v ≤ 1
500fu,v − 1468/3 cu,v 1 ≤ fu,v/cu,v ≤ 11/10
5000fu,v − 16318/3 cu,v 11/10 ≤ fu,v/cu,v.

(5.45)
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In link-weight-based traffic engineering, each router u needs to make an
independent decision on how to split the traffic destined for node t among
its outgoing links only using link weights. Therefore, it calls for a function
(Γ (·) ≥ 0) to represent the traffic allocation.
Shortest path routing (e.g., OSPF) evenly splits flow across all the out-

going links as long as they are on the shortest paths. First of all, we need a
variable to indicate whether link (u, v) is on the shortest path to t. Denote
wu,v as the weight for link (u, v), and dtu as the shortest distance from node
u to node t; then dtv + wu,v is the distance from u to t when routed through
v. The gap of the two above distances, htu,v = dtv +wu,v − dtu is always larger
than or equal to 0. Then (u, v) is on the shortest path to t if and only if
htu,v = 0. Accordingly, we can use a unit step function of htu,v to represent
the traffic allocation for OSPF as follows.

Γ (htu,v) =

½
1, if htu,v = 0
0, if htu,v > 0.

(5.46)

The flow proportion on the outgoing link (u, v) destined for t at u is

Γ (htu,v)/
X

(u,j)∈E
Γ (htu,j).

Denote f tu,v as the flow on link (u, v) destined for node t and f tu as the flow
sent along the shortest path of node u destined for t; then

f tu,v = f tu Γ (h
t
u,v). (5.47)

The Γ (htu,v) function (5.46) (i.e., evenly splitting) results in intractabil-
ity in searching for the best link weights under OSPF. In part inspired by
Fong et al.’s work in [21], we can define a new Γ (htu,v) function to allow
for flow on nonshortest paths. Intuitively, we may want to send more traffic
on the shortest path than on a nonshortest path. Moreover, the traffic on
a nonshortest path should be 0 if the distance gap between the nonshortest
path and the shortest path is infinitely large. Based on the above intuition,
Γ (htu,v) should be a strictly decreasing continuous function of h

t
u,v bounded

within [0, 1]. The exponential function is one of the natural choices, and the
performance of using such function turns out to be excellent.
In [70], we propose an IGP with distributed exponentially weighted flow

splitting:

Γ (htu,v) =

½
e−h

t
u,v , if dtu > dtv

0, otherwise;
(5.48)

that is, the routers can direct traffic on nonshortest paths, with an exponen-
tial penalty on longer paths.
The following properties of DEFT can be proved [70].
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Proposition 5.6. DEFT can realize any acyclic flow for a single-destina-
tion demand within polynomial time. It can also achieve optimal routing with
a single destination within polynomial time. For any traffic matrix, it can
determine a unique flow for a given link weighting within polynomial time.

Proposition 5.7. DEFT is always better than OSPF in terms of minimizing
total link cost or the maximum link utilization.

5.5.3 DEFT: Optimization Formulation and Solutions

Note that it is still difficult to directly integrate the exponentially weighted
flow splitting of DEFT into an optimization formulation because of its dis-
crete feature; that is, the traffic destined for node t can be sent through link
(u, v) if and only if dtu > dtv. Instead of introducing some binary variables, we
relax (5.48) into (5.49) first, and then, by properly setting the lower bound
of all link weights, a constant parameter wmin, make such relaxation as tight
as we want:

Γ (htu,v) = e−h
t
u,v . (5.49)

Indeed, consider a flow solution satisfying (5.49); there is a link (u, v) where

dtv ≥ dtu and f
t
u,v > 0, then f

t
u,v ≤ f tu e

−htu,v = f tu e
−(dtv+wu,v−dtu) ≤ f tu e

−wmin .
If wmin is large enough, this flow portion, which is infeasible to DEFT on link
(u, v), could be neglected.
Therefore, we present the following optimization problem, called ORIG,

using the relaxed rule of flow splitting as the approximation for the traffic
engineering under DEFT.

minimize
P

(u,v)∈E
Φ(fu,v, cu,v) (5.50)

subject to
P

z:(y,z)∈E
f ty,z −

P
x:(x,y)∈E

f tx,y = D(y, t),∀y 6= t (5.51)

fu,v =
P

t∈V f tu,v, (5.52)

htu,v = dtv + wu,v − dtu, (5.53)

f tu,v = f tu e
−htu,v , (5.54)

f tu = max(u,v)∈E f
t
u,v, (5.55)

variables wu,v ≥ wmin, f
t
u, d

t
u, h

t
u,v, f

t
u,v, fu,v ≥ 0. (5.56)

Note that both the flow splittings and the link weights are incorporated as
optimization variables in one problem, with further constraints relating them.
Constraint (5.51) is to ensure flow conservation at an intermediate node y.
Constraint (5.52) is for flow aggregation on each link. Constraint (5.53) is
from the definition of gap of shortest distance. Constraints (5.54) and (5.55)
come from (5.47) and (5.49). In addition, (5.54) and (5.55) also imply that
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f tu,v ≤ f tu, and that h
t
u,v of at least one of an outgoing links (u, v) of node u

destined for node t should be 0; that is, the link (u, v) is on the shortest path
from node u to node t.
Problem ORIG is nonsmooth and nonconvex due to nonsmooth constraint

(5.55) and nonlinear equality (5.54). In [70], we propose a two-stage iterative
relaxation to solve problem ORIG.
First, we relax constraint (5.55) into (5.57) below:

f tu ≤
X

(u,v)∈E
f tu,v, ∀t ∈ V, ∀u ∈ V. (5.57)

Equations (5.50)—(5.54), (5.56), and (5.57) constitute problem APPROX.
We only need to obtain a “reasonably” accurate solution (link weighting

W) to problem APPROX because the inaccuracy caused by the relaxation
(5.57) will be compensated by a successive refinery process later. From the
W, we can derive the shortest path tree T(W, t)6 for each destination t, and
all other dependent variables (dtu, h

t
u,v, f

t
u, f

t
u,v, fu,v) within DEFT.

We then use these values as the initial point (which is also strictly feasible)
for a new problem REFINE, which consists of equations (5.50)—(5.54), (5.56),
and (5.58) below:

f tu = f tu,v, ∀t ∈ V ∩ ∀u ∈ V ∩ (u, v) ∈ T(W, t). (5.58)

With the two-stage iterative method, we are left with two optimization
problems, APPROX and REFINE, both of which have convex objective func-
tions and twice continuously differentiable constraints. To solve the large-
scale nonlinear problems APPROX and REFINE (with O(|V ||E|) variables
and constraints), we extend the primal—dual interior point filter line search
algorithm, IPOPT [68], by solving a set of barrier problems for a decreasing
sequences of barrier parameters μ converging to 0.
In summary, in solving problem APPROX, we mainly want to determine

the shortest path tree for each destination (i.e., deciding which outgoing link
should be chosen on the shortest path). Then in solving problem REFINE,
we can tune the link weights (and the corresponding flow) with the same
shortest path trees as in APPROX.
The pseudocode of the proposed two-stage iterative method for DEFT

is shown in Algorithms 6A and 6B. Most instructions are self-explanatory.
Function DEFT FLOW(W) is used to derive a flow from a set of link
weights W. Given the initial and ending values for barrier parameter μ,
maximum iteration number, with/without initial link weighting/flow, func-
tion DEFT IPOPT() returns a new set of link weights as well as a new flow.
Note that, as shown in Algorithm 6B, when DEFT IPOPT() is used for prob-
lem APPROX, it returns with the last iteration rather than the iteration with
the best Flowi in terms of the objective value as in problem REFINE. This

6 To keep T(W, t) as a tree, only one downstream node is chosen if a node can reach the
destination through several downstream nodes with the same distance.
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is because problem APPROX has different constraints from problem ORIG
and a too greedy method may leave small search freedom for the succes-
sive REFINE problem. Finally, we need to specify initial and terminative
μ values, (μinit ≥ μend approx ≥ μend refine), and maximum iteration number
Iterapprox ≥ Iterrefine. As shown in the next section, it is straightforward to
specify these parameters.

Algorithm 6A. DEFT Solution.

1. (μ,W)← DEFT IPOPT(μinit, μend approx, Iterapprox,nil)
2. Initial Point← (W,DEFT FLOW(W))
3. (μ,W)← DEFT IPOPT(μ, μend refine, Iterrefine, Initial Point)
4. Return (W,DEFT FLOW(W))

Algorithm 6B. DEFT IPOPT.

If Initial Point 6= nil Then
Initiate the problem with Initial Point /*REFINE*/
End if
For each iteration i ≤ Itermax with μstart ≥ μ ≥ μend do
μi ← current value for μ
Wi ← current values for all wu,v

Flowi ← DEFT FLOW(Wi)
end for
If Initial Point = nil then
return (μi,Wi) of the last iteration /*APPROX*/
else
return (μi,Wi) of the iteration with the best Flowi in terms of objective

value /*REFINE*/
end if

5.5.4 Numerical Examples

We summarize some of the numerical results in [70] on various schemes under
many practical scenarios. We employ the same cost function (5.45) as in [23].
The primary metric used is the optimality gap, in terms of total link cost,
compared against the value achieved by optimal routing using CPLEX 9.1 [16]
via AMPL [25]. The secondary metric used is the maximum link utilization.
We do not reproduce the performance of some obvious link-weight-based traf-
fic engineering approaches for OSPF, for example, UnitOSPF (setting all link
weights to 1), RandomOSPF (choosing the weights randomly), InvCapOSPF
(setting the weight of an link inversely proportional to its capacity as rec-
ommended by Cisco), or L2OSPF (setting the weight proportional to its
physical Euclidean distance) [23], because none of them performs as well as
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the state-of-the-art local search method proposed in [23]. In addition, because
DEFT is always better than OSPF in terms of minimizing the maximum link
utilization or the sum of link cost, we bypass the scenarios where OSPF can
achieve near-optimal solution. Instead, we are particularly interested in those
scenarios where OSPF does not perform well.
For fair comparisons, we use the same topology and traffic matrix as

those in [23]. The 2-level hierarchical networks were generated using GT-
ITM, which consists of two kinds of links: local access links with 200-unit
capacity and long distance links with 1000-unit capacity. In the second type
of topology, the random topologies, the probability of having a link between
two nodes is a constant parameter and all link capacities are 1000 units.
Although AT&T’s proprietary code of local search used in [23] is not pub-

licly available, there is an open source software project with IGP weight op-
timization, TOTEM 1.1 [66]. It follows the same lines as [23], and has similar
quality of the results. It is slightly slower due to the lack of implementation
of the dynamic Dijkstra algorithm. We use the same parameter setting for
local search as in [24, 23] where link weight is restricted as an integer from 1
to 20, initial link weights are chosen randomly, and the best result is collected
after 5000 iterations.
To implement the proposed two-stage iterative method for DEFT, we mod-

ify another open source software, IPOPT 3.1 [34], and adjust its AMPL in-
terface to integrate it into our test environment. We choose μinit = 0.1 for
most cases except for μinit = 10 for the 100-node network with heavy traffic
load. We also choose μend approx = 10−4, μend refine = 10−9, and maximum
iteration number Iterapprox = 1000, Iterrefine = 400. The code terminates
earlier if the optimality gap has been less than 0.1%.

Example 5.9. DEFT and OSPF on 2-level topology. The results for a 2-level
topology with 50 nodes and 212 links with seven different traffic matrices are
shown in Table 5.5. The results are also depicted graphically in Figure 5.15.

Table 5.5 Results of 2-level topology with 50 nodes and 212 links

Total Traffic Demand 1700 2000 2200 2500 2800 3100 3400

Ave Link Load-OPT 0.128 0.148 0.17 0.192 0.216 0.242 0.267

Max Link Load-OPT 0.667 0.667 0.667 0.9 0.9 0.9 0.9

Opt. Gap-OSPF 2.8% 4.4% 7.2% 9.4% 20.7% 64.2% 222.8%

Opt. Gap-DEFT 0.1% 0.1% 0.1% 0.1% 0.1% 0.1% 0.1%

In addition to the two metrics, optimality gap in terms of total link cost
and maximum link utilization,7 we also show the average link utilization
under optimal routing as an indication of network load. From the results, we

7 Note, however, maximum link utilization is not a metric as comprehensive as total link
cost because it cannot indicate whether there are multiple overcongested links.
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Fig. 5.15 Comparison of DEFT and local search OSPF in terms of optimality gap and
maximum link utilization for a 2-level topology with 50 nodes and 212 links (Example 5.9).
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Fig. 5.16 2-level topology with 50 nodes and 148 links (Example 5.9).

can observe that the gap between OSPF and optimal routing can be very
significant (up to 222.8%) for a practical network scenario, even when the
average link utilization is low (≤27%). In contrast, DEFT can achieve almost
the same performance as the optimal routing in terms of both total link cost
and maximum link utilization.

Example 5.10. DEFT and OSPF on random topology. Similar observations
can be found for other scenarios, for example, as shown in Figure 5.17. With-
out exception, the curves of the DEFT scheme (the horizontal lines almost
coinciding with x-axes) almost completely overlap those of optimal routing,
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Fig. 5.17 Random topology with 50 nodes and 245 links (Example 5.10).

in terms of total link cost and maximum link utilization. Among these numer-
ical experiments, the maximum optimality gap of OSPF is as high as 252%
and that of DEFT is only at worst 1.5%. In addition, DEFT reduces the
maximum link utilization compared to OSPF on all tests, and substantially
on some tests.

Simulations on rate of convergence, as well as comparisons of computation
and implementation complexity, can be found in [70].

5.5.5 Concluding Remarks and Future Directions

Network operators today try to alleviate congestion in their own network by
tuning the parameters in IGP. Unfortunately, traffic engineering under OSPF
or IS-IS to avoid networkwide congestion is computationally intractable, forc-
ing the use of local-search techniques. While staying within the context of
link-weight-based traffic engineering, we propose a new protocol called [70]
distributed exponentially weighted flow splitting. DEFT significantly out-
performs the state-of-the-art OSPF local search mechanisms in minimizing
networkwide congestion. The success of DEFT can be attributed to two ad-
ditional features. First, DEFT can put traffic on nonshortest paths, with an
exponential penalty on longer paths. Second, DEFT solves the resulting op-
timization problem by integrating link weights and the corresponding traffic
distribution together in the formulation. The novel formulation leads to a
much more efficient way of tuning link-weight than the existing local search
heuristic for OSPF.
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DEFT is readily implementable as an extension to existing IGPs. It is
provably always better than OSPF in minimizing the sum of link cost. DEFT
retains the simplicity of having routers compute paths based on configurable
link weights, while approaching the performance of the much more complex
routing protocols that can split traffic arbitrarily over any paths. In summary,
in terms of minimizing total link cost, performance of OSPF by local search
heuristics is at best what is attained by solving the ILP, which is substantially
outperformed by DEFT that comes very close to the optimal routing. In terms
of a performance—complexity tradeoff, DEFT clearly exceeds OSPF.
In this section, we only address the link weighting under DEFT for a given

traffic matrix. The next challenge would be to explore robust optimization
under DEFT, optimizing to select a single weight setting that works for a
range of traffic matrices and/or a range of link/node failure scenarios. Ex-
tension of the ideas behind DEFT to routing across different autonomous
systems managed by different network operators is another interesting future
direction.
In the larger picture of “design for optimizability”, DEFT shows one case

where by changing the underlying protocol, the resulting new optimization
formulation becomes much more readily solvable or approximable. We expect
this new approach to tackle nonconvex problems to bring many new results
and insights to the engineering of communication networks. Indeed, in an
extension of DEFT work [71], we have developed the first provably optimal
link state routing protocol with hop by hop forwarding, called PEFT, which
achieves optimal traffic engineering with polynomial time (and very fast in
practice) computation of optimal link weights.
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