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Utility-Optimal Random Access: Optimal Performance
Without Frequent Explicit Message Passing

Hamed Mohsenian-Rad, Jianwei Huang, Mung Chiang, Vincent Wdhg

Abstract

In this paper, we propose a distributed random medium acmegsol (MAC) algorithm for wireless
ad hoc networks based on the framework of network utility imézation (NUM). Compared with the
related algorithms proposed in the literature, our alhamitachieves the optimal network performance
without frequent explicit message passing among wirelsessuThis is of critical importance in practice,
since any explicit message passing among wireless usdrieadl to further contentions in the network
and reduce the network performance. We prove the conveegeiour proposed algorithm under the
assumption that the users estimate the required informdkipough local observation of the shared
wireless medium with asymptotically converging estimatirrors. This includes the important case
where the underlining communication channel is lossy and tiot every transmission can be correctly
decoded. When the channel is perfect, our algorithm consetgehe global optimal solution of the
NUM problem. Simulation results show the optimality and fe@nvergence of our algorithm, and better

efficiency-fairness tradeoff compared with the IEEE 80Aistributed coordination function.

. INTRODUCTION

In the existing contention-based medium access controlGMpgrotocols, there is a tradeoff
between system performance (e.g., throughput and fajraessthe amount of explicit message
passing required among wireless users. One example is B 882.11 distributed coordination
function (DCF), where users do not explicitly exchange angsage related to their transmis-
sion probabilities and adapt their transmission probabilities only based enbihary implicit
feedback from the network (e.g., collision or not). Thisitglly leads to low throughput and
unfair resource allocation [1]. On the other hand, severAlCMalgorithms (e.g., [2]-[4]) have

been designed based on the framework of network utility maation (NUM) which lead to

H. Mohsenian-Rad and V.W.S. Wong are with the Department of Eletaiwh Computer Engineering, University of British
Columbia, Vancouver, Canada, emgjlamed, vincentw} @ece.ubc.ca. J. Huang is with the Information Engineering Department,
Chinese University of Hong Kong, Hong Kong, emaithuang@ie.cuhk.edu.hk. M. Chiang is with the Department of Electrical
Engineering, Princeton University, Princeton, USA, emetilangm@princeton.edu.

1In this paper, we use “messages” to denote control signals that dieitixpelated to users’ transmission probabilities. IEEE
802.11 DCF does not have any explicit message passing, although viaHaus other control signals (e.g., RTS/CTS/ACK).
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the optimal system performance without taking the signglloverhead into account. However,
these algorithms require extensive frequent messagengaasiong users. Considering the fact
that any message transmission leads to additional coatemtia random access network, this
paper aims to address the following questimnit possible to design a MAC algorithm that can
achieve the optimal performance without frequent explicit message passing?

We provide a positive answer to the above question in somaadpg®it important cases, based
on the NUM-based MAC algorithms we proposed in [5]. Comparét the previous algorithms
(e.g., [2]-][4]), the algorithms in [5] support a wider rarmfeutility functions, converge faster, and
allow fully asynchronous operations among users. Howdueguent explicit message passings
are still needed in [5]. In this paper, we show that in the $engase of a single-cell interference
topology (e.g., as in wireless personal and local area nmks)owe can completely eliminate
the need for frequent message passing. Users will be ablstitoate the required information
through local observation of the channel contention hyst@dfe prove the convergence of our
algorithm under various channel conditions. If the chariegberfect and the estimations are
asymptotically accurate, then the optimality of the alton is also guaranteed. The estimation
techniques we use here are related to [6], [7]. However, stimation model is more elaborate
and captures more information (i.e., each user’s transomgsrobability). Simulation results
show that our algorithm is robust to changes in user pomratand channel conditions. These
encouraging results provide important insights and udahitk to design fully distributed utility
optimal MAC algorithms without frequent explicit messagesging for more general topologies.

The rest of this paper is organized as follows. The systemetrisdlescribed in Section II. Our
algorithm is presented in Section Ill. Convergence and agttynof the algorithm are proved

in Section IV. Simulation results are shown in Section V. Weadaude the paper in Section VI.
I[l. SYSTEM MODEL

Consider a single-hop wireless ad-hoc network with= {1,..., N} as the set of wireless
links. Each link, together with its dedicated transmitted aeceiver nodes, is called wser.
A sample network with 3 users is shown in Fig. 1. We assumedheh user’s receiver node
can hear every other user’s transmissions. Thus, each niseferes with all other users. This
models some important wireless networks includingeless personal area networks where

wireless devices interact with each other (e.g., in an Offeoed indoorwireless local area
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networks where the nodes interact with each other and an access paiti a large conference
room). Time is divided into equal-length slots. At each slader: transmits with probability

p; € Py =[PM™in, pmax| with 0 < P™n < Pmax < 1. A transmission is successful only if it is the
only transmission in the current slot. Letdenote the average data rate for usaie have [8]:

ri(p) = vpi [ Liean (L — 1), VieEN, 1)

wherep = (p;, Vi € L) is the vector of all users’ transmission probabilities apdienotes the
fixed peak data rate for user Each linki € £ maintains autility which is an increasing and
concave function of; and indicates linki’s level of satisfaction on its average data rate. The
utility of link 7 is denoted byu;(r;(p)) which is also a function op. We are interested in finding

the value ofp that solves the followingietwork utility maximization (NUM) problem [9]:
max » .. ui(ri(p)), (NUM)

peP
whereP = {p: p; € P;,Vi € N'}, and the utility functions are-fair [10]. That is,u;(r;(p)) =
(1 —a)'ri(p)t=if a € (0,1) U (1,00), andu,(r;(p)) = logr;(p), if a = 1. In [5], we have

shown that thev-fair utility functions can model a wide range of efficientdafair allocations.
[1l. ALGORITHM WITH NO FREQUENTEXPLICIT MESSAGEPASSING

1) Local Optimization: For each uset, consider the followindocal optimization problem:
max 3 ey 1 (7i(PiP-i)); (LOCAL-NUM)
wherep_; = (p;, ¥j € N'\{i}) denotes the transmission probabilities of all usatier than
useri. To solve Problem (LOCAL-NUM), user will choosep; to maximize thetotal network
utility, assuming that none of the other users change their transmission pildless.
Theorem 1. For each useti € N, the unique global optimal solution of Problem (LOCAL-

NUM) is pf(p;) = fi(p;), where the mapping functiofi(p,) is defined as

1= = [1/ (L /52 ) @

Here [«]; = max [min [z,a] ,0] andv,(p_;) = %" Y epn iy (1/7)° " (1/p; — 1)°7
The proof of Theorem 1 is similar to that of [5, Theorem 1] asamitted for brevity. It is clear
that if useri wants to compute (2), the only information it needs from otheers isv;(p_;). If
each user canestimate the value of

my = (1) (Up = 1), ViEN, 3
then it can compute;(p_;) =~;*~* > jengiy My and seb; = fi(p_;). Notice that for eachie V,
m; is bounded between/™™ and M™*, If «>1, then M™" = (1/ymax)a~1(1/pmax — 1)1
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and Mmax = (1 /yminye=l(1/pmin — 1)e=1 where P™® = min;ep PP, P = max;ep PP,
Y™ =mingen vi, aNdy™* =max;en vi- If a<1, then M™in = (1 /min)e=1(1/pmin —1)o~1 gnd
Mmax = (] [ymax)ja—l(] /pmax _ 1)e=1Ag shown in [5, Section IV-A], if each userupdates
its transmission probability; accordingly to (2), then the whole system will converge te th
optimal solution of Problem (NUM). The key question is howotatain the values of; for all
j # i. Next, we show how this can be done through local obsen&tdrihe shared channel.
2) Learning from Contention History: From (3), we see that only the valuesgfandp, are
required to calculate the value of;. Notice thata is the same for all users. The value of the
peak ratey, depends on the channel gain between the transmitter anteecé user;; thus,
it can only be measured by useand then announced to the whole network once ugeins
the network. The remaining task is to determine how to obtfaénvalue ofp;.
From user:’s viewpoint, any time slot falls into one of the following g&ible statesidle (no
user transmits)busy (at least one other user transmits)ccess (user: transmits successfully),

and failure (useri transmits but it fails). Leplde, p™, psicc and p®@! denote the probabilities

(2

of experiencing these four states, respectively. Alsgf€tdenote thepacket error rate of the

channel from the transmitter node of ugeto the receiver node of useér We have:

i = Tlen(1 = 1), (4)
Y= (1-p;) — pe, (5)
P = (pi/(1 = pi)) e (1 = pfY), (6)
P = pi— (pi/ (1= pa)) i (1 — D). (7)

Note thatpid'® andp™® are independent °. By knowing the value of¢ and estimating any
subset (or all) of the probabilities in (4)-(7), usecan only estimate the value ﬁje/v(l —pj)-
However, usei needs more information to calculate the valueppfor all 5 # i.

Recall that, at a busy slot seen by user V, at least one other user transmits. Since users can

hear each other, usémay successfullylecode the transmission of user#: with probability
P8 = pi([Liepn gy (T — ) (1 = 55) = (;/(1 = ;) (TTenr (L = 22)) (1 =55 (8)
Let ned denote the number of slots between any two consecutive ssfotedecoding of

transmissions of user by useri. We have:
pis=1/(1 + g5, 9
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wherenfeis the mean value aff®*“and can béocally estimated by userthrough observation
of the channel contention history. Notice that in practite transmitted signal by usgrcan
be decoded by the network interface of ugsrreceiver node; however, as its destination MAC
address is not the same as the one in us#re packet is simply discarded. Now, ugareeds
to obtain the sender's MAC address from the packet headerdeiscarding the packet.
Similarly, let nl¥® denote the number of non-idle slots that us@bserves between any two

consecutive idle time slots. Usercan estimate'®® as follows [6]:

P = 1/(1+ k), (10)
wherenid® is the mean value ofi®®. Substituting (4), (9), and (10) into (8), for eaghe N\ {i},
1/p;— 1= ((1+a59/(1+ ) (1—pf). (11)

Let Ty, andT7 4, denote the set of time slots at which usebserves an idle slot and decodes

the transmissions of usgr# 4, respectively. We estimate’® and 7% iteratively as follows:

Aot 1) = (1= pi(0) () +pi(t) (1) I{t € Ty}, (12)
g At +1) = (1= 015 ()85 t) + 01, (1) n5t) I{t € T} geca} (13)
wheren(t), ni?¢(t), nfeqt) andnf®4t¢) denote the estimation of®, the measurement of

nide the estimation oﬁ;"de, and the measurement of%*“ at time slott, respectively, and{-}
is an indication function. Here, and o, ; are tapering stepsizes. Based on the asynchronous
stochastic approximation theory [11], we know that theneation error decreases to zero when
users do not change their transmission probabilities.

For each usef and any other usef # i, given~;, n{s®andn"®, we define:

mi () = (1/7%)° 7 (L+Af40) /(1 + A% @), Vi e M{i, (14)
wherem}(t) denotes the estimation af; made by usef at time slott. In general, we have:
mj(t) = Bj(t) my(t), (15)

wheregi(t) > 0 is theestimation gain, which can represent accurate estimation (i3&(1) = 1),
over-estimation (i.e 3!(¢) > 1) or under-estimation (i.ed!(¢) < 1). From (11), if the estimations
on n$e* and n"® are accurate and the channel is perfect (with zero packet eate), then
B(t) = 1 and we havem’(t) = m,(t) for all j € NM\{i}. Notice that if the value of the
existing packet error ratgf’ is known (e.g., via measurements at the physical layer)) e
can redefinen’(t) = (1/7]-)” L1+ ndecdt)) /(1 + nifte(t))) e pe™)>~! and obtain a more
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accurate estimation by canceling out the effect of chanmpkrfections. However, in this paper,
we consider the general case and assume that the packetae®rare not known by users.

For each user € \V and for allj € N'\{i}, we setT},, such that as time goes by, the minimum
difference between any two consecutive time slots in themmf sets{7},,,Vj € N\{i}}
increases. This implies that for eaghwe updaten; less frequently to be able to collect more
samples of"® andn{°*’. Thus, the estimations of mean valug$® andn{°*improve gradually
and become asymptotically accurate. We also reset theingpstepsizes,; and g, ; to 1 after
eacht € T}, so that the errors in previous estimations do not affect netwmations. Based on
these assumptions, there existgla> 0 such thatlim,_., 3;(t) = 8;. From (14) and (15),

By =1/(1—pN~t, Vi jeN, i#j.

If the channel is perfect, theﬁ; = 1 and all estimations arasymptotically accurate. For a
lossy channel, ity < 1, thenﬁ;'. <1 andm;ﬁ Is asymptotically under-estimated for all j # i. On
the other hand, ifv > 1, then ! > 1 andm/ is asymptotically over-estimated.

3) Distributed Algorithm: Our proposed distributed MAC algorithm with no explicit rmage
passing (except when each user joins or leaves the networf)awn in Algorithm 1. In this
algorithm, each user € N continuously updates!?® and nf*?= (nf** Vv; € AN'\{i}) based
on its local observations from the shared channel to estimat= (m}, Vj € N'\{i}). Then,
it choosesp; according to (2) withuv; = > JeN () m}. SetsT;, and 7}, are two unbounded
sets of time slots at which useérupdatesp; and m;, respectively. Notice that the updates are

asynchronous across different users which includes synchronous updetes special case.
IV. CONVERGENCE ANDOPTIMALITY

For eachic V, and at any time € T, ,, Algorlthm 1 updates

pilt+1) = fip_t) = [1 (14 /2P0 D) )] e
wherev(p_;,t) = Y jcxn gy (i/7)" (1/pj — 1)*7! Bi(t). For anyt > 0, we definef’(p,t) =
(filp_;,t),V i € N). Notice that f'(p,t) is a time-varying vector mapping. Sing&(t) ap-
proachess! ast — oo for all 7,5 € N, the sequence of mapping/’ (p,t)} converges to a
unique mapping/’ (p, cc) ast — oo. That is, for anyp € P and anye’ > 0, there exists. > 0
such that| f'(p,t) — f'(p,o00)|| < € for all t > t..
Theorem 2: Assume there exist§ > 0 such that for allt > ¢, and anyp € P, we have:

max 2 max 1—c
(0] () s
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Whereﬁmin(t> = IIliIli7jEN ﬁ;(t), ﬁmax(t) = max; jeN 6;(1‘:), U :maX{P,,,in(lapmil]) 7Pmax(11,pmax)}1

(V/max)l/&

i / max
Pmax(l _ Pmin) m, if V <1,
F —= . and (b V/ min V/max _ w . s min > 17
Pmln(l - Pmax)7 ( ) ) (1 (V7 min) /)2 if V >1, ( )
0.25, otherwise

Then, Algorithm 1 globally and asynchronously convergethéounique fixed point of’ (p, o).
Notice thatl’™» and V'™x are the lower and upper bounds ditp, t) for each: € ' and at
any timet. If o > 1, thenV’/™in=(N — 1) Mmin(ymim)oa=l gnd V/max = (N — 1) pfmax(ymaxja—i,
If a < 1, thenV/™n=(N — 1) Mmin(ymax)e—l gnd /max — (N — 1) M max (yminya-1,
The proof of Theorem 2 is given in the Appendix. Notice thatamay timet > 0,
(M™/M7™) < B0 (t) < () < (M /M), (18)
We notice that all the terms in (16), except are bounded and independent of the number of
usersN. Thus,® can be arbitrarily close to O iV is large enough. This results in the following:
Corollary 1: For any choice of system parameters, there exists an intdger 0, such
that Algorithm 1 globally and asynchronously convergeshi® tinique fixed point of mapping
I’ (p, ), if the number of user&V > N, i.e., there are enough users competing for the channel.
Theorem 2 is general and does not depend on the exact valube @stimation errors as
t — oo; however, the performance at the asymptotic fixed point dgpends on the accuracy
of the estimations. The following Theorem can be shown fafgoe channel case.
Theorem 3: If the channel is perfect such thitn, .., 3™ (¢) = lim; .., f™*(t) = 1, then
the unique fixed point of Algorithm 1 is the unique global opdi solution of Problem (NUM).
The proof of Theorem (3) is similar to that of [5, Theorem 4das omitted. Notice that
sincelim,_.., 4}(t) = 1, we havef'(p,oc) = f(p) = (fi(p), Yi € N') where f;(p) is as in (2).
From Theorems 2 and 3, if the channel is perfect and (16) héliderithm 1 asynchronously
converges to the unique global optimal solution of non-eanRroblem (NUM). If the channel

is not perfect, although the algorithm still converges,iragtity is not always guaranteed.
V. SIMULATION RESULTS

To evaluate the performance of our proposed distributearigfgn, we develop a discrete-event
simulator that implements Algorithms 1 and the IEEE 802.X1Faccess method.

We first consider a network withh' = 4, P™* = (.01, and P™* = (0.99. We sety, = 6, 7,
= 18, v3 = 36, andy, = 54, all in Mbps. Utility parameterr = 0.5 < 1. Notice that none
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of the previous NUM-based MAC algorithms (e.g, [2]-[4]) popt a-fair utility functions with

a € (0,1) because of non-convexity (see [5, Sections Il and IV-A])clEalot is 20us (as in
802.11a) and the simulation time48s. We assume that from time= 0 to ¢t = 10s, the channel
is perfect andV = 4. Then, fromt¢ = 10s to ¢t = 20s, the channel is lossy anl = 3 (i.e., user

4 leaves the network). Packet error rates are randomly tedldietween 0 and 0.01 (i.e., the
maximum allowed packet error rate in 802.11a} at 10s and then become fixed until= 20s.
Results are shown in Fig. 2. We see that Algorithm 1 convergesdmall neighborhood of the
optimal values very fast. It is also robust to the change ef pspulation and channel conditions.
Similar results have also been obtained dop 1.

It is well-known that 802.11 DCF hasshort-term fairness problem, due to binary exponential
backoff. Next, we compare 802.11 DCF with Algorithm 1 in terofsboth system throughput
and Jain’s fairness index [12]. The short-term fairnessbigioed using sliding windows with
size of 200 slots. There arg = 10 users in the network and their fixed peak rates are randomly
selected between 6 and 54 Mbps. Simulation timé0ids. The results whem varies between
0.5 to 5 are shown in Fig. 3. We see that, parametects as &nob to control the tradeoff
between efficiency and fairness. By increasiagve can make the system more fair but less
efficient (and vice versa). ik = 0.5, then throughput is 29.7% higher than DCF (see Fig. 3(a)).
Besides, for any choice af € [0.5, 5], the fairness is much better than DCF (Fig. 3(b)).

VI. CONCLUSION

In this paper, we designed a distributed contention-basa@ Migorithm to solve a network
utility maximization (NUM) without frequent explicit meage passing among users. Our al-
gorithm is fully asynchronous problem, enjoys fast coneerg, and supports a wider range
of utility functions compared to previously proposed NUMsed MAC algorithms. Simulation
results show that our algorithm achieves a better efficidaicpess trade-off compared with the
IEEE 802.11 DCF. It is also robust to the changes of user ptpaland channel conditions.

This work represents a first step towards building practical utility-optimal random access
protocols. Results can be extended in several directionseXample, it is possible to extend our
work to a general interference model where each user mayntefere with every other user.
The proof of convergence in Theorem 2 will still be valid afsfight modifications. However,

the performance may not be optimal due to the well-known éndtErminal problem.
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APPENDIX

For anyp € P andt > ¢, the Jacobian/(p,t) is defined as aV x N matrix whose entry
in row 7 and columnj is df;(p,t)/0p;. We can show that,

1/, )l < (11 = al/a) T OV V), (19)

/ max min max /. min 1-a /min /max

17, )l < (11— al/a) (B"(8)/8™" () ((v"/y™®)T) " W e(V™, V™). (20)
Let p,p € P. From (16), (19), (20), and by Cauchy Schwarz inequality weeH{a3, pp. 635]:
1f'@.t) = F' @, )]l < 110 Oz 1P~ Bl < VI (2, )]sl (2, )11 12— Dll2 < [P~ D2,
wherep is any convex combination @& andp. Thus, for anyt > t;, vector functionf’(p,t) is

a contraction mapping [13, pp. 181] and has a unique fixedt jp8) pp. 183], denoted by;.
We also denote the unique fixed point of mappifidp, co) by p% . Thus,

1 (p.t) = pilly < mellp — Py lly < mé, (21)
wheren, = ||/ (p,t)||, n = max;~y n:, @and§ = ||p — pi|l,- Note thaty < 1, and¢ is bounded.
Since [ (p, t) is continuous ap; andlim; .., f'(p,t) = f' (p, o), we havelim, ., p; = pZ,.
In other words\Ye > 0, 3ty > t{,, such thatvt > ¢,

lpi —pLlly < e (22)
Together with (21), we havgf (p,t) - p:;ou2 < I (p.t)— BillHp; — Pilly < né-+e. Similarly,
Hf ( ( ) t"’l) poo”2 Hf t—l—l) p:+1H2+ Hp;rl_

<0 ([lf (Pst) = Py + [Pl — p?.‘oHZ) te<nmétete)+e=nné+2e) +e (23
For anyk > 0, we recursively defing’*(p,t) = f'(f*'(p.t),t+ k — 1) where f'° = p. From
(23), and by mathematical induction, we can show that for /any0,

2(1—nF 1
*(p,t) - 2§77k§+(1f:77)6—6<77k§+1ﬂ6-
. . e . _ 1_ I3
For anye > 0, there existk. such that ifk > k., thenn*¢ < 5. By choosinge = 1—+;l§,
PHe) —pi|| < | 7ien -] <5+ == (24)

For all ¢ > t,, define e, = maxy> szH - ponoo, el = maxpsoper | FFT(D to) — P loos

and

max [5/ 2(11:7) 64 , if t <ty+C,

& = (25)

max [5/ 2(11+") e, x (C) Et_c}, otherwise

where functiony(C) = (f—i;l n“ + 1), integer constan = Hog(;ﬁl)/log (n)] +1, and [-]

denotes the ceiling function. From (22) and (2},} and{e;} are infinite decreasing sequences
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and converge to zero @s— oo. Construct a newiime sequence {¢;} wheret, = t, + [C for

all integer! > 0. Sincey (C) < 1, sequencge,} is also decreasing and in particular, we have
lim; ., e, = 0. For eachl > 0, defineP;, = {p: ||p — pi |l < e} Itis clear thatp’, € P;,
andP;,, C Py, for all I > 0. FurthermoreP;,, , C P, for some finitel’. For anyp € Py,

Ip—pi|| ., <Ilp— Pl +[p; —Ph|l, <en+e
From (24), we know thaf| /™ (p, ;) — < <€gl + egl> + }*Z ¢ . If e, = ¢}, thene <
1+n 1171 On the other hand, if, = ”n") , or |f er, = X(C)eg—c, thene} < ¢ andegl < 1—"71

Thus, for all three possibilities in (25), we have
_ 1— 14+nl—-negy
c * c L=ney \ L nl—ney
Thus, Vp € Py, f'“ (p, 1) € Py, Since synchronous convergence and box conditions hold,

Algorithm 1 globally and asynchronously converges to thigjue fixed pointp’_ [13, pp. 431].
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Algorithm 1 Executed by each user i € N.

Allocate memory forp; andm’ = (my,--- ,my).
Allocate memory fornd*dandngecd = (pdsed ...  pdecd).
Randomly choose; € [P™in, Prax],
Randomly choosen! e [M™", M™] for all j € V.
Choosenj® = 1 andnf®®= 1 for all j € V.
Broadcast the fixed data rate to all other users.
repeat
Transmit with probabilityp;.
Updaten'¥® and ndecd according to Egs. (12) and (13).

if teT;, then

Updatep; = [1/ (1+§/%~a—1 D e\ m )}
end if
if teTj,, then

Updatem) according to Eq. (14).
end if
. until the user decides to leave the network.
. Broadcast termination message.

max
P i

min
Pi
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Fig. 1. A single-hop wireless ad-hoc network with= 3 users. Each user includes a wireless link and its dedicated transmitter

and receiver nodes.

1 ‘ ‘
— Adjusted
0.9f — — — Optimal (t < 10 sec)|]
08l Optimal (t > 10 sec)| |

Transmission Probabilities

Time (sec)

Fig. 2. Simulation results for Algorithm 1 whem = 0.6. The number of users and the features of the communicatiomehan

change aftet = 10s. The optimal transmission probabilities befare- 10s (i.e., dashed lines) and after= 10s (i.e., dotted

lines) are accurate and obtained using [5, Algorithm 1].
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Fig. 3. Comparison between Algorithm 1 and 802.11 DCF when the nupnfhesersN = 10.
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