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Abstract—Small-world networks are networks in which the
graphical diameter of the network is as small as the diameter
of random graphs but whose nodes are highly clustered when
compared with the ones in a random graph. Examples of
small-world networks abound in sociology, biology, neuroscience
and physics as well as in human-made networks such as the
Internet, power grids and businesses. This paper analyzes the
average delivery time of messages in dense small-world networks
constructed on metric-measure spaces. Iterative equations for the
average message delivery time in these networks are provided for
the situation in which nodes employ a simple greedy geographic
routing algorithm. It is shown that two network nodes commu-
nicate with each other only through their short-range contacts,
and that the average message delivery time rises linearly if the
separation between them is small. On the other hand, if their
separation increases, the average message delivery time rapidly
saturates to a constant value and stays almost the same for all
large values of their separation.

I. INTRODUCTION AND RELATED WORK
A. Background

Many networks arising in science [1], technology [2] and
society [3] exhibit complex connections by means of small
numbers of long-range links, and are surprisingly closely
connected despite their extent. Such networks have become
known as small-world networks. The most striking character-
istic of small-world networks is their small graphical diameter
even though they are highly clustered. One important field of
science in which small-world network structures frequently
arise is the theory of social networks through which the
connections among people in a social network are studied [4].
Social networks will be the major focus of this paper; however,
the results obtained for the average delivery time of messages
are also valid in similar small-world network models appearing
in other fields of science and technology.

Social ties among people are believed to form a small-
world network. As a historical note, one of the key issues
in the theory of social networks has been to understand how
people in a social network are linked together, and the research
efforts in this direction can be traced back to the famous six-
degrees of separation principle, which was first speculated by
the Hungarian writer Frigyes Karinthy in [5]. Since then, it has
been believed that people are connected to one another through
short chains of intermediate acquaintances, whose lengths are
around six. Studies such as those described in [6], [7] and [8]
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are experimental verifications of the small-world phenomenon
in social networks.

The first striking empirical verification of Karinthy’s con-
jecture was the series of experiments ([6] and [7]) conducted
by the social psychologist Stanley Milgram in the 1960s.
The results of these experiments suggested that people are
connected through surprisingly few “degrees of separation”.
This observation is in line with Karinthy’s claim, which
was made as early as 1929. A typical realization of the
experiment was as follows. Two people located in the US are
randomly chosen, usually one in Nebraska and the other one
in Massachusetts. The person in Nebraska is assigned to be the
originator of the message whose aim is to deliver the message
to the target in Massachusetts. The originator is provided with
some basic information about the target such as address and
occupation, and he is only allowed to send the message to
others whom he knows on a first name basis. Intermediate
message holders repeat the same step until it reaches the target
in Massachusetts. In his work [6], Milgram reported that the
lengths of the chains of the successfully delivered messages
ranged between two and ten with the median value at five.
Milgram’s experiment forms the first experimental basis for the
famous six-degrees of separation principle in social networks.

The first important conclusion of Milgram’s experiment
is that the length of the shortest path, regardless of the
number of nodes, connecting any two nodes must be small
in any graphical model aiming to characterize the structure
of connections among the nodes of a social network. For this
reason, random graphs [9], at first glance, may be thought
to be good candidates for modeling the connections in a
social network. However, they fail to capture a very important
clustering property of social networks: friends of a person
are also likely to be friends with one another. To capture the
clustering feature of a social network as well as to maintain the
small shortest-path property enjoyed by random graphs, Watts
and Strogatz proposed an elegant small-world network model
in [10]. In their model, they consider a regular network in
which nodes are evenly spaced on a circle. They first construct
the links forming the local contacts of a node, i.e., each node
on the circle is connected to its k£ nearest neighbors. They then
rewire each one of these links to any other randomly selected
node in the network with some very small probability, which
forms the long-range contacts of a node. They show that even
if the number of long-range links is very small, there is a
dramatic decrease in the diameter of the network. Therefore,
they prove that it is possible to obtain small-world network



models without changing the clustering property manifested
by social networks. Their work has attracted considerable
attention, and has formed the mathematical basis of many
small-world network models.

B. Related Work

The second conclusion, which is as important as the first
one, of Milgram’s experiment is that people operating based
only on their local information are very efficient in finding
the short paths connecting them. This second point forms the
algorithmic perspectives of small-world networks, which were
first investigated by Kleinberg in [12] and [13]. In his work,
Kleinberg studied a more general version of the Watts-Strogatz
model by considering a set of nodes located on a grid. Each
node maintains some finite number of short-range and long-
range contacts. He obtained bounds on the average delivery
time of a message when each message holder, based on its
local information, uses a simple greedy forwarding rule to
deliver the message to the target node. In [14], the authors
consider a variant of Kleinberg’s model which is related to
continuum percolation. In their model, the density of the
number of connections of a node decreases with distance but
there is no uniform upper bound on the number of contacts
that a node may have. They obtain bounds on the average
delivery time of a message which are similar to those obtained
in [13]. One artifact of their model is that for any two randomly
selected nodes, regardless of how close they are to each
other, the probability of sharing a common neighbor is zero,
which conflicts with the clustering property enjoyed by social
networks.

In this work, we also focus on the algorithmic perspectives
of small-world networks, and analyze the average message
delivery time when nodes run a greedy geographic forwarding
algorithm to deliver a message to the final destination. Unlike
[12] and [13], we do not restrict ourselves to regular grid
networks. We consider general metric-measure spaces as the
network domain, and nodes can be located at any point inside
the network domain. In our model, we also maintain the
clustering property of social networks by assuming that any
two nodes are said to be local contacts of each other if the
separation between them is smaller than some positive real
number r > 0. Therefore, in contrast to [14], network nodes
are very likely to share common friends if they are close
to one another. This network model of local neighbors is
motivated by the models of wireless packet radio networks
(see the protocol model proposed in [15]). Long-range contacts
will be formed randomly uniformly over the network domain.
Finally, we obtain an exact recursive expression for the average
message delivery time in a small-world network rather than
providing bounds as in [13] and [14]. We also provide a
solution for this recursive equation. Our results verify the
empirical observations of the experiments conducted in [6]
and [7].

II. THE NOTION OF NETWORK SPACE: ITS DEFINITION
AND SOME FUNDAMENTAL PROPERTIES

We consider a general metric-measure space as the network
domain on which network nodes are distributed. Before putting
forward the formal definition of a network space, we first
review some basic concepts from real analysis.

We call the tuple (D, p) a metric space with metric p if D is
a set, and for any two points x and y of D, there corresponds
a real number p(z,y) such that

e p(z,y) >0, and p(x,y) = 0 if and only if =y,

o p(z,y) = p(y,x) (symmetry), and

e plz,y) < p(x,2) + p(z,y) (the triangle inequality).

For any x € D and r > 0, open and closed balls around z
with radius r are, respectively, equal to

B(z,r)={y€ D : p(z,y) <r}

and

B(z,r)={y € D :plx,y) <r}

Consider a subset U of D. It is said to be an open set if it is
an arbitrary union of open balls. It is said to be a closed set if
its complement is an open set. Its interior int(U) is the biggest
open set contained in U. Its closure cl(U) is the smallest closed
set containing U. Its boundary U is equal to the difference
between its closure and interior (i.e., OU = cl(U) — int(U)).
For any given metric space (D, p), the topology Vp on D
generated by the metric p is the collection of all open subsets
of D. In this paper, we always refer to the metric generated
topology when we speak of a topology on a metric space.

For a given metric space (D, p), we say that a subset D of
D is a dense subset of D if every non-empty open subset of
D consists of infinitely many points of Dy. We say a metric
space (D, p) is separable if D has a countable dense subset
Dy.

We formally define the notion of network space as follows.

Definition 1: The quadruple (D, Sp, A, p) is called a topo-
logical network space, where D is the set of points on which
network nodes are distributed, Sp is the Borel o-algebra of
subsets of D, A : Sp — [0,00] is a measure on Sp, and
p:Dx D —[0,00) is a metric.

For the rest of the paper, the quadruple (D, Sp, A, p) will
be referred to simply as a network space by bearing in mind
that the underlying topology on D in Definition 1 is the usual
topology generated by the metric p. Therefore, Sp is the
smallest o-algebra that contains all the open subsets of D.

Definition 2: A network space (D,Sp, A, p) is said to be
finite if A\(D) < oo. It is said to be translation invariant
if for all z,y € D and r > 0, A(B(z,7r)) = AN(B(y,r)).
And, it is said to be a positive network space if for all
x,y € D and ri,ro > 0 satisfying 7 + 2 > p(z,y),
A(B(x,r1) ) B(y,r2)) > 0.

A. Some Properties of Network Spaces

Property 1: Every positive network space contains in-
finitely many points. Moreover, any given open ball with
positive radius also contains infinitely many points.



Proof: Consider any positive network space
(D,Sp, A\, p). Suppose there exist only finitely many
points in D. Take z € D, and let

e, = inf{p(z,y):y € D,y # x}.

Since there are only finitely many points in D, ¢, > 0. Now,
take another point y € D, which is not equal to z. Let d =
p(z,y). Set ry = 2% and ro = d — . Then,

A(B(x,rl)ﬂB(y,rg)) = )\({f}ﬂB(yﬂb))

= A(0) =0, a contradiction.

Similarly, if there exist z € D and r > 0 such that B(z,r)
contains only finitely many points, we can find ¢, € (0,7)
such that B(z,€e;) = {x}. Then, by choosing r1 and ry as
above for any given y # x, one can arrive at a contradiction.
|
Now, consider a topological measure space (D,Sp,A),
where the topology on D is any topology and Sp is the Borel
o-algebra containing all open subsets of D. Then, A is said to
be everywhere positive if A\(U) > 0 for every non-empty open
set U.
Property 2: Let (D,Sp, A, p) be a positive network space.
Then, )\ is everywhere positive.

Proof: Assume there exists a non-empty open subset U
of D with A(U) = 0. Then, there exists € U and € > 0 such
that B(x,e) C U. Therefore, A (B(x,€)) = 0. Take y € €,

2e

and let d = p(x,y). Let ry = % and ro = d — §. Then,

A (Bla,r) () Bly,12)) < A (B, 1)) =0,

which contradicts the positivity of the network space. [ |
Property 3: Let (D,Sp, A, p) be a positive network space.
Then, cl(B(x,r)) = B(x,r) for all z € D and r > 0.
Proof: B(z,r) is a closed set containing B(x,r). Thus,
cl(B(z,r)) € B(z,r). Now assume there exists y €
B(z,r) that does not belong to cl (B(x,r)). This is possible
only if p(x,y) = r, and there exists ¢ > 0 such that
B(z,r)(\B(y,e) = 0. Thus, A(B(z,7)(\B(y,e)) = 0,
which contradicts the positivity of the network space. [ |

Consider a measurable space (D, Sp) such that all singleton
sets are measurable.! A measure \ on this space is said to be
non-atomic if X\ ({z}) =0 for all z € D.

Property 4: Let (D,Sp, A, p) be a positive, translation in-
variant and finite network space. Then, )\ is a non-atomic
measure.

Proof: Suppose there exists € D such that A\, =
A({z}) > 0. Take a decreasing sequence {r,}>>; such that
7y, | 0. Then, for any given y € D, we have

Ao = n]LII;OA(B(x,Tn))
~ lim A (B )
= AMwh),

where the first and third equalities follow from the continuity
of measure from above [16], and the second one follows from

'A measurable space is a pair (D, Sp) in which D is any set, and Sp is
a o-algebra of subsets of D.

the translation invariance property of A. Therefore, A assigns
the same positive value to all points of D. Since there are
infinitely many points in D by Property 1, A\(D) = oo. This
contradicts the finiteness of the network space. [ |

One easy corollary of Property 4 is that any positive, trans-
lation invariant and finite network space contains uncountably
many points.

Corollary 1: Let (D,Sp, A, p) be a positive, translation
invariant and finite network space. If A is a non-trivial measure
(i.e., A(D) > 0), then D consists of uncountably many points.

Definition 3: A network space (D,Sp, A, p) is called a
regular network space if it is a separable, positive, translation
invariant and finite network space.

Further properties of regular network spaces such as the
measure of boundary sets in these spaces and their relationship
to convex metric spaces are explored in the appendix. These
properties will not be needed in our proofs below, but are
included for the sake of the curiosity of interested readers.

III. NETWORK MODEL

To investigate the average message delivery time in small-
world networks, we consider regular network spaces. Let
(D, Sp, A, p) be aregular network space. We assume that there
exists an underlying probability space (2, Sq,P) on which all
the random variables of interest are defined. We define node
location random variables as follows.

Definition 4: A node location random variable is a measur-
able function

X: (Q,SQ,IP)) - (D7SD,)\,p) (1)

We say X is uniformly distributed if P{X € U} = % for
all U € Sp.

We distribute n relay nodes randomly (from a uniform
distribution) and independently over the network domain.
Locations of source s and target t nodes will be assumed to
be arbitrary so that we may analyze the average delivery time
of a message as a function of their separation. Node location
random variables are represented as follows:

X. 2
X, £ location of the target node, and
X, X,,...

location of the source node,

, X,, £ locations of n relay nodes.

For each n > 1, we define H,, = {X;}?_;. The random set
‘H,, will be called the node-location process. We define the
continuum limit as Heo = (J; o ; Hn.

For a given network space (D,Sp,A,p), we say that a
subset Dy of D is a dense subset of the network domain if
every non-empty open subset of D consists of infinitely many
points of Dy. An important topological property regarding H o
is the following.

Theorem 1: For any given regular network space
(D,Sp,A,p), He is a dense subset of the network
domain with probability one (w.p.1).

Proof: Let Dy be a countable dense subset of D. Choose
any x € Dy. For any small ball B (x, %) C D around z with
radius % and p being an integer greater than or equal to 1,



let Z2P = 3" &, and & = ]l{XieB<I 1)} Since, under
our model, the &;’s are independent and iderftically distributed
(i.i.d) random variables with finite means g > 0, we have
ZEP

2— — p w.p.1. Observe that

T,p __ 1 1 — Z,
Zop ‘HooﬂB(x,p>’>‘HnﬂB(x,p)‘ Zep

for all n > 1. Thus, ZZ:P > lim,_,oc Z2P = 00. As a result,
there will be infinitely many points of H, lying in B (x, %
w.p.l. Let ., C € be the set on which ZZP = oo. We
define 2 as

0 = ﬂ ﬂ Qap-

x€Dg p=1

P{Q} = 1 since it is an intersection of countably many sets
having probability measure one. Take an w € €y. Now, for
any x € D and € > 0, we can find z € Dy and p > 1 such
that B (z ;j) C B(z,¢). Therefore, [Hoo (w) () B(, €)| = oo
for any x € D and € > 0. Now, take any non-empty open
subset U of D. Then, there exists x € U and ¢ > 0 such that
B(z,€) C U. Therefore, |Hoo (w) (U] = co. This completes
the proof. [ |

A. Connectivity Properties of Nodes

We assume that each node in the network maintains both
local and long-range contacts as in other existing small-world
network models. We first describe how the set of local contacts
of a node is formed.

(i) Local Contacts of a Node: All nodes in the network
have a uniform communication range r. Nodes lying inside
this communication range of a node form its local contacts.
Let us consider a particular node i with location X;. Then, its
local-neighborhood will be the ball

B(X;,r)={zx € D:p(z,X;) <r}. 2)

The set of local neighbors of node 7 is, on the other hand,
equal to

Loc(X;)={1<j<n:X; € B(X;,r)} 3)

(ii) Long-range Contacts of a Node: In addition to its
local contacts, each node maintains some number of long-
range links for communication. We assume that there are two
types of long-range links: (a) incoming long-range links and
(b) outgoing long range links. A node can receive a message
through an incoming long-range link but cannot send any
messages over this link. On the other hand, a node can send a
message over an outgoing long-range link but cannot receive
anything. For the rest of the paper, it is assumed that each node
has L, L > 1, outgoing long-range links. This model for the
long-range contacts of a node is made merely for the sake of
analytical simplicity. Our solution technique presented below
can also be extended to other models for forming long-range
contacts.

B. Limiting Process for Forming the Outgoing Long-range
Contacts

We now put forward the rules for the limiting process for
forming outgoing long-range contacts as the number of relay
nodes goes to infinity.

1) Rules for forming outgoing long-range contacts: Source
and target nodes are only allowed to choose their outgo-
ing long-range contacts among relay nodes. Relay nodes
are only allowed to choose their outgoing long-range
contacts among relay nodes. A node chooses the node
at the receiving end of an outgoing long-range link at
random uniformly among all other nodes which do not
lie in its local neighborhood. After a node chooses a
long-range contact, it is not allowed to change it as new
relay nodes are added to the network.

2) Initialization and the limiting process: We initialize
the number of relay nodes to Nj,;y where Nj,i¢ is an
arbitrary integer greater than 1, and uniformly distribute
Ninit relay nodes over D. We place source and target
nodes at arbitrary positions in D. Nodes then choose
their outgoing long-range contacts as explained above.
We send the number of relay nodes to infinity by adding
new relay nodes. As a new relay node is added, nodes
which have not been able to pick L > 1 different
outgoing long-range contacts yet are given a chance to
form a long-range outgoing contact with this new relay
node. Nodes which have already chosen their L outgoing
long-range contacts are not allowed to change them.

Let E, ; be the event that node i € {s,t} U{L,2,---,n}

has L outgoing long-range contacts when there are n relay
nodes located in D. On this event, node i’s outgoing long-
range contacts will be uniformly distributed over D—B(X;, r).
Therefore, the probability that node ¢ has an outgoing long-
range contact j (¢ LR j)in A C D conditioned on X; and
I, ; can be written as

P{3j in A(\Ha sti o5 jX;, By}

B A= B(X;,r)\"
_1_G_A@—B@mﬁ>'

We have the following theorem when there are infinitely
many relay nodes located in D.

Theorem 2: For a given node i € {s,t}J{1,2,3,---} and
a given subset A of D,

P{3j in A\ Hoo s.ti o5 jX;}

B A= B(X;,m)\*
‘I‘O‘Aw—mew)'

Proof: Let E), ; be defined as above, and

G = {3j in A\ Ha sti =25 5},

{En.,i}n>N,;, 1S an increasing sequence of events since nodes
are not allowed to change their outgoing long-range contacts
once they choose them. Therefore, whenever a node has L
outgoing long-range contacts for some n > Nj, it also
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Fig. 1. A typical realization of the network.

has L outgoing long-range contacts for all £ > n. Similarly,
{Gn,i}n>N,,; is an increasing sequence of events. Let

Eoc,i = U En,i
n2> Ninit
and
Goo,i = U an
12 Ninit

Since H, is a dense subset of D, we have
.. . LRC .
Observe also that G, ; = {3j in A\ Heo 8.t ¢ — j}. Then,

by using the continuity of measure from below [16] and Bayes
theorem, we have

P(Gw,il X:)
=P (Goc,i ﬂ Eoo,i Xz)
= 1im P (Goi ) BuilX:)

n—00

L AA - B(Xi, )\ "
= (1 B (1 " A(D- B(Xi7r))> ) BB

—1— (1_ /\(A—B((Xi,r

Xi)

|

A typical realization of the network, and the probability with

which nodes form their outgoing long-range contacts when
L =1 are depicted in Fig. 1 and Fig. 2, respectively.

C. 6-Greedy Geographic Forwarding Rule

Nodes use a simple J-greedy geographic forwarding (§-
GGF) rule to deliver their messages to their intended tar-
get nodes. The only global information needed to deliver a
message is the location of its final destination, which can be
encoded inside the message by the message originator.

According to this rule, any message holder having distance
d € [kr,k+1)) to X; for some k > 1 chooses one of its local
contacts lying in B(X;, kr) and providing a forward progress

Existence probability

of such a link is
IA—B(X“T) Liyea—B(x,,~rdAw)
fD—E(X,,Jr) Liyen—nix,,nrdMy)

Fig. 2. An illustration of the probability with which a node chooses its
outgoing long-range contacts when L = 1.

in the direction of the target node at least + — ¢ for some
6 > 0 as a next hop local contact. After a node chooses its
next hop local contact, it is not allowed to change it as new
relay nodes are added to the network even if there are some
other local contacts providing forward progress larger than
the chosen one. This rule can be interpreted as that nodes
have bounded greediness while choosing their next hop local
contacts. Fixing the local contact achieving a minimum desired
forward progress in the direction of the target node makes J-
GGF a path convergent forwarding rule which will be analyzed
in greater detail in Section IV.

If the current message holder has an outgoing long-range
contact providing forward progress in the direction of the
target node larger than the progress provided by the local
contact chosen as described above, this long-range contact is
preferred over the local contact.

IV. MESSAGE TRAJECTORY AND AVERAGE MESSAGE
DELIVERY TIME

A. Message Trajectory

In accordance with the search algorithm, a message wanders
around the network hop by hop until it reaches the target.
When there are n relay nodes, we denote the resulting random
trajectory of the message by

M) A

Y location of the message at the mth hop.

Mén) is always set to X;. We define the message delivery
time 7, under H,, to be equal to the first time the message
reaches the target node. Therefore, 7,, can be written as

7, £ inf{m > 0: M{V = X,}.

Note that 7,, = oo if the forwarding rule cannot find a path
from the source node to the target node. We assume that the
message stays at the target node once it reaches it. Therefore,
M™ = X, for all m > 7,.

T, also depends on the locations of source and target nodes
since the message starts its journey at X, and finishes it at
X;. For example, 7, = 0 for all n > m if Xy = X, since
there is no need for message forwarding when source and
target nodes are located at the same position. If X, # X,
a message should be forwarded at least once in order to be
delivered to the target node. Thus, 7,, > 1 when X, # Xj,.
For the rest of the paper, we will not explicitly write 7,, as a
function of X, and X; by keeping this fact in mind.



Definition 5: We say a forwarding rule is loop-free if it does
not form any loop while delivering the message to the target
node.

Definition 6: We say a forwarding rule is time convergent if
for any given X; € D and X; € D, 7,, converges to a limiting
real-valued random variable w.p.1 as n goes to infinity under
the rules in III-B for forming long-range contacts.

For example, the shortest path routing is a time convergent
forwarding rule since the message delivery time monotonically
decreases as new relay nodes are added to the network domain.
For time convergent forwarding rules, we let

lim 7, =7
n—oo
be the message delivery time under H ..

Definition 7: We say a forwarding rule is path convergent
if for any given X, € D and X; € D, the path {Mr(,f)}:;;:o
that the message takes to travel from X, to X; converges to
a limiting path as n goes to infinity under the rules in III-B
for forming long-range contacts.

For path convergent forwarding rules, we let

lim M = M,

n—oo

be the location of the message at the mth, m > 0, hop under
Hoo. Therefore, {M,,}m>0 is the trajectory of the message
under H.,. We have the following theorem establishing the
relationship between time convergent and path convergent
forwarding rules.

Theorem 3: Consider a path convergent forwarding rule F'.
If, for any given X, € D and X; € D, the message delivery
time 7,, under F' satisfies

liminfr, =7 < 0o w.p.1

n—oo

and F' delivers the message to the target node at the next
hop whenever it enters B(X;,r), then F' is a time convergent
forwarding rule with the limiting message delivery time 7.

Proof: This is trivial if X; = X; since there is no need
for message forwarding. Therefore, take any X and X; with
Xs # X in D, and take any w € {7 < oo}. Set

my = liminf 7, (w).
n—oo

Consider the subsequence
{70 (W)} N, ., such that

{Tﬂl (w)}nlzNinit of

lim 7, (W) = M.
n1—00

Observe that there exists a constant N large enough such that
Tny (W) = m, for all ny > N since 7, (w) is a finite integer
for all ny large enough. Therefore, Mr(nnj)(w) = X, for all
ny Z N.

Since the target node cannot have any incoming long-range
links according to the rules explained in III-B for forming
long-range contacts, the message must first enter the ball
B(X,,r) before the final delivery of the message to the
target node. Therefore, Mf,i 1ll(w) converges to M,,, —1(w) €
B(X;,r) as ny goes to infinity. Since F' is a path convergent
rule, we also have Mr(gi)q(w) converges to My, _1(w) as
n goes to infinity. Since B(X¢,r) is an open set, we must

have M,(,Z)_l(w) € B(Xy,r) for all n large enough. Since F’
delivers the message to the target node at the next hop once it
enters B(X;, ), 7,(w) = m, = 7(w) for all n large enough.
Therefore, 7,, converges to 7 on the event {7 < oo}, which
has probability one. [ |

Let F denote the collection of all time convergent and
loop-free forwarding rules. We have the following theorem
establishing the relationship between E[7,,] and E[7] for this
type of rules.

Theorem 4: Fix X; € D and X; € D. Then, for any
forwarding rule in F with P{r,, > B} = o(n™!) for some
finite B > 0,

lim E[Tn]l{m<oo}] = E[T] (4)

n—oo

Proof: Since the forwarding rule is loop-free, we have

Tnl{r, <o} = Tnl{r,<B} + Tnl{B<r, <nt1}-
Since 7, converges to 7 w.p.l, we have P{r > B} = 0.
Therefore, by using bounded convergence theorem, we have

lim Elr, 1, <p}] = E[7].

n—oo
By using the condition on the decay rate of the tail of the
distribution of 7,,, we have
lim (n+ 1)P{r, > B}

n—oo

0.

0 < lim E[r,l{per,<nt1y] <

n—oo

As a result, lim, .o E[7, 1, <o0}] = E[7]. |

We now show that Theorem 4 holds for §-GGF. To this end,
we need to show a series of lemmas.

Lemma 1: For any regular network space (D,Sp, A, p),
0-GGF is both a path convergent and a time convergent
forwarding rule for any J > 0.

Proof: Let d = p(X,, X;) be the distance between source
and target nodes. It is easy to see that the lemma holds for
d € |0,7). Therefore, let us focus on d € [kr, (k + 1)r) for
k > 1. Since (D, Sp, A, p) is a regular network space, Hoo is
a dense subset of D w.p.1. Let Qg C ) be the set on which
'H o is a dense subset of D, and take any w € )y. Source node
will able to pick L of its long-range contacts for all n large
enough due to Hoo(w) being dense in D. Let {i;(s,w)}i_,
be the indexes of these long-range contacts.

Now, assume d—r+4d < kr. Since H oo (w) is dense subset of
D, B(Xy,d—r+06) () B(X, r) will eventually contain a relay
node. Since such a relay node achieves a forward progress
at least » — 0 in the direction of the target node and lies in
B(X4, kr), the source node will be able to pick a local contact
when n is large enough. Similarly for d—r+9 > kr, the source
node will eventually be able to pick a local contact lying in
B(X¢,kr)( B(Xs,r) and achieving a forward progress at
least 7 —¢ in the direction of the target node. Let iz, 41 (s, w) be
the index of the local contact chosen by the source node. After
determining all of the possible next hop contacts, the source
node chooses the one achieving the largest forward progress
among {i;(s,w)} ;. Let

i} (w) = arg m Xi(w), Xy).

in
. . L+1
i€{i;(s,w)} i



Hence, Ml(”) (w) is equal to X« (,)(w) for all n large enough,
and therefore converges to X (.) (w). Inductively define

p(Xi(w), Xt)

}L+1

*

ir (w) = arg min

ic{i;(i), 1 (w)w
for m > 2. Starting from the relay node i}, ;(w) and
repeating the same steps above for i¥,_;(w), we have that
an)(w) is equal to Xj. (,)(w) for all n large enough.
Therefore, we conclude that M,(,:L ) converges for all m > 1 as
n goes to infinity on the event 2y. As a result, J-GGF is a
path convergent rule for any § > 0.

To see why it is also time convergent, first observe that for
any given X, € D and X; € D,
liminfr, =7 < oo w.p.1

n—oo

since it achieves a forward progress at least » — § in the

direction of the target node at each hop. Secondly, observe

that §-GGF rule delivers the message to the target node at the

next hop whenever the message enters B(X;, ). By appealing

to Theorem 3, we conclude the proof. [ |
We write f1(k) ~ f2(k) as k — oo f limy— oo ?Ezg =1.
Lemma 2: Let a, — 0 and b, — oo as k& — o0o. Then,

(1+ag)? ~ exp(axby) if and only if (ay)?by — 0 as k — oo.

Proof: =: If (1 + ay,) ~ exp(axby), we have

exp (by log (1 4 ay))

li = 1
e exp (arby)
log (1 )
= lim exp <ak.bk (Og(—Fak) — 1>) =1
k—oo ag
log (1 + ax)

= lim apbg ( — 1) = 0
k—o0 ag
Since aj, goes to zero as k goes to infinity, we can write the
power series expansion of log (1 + ay) as
ak2 ak?’ ak4

log(1 — g — ok Bk Bk
og(l+ ax) = ax 5 + 3 1 +

Thus, we have

log(1 + ag) 1411
lglltan) 4, 5~ 1 (Cygg
ag P l+ 2
As a result, we need to have
1 b l+1 [ 0.
lm kO Z I n 2 ag

Since aj goes to zero as k goes to infinity, we have, for suf-
ficiently large k, |75 (— l)l“aﬁc‘ < 0.5!. Then, by Lebesgue
dominated convergence theorem, we obtain

l+1 l
k—»oozl+2 @k

= : 1 41 1
;;LOOHJ D7 e
1

U

I
Mg L

T—oy
l

N — o

Therefore, we conclude that bya? converges to zero as k goes
to infinity.

<«: Start by observing that

(1+ ag)’*
exp(axby)

exp (b log (1 + ay))
exp (axby)

= 1
= exp (aibkgm(_l)lﬂcﬁﬁ)

for all k£ large enough. We have showed that

lim Z I Hl

k—o0

=0

a1
ay, 92"

Since a?by goes to zero as k goes to infinity, by using the
continuity property of exp (-), we have
et

|

We will use Voronoi tessellations (see [17]) to show the tail
of the distribution of the message delivery time decays to zero
exponentially fast as the number of relay nodes goes to infinity
when nodes use 0-GGF rule to deliver messages to the target
node.

Definition 8: Let (D,Sp, A, p) be a regular network space.
Then, for any given finite set of points {z;}!_, of D, the
Voronoi tessellation V' of D generated by {z;}7_; is the
collection of cells {V (z;)}Y_; such that

(1 + Cbk)b’“
im AR
k—oo exp(agby)

[ee)
. . 1
- o (,}LH;C b fim 255

=1

{weD:ple,zi) = min p(z,2;)}-

The following lemma shows that we can find a Voronoi
tessellation of the network space such that Voronoi cells are
neither too fat nor too thin. The proof of Lemma 3 is adapted
from [15] for regular network spaces.

Lemma 3: Let (D,Sp, A, p) be a regular network space.
Then, for any given ¢ > 0, there is a Voronoi tessellation
V={V(x )}l 1 of D such that

B(zi,e) CV(x;) C B(xy,2€)

forall s € {1,2,--- ,p*}.
Proof: Let {x;}¥_, be a collection of points in D such

that p(x;,x;) > 2e for all 4,j € {1,2,--- ,p} with i # j.

Assume there exists © € D such that B(z,¢) () B(x;,¢€) =
§ for all 4 € {1,2,---,p}. Since (D,Sp, A, p) is a regular
network space, this condition means that p(z,x;) > 2¢ for all
1 € {1,2,---,p}. Therefore, we can add x to this collection
of points by letting x,11 = 2.

Observe that for any such collection of points, we have

B(x;,€)(\B(zj,e) =0foralli,j € {1,2,---,p} with i # j.
Thus, by using the regularity of the network space, we have

A(UB(@,E)) = p-A(B(x1,0)
- < AD) < oo,



which implies any such collection can only contain finitely
many points. Therefore, we must stop adding new points to
this collection at some finite p*. Let V = {V (x;)}!_; be the
Voronoi tessellation of D generated by {a:z}f;l

We first show that B(x;,¢) C V(x;). Suppose this is not
correct. Then, there exists a y € B(z;, €) such that y € V(z;)
for some x; # x;. Thus, p(z;,y) < p(z;,y) < e. Then,

< plzi,y) + p(y, z))
< 2

p(l’i7l'j)

which contradicts how we construct the set {z; f;l. Secondly,
we show that V' (z;) C B(x;, 2¢). Suppose this is not correct.
Then, there exists y € V(x;) such that p(z;,y) > 2e. Since
plzi,y) = mini<j<p p(z;,y), p(z;,y) > 2¢ for all j €
{1,2,--- ,p*}. Therefore, y can be added to this collection of
points, which contradicts how we choose p*. [ |

Lemma 4: Let (D,Sp, A, p) be a regular network space.
Then, for any given source-target separation d = p(Xs, X;)
and § > 0, there exists a constant B > 0 such that 7,, under
0-GGF satisfies

P{7, > B} < exp(—c- f(n)), ()

where ¢ > 0 is a constant independent of d and J, and f(n) ~
n?¢ for some € € (0, 7).

Proof: Choose an e belonging to (0, %) and a sequence
{€n}n>nN Of positive real numbers decreasing to 0 and
satisfying

1

A(BG,)) 2 MD) [d] ©

for some x € D. By regularity of the network domain, (6)
holds for all points x € D.
When there are n relay nodes in D, consider a Voronoi

2
tesellation V,, = {V (xﬁ"))} of D such that

i=1
B (xgn), en) cVv (argn)) CB (chn), 2€n)

for all ¢+ € {1,2,---,pr}. For any given ¢, > 0, such a
Voronoi tessellation exists by Lemma 3. Since relay nodes are
uniformly distributed over D, the probability that relay node

7 belongs to Voronoi cell V' (xE")) satisfies
(n)
fer)) - 2D
(5.0
- A(D)

Y%

—
S

ol

.
—
|

™)

Therefore,

P{Xj ¢V (xgm) Wie (1,2, ,n}}

Let B, = {w € Q: 3Ji e {1,2,--- ,p;} st. X;(w) ¢
\% (acl(")) ,Vj € {1,2,--- ,n}}. By using the union bound
and Lemma 2, we have

P(E,) < pi- (1 — [n#] 2>n
< p-exp (—0.25n°).
Since
A(D) > A O B (xﬁ.”),en) = proA (B (xgm,en))

i=1

vV
=
%

2
we have p}, < [n%_ﬂ . Thus,

P(E,) < 2(n'7%)exp(-0.25n%)
= exp(—c- f(n)),
where f(n) = n?¢ —4(1—2¢) log(n) — 4log(2) and ¢ = 0.25.
Now, we will show that all open sets U C D will eventually

contain a Voronoi cell for all n large enough. For any open
set U, there exists y € U and € > 0 such that B(y,e) C

U. Choose the Voronoi cell V' (xf?) iy € {1,2,---,pr},
containing . Then, p (y,xgtl)) < 2¢,. As a result, 3357) €
B(y,€) for all n large enough. Consider now B (331(-:), 26,,).
For any z € B (zgg), 2en),

p (y,wz(-:)) +p (wﬁf)aZ)

4e,,.

ply,z) <
<

Therefore, whenever ¢, < i, we have that Voronoi cell
containing y lies in B(y,¢), and U contains a Voronoi cell
for all n large enough.

Therefore, on the complement E!/ of the event E,, the
message can make forward progress at least r — § amount
towards destination at each hop for all n large enough. Let
B = Lﬁ(; —|—1J. Then, E/, C {7, < B} for all n large
enough. Thus,

P{r, >B} = 1-P{r, <B}
< 1-P(E)
< exp(—c- f(n)), @)
for all n large enough. [ |

We finally have the next theorem relating the average
message delivery time for dense networks with finitely many
nodes to the average message delivery time in the continuum
limit when nodes use 6-GGF rule to deliver messages to the
target node.

Theorem 5: Let (D,Sp, A, p) be a regular network space.
Then, for any given X € D and X; € D, if nodes use the -
GGF rule to deliver messages to the target node, 7,, converges
to a limiting random variable 7 and

lim E [Tnll{.,.n<oo}] =E [T] .

n—oo



Since the average message delivery time can be made
arbitrarily close to the average message delivery time in the
continuum limit by increasing the number of relay nodes when
nodes employ J-GGF rule to deliver messages to the target
node, we will focus on the continuum limit and the J-GGF
rule for the rest of the paper.

B. Average Message Delivery Time without Long-range Con-
tacts

We first consider the message delivery time for regular
network spaces when nodes do not have long range contacts.

Theorem 6: For any given X, € D and X, € D, 7, with
probability one, is equal to

0
T = \‘p(XS,Xt)J +1

under 6-GGF with no long-range contacts.

Proof: We prove this theorem by induction. If
p(Xs, X¢) = 0, then there is no need for message forwarding
since source and target nodes are located at the same position.

If 0 < p(Xs, X¢) < r, then the message is delivered to the
destination in one hop since the target node is in the local
communication range of the source node. So, (8) holds for
p(Xs, Xt) € (0,r).

If r < p(Xs, Xy) < 2r, then the message is delivered to the
destination in two hops. Note that A (B(Xy,r) (| B(Xs,7)) >
0 for this range of source-target separation since the network
space is regular. Hence, B(X:,r) () B(Xs, ) is a non-empty
open subset of the network domain, and the source node
has local contacts lying in B(X;,r) and achieving forward
progress in the direction of the target node at least » — § w.p.1
by Theorem 1. Therefore, in the first hop, the message enters
the ball B(X,,r) by means of one of the local contacts of
the source node lying in B(X,r), and in the second hop it is
delivered to the destination. As a result, (8) also holds when
p(Xs, Xy) € [r,2r).

Suppose now (8) is correct for p(Xs, X;) € [kr, (k + 1)r)
for £ > 2. Then, 7 = k + 1 for this range of source-target
separation. We now show that it also holds for p(X,, X;) €
[(k+ 1)r, (k + 2)r). By regularity of the network space,

if X, = X,

itdx, x)>0 ®

A (B(Xt, (k +1)r) ﬂB(XS,r)) > 0.

Therefore, the source node has local contacts lying in
B(X¢, (k+1)r) and achieving forward progress at least r — ¢
w.p.l by Theorem 1. Since the local communication range
of the source node is 7, all of its local contacts lying in
B(X4, (k+1)r) are located in B(Xy, (k+1)r) — B(Xy, kr).
Therefore,

p(Mq, Xy) € [kr, (K + 1)r)

after the first hop. By the induction hypothesis, it takes k + 1
hops to reach the destination after the first hop. Therefore,
T=k+2if p(X,, Xy) € [(k+1)r, (k+2)r). This completes
the proof. [ |

C. Piece-wise Constant Behavior and Spherical Symmetry
Property of E[7] in Small-world Networks

We will now analyze some basic properties of the average
message delivery time in small-world networks for regular
network spaces. We first show its piece-wise constant behav-
ior with jumps at exactly integer multiples of nodes’ local
communication radius r. This behavior is merely due to
the communication model that we employ for forming local
contacts. We assume that two nodes are local contacts of
each other, and thereby are able to communicate with each
other if the separation between them is smaller than . On
the other hand, if the separation between them is greater than
r + € for any € > 0, they are not local contacts of each
other, and therefore are not able to communicate with each
other unless there is a long-range link connecting them. This
discontinuity in the rule for forming local contacts, in turn,
leads to discontinuities in the average message delivery time
in small-world networks when it is viewed as a function of
the source-target separation.

Theorem 7: Consider a small-world network constructed
on a regular network space (D,Sp,p,A), and containing
nodes that have local communication range r and uniformly
distributed long-range contacts on D. If nodes employ the -
GGF rule to relay messages for some 6 > 0, then for any
k > 2, E[r] stays the same for all p(X,, X;) € [(k—1)r, kr).

Proof: We prove this proposition by induction. First note
that the message is delivered to the target node in one hop if
p(Xs,X:) € (0,r) since source and target nodes are local
contacts of each other. We then show that the proposition
is correct for k = 2. p(Xs,X;) € [r,2r) when k = 2,
and B(Xs,r) () B(Xt,r) is a non-empty open subset of the
network domain for this range of source-target separation
by regularity of the network space. As a result, the source
node has some local contacts lying in B(X¢,r) and achieving
forward progress at least » — § by Theorem 1. Therefore, the
message first enters the ball B(X;,r) through either a short-
range contact or a long-range contact of the source on the first
hop, and then is delivered to the target node on the second
hop. Hence, the message delivery time is equal to 2 under 4-
GGF when p(X,, X;) € [r,2r), which also proves that E[7]
is constant for this range of source-target separation.

Now, assume that the proposition holds for any k& €
{2,3,---,N}, where N > 3. For any k € {2,3,--- ,N},
let gi be the corresponding constant value when p(X,, X;) €
[(k—1)r, kr). Set g1 to 1 since it takes one hop to deliver the
packet to the target when p(Xs, X;) € (0,7). We now show
that the theorem continues to hold for /N + 1. To this end, we
divide the ball B(X;, Nr) into N concentric discs centered at
X; as follows.

B(X¢,Nr)=| | C(Xy, (k — 1)r, kr),

C =

k=1

where C'(X¢,71,1r2) = B(Xt, r2)—B(X4,r1) forany ro > 7q.
By regularity of the network space and Theorem 1, the source
node has a local contact lying in C(Xy, (N — 1)r, Nr) and
achieving forward progress at least r — 0 when p(X,, X;) €
[N7, (N + 1)r). This observation combined with the fact that



long-range contacts are formed uniformly over the network
domain implies that the probability of M; lying in a concentric
disc C(X¢, (k— 1)r, kr) for a given k € {1,2,--- , N} is the
same for all source nodes with p(Xs, X;) € [Nr, (N + 1)r).
By the induction hypothesis, the average message delivery
time after the first hop depends only on in which concentric
disc M; lies in but not its exact position. Therefore, we
obtain another constant value which is the same for all
p(Xs,Xt) € [Nr,(N + 1)r) after averaging gi’s by using
the corresponding probabilities. [ |

An important corollary of this proposition is the spherical
symmetry property of E[r] for small-world networks. That is,
for any given target node, consider the boundary 0B (X, d)
of the ball centered at X; with radius d. Then, wherever the
source node starts transmitting its message on 0B(Xy,d),
it takes, on the average, the same amount of time for this
message to reach the target node.

Corollary 2: For any given d > 0, E[7] is the same for all
Xs € 0B(X4,d).

Therefore, the average value of 7 is only a function of
the separation between the source-target pair, and there is no
ambiguity in the following definition.

Definition 9: g(d) = E?[r] is the average delivery time of
a message to the final destination X starting from the source
node X, when p(X,, X;) = d.

D. Average Message Delivery Time for Small-world Networks
Constructed on the Plane When L =1

We will first calculate the average message delivery time
for small-world networks constructed on the plane. Then, we
will extend the same analysis to regular network spaces.

To this end, we consider an R by R square, and uniformly
distribute relay nodes over this square. Let P denote this R
by R square. Therefore, the network space for this case is
(P,Sp, A\, p), where Sp is the Borel o-algebra on P, \ is
the Lebesgue measure on Sp and p is the usual Euclidean
distance.

Let d = p(Xs, X:) be the distance between source and
target nodes. Note that (P, Sp, A, p) is not a regular network
space since the translation invariance property does not hold
due to edge effects. Therefore, we choose X; such that
B(X¢,d+r) C P in order to eliminate possible edge effects
that can occur. This choice, in turn, necessitates 12 to be greater
than 2-(d+r). When we extend the analysis presented below to
small-world networks constructed on regular network spaces,
we will not run into the edge-effect problem.

The J-GGF rule induces a probability distribution, let us
denote this distribution by p, on the set of all possible paths
between source and target nodes. For each such path, there is
an associated message delivery time. Therefore, the average
delivery time of a message from the source node to the target
node can be obtained by integrating the message delivery time
for all paths with respect to the probability distribution induced
on the path space by the §-GGF rule:

E[r] = / #(P)du(P).
P: P is a path between X5 and X

Fig. 3. Exemplary trajectories of the message when 2r < p(Xs, X¢) < 3r.

However, such an approach is prohibitive since calculating
the distribution induced by the J-GGF rule on all possible
paths between source and destination nodes is intractable.
Therefore, we employ a Markov chain based first step analysis
to obtain a recursive equation for the average delivery time of
a message in small world networks.

To this end, let us first calculate g(d) for several ranges of
d before going into a more general solution.

(a) d=0: Then, g(d) = 0. There is no need to transmit the
message.

(b) 0 < d < r: Then, g(d) = 1. We reach the destination in
exactly one hop.

(¢) » < d < 2r: Then, g(d) = 2. The source can reach the
destination in exactly two hops. Note that the source node
has a contact lying in the ball B(Xy,r) and achieving
forward progress r — § w.p.1 since H, is dense in P.
Therefore, on the first hop, the message enters B(X¢, )
either through a long-range contact or a local contact. On
the second hop, it is delivered to X;.

(d) 2r < d < 3r: Here, g(d) is a little bit tricker to obtain.
The key is to analyze where the message can be located
after the first hop. It can be delivered to X; in two
hops if it makes its way through B(X;,r) on the first
hop. Otherwise, it first enters the disc C(X¢,7,2r) =
B(X;,2r)—B(X;,r), and then it is delivered to the target
in two hops thereafter. As a result, the second path takes
three hops to deliver the message to the final destination.
Exemplary trajectories of the message are shown in Fig.
3.

These observations can be formally expressed as follows.

g(d) = 1+ E [E/(0 X0 [7]]

= 1+E [Ep(MhXt) [7_] : ]1{0<p(M1-,Xt)<7'}

+ EP(M1,X+t) [7‘] : ]l{rSP(M17Xt)<2T}}

= 14P{0< p(My,X;) <r}

+2-B{r < p(M, X,) < 2r}. ©)
By letting
7r?
Oz=]P{0<p(M1,Xt) <T}:m7 (10)
we obtain
gd)=1+a+2(1—-«) for 2r <d < 3r. an



General calculations for any d lying in [k -7, (k+1)-r),
k > 2, are also in this spirit. We first look at where the message
can be located at the first hop, then analyze the average
message delivery time from this point on. This analysis leads
to a recursive solution for g(d) for any value of d. To this end,
by using the piece-wise constant behavior of g(d), we let

g(d) = go when d =0,

g(d) = ¢g1 whenO<d<r,

g(d) = g when (k—lr<d<hr2<k<|f 1],
g(d) = g m_yj4; when |& -1r<d<Z—»

Consider g1 when 2 < k < [£ —1|. Then,

1+ E [EPX0 7]

gk+1 =

[ k
= 1+E|) BN ] 1{(1‘—1)r§p(1\h,xf,)<ir}]
Li=1

[k
= 1+E Zgiﬂ{(il)T<P(M1,Xt)<ir}1

Li=1
k—1

= 1+ (1 -ak-1%)g+a) (2i-1)g.
=1

Note that in the third equality above, there is no harm
in writing the limits of the indicator function as 0 <
p(My, X)) < r when i = 1 since P{p(M;,X;) =0} =0. To
obtain a second order non-constant coefficient linear recursive
equation, we subtract g from gy .

Grr1 — Gk = (g — go—1) - (1 — a(k — 1)?).. (12)

Let uy, = gr+1—gr and B, = 1 —a(k—1)2. Then, uy, satisfies
the following first order linear recursive equation.
up = By - up—y for k> 1, (13)

with the initial condition ug = 1. Observe that u;, = Hle Bi
for k£ > 1. Then, the solution for (12) is obtained as

U + Uk—1 + -+ + Uo

kE J
14+ ] 8ifork>1.

j=1i=1

Jk+1 =

(14)

The following theorem summarizes these findings.

Theorem 8: Consider a small-world network constructed on
(P,Sp, A, p), and containing nodes that have local commu-
nication range r and one uniformly distributed long-range
outgoing contact on P. For i > 1, let 3; = 1 — (i — 1)?,
where « is defined as in (10). If nodes employ the J-GGF rule
to relay messages, then the average message delivery time, for
1 <k<|Z —1],is given by

2r
ko J
g1 =1+>_[]8:

j=1i=1

5)

where g, = g(d) when (k—1)r < d < kr, 9B 1)1 = g(d)
when L%—ljrﬁdg %—r, and go = 0 and g; = 1 are the
initial conditions.
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Fig. 4. Change of average message delivery time as a function of normalized
source-destination separation. a, R = 102-7. b, R = 502 - r. In both figures,
the horizontal axis is normalized with respect to 7.

In Fig 4-a and Fig. 4-b , we plot the change of average
message delivery time with respect to the separation between
source and target nodes for two different network sizes. In
both figures, the horizontal axis is normalized with respect
to the local communication range r of nodes. Fig. 4 reveals
that the average message delivery time increases linearly for
small values of separation between a source and target pair. On
the other hand, it quickly converges to a constant, and remains
essentially the same at this constant value for a broad range of
values of source-target separations. This means that messages
are first forwarded by means of long-range contacts until they
enter a certain range of the target. From this point on, they are
delivered to the target through local contacts. This is also in
line with the observation of Travers and Milgram [7]: ”Chains
which converge on the target principally by using geographic
information reach his hometown or surrounding areas readily,
but once there often circulate before entering targets circle of
acquaintances.”.

When there are L outgoing long-range links for L > 1, the
next theorem gives us the average message delivery time for
small-world networks constructed on the plane. Its derivation
will be given for the more general case of regular network
spaces in the next section.

Theorem 9: Consider a small-world network constructed on
(P,Sp, A\, p), and containing nodes that have local communi-
cation range r and L, L > 1, uniformly distributed long-range
outgoing contacts on P. For i > 1, let 3; = 1 — a(i — 1)?,
where « is defined as in (10). If nodes employ the §-GGF rule
to relay messages, then the average message delivery time, for
1<k< L%— |, is given by

(16)

o/ \"
Grr1 =1+ (Hﬁi) ;
j=1 \i=1

where g, = g(d) when (k—1)r < d < kr, IE 141 = g(d)
when Lz%—ljr <d< %—r, and gy = 0 and g; = 1 are the
initial conditions.



E. Average Message Delivery Time for Small-world Networks
Constructed on Regular Network Spaces

1) Calculations for One Outgoing Long-range Link: The
calculations for obtaining the average message delivery time
for small-world networks constructed on general regular net-
work spaces are similar to the calculations presented above.
We first analyze where the message may lie after the first
message forwarding, and obtain a recursive expression for the
average message delivery time.

Let (D, Sp, A, p) be a regular network space. For any given
x € D and 7 > 1, we define

bi(r) = A(B(z,ir)) (17
and
ci(r) A(C(x, (i = D)ryir))
= MyeD:({i—-1Dr<plxy) <ir}.

(18)

Not that b;(r) and ¢;(r) do not depend on the z around which
they are centered because of translation invariance property
of regular network spaces. Note also that by(r) = 0 since
B(z,0) = 0.

Definition 10: The diameter of a given network space
(D,Sp, A, p) is equal to

R = sup p(z,y). 19)

z,yeD

Let R be the diameter of (D,Sp, A\, p). For 0 < d < 2r,
it is easy to see that g(0) = 0, g(d) =1 for 0 < d < r and
g(d) = 2 for r < d < 2r. For other values of d, we define
gr’s iteratively as in planar small world networks: ¢(0) = go,
g(d) = g1 for 0 < d < r and g(d) = g, for (k—1)r < d < kr
and 2 < k < [£]. We also set 912141 = g(d) for [ £]r <
d < R.

Let us now calculate g1 by focusing on d € [kr, (k+1)r).
Then,

Gkt1 = 1+IE{]EP(M1,Xt)[7_]:|

k
= 1+E Zgiﬂ{(i_l)rép(M17Xt)<iT}]
=1
k
= 1+ Y gP{(i—1)r < p(M, X,) <ir}.
=1

By the non-atomicity property of the measure A\,
P{p(M;, X;) = 0} = 0. Therefore, there is no harm in writing
the limits of the indicator function as (i —1)r < p(M;, X;) <
ir in the second equality above when¢ = 1. For 1 < < k—1,
let

a; = P{i—1)r<p(M,X) <ir}
el
AD) —bi(r) 0
For 1 = k, let
B = P{(k—Dr < p(M1,X,) < kr)

bk_l(r)

D) )

Then,

k—1

ght1 = 1+ Brgr + Y cigi-
i=1

Let ux, = gr+1—gx- Then, upy = Brgr—gr—1(Br—1—u—1).
It is easy to show that

bk,1 (7")

YD) - h0)

Br—1— o1 =
= OBk

As a result, up, = Brup_1 for k > 1 with the initial condition
uog = 1. Then, the solution for gj, is obtained as

kJ
gk+1:1+znﬂi for k > 1.

j=1i=1

Theorem 10: Consider a small-world network constructed
on a regular network space (D,Sp,\, p) with diameter R,
and containing nodes that have local communication range r
and one uniformly distributed long-range contact on D. For
7 >1, let

bi—1(r)

=Dy by

(2D
where b;(r) is defined as in (17). If nodes employ the 6-GGF
rule to relay messages, then the average message delivery time,
for 1 <k < [£], is given by

kK J
Jrt1 = 1+ZH@,

j=1i=1

where g = g(d) when (k — 1)r < d < kr, g 241 = g(d)
when L%Jr <d< R, and go = 0 and g; = 1 are the initial
conditions.

2) Calculations for L Outgoing Long-range Links: We now
analyze the average message delivery time when nodes have
L > 1 outgoing long-range links. gi’s for k£ > 0 are defined
similarly. It continues to hold that g0 = 0 and ¢g; = 1, and
it is easy to see that go = 2. Let us now assume that kr <
d = p(Xs, X)) < (k+ 1)r and k£ > 2. Then, the probability
that one of the given long-range contacts of the source lies in
C (X4, (¢ —1)r,4r) is equal to o; for 1 < i < k—1, where «;
is defined as in (20). In addition, the probability that one of
the given long-range contacts of the source node does not lie
in B(Xy,ir) is equal to 8,41 for 1 <i < k — 1, where §; is
defined as in (21).

Therefore, for 1 <i¢ < k — 1, we have

= (Bix1 + )" — B4 (22)



Note that

Biv1+o = 1- bilr) - lr)

A(D) = ba(r)
1— b,‘_l(?")
A(D) = ba(r)
= b

Therefore,
P{(i —1)r < p(My, X,) < ir} =B} — B85
We also find that
P{(k—1)r < p(My, X;) < kr} = Bf.

As a result, we obtain the following recursion for gy:
k—1

g1 =1 +gkﬁk +Z ﬁL

=1

z+1)g

Let up = gx+1 — gr Wwith the initial condition uy = 1 as
before. Then, uy = 3Fuj_1, which leads to:

k

L

we =[] 55
i=1

Finally, the solution for gy 1, when there are L outgoing long-
range links, is obtained as

k /3 L
gkr1 =1 Jrz <Hﬂl>
j=1 \i=1

These findings are summarized formally in the following
theorem.

Theorem 11: Consider a small-world network constructed
on a regular network space (D,Sp, )\, p) with diameter R,
and containing nodes that have local communication range r
and L > 1 uniformly distributed long-range contacts on D.
For i > 1, let

(23)

bi,1 (T)
i =1 7",
SO - )
where b;(r) is defined as in (17). If nodes employ the 6-GGF

rule to relay messages, then the average message delivery time,
for 1 <k < [£], is given by

k o/ L
gk+11+Z<Hﬂz‘> ;
=1 \i=1

where gy = g(d) when (k —1)r < d < kr, gz, = g(d)
when [£|r < d < R, and gy = 0 and g; = 1 are the initial
conditions.

F. Small-world Networks Constructed on the Sphere Surface
S2

As an application of Theorem 10, we first study the av-
erage delivery time of a message for small-world networks
constructed on the surface of a sphere with radius R and
embedded in R®. Let (S2,Sg2, A, p) be the network space,
where S? is the network domain (i.e., the surface of a sphere)

Local neighborhood r
of node &

Long-range
contact of node &

Fig. 5. An illustration of the surface of a sphere and a disk centered around
a generic network node A with radius r on this surface. Short-range and
long-range contacts of A are also shown in the figure.

Sge is the Borel o-algebra of subsets of S2, and ) is Lebesgue
measure on Sgz. The distance metric p for the sphere surface
is different than the usual Euclidean distance in that the
distance between any two points on S? is measured in terms
of the smaller arc length of the great circle connecting them.
Therefore, the maximum separation between any two points
can be at most 7w R, which is also the diameter of the network
domain. Without loss of generality, we assume that the target
node is located at one of the poles of the sphere, which is
always possible by reorienting the coordinate axes.

We start our analysis by calculating the area of balls on
S2. In Fig. 5, we show the surface of a sphere and a ball
centered around a generic network node A with radius r on
this surface. A long-range contact of the node A on this surface
is also illustrated in Fig. 5. The differential area element for
S? can be written as

dz = R?sin(¢)d¢ds.

Z, and 6

On the disk with radius r, ¢ changes from 0 to F,

changes from 0 to 2. Then, by (r) is calculated as

/ " / R?%sin(¢)d¢ds
= 27R? (1 — cos (%)) .

Similarly one can also obtain

bl(T>

bi(r) = 27 R <1 — cos (”)) (24)
R
for any ¢ > 0.
Let us define 3; for ¢ > 1 as in (21). Then,
bifl(T’)
i, = 11—
b 47 R? — by (r)

cos(#) + cos ((i — 1))
1 + cos(0) ’




r

where 0 = . We call 0 the clustering coefficient of the
network. Small values of 6 correspond to networks that are
weakly clustered. In such networks, it is very unlikely that
distant nodes share a common contact. On the other hand,
large values of 6 signify that the network is strongly clustered.
In these networks, most of the nodes either lie in another’s
local neighborhoods, or are connected to one another through
a common contact.

As a result, we have the following theorem for the average
message delivery time for small-world networks constructed
on the surface of a sphere.

Theorem 12: Consider a small-world network constructed
on the surface S? of a three dimensional sphere with radius
R, and containing nodes that have local communication range
rand L, L > 1, uniformly distributed long-range contacts on
S2. Let (S2,Sg2, A, p) be the corresponding network space.
For ¢ > 1, let

cos(f) + cos ((i — 1)0)
1+ cos(6)

ﬁi = ;
where ¢ = 4. If nodes employ the 6-GGF rule to relay
messages, then the average message delivery time, for 1 <
k < |T], is given by:

L

k J
g =1+ ([15:) -
j=1 \i=1

where g = g(d) when (k — 1)r < d < kr, glzh |41 = g(d)
when L@Jr <d< 7R, and gg = 0 and g; = 1 are the initial
conditions.

In Fig. 6-a and Fig. 6-b, we plot the change of average
message delivery time with respect to the separation between
source and target nodes for two different values of network
clustering coefficient when L = 1. In each figure, the horizon-
tal axis is normalized with respect to the local communication
range of network nodes. We observe a similar behavior as in
small-world networks constructed on the plane for the average
message delivery time. The average message delivery time first
increases linearly as the separation between source and target
nodes is small. It then converges to a constant value, and
remains constant at this value for a broad range of source-
target separation.

G. Small-world Networks Constructed on the Circle S*

As another application of Theorem 10, we now study
the average message delivery time for small-world networks
constructed on the circle with radius R and embedded in R?.
Let (S',8s1, ), p) be the network space, where S! is the
network domain, Sg1 is the Borel o-algebra of subsets of S*
and ) is Lebesgue measure on S*. The distance metric p for
the circle is also different from the usual Euclidean distance in
that the distance between any two points on S! is measured
in terms of the length of the smaller arc connecting them.
Therefore, the maximum separation between any two points
on St is equal to mR, which is also the network diameter.

In Fig. 7, we show a generic network node A and its short-
range and long-range neighbors for a small-world network

= m
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Fig. 6. Change of average message delivery time as a function of normalized
source-destination separation for small-world networks constructed on the
surface of a sphere. a, 6 = % b, 0 = 1’5—0 In both figures, the horizontal
axis is normalized with respect to r.

Local neighborhood

of node A \;

Long-range contact
of node A

Fig. 7. An illustration of a generic node A and its short-range and long-range
contacts for a small-world network constructed on the circle.

constructed on the circle. For i > 0, b;(r) is equal to 2ir
for S'. Thus, for i > 1, we obtain

g b))
ﬁl =1 27TR—b1(7’)
T — 40
- =, (25)

where 0 = £.

As a result, we have the following theorem for the average
message delivery time for small-world networks constructed
on the circle.

Theorem 13: Consider a small-world network constructed
on the circle S with radius R, embedded in R? and con-
taining nodes that have local communication range r and L,
L > 1, uniformly distributed long-range contacts on S'. Let
(S1,8g1, A, p) be the corresponding network space. For i > 1,
let
T — 16
T—0
where 6 = £. If nodes employ the §-GGF rule to relay
messages, then the average message delivery time, for 1 <

b =
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k < |Z], is given by:

where g, = g(d) when (k — 1)r < d < kr, g=8 |1 = g(d)
when L%Jr <d< 7R, and gg = 0 and g; = 1 are the initial
conditions.

In Fig. 8-a and Fig. 8-b, we plot the change of average
message delivery time with respect to the separation between
source and target nodes for two different values of network
clustering coefficient when L = 1. In both figures, the hori-
zontal axis is normalized with respect to local communication
range of network nodes. We observe a similar behavior as in
the two previous cases. The average message delivery time
first increases linearly as the separation between source and
target nodes is small. It then converges to a constant value,
and remains constant at this value for a broad range of source-
target separation.

V. CONCLUSIONS

Small-world networks arise in many disciplines of science
including biology, neuroscience, sociology and computer sci-
ence. In this work, we have focused on the average delivery
time of messages to a final destination in dense small-world
networks when nodes use a local geographic forwarding rule
to relay messages.

Existing work on small-world networks only provides
bounds on this average message delivery time. On the other
hand, in this paper, we have presented a technique based on
the first-step analysis for calculating an exact formula of the
message delivery time in small-world networks constructed
on general measure-metric spaces. We then have applied our
solution for the general measure-metric spaces to small-world
networks constructed on the surface of a three dimensional
sphere and on the surface of a circle. We have also obtained

the average message delivery time for small-world networks
constructed on the plane when source and target nodes are
located sufficiently close to the center of the network domain
so that no edge effects occur.

In all of the three cases, our analytical expressions are in line
with the observation of Travers and Milgram in their famous
experiment conducted in [7]. Messages are first forwarded
along the long-range links when they are far away from the
target node. Once they are in close proximity of the target
node, they are delivered by means of local contacts.

APPENDIX A
MEASURE OF BOUNDARY SETS

In this appendix, we explore the measure of boundary sets
of open balls in regular network spaces. To put forward this
property formally, we define the following sets for any given
r€DandneN.

Z(x) = {r>0:X(0B(z,r)) >0},
and

Zn(x) = {r>0:n-reZ(x)}.

Theorem 14: Let (D,Sp, A, p) be a regular network space,
and

z=J U Z.®@).

n=1zeD

Then, Z contains at most countably many points.

Proof: We first show that Z () contains at most countably
many points for all x € D. Suppose there exists x in D
such that Z(x) contains uncountably many points. Consider

the conjugate set Z*(z) of Z(x), which is defined as
Z*(x) ={A(0B(x,r)):r € Z(x)}. (26)

By Property 3, we know that the boundary of an open ball
centered at x with radius r is equal to

0B(z,r) ={y € D : p(x,y) = r}.

For any \* € Z*(x), there can be only finitely many distinct
r € Z(z) such that A(OB(z,r)) = A*. Otherwise, there exists
an infinite countable collection {r,}22 ; of distinct radii such
that A\(0B(x,r,)) = A* for all n > 1. Then,

A ([j BB(x,rn)> =
= i A = o0,
n=1

which contradicts the finiteness of the network space. There-
fore, Z*(x) also contains uncountably many points. Let

A =sup{\* : \* € Z*(z)}

Z A(OB(z,ry))

and
A =inf{\" : \* € Z*"(2)}.

If A* > 0, we can find an infinite countable collection {r, }52 ,
of distinct radii such that A(OB(z,r,)) > A* > 0 for all



n > 1. Thus, A (U,~, dB(x,r,)) = oo, which contradicts
the finiteness of the network space. Assume then A* = 0. Let
€= A*— \* and
€ —

r=2Z" A+ —— A

= 2@ X
Then, Z*(z) = |J,—, A;. Since this union contains uncount-
ably many points, there must exist at least one K large enough

such that A7, contains uncountably many points. Consider the
conjugate of Aj:

A ={r>0: X(0B(z,r)) € A} }.

Then, Ay contains uncountably many distinct points. Take a
countably infinite collection {r,}2 ; of distinct radii in Ag.
Then,

A (D GB(ac,rn)> _

n=1

gA (0B(x, 1))
i (A*+ KL) = 0,

n=1

v

contradicts the finiteness of the network space. Thus, Z(x)
contains at most countably many points for all x € D.

Secondly, we show that Z(x) is the same for all z € D.
To this end, take any two distinct = and y in D, and take
r € Z(z). Then, for any decreasing sequence {e,}52; with
lim,, .o €, = 0, we have

A(0B(x,r))

=\ (ﬂ (B(z,r + €,) — B(z,r — 5n))>

@ lim A(B(x,r +¢,) — B(x,r —€,))

= nh_)rr;o (A (B(z,r+€,)) — A(B(x,r —€)))

Y fim (A(B(y,r + €n) — A(B(y,7 — €0))

n—oo

@\ (m (B(y,m+€n) — B(y,r — €n))>

n=1

= A0B(y, 7)),

—~

where (a) and (c) follow from the continuity of measure from
above and (b) follows from the translation invariance property
of the network space. Thus, r € Z(y). Similarly, any r € Z(y)
also belongs to Z(z). As a result, Z(x) is the same for all
2 € D. This further implies that for any given n > 1, Z,(x)
is the same for all z € D.

Finally, we show that for any given = € D, Z,(z) is a
countable set for all n > 1. The correspondence f : Z,(z) —
Z(x) such that f(r) = n-r is a bijection. Therefore, Z, (x)
is a countable set for all x € D and n > 1.

Combining all of these observations, we conclude that

U U Zu@)

7 =
n=1xzeD
o0
= U %), 27)
n=1
which is a countable set. [ |

APPENDIX B
RELATION TO CONVEX METRIC SPACES

In this appendix, we investigate some fundamental relations
between convex metric spaces and positive network spaces. A
metric space (D, p) is called a convex metric space if for any
given two distinct points x and y in D, there exists another
point z in D different from = and y such that

p(z,y) = p(z,2) + p(2,y)- (28)

Any z satisfying (28) is said to be between = and y. We say

a metric space (D, p) is loosely convex if for any given two

distinct points x and y in D and € > 0, there exists z in D
different from z and y such that

p(z,2) + p(z,y) — € < p(z,y). (29)

Theorem 15: Let (D, Sp, A, p) be a positive network space.
Then, (D, p), when viewed as a metric space, is a loosely
convex metric space. Furthermore, if (D, p) is a compact
metric space, then it is a convex metric space.

Proof: For any given two distinct points x and y in D,
and € > 0, choose r; > 0 and ry > 0 satisfying

r1+ 12 € (p(x,y), p(2,y) +¢€).

By positivity of the network space, the intersection of
B(z,r1) and B(y,re) is not the empty set. Take a z €
B(z,71) N B(y,r2). Then,

p(x,2) +p(z,y) <ri+r2 < p(x,y) +e,

proving the loose convexity of (D, p).

Now assume that (D, p) is a compact metric space. Take
any positive and decreasing sequence {e,, }°2 ; such thate,, | 0
as n — oo. Let

A, = B(z, p(z,y) — 1) mB(ym +€n).

By positivity of the network space, A, # () for all n. Note
that A,, is a closed set for all n. Therefore, A,, is a compact
set by compactness of (D, p). Observe also that

A DA DA3D -

Let A = ()2, A,. By the Cantor intersection theorem for
compact sets, A # (). Let zg € A. Then, p(xg, ) < p(z,y) —
r. It can be also shown that p(zo,y) < r by noting p(zo,y) <
r + ¢, for all n, and taking the limit as n goes to infinity.

We now claim that p(z, zo) = p(z,y)—r and p(y, o) = 7.
Otherwise,

p(x,x0) + p(xo,y) (triangle inequality)

plx,y) <
< plz,y) —r+r=pzy),

which is a contradiction. [ |
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