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Abstract
This paper introduces an analytical framework for two small-world network models, and studies
the delay of targeted social search by considering messages traveling between source and target individuals in these networks. In particular, by considering graphs constructed on different
network domains, such as rectangular, circular and spherical network domains, analytical solutions for the average social search delay and the delay distribution are obtained as a function
of source-target separation, distribution of the number of long-range connections and geometrical properties of network domains. Derived analytical formulas are first verified by agent-based
simulations, and then compared with empirical observations in small-world experiments. Our
formulas indicate that individuals tend to communicate with one another only through their
short-range contacts, and the average social search delay rises linearly, when the separation
between the source and target is small. As this separation increases, long-range connections
are more commonly used, and the average social search delay rapidly saturates to a constant
value and stays almost the same for all large values of the separation. These results are qualitatively consistent with experimental observations made by Travers and Milgram in 1969 as
well as by others. Moreover, analytical distributions predicted by our models for the delay of
social search are also compared with corresponding empirical distributions, and good statistical
matches between them are observed. Other somewhat surprising conclusions of the paper are
that hubs have limited effect in reducing the delay of social search and variation in node degree
distribution adversely affects this delay.
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1. Introduction
1.1. Motivation
Many social processes, such as the search for resources (Granovetter, 1973, 1983; Lee,
1969), mobilization and organization of communities for common goals (Granovetter,
1973, 1983), spread of infectious diseases (Klovdahl, 1985; Bearman et al., 2004), adoption
of innovations (Coleman et al., 1957), emergence of social norms (Centola et al., 2005) and
spread of rumors (Donovan, 2007), depend critically on the structure of social networks
among people. The goal of much small-world research (e.g., Milgram, 1967; Erickson and
Kringas, 1975; Guiot, 1976; Pool and Kochen, 1978; Kochen, 1985; Watts and Strogatz,
1998; Kleinberg, 2000a,b; Newman, 2001; Dodds et al., 2003; Watts, 2004; Schenettler,
2009a,b) is to unravel structural properties of social networks, such as geodesics, to shed
light on this diverse set of social processes.
Following the categorization introduced by Goel et al. (2009), such a wide spectrum of
small-world research can be divided into the two related research frameworks of topological and algorithmic small-world research. The key questions addressed in the topological
small-world research framework are related to global graph-theoretic properties, such as
the average path length of the shortest path connecting any two randomly selected individuals (Watts and Strogatz, 1998), or the emergence of connected unique giant components of individuals (Callaway et al., 2000; Newman, 2003a; Leskovec and Horvitz,
2008). Discovery of such topological properties is particularly important for understanding of diffusion and contagion processes running on social networks, such as the spread of
infectious diseases (Klovdahl, 1985; Bearman et al., 2004), and for assessing robustness
and fragility of general random networks. On the other hand, algorithmic small-world
research deals with the questions of how, and if, ordinary individuals are able to navigate
the short chains existing in social networks by using their local information only. This
line of research is particularly important for understanding of targeted search processes
running on social networks such as a search for a new job (Granovetter, 1973, 1983) or for
a service provider (Lee, 1969). The main focus of this paper fall within the algorithmic
small-world research framework, particularly on the distribution and the average length
of the search chain in targeted search processes running on social networks. 1
Milgram and his colleagues, motivated by the topological small-world research initiated
by Pool and Kochen around 1958 and published in 1978 (Pool and Kochen, 1978), conducted the well-known letter-referral experiments, which are also known as small-world
experiments, to estimate the average number of steps needed to connect two individuals
in the United States (Milgram, 1967; Travers and Milgram, 1969; Korte and Milgram,
1970). They found this number to be around six, which forms the first empirical evidence
for the common notion that any two individuals are separated by six degrees of separation, or the so-called small-world phenomenon. Subsequently, objections such as sample
selection bias and low chain completion rates were raised against these findings (Kleinfeld, 2002). A similar experiment was repeated by Dodds et al. (2003) at the global scale
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Equivalently, if we follow the terminology introduced by Schenettler (2009a), we can also state that the
main focus and contributions of this paper are on the structure and process related dimensions of smallworld research, crosscutting algorithmic small-world research framework in the structural dimension and
targeted search processes in the process dimension.
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by means of e-mail messages, and they obtained results similar to those of Milgram’s experiments by taking the chain attrition rates into account. In spite of some drawbacks of
these empirical studies and some more recent findings indicating that the average length
of referral chains is higher if the missing data in experimental studies is accounted for
correctly (Goel et al., 2009), it is commonly agreed that people around the world are
connected to each other through a small number of acquaintances (Schenettler, 2009b).
As a result of considerable research spanning more than 40 years, particularly during the last decade (Chaintreau et al., 2008; Clauset and Moore, 2003; Duchon et al.,
2006; Nowell et al., 2005; Watts et al., 2002), significant progress has been made towards
the understanding of dynamics of small-world social networks. However, apart from some
bounds (Kleinberg, 2000a,b; Franceschetti and Meester, 2006), analytic expressions quantifying the dynamics of the targeted search in such networks are still unknown. In this
paper, we consider the problem of targeted search in social networks analytically, seeking
a mathematical confirmation of the above-noted experimental phenomena. We obtain
analytical solutions for the average delay required for social search, as well as the probability distribution of the delay of social search. We will refer to this quantity as the
delay of social search, or, alternatively, as the length of social search chains connecting
two individuals. We next summarize our main contributions.
1.2. Summary of Key Findings
The main contributions of the paper are the introduction of an analytical framework
for two small-world network models, and the derivation of the analytical solutions for the
delay of social search and its probability distribution as a function of the source-target
separation.
From a process point of view, our results indicate that individuals tend to use their
short-range connections, and the delay of social search rises linearly, when the social
separation between source and target individuals is small. On the other hand, as this
separation increases, long-range connections are more frequently used, and the delay of
social search rapidly saturates to a constant value and stays almost the same for all large
values of the separation. These results are consistent with the empirical observations of
Travers and Milgram (1969) and Dodds et al. (2003). Kleinberg drew similar conclusions
based on the bounds in his novel work (Kleinberg, 2000a,b). Our results put all of these
findings in a quantified framework by allowing us to visualize social delay versus social
separation curves for a wide spectrum of network topologies and parameters.
From an algorithmic point of view, the results reveal the dynamics of the social search,
and pinpoints the range of source-target separations for which long-range connections
positively contribute to such search. They also quantify the effect of the number of
long-range connections on the delay required for social search. In particular, they show
that the delay required benefits from the network homogeneity parametrized by the
variance of the node degree distribution for the number of long-range connections per
node. Unlike some previous results (Adamic et al., 2001; Barabási, 2002), having hubs
with large numbers of long-range connections does not help significantly if the social
search criteria for selecting intermediaries are based on dimensions, such as geographic
location, occupation, education, etc., rather than the number of friends of an individual.
In Model I, we introduce a generalization of the original small-world network model
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(Watts and Strogatz, 1998) by means of random geometric graphs (Penrose, 2003) constructed on different continuum network domains. We call the new model the octopus
model. The octopus model captures the order-disorder properties of the Watts and Strogatz (1998) model. It parametrizes the generation of complex networks as a function
of the distribution of the number of long-range connections per individual in the social
network. The last feature enables us to produce a wide spectrum of complex networks
including scale-free small-world networks by changing the distribution of the number of
long-range connections. (See Section 3 for details.)
In Model II, we present a generalization of Model I. We call it the generalized octopus
model. Long-range connections exist at all scales of social distance in the generalized
octopus model, which leads to a delay of social search growing logarithmically with
network size. Networks in the second network model are also constructed on continuum
network domains, and parametrized by the distribution of the number of long-range
connections. (See Section 5 for details.)
For both models, we provide iterative analytical solutions for the (average) delay of
social search and its probability distribution. (See Sections 3 and 5 for details.) These
solutions are given as a function of source-target separation in a typical small-world experiment and the distribution of the number of long-range connections per individual. The
iterative solution for the delay of social search for the octopus model is further reduced
to a closed form expression. (See Eq. (1) and Table 2.) All solutions can be computed on
a standard personal computer very quickly, with a computational gain of six orders of
magnitude when compared with simulations. We verify the delay equations with agentbased simulations (see Section 4 for details), and compare the analytical distributions
with those obtained in empirical studies. The standard chi-square test produced statistically significant results for the similarity between analytical and empirical distributions.
(See Section 6 for details.)
1.3. Scope and Limitations
Our small-world models are specifically proposed for social network modeling, and
for the analysis of targeted search processes in social networks. However, examples of
small-world networks also abound in biology, neuroscience, physics, etc., as well as in
human-made networks, such as the Internet, power grids, businesses, etc., (Strogatz, 2001;
Watts, 2004; Bassett and Bullmore, 2006; Malaquias et al., 2006; Cohen et al., 2007).
Small-world networks have also found some applications in the design of communication
networks and protocols (Manku et al., 2003; Nguyen and Martel, 2006). Therefore, the
analysis presented in this paper may have broader implications to networks in which
search agents exist and similar targeted search processes emerge.
However, it will usually require a substantive amount of research to interpret our model
parameters for each particular research problem of interest, and to understand process
dynamics in each field. For example, search agents may not exist in all applications, and
diffusion processes may be more appropriate to model process dynamics in cases such
as spread of viruses and diseases. As Schenettler (2009a) puts it “process model results
were often far more partial and limited, for reasons related to the fact that scientific
elucidation of ‘processes’ is widely context specific.”
We will illustrate one particular interpretation of our models in the context of wireless
4

networks. A typical communication device in a wireless technological network usually has
an upper bound on the power to be used for signal transmission. This limitation results
in an electromagnetic signal footprint that can only be heard within some local neighborhoods of wireless communication devices (Gupta and Kumar, 2000). On the other
hand, it has been recently discovered that some occasional random long-range connections can naturally emerge in wireless technological networks, thanks to some physical
properties of wireless channels such as fading and log-normal shadowing (Gowaikar and
Hassibi, 2006; Hekmat and Mieghem, 2004). As a result, wireless technological networks
exhibit small-world properties, and the targeted social search problem in social networks
becomes the directed geographical routing problem in wireless technological networks,
in which the data packets hop from one device to another one until they are delivered
to their final destinations. The distance is now the physical distance, rather than the
abstract social distance, measured by means of a Euclidean distance metric.
1.4. Definitions and Paper Organization
Before concluding this introductory section of the paper, we briefly provide some clarifying notes on two concepts frequently used throughout the paper, and then present
the organization for the rest of the paper. Our first note is on the concept of social distance. There are two different ways of measuring social distance between individuals in
social network analysis (Watts, 2003). The first way is to count the number of hops in
the shortest path, or in the locally discovered short path, connecting individuals over
the network. The second one is the distance between two individuals measured by their
similarity along multiple social dimensions, such as geography, profession, race and education. When we use the term social distance in this paper, it is this latter notion of social
distance to which we refer. In particular, we assume that social similarity is measured on
the network domains, such as rectangular, spherical and circular network domains, used
to symbolize the social space.
More generally, our analysis can be repeated for any given metric, and the corresponding metric space, possibly higher dimensional and much different topologically from the
network domains above, to measure social distances between individuals. We do not pursue this direction here due to unnecessary abstract mathematical complexities obscuring
the simplicity of our final expressions. To form one such metric, for example, we can take
a whole range of social categories, and count the overlap in categories between individuals
to obtain a measure of social distance between them. For some of these social dimensions
such as religion, profession and education, such social categories are almost reasonably
well defined. For some other social dimensions such as age and geography in which social
categories are not well defined, we can use some intuitive notions of similarity between
individuals, and partition the entire population into smaller groups, such as age groups
and regional groups, to form social categories.
Categorization as in this example is only one way of measuring social distance between
individuals, and many other alternative and possibly sociologically more plausible ways
of measuring social distance can be proposed. In particular, determination of the social
distance measured along multiple social dimensions is an active area of research spanning
several decades (Barnett, 1989; Davidson, 1983; Watts, 1999; Watts et al., 2002).
Our second note is on the definition of the delay of social search. When we use the term
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delay of social search, we mean the number of steps needed to connect two individuals
by means of a targeted search process. We will refer to this delay either as an average
quantity, averaged over many realizations of the targeted search process, or as a random
quantity realized in a particular realization of the targeted search process. It will be clear
from the context whether we refer to an average quantity or to a random quantity when
we use the term delay of social search. Finally, within the context of this paper, “delay”
has no relation with the timing of social interactions and its effects on diffusion processes
(Moody, 2002).
The rest of the paper is organized as follows. In Section 2, we provide a comparison
between this work and other key related works. In Section 3, we explain the details
of Model I, and derive the analytical solutions for the delay of social search and its
probability distribution in Model I. Section 4 contains our agent-based simulation results
verifying the derived equations for the delay of social search. In Section 5, we explain the
details of Model II, and derive the analytical solutions for the delay of social search and its
probability distribution in Model II. Section 6 presents a discussion on the implications
of the derived delay equations, provides a comparison between analytical solutions and
empirical results, and illustrates some applications of the derived delay equations. Section
7 concludes the paper.
2. Comparison with Key Related Works
Our results in this paper should be compared and contrasted with the results reported
in closely related works by Kleinberg (2000a,b) and Watts et al. (2002). While seeking a
mathematical explanation for local discovery of short paths, Kleinberg (2000a,b) used a
rectangular grid with random long-range connections as a proxy for the social space. Unlike the original small-world network model (Watts and Strogatz, 1998), the probability
of a long-range connection between two individuals in Kleinberg’s model decreases with
the social distance between them as measured on the rectangular grid. He defines a social
space constructed in this way to be an algorithmically small social network if the delay
of social search grows no faster than poly-logarithmically with the size of the network,
and shows that searchable social networks exist when the decay rate of the probabilities
associated with long-range connections exactly match the dimension of the grid. This
requirement of “exact match” is quite brittle. Furthermore, Travers and Milgram (1969)
only found that chain lengths connecting two individuals are small (Watts et al., 2002).
There is no empirical evidence showing that lengths of small-world search chains grow
logarithmically with the network size, even though such evidence exists for the lengths
of shortest paths (Newman, 2003a; Schenettler, 2009a; Watts and Strogatz, 1998).
In this paper, we provide an alternative explanation for why we observe short chain
lengths in empirical small-world experiments, by showing that the delay of social search,
even with long-range connections formed over the social space uniformly at random as in
the original small-world model (Watts and Strogatz, 1998), saturates to a constant as the
social distance between source and target individuals increases. This constant depends
on our model parameters, and we further show that it can be made small enough, as observed in empirical studies, for reasonable choices of the number of long-range connections
per individuals. Our analytical expressions characterizing the chain length distribution
produce compatible results when compared with those of Travers and Milgram (1969).
6

In Model II, we consider the targeted search process as progressing on a nested sequence
of small-worlds with uniform random long-range connections. 2 This model exhibits logarithmically growing social search delays. These results imply that the original small-world
model (Watts and Strogatz, 1998), in which long-range connections are formed uniformly
at random without depending on any particular notion of social distance, is in fact adequate to explain logarithmically growing social search delays.
Starting from a sociologically more realistic premise than the low dimensional network
model proposed by Kleinberg (2000a,b), Watts et al. (2002) showed that the space of
searchable networks is, in fact, larger than what is predicted by Kleinberg’s model. For
their analysis, they use an ultra-metric that measures the similarity between individuals
along multiple social dimensions such as geography, race, profession, religion and education. They claim that it is this multi-dimensioned nature of social identity that makes
social networks searchable (Watts, 2003).
Even though the analytic approaches are different, our analysis to derive the expected
delay of social search is not much different than the analysis of Watts et al. (2002)
conceptually. By drawing hypothetical social circles centered around individuals, we partition the whole social space into smaller social groups whose sizes are determined by our
model parameters. Going one step up in the hierarchy in the hierarchical model of Watts
et al. (2002) corresponds to going to an outer circle in our model. Similar to Watts et
al. (2002), we can also create multiple independent social spaces, and allow individuals
to hop not only in one social space but also from one social space to another one while
assessing the similarity between their contacts and the target individual.
One may also argue that two individuals are more likely to be friends with each other
if they are closer in multiple dimensions simultaneously. For example, two individuals
working in the same company and living in the same neighborhood are more likely to
interact with each other than any two random individuals working in the same company.
Therefore, multiple social dimensions do not work in isolation to determine the social distance between individuals as in Watts et al. (2002), but in fact work together to reinforce
or weaken the social closeness between individuals. Context-dependent determination of
the social distance between individuals is beyond the scope of this paper. As a result,
we work with a more simplified definition of social distance when compared with the
analytical approach taken in Watts et al. (2002).

2 For example, if we consider geographic location as the sole next step message holder selection criterion
for illustrative purposes, the task of the source individual in a typical targeted search process is to
search her small-world at the global scale to advance the message to one of her acquaintances on the
same continent as the target if source and target individuals are on different continents. Therefore, the
targeted search process at the first step can be deemed to be a search problem at the global scale if source
and target individuals are on different continents. Then, it becomes a search problem at the continental
scale if the next step message holder and the target are in the same continent but in different countries,
and then becomes a search problem at the country scale if the next step message holder and the target
are in the same country but in different cities, and so on. The targeted search process continues in this
manner on a nested sequence of small-worlds spanning various geographical distances until the message
is delivered to the target individual.
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3. Model I: Social Search and the Derivation of the Delay Formula
We will use two different but closely related network models, both of which lead to
statistically convincing results when compared with those obtained in empirical studies,
to explain why we observe short chains of social search in a typical small-world experiment. Our second model is an extension of the first model in which we consider a nested
sequence of small-worlds modeled by the first model. Even though there does not exist a
commonly accepted notion of smallness of the delay of social search from a sociological
point of view (Newman, 2003a; Schenettler, 2009a), this notion, mainly motivated by
Kleinberg’s findings (Kleinberg, 2000a,b), is usually taken to be any delay that grows
logarithmically or poly-logarithmically with the size of the network. Social delay formulas
obtained by using our second model also capture such a smallness notion. This section
and the next one will focus on the details of the first model, derivation of the delay
formula and the distribution of this delay, and agent based simulations validating the
derived formulas.
3.1. Details of Model I
To model the connections among people, we use small-world networks consisting of
two types of connections: short-range connections and long-range connections. These
networks have two different but closely related interpretations in network analysis. The
first interpretation is that they describe networks whose properties are intermediate to
order and disorder (Watts and Strogatz, 1998; Watts, 2003). The second interpretation
is related to the strength of weak ties concept introduced by Granovetter (1973, 1983),
where short-range and long-range connections statistically replace strong and weak ties,
respectively. More precisely, our strong ties tend to be overlapping with a very high
probability, and unable to open up channels into more distant social circles, and therefore
can be considered as short for searching resources in social networks. However, some
individuals in some rare cases may also have strong ties that are not overlapping, and
in these cases, strong ties play a similar role with regard to information transmission
as do weak ties. For example, the search for an abortionist described by Lee (1969)
can be considered as an example for a search process that stretches over long social
distances but only through strong (trustful) ties. Even though we follow the convention
introduced by Watts and Strogatz (1998), and categorize interpersonal ties as long-range
connections and short-range connections depending on the social distance spanned by
each of these ties, the analysis presented below holds under both interpretations by
considering the above statistical distinction between strong/short-range and weak/longrange connections.
To model the social space over which individuals are distributed, we use three different
network domains: rectangular, spherical and circular. We obtain the delay formula for
each different network domain, which provides a robustness check of our results against
the effect of network geometry on the delay. Our circular network model is similar to the
small-world network model introduced by Watts and Strogatz (1998), which has been
analyzed in many studies in different contexts in great detail (e.g., Centola and Macy
(2007); Newman et al. (2000)). Different meanings can also be attributed to these network
models in other areas of science in which small-world networks emerge. For example, the
8

spherical network model can find direct applications when modelling connections among
nerve cells in the human brain due to geometrical similarities (Bassett and Bullmore,
2006; Malaquias et al., 2006). Similar analysis can also be extended to more abstract
metric measure spaces (Rudin, 1987), however we will not pursue this direction in this
paper since it introduces non-essential notational and mathematical complexity.
The side lengths of the rectangular network domain and the radius of spherical and
circular network domains are R distance units. The radius of local friendship circles of
individuals is r distance units. It should be noted that we use the term “distance” here
to mean social distance rather than physical distance.
We assume that individuals are randomly distributed (from uniform distribution) over
the network domain, and any two individuals A and B are short-range contacts of each
other if their social separation is smaller than r. A further generalization of our models
in which the social distance is continuous and not classified into short-range and longrange connections is possible if the r parameter of our models is drawn independently
from a continuous distribution for each individual. With this modification to the models,
a continuous range of social distances in which different individuals attribute different
meanings to “who is close” and “who is far away” will emerge.
The location of individual i in the social space will be represented by Xi . Each individual also selects a random number, N , of long-range contacts, uniformly at random
over others that do not lie in her local friendship circle. N can be drawn from any given
discrete probability distribution Q, where Q(n) = P (N = n), such as power-law, Poisson,
geometric or uniform. We are able to determine the delay of social search for any given
distribution of N . 3
In order to identify the lengths of acquaintance chains connecting individuals for all
scales of social separation, we place source and target nodes 4 at arbitrary positions
inside the network domain. The source and target nodes’ locations will be denoted by Xs
and Xt , respectively. Three typical realizations of our network models are shown in Fig.
1 below. The green regions represent the local friendship circle of a generic individual
A. For the spherical network domain, all nodes are placed on the surface of the sphere,
and the local friendship circle of A is the spherical cap centered at XA . This model will
enable us to derive analytical solutions for the delay of social search for any given finite
size network, as opposed to the common practice of deriving bounds when the network
size grows large.
The generic name we give to all networks constructed in this manner is the octopus
model, in which the body of the “octopus” is formed by the local knit friendship circle of
an individual, and the casual and relatively weak ties form the legs of the “octopus”. It is
3 In Model I, formation of long-range connections uniformly at random over the network domain is
mainly motivated by the recent findings (Goel et al., 2009) indicating that the average length of acquaintance chains connecting individuals in experimental small-world studies becomes larger (around
50 individuals) than the common belief of 6 if the missing data is accounted for correctly. We obtain
surprisingly close estimates for our model parameters in Appendix E when two different corrected experimental data sets of Goel et al. (2009) accounting for missing chains are used for parameter estimation.
In a future work, we are planning to extend the same analysis to other models in which the long-range
contact formation probability is distance dependent, and are expecting to arrive at the same qualitative
conclusions.
4 We will use the term node as a technical term to refer to a network element modeling an individual
in a social network.
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Fig. 1. Typical realizations of the social network for rectangular, spherical and circular network
domains.

a generalization of random geometric graphs (Penrose, 2003) to social network modeling
by means of random long-range connections.
The octopus model captures the order-disorder properties of the Watts and Strogatz
(1998) model due to the threshold rule for forming local contacts. The substrate network in the octopus model is formed on continuum network domains, whereas it usually
consisted of discrete lattices (Watts and Strogatz, 1998; Kleinberg, 2000a,b) in previous
studies. The octopus model also parametrizes the generation of complex networks in
terms of the distribution of N , whereas the number of long-range connections is fixed,
and all nodes have the same number of friends in the original small-world network model
put forward by Watts and Strogatz (1998). The power of such a parametrization is that
we can now generate a wide variety of networks by changing the distribution of the number of long-range connections. For example, this model can also mimic scale-free features
10

Stronger interpersonal ties and increasing number of
friends in common

Weaker interpersonal ties and decreasing number of
friends in common

Node
B

Node
A

Node
A

Node
B

Node
A
Node
B

d1

d2

d3

d1 > d2 > d3

Fig. 2. Strong and weak ties.

of the Barabási (2002) model when N is drawn from a power-law distribution.
One can also give further interpretations to this model by using Granovetter’s insights.
Granovetter (1973) claims that the tie between two individuals tends to be stronger if
they share more friends in common. In our model, as two individuals A and B become
socially closer to each other, their friendship circles start to overlap more and more. The
amount of overlap between their friendship circles is represented by the gray area in
Fig. 2, which is proportional to the average number of friends shared in common by A
and B. Therefore, our model predicts stronger interpersonal ties as the social separation
between two individuals becomes smaller. Whenever a message is passed through such
a close-by contact, it traverses a smaller social distance when compared to forwarding it
through a long-range connection; a fact that was also predicted by Granovetter’s model
(Granovetter, 1973). These interpretations are qualitatively shown in Fig. 2.
3.2. Social Search
The social search process that we will focus on is inspired by Milgram’s letter referral
experiments (Milgram, 1967; Travers and Milgram, 1969; Korte and Milgram, 1970).
After its first appearance, the letter referral technique and its modifications (i.e., using
the telephone and e-mail instead of the post) attracted substantial attention and was
repeated in various social contexts to discover social network structure (Erickson and
Kringas, 1975; Guiot, 1976; Lin et al., 1977; Weimann, 1983; Dodds et al., 2003). A
typical realization of such an experiment is as follows. Two socially separated individuals
are selected randomly 5 . One of them is assigned as the message originator (i.e., source),
5

Randomly in this context means that there is a sample selection process that involves stochastic
dynamics while recruiting message originators (i.e., source individuals) and message recipients (i.e.,
target individuals). For example, Milgram and his colleagues (Milgram, 1967; Travers and Milgram,
1969; Korte and Milgram, 1970) used mail lists and newspaper advertisements for sample recruitment,
whereas Dodds et al. (2003) used the World Wide Web. Such a recruitment process may introduce sample
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and the other is assigned as the message recipient (i.e., target) to whom the message
will be delivered. Depending on the social context, source and target individuals are
located in the same country but in different states (Milgram, 1967; Travers and Milgram,
1969), or in different countries (Dodds et al., 2003), or in the same institution but have
different professional ranks (Shotland, 1976; Stevenson et al., 1997), or are intentionally
chosen to belong to different racial, religious or cultural groups (Korte and Milgram,
1970; Weimann, 1983). The source is provided with some basic information about the
target such as address and occupation, and she is allowed to send the message only to
others whom she knows on a first-name basis. Therefore, the source is not allowed to
send the message to the target directly unless she knows the target on a first-name basis.
Intermediate message holders repeat the same step until the message reaches the target.
To repeat the steps of the small-world experiment explained above analytically, we
first place source and target nodes at arbitrary positions inside a network domain that
represents the social space. The initial social separation between source and target nodes
becomes an important factor determining the length of acquaintance chains connecting
them. Therefore, we are able to tap into complex small-world search dynamics, and
identify lengths of chains connecting socially close-by individuals and socially distant
individuals by tuning an initial displacement parameter. After the initial placement, the
source node chooses one of its direct contacts, either short-range or long-range, that is
closest to the target node as a next step message holder. Then, each message holder
repeats the same last step by forwarding the message to her contact closest to the target
node until the message is delivered to the target node. The first implicit assumption in
these steps is that the source node knows where the target node is located in the social
space. The second implicit assumption in these steps is that each message holder is able
to select her best contact closest to the target individual.
3.3. Derivation of Delay Formula in Model I
We now present the derivation of the delay formula for social search. This part of
the paper will be rather technical compared to most other parts. The details of the
calculations can be skipped at the first reading as the exposition of Section 6 discussing
the implications of the derived delay formulas is based on our main findings summarized
in Tables 1 and 2. We show steps of calculations only for rectangular network domains.
Local friendship circles for rectangular network domains are easy to visualize, which
further facilitates the exposition and understanding of the derivation of the delay formula.
The same steps can be repeated to derive the delay formula for spherical and circular
network domains.
Our method of obtaining the analytical expression for the delay of social search is
fairly general, and can also be employed in other discrete small-world models. It depends
on a Markov-chain-based first-step analysis. To ensure that the social network is almost
surely connected, we focus on the dense network limit in which there are infinitely many
nodes lying inside the network domain. This assumption is very frequently employed in
the random graph literature (e.g., Bollobás, 2001; Penrose, 2003) for technical purposes
selection bias into empirical small-world studies. In this paper, we do not run into the sample selection
problem since we have complete flexibility in where the source and target individuals are located in the
network.
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Fig. 3. Pictorial illustration of the spherical symmetry property of T (d).

to guarantee network connectivity. If a connected discrete lattice is used as a substrate
network as in the Watts and Strogatz (1998) model or in the Kleinberg (2000a,b) model,
one can further remove this technical assumption. We have also performed agent-based
simulations to identify the effects of the dense network assumption on the delay formula,
and have obtained reasonably good qualitative and quantitative matches between simulation and analytical results for networks when the average number of local contacts
per node is between Dunbar’s number 150 (Dunbar, 1993; Hill and Dunbar, 2003) and
Killworth’s estimate 290 (McCarty et al., 2001; Bernard et al., 2001) for the average size
of personal networks. We report the details of our agent based simulations in Section 4.
We denote the delay of social search in the dense network limit by T , the location of the
message at the k th step by Mk , and the distance between any two points x and y inside
the network domain by ρ(x, y). Note that the distance metric ρ can be different from
the usual Euclidean metric for different network geometries. For example, the distance
between any two points on the surface of a sphere is measured in terms of the smaller
arc length of the great circle connecting them. We always set M0 to Xs since the social
search starts from the source node. The social search stops when the message reaches
the target node. Therefore, T can be expressed analytically as
T = E [min{k ≥ 0 : Mk = Xt }] ,
where E [·] denotes expectation.
T satisfies two important properties. First, it is a spherically symmetric function, i.e.,
it depends only on the social separation, d = ρ(Xs , Xt ), between source and target nodes.
That is, the average length of the social search chains connecting source and target nodes
is the same for all source node positions Xs satisfying Xs ∈ {x ∈ D : ρ(Xt , x) = d},
where D represents the network domain. This property follows from the symmetry in
the problem, and is illustrated in Fig. 3. Therefore, we represent T as a function of the
social separation between source and target nodes for the rest of the paper.
Second, T (d) becomes a step function with jumps at integer multiples of r. It is easy to
see that this is correct for 0 < d < r and r ≤ d < 2r. In particular, T (d) = 1 for 0 < d < r
since source and target nodes are local contacts of each other. T (d) = 2 for r ≤ d < 2r
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Fig. 4. Lengths of acquaintance chains connecting
source and target nodes when 0 < d < r and
r ≤ d < 2r.
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Fig. 5. Step function property of T (d) with
jumps at integer multiples of r.

since source and target nodes are guaranteed to have at least one common friend lying
inside the intersection of their friendship circles (i.e., the gray area in Fig. 4) for this
range of social separation between them in the dense network limit. By induction, the
step function property of T (d) can be shown to hold for all values of d. These properties
are shown in Figs. 4 and 5. We set T (0) to 0 since having 0 social separation between
source and target nodes means that they are the same individual; therefore, there is no
need for message forwarding. We define the heights of the step function as
T0 = T (0) = 0,
T1 = T (d) = 1 for 0 < d < r,
T2 = T (d) = 2 for r ≤ d < 2r,
Tk = T (d) for (k − 1)r ≤ d < kr and k ≥ 3.
We first illustrate the calculations for T3 , and then generalize them to any k ≥ 4.
When the social separation between source and target nodes is in [2r, 3r), the acquaintance chains connecting them can be categorized into two types depending on where the
message is located after the first step. In the first type, the message after the first step is
located at an intermediate message holder lying inside the local friendship circle of the
target node. Such an acquaintance chain emerges if and only if the source node happens
to have a long-range contact who is a local contact of the target node. The delay of social search becomes 2 if there is such an acquaintance chain connecting source and target
nodes: the message is first forwarded through the long-range contact, and then delivered
to the target node through one of its local contacts. The top solid path in Fig. 6 is an
example of message trajectory in which it takes two steps for the message to reach the
target.
In the second type, the message after the first step is located at an intermediate message
holder whose social separation from the target node is smaller than 2r but greater than
r. Such an acquaintance chain emerges if and only if the source node does not share any
common friend with the target node, and has at least one contact who is not a friend of
the target node but shares a common friend with the target node. For such chains, the
source node has two options when selecting the next step message holder: the message is
forwarded through either a long-range contact or a short-range contact at the first step.
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Fig. 6. Example trajectories of the message and the acquaintance chains connecting source and target
nodes when 2r ≤ ρ(Xs , Xt ) < 3r.

The bottom solid path in Fig. 6 shows an example of message trajectory in which the
message is first forwarded through one of the source node’s long-range contacts. On the
other hand, the bottom dotted path in Fig. 6 shows an example of message trajectory
in which the message is first forwarded through one of the source node’s short-range
contacts. In either case, the message at the first step is delivered to an intermediate
message holder whose social separation from the target node is between r and 2r. Then,
it takes two steps from this point on to deliver the message to the target node since
T (d) = 2 for r ≤ d < 2r as explained above. Therefore, the delay of social search
becomes 3 for such chains.
As a result, the delay of social search critically depends on the location of the message
M1 after the first step. These observations are pictorially shown in Fig. 6, and are formally
expressed as
T3 = 1 + E [T (ρ (M1 , Xt ))]




= 1 + E T (ρ (M1 , Xt )) 1{0<ρ(M1 ,Xt )<r} + E T (ρ (M1 , Xt )) 1{r≤ρ(M1 ,Xt )<2r}
= 1 + T1 P (0 < ρ(M1 , Xt ) < r) + T2 P (r ≤ ρ(M1 , Xt ) < 2r)
= 1 + P (0 < ρ(M1 , Xt ) < r) + 2P (r ≤ ρ(M1 , Xt ) < 2r) ,
where 1{X∈E} is an indicator function that equals 1 when X belongs to the set E and
equals 0 otherwise.
If the source node has a long-range contact lying inside the local friendship circle
of the target node, then the message after the first step is located at an intermediate
message holder whose social separation from the target node is not greater than r (i.e.,
0 < ρ(M1 , Xt ) < r). The probability of a given long-range contact of the source node
2
lies in the local friendship circle of the target node is equal to α = R2πr
−πr 2 . Thus,
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P (0 < ρ(M1 , Xt ) < r) is calculated as
P (0 < ρ(M1 , Xt ) < r) =

∞
X

Q(n)P (0 < ρ(M1 , Xt ) < r|N = n)

n=1
∞ X
n
X

 
n i
Q(n)
α (1 − α)n−i
=
i
n=1 i=1

n

∞
X
1
n
=
Q(n)(1 − α)
−1
1−α
n=1
= 1 − ϕ(1 − α),

where ϕ(t), t >0, is the probability generating function of the distribution Q, defined
as ϕ(t) = E tN . If the source node does not have any long-range contacts lying in the
local friendship circle of the target node, the message is guaranteed to be delivered to an
intermediate message holder whose social separation from the target node is not greater
than 2r in the dense network limit. As a result, P (r ≤ ρ(M1 , Xt ) < 2r) = ϕ(1 − α).
Therefore,
T3 = 2 + ϕ(1 − α) for 2r ≤ d < 3r.
For a general k ≥ 4, we proceed as follows:
Tk+1 = 1 + E [T (ρ (M1 , Xt ))]
" k
#
X
=1+E
Tm 1{(m−1)r≤ρ(M1 ,Xt )<mr}
m=1

= 1 + Tk P ((k − 1)r ≤ ρ(M1 , Xt ) < kr) +

k−1
X

Tm P ((m − 1)r ≤ ρ(M1 , Xt ) < mr) .

m=1

The probabilities P ((m − 1)r ≤ ρ(M1 , Xt ) < mr) for 1 ≤ m ≤ k−1 and P ((k − 1)r ≤ ρ(M1 , Xt ) < kr)
are calculated in Appendix A as
P ((m − 1)r ≤ ρ(M1 , Xt ) < mr) = ϕ (βm ) − ϕ(βm+1 ) and
P ((k − 1)r ≤ ρ(M1 , Xt ) < kr) = ϕ(βk ),
2

2

where βm = 1 − πrR2(m−1)
−πr 2 . As a result, Tk+1 is given by the following iterative equation:
Tk+1 = 1 + Tk ϕ(βk ) +

k−1
X

Tm (ϕ(βm ) − ϕ(βm+1 )) .

m=1

We can further simplify the iterative equation for Tk as follows. We define uk = Tk+1 −
Qk
Tk . Then, uk = ϕ(βk )uk−1 , which further leads to uk = i=1 ϕ(βi ). Finally, the solution
for Tk for rectangular network domains is obtained as
Tk+1 = 1 +

j
k Y
X

ϕ(βi ).

(1)

j=1 i=1
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Using rectangular network domains to model the social space has pros and cons. A
disadvantage of using rectangular network domains is the edge effects that occur in
this type of network. When a node comes closer to the edges of the network, it starts
to have fewer local contacts. As a result, it becomes harder and harder to find the
target node as it becomes closer and closer to the edges of the network. Our calculations
presented above are correct when the target node is sufficiently far from the edge of the
network. 6 On the other hand, an advantage of having edge effects in rectangular network
domains is to be able to model the effect of socially segregated individuals on the delay
of social search by placing target nodes close to the edges of the network. Our analysis
above can also be extended to model socially segregated individuals at the expense of
more tedious calculations by deriving equations for the area of the intersection between
partially intersecting disks and rectangles.
We also extended similar calculations to spherical and circular network domains where
no edge effect occurs. When similar analysis is repeated for spherical and circular network
domains, the same functional form for the delay of social search is obtained. In particular,
the delays of social search for spherical and circular network domains are also given by
r
cos( R
)+cos((i−1) Rr )
π−i r
for spherical domains and βi = π− rR for circular
Eq. (1), with βi =
r
1+cos( R
)
R
domains. This illustrates the robustness of our delay formula against different network
geometries. These results are summarized in Tables 1 and 2, the latter of which also
provides explicit delay formulas for social networks with various node degree distributions
for the number of long-range connections.
Beyond the average delay of social search (Milgram, 1967; Travers and Milgram, 1969;
Dodds et al., 2003), our techniques can also calculate the entire probability distribution
of the delay of social search. For k ≥ 2, we let pk (j) denote the probability that the delay
of social search is equal to j when the source-target social separation d is in [(k − 1)r, kr),
i.e.,
pk (j) = P (T (d) = j) for d ∈ [(k − 1)r, kr).
We define p1 (j) for 0 < d < r similarly. Intuitively, pk (j) represents the fraction of individuals with social separation d in [(k−1)r, kr) that can be connected by an acquaintance
chain of length j by means of a targeted search process. As explained above, T (d) = 1
for 0 < d < r and T (d) = 2 for r ≤ d < 2r, and therefore, p1 (j) and p2 (j) only contain
a probability mass of unity at j = 1 and j = 2, respectively. When k ≥ 3, repeating
steps similar to those used to obtain the average delay formula in Eq. (1), the following
recursive solution for each j ∈ {2, 3, · · · , k} can be obtained:
pk (j) = pk−1 (j − 1)ϕ(βk−1 ) +

k−2
X

pi (j − 1) (ϕ(βi ) − ϕ(βi+1 )) ,

(2)

i=1

where ϕ(t), t > 0, is the probability generating function of the distribution of the number
of long-range connections per node, and βi ’s for different network domains are given in
Table 1.
6

The technical condition for this is to have the disk centered at the target node with radius ρ(Xt , Xs )+r
contained inside the network domain.
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Table 1
General formula for the delay of social search (Model I).
General Delay Formula (Tk )
j

Tk+1 = 1 +

k
X
Y
j=1 i=1

ϕ(βi )

Parameters (βi )
Rectangular
βi = 1 −

πr 2 (i−1)2
R2 −πr 2

Spherical
βi =

r +cos (i−1) r
cos( R
)
(
R)
r
1+cos( R
)

Circular
βi =

r
π−i R
r
π− R

Tk = T (d) for (k − 1)r ≤ d < kr, where r is the radius of local friendship circles of individuals, and
T (d) is the delay of social search when the social separation between source and target individuals is
d.
ϕ(t) is the probability generating function of the number of long-range connections, N , per node. It
is defined as ϕ(t) = E[tN ].

The details of the derivation of Eq. (2) are presented in Appendix B. Due to the
dependence of pk (j) to both k and j indices simultaneously, further simplification of Eq.
(2) to a more compact solution free from the recursion as in the average delay formula
for the social search seems to be more difficult; however the recursive solution provided
in Eq. (2) can be computed in a very computationally efficient way using a standard
personal computer.
4. Model I: Agent Based Simulation
In this section, we present agent based simulations to verify the analytical expressions
derived above and to understand the effect of the dense network assumption on the delay
formula for social search. Agent based modeling (Macy and Willer, 2002; Epstein, 1999)
is a bottom-up computational tool to explain many diverse social phenomena including
social segregation (Schelling, 1971), cultural polarization (Axelrod, 1997), emergence of
norms (Centola et al., 2005), emergence of cooperation (Nowak and Sigmund, 1992), and
growth and collapse of populations (Axtell et al., 2002). In contrast to the common trend
in agent based modeling, the purpose of our simulations is not to predict and explain an
enigmatic social phenomenon but rather to verify the derived formulas predicting and
explaining such a phenomenon. To this end, all agents in the network in our simulations
work together to achieve the collective macro goal of delivering a message originating
from a source node to a target node.
Our simulation set-up is as follows. An agent in the network can be one of the following
three types: source node, target node and relay node. For each realization of the social
search process, there are one source node, one target node and a variable number of
relay nodes (in large quantities) in the network. Relay nodes are randomly distributed
over the network domain, and source and target nodes are placed at arbitrary positions
inside the network domain. The adjacency matrix consisting of social ties among agents
is formed according to the threshold rule for forming local contacts (i.e., any two agents
are local contacts of each other if their social separation is smaller than r) and to the
random long-range contact formation rule (i.e., each agent has a random number of longrange connections formed uniformly at random over all agents lying outside of its local
friendship circle).
Based on its local information at the micro level, each agent tries to minimize the
delay of social search by selecting its contact closest to the target node as a next-hop
message holder. This assumes myopic agents having information horizons limited to their
18

Table 2
The delay of social search with various node degree distributions for the number of long-range connections
(Model I).
Network
Type
Binomial
Networks
Scale-free
Networks
Poisson
Networks
Geometric
Networks

j
k
X
Y

Tk+1 = 1 +

Bernoulli
Networks

(1 − p + pβi )M

j=1 i=1

j
k
X
Y
Polylog (γ, βi )

Tk+1 = 1 +

j=1 i=1

Tk+1 = 1 +

j
k Y
X

ζ(γ)

exp (−λ(1 − βi ))

j=1 i=1

Tk+1 = 1 +

j
k
X
Y
j=1 i=1

j
XY
k

Uniform
Networks

Node Degree Distribution for the
Number of Long-range Connections

Delay Formula

Tk+1 = 1 +

j=1 i=1

Tk+1 = 1 +

p
1 − (1 − p) βi
1 − βiM +1

1 − p + pβiM

j=1 i=1

n−γ
,
ζ(γ)
N ∈ {1, 2, 3, · · ·}

P (N = n) =

λn exp−λ
,
n!
N ∈ {0, 1, 2, · · ·}

P (N = n) =

P (N = n) = p(1 − p)n ,
N ∈ {0, 1, 2, · · ·}
1
,
M +1
N ∈ {0, 1, · · · , M }

P (N = n) =

(M + 1) (1 − βi )

j
k
X
Y

M n
p (1 − p)M −n ,
n
N ∈ {0, 1, · · · , M }

P (N = n) =



P (N = M ) = 1 − P (N = 0) = p,
N ∈ {0, M }

γ > 1 is the power-law decay exponent. ζ(γ) is the Reimann zeta function defined as ζ(γ) =
1
n=1 nγ

P∞

P∞

βn

i
. Polylog(γ, βi ) is the polylogarithm function defined as Polylog(γ, βi ) =
.
n=1 nγ
λ > 0 is the mean value of the Poisson distribution.
0 < p < 1 is the shaping parameter for geometric, binomial and Bernoulli distributions. We also
allow it to take values 0 and 1 for Bernoulli networks.
M is a non-negative integer determining the upper bound for binomial, uniform and Bernoulli distributions.

immediate contacts. On the other hand, if agents have access to greater macro level
information about their contacts, such as knowing the locations of friends of their friends
and make use of such information, this local rule for choosing next-hop message holders
leads to sub-optimum results even if it is optimum at the micro level.
Since the primary aim of this forwarding rule is to mimic the behavior of individuals in
empirical small-world experiments and to obtain representative results for the lengths of
acquaintance chains connecting individuals, this observation poses an important question:
how much network information is used by individuals when choosing their next-hop
neighbors in empirical small-world experiments? We contend that this information is
limited to only immediate contacts, and therefore the above micro rule is a reasonable
approximation of behavior observed in empirical small-world experiments. The reason
for this contention is related to cognitive information processing capabilities of human
beings that play critical roles in determining the average size (Dunbar’s number) for
personal networks (Dunbar, 1993).
The number of friends of friends of an individual is typically very large 7 , and therefore
7

A simple estimate for this number can be obtained as follows (Bernard et al., 2001; Newman, 2003b).
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it is hard to process all social information pertaining to that many people, even if a
message holder in a typical small-world experiment was made aware of the whole or
some parts of such information. The validity of this forwarding rule is further reinforced
by the global small-world experiment conducted by Dodds et al. (2003), who reported
that people usually nominate one of their friends as a next-hop message holder because
they think that she is socially close to the target node (i.e., in terms of geography,
occupation or education) but not because of some other reason, such as knowing that
one of the contacts of the selected friend is close to the target. (See Table 2 of Dodds et
al. (2003).)
There are various simulation parameters over which we have control: network geometry, node degree distribution for long-range connections, network size, size of the local
friendship circles of nodes, number of nodes and source-target separation. Below, we report our simulation results for a fixed network geometry (rectangular network domains)
and a fixed node degree distribution for long-range connections (one long-range contact
per node).
We vary the network size relative to the radius of the local friendship circle of nodes by
considering R-by-R rectangular network domains with R = 50r, 100r, 250r and 500r. For
each different size of the network domain, the number of nodes in the network is varied
so that nodes have approximately 15, 30, 80, 160 and 320 local friends on the average.
Source-target separation is varied between minimum and maximum possible values for
rectangular network domains. For any given source-target separation, the number of
chains initiated is set to at least 1600 to obtain statistically significant results for the
delay of social search. 8
We built our agent based simulator by using the C programing language, and all of
our simulations used 200 CPUs running in parallel. Even with this much computational
power, some of the simulations for large network domains took up to one week to complete. On the other hand, our analytical formulas take only several seconds to compute on
an ordinary personal computer, which is a tremendous gain (i.e., numerical computation
is more than 2 × 106 times faster than simulations) in terms of the computation time
required to obtain predictive and explanatory results in social search processes.
Our simulation setting and parameters are summarized in Table 3. In Figure 7, we show
four typical realizations of the social search process initiated by a source node located
at the center of a 20r-by-20r rectangular network domain containing 1000 relay nodes.
The number of long-range connections per node is set to 1. These four figures help us to
visualize a typical social search process, and thereby further improve our understanding
of the dynamics of social search.
In these figures, the target node is placed at different corners of the network domain:
(r, 19r), (19r, 19r), (r, r) and (19r, r). We see that the micro level message forwarding
rule performs well for finding short paths connecting source and target nodes in all four
realizations of the social search process, albeit possible edge effects due to target node
Assume each individual has c friends on the average. Then, the number of friends of friends of an
individual is equal to c(c − 1)/λ2 , where λ is the lead-in-factor to account for triad closure. Estimates
for c vary; two most commonly accepted ones being 150 (Dunbar, 1993) and 290 (McCarty et al., 2001).
Taking c = 150 and λ = 1.6 as in Bernard et al. (2001), the number of friends of friends of an individual
can be estimated to be 8730.
8 For small network sizes R = 50r, 100r and 250r, the number of chains initiated is set to 16000. For
R = 500r, the number of chains initiated is set to 1600 due to limitations on simulation run times.
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Table 3. Summary of simulation setting and parameters.

Network
Geometry
R-by-R
rectangle
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Network
Size

Agent Types

One source
node

One target Variable number
node
of relay nodesa

Macro Level Goal

Micro Level Message
Forwarding Rule

Simulation
Environment

Deliver a message
from the source node
to the target node

Select the contact
closest to the target
node as a next step
message holder

C simulator run on
clusters

Average Number of Local Contacts per Node

Number of
Source-target
Long-range
Separation
Contacts per Node

Number of
Chains Initiated

R = 50r

15

30

80

160

320

1

0 − 25r

16 · 103

R = 100r

15

30

80

160

320

1

0 − 50r

16 · 103

R = 250r

15

30

80

160

320

1

0 − 125r

16 · 103

R = 500r

15

30

80

160

320

1

0 − 250r

16 · 102

a

The number of relay nodes is varied for each network size such that all nodes on the average have approximately 15, 30, 80,
160 and 320 local contacts.
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Fig. 7. Typical realizations of the social search process in which the delay becomes equal to 3 (top right
and bottom right figures), 5 (bottom left figure) and 8 (top left figure).

locations. In particular, the message in some cases readily enters a close vicinity of the
target node by means of a long-range contact. (See the typical realizations of the search
process exhibited by top right, bottom left and bottom right figures.) Once the message
is in this small vicinity of the target node, it takes several more steps to reach the target
node by means of local contacts. For such chains in these figures, the delay of the social
search varies between 3 and 5 steps.
As these figures show, nodes tend to use their long-range contacts at the initial steps
of the social search. However, in some rare cases, it also happens that neither the source
node nor the initial message holders has a long-range contact who can get the message
to the close vicinity of the target node. In these cases, the message gets stuck around
the source node, and can make only small forward progress toward the target node in
the initial steps. For such chains, it takes longer to reach the target node. An example
realization of such a chain is shown in the top left part of Fig. 7. In order to understand
the net effect, the delay of social search has to be averaged over many realizations of the
social search process, which will be the focus of our analysis next.
In Figure 8, where the unit of the delay of social search is the number of steps required
to connect source and target nodes, we compare our analytical formula against the results
of our agent based simulations for a 250r-by-250r rectangular network domain. The agent
based simulations were also performed for other rectangular network domains with side
lengths varied between 50r and 500r as summarized in Table 3. We only report our
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320 Local Contacts per Node
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Fig. 8. Comparison of the analytical formula with agent based simulation results for a 250r-by-250r
rectangular network domain containing various numbers of relay nodes. The number of long-range connections per node is set to 1. The unit of delay is the number of steps to complete the search process.
The target node is placed at the center of the network domain to avoid edge effects.

results for 250r-by-250r rectangular network domains because the convergence behavior
of social search as observed in simulations to analytical results looked essentially the same
for all cases considered. For a given source-target separation, many different realizations
of the social search process are considered, and the delay is averaged over all realizations
for various numbers of nodes contained in the network and all source-target separations.
(See Table 3 for the summary of simulation parameters.)
The results are promising. As the average number of local contacts per node increases,
the deviation between analytical and simulation results becomes negligible. In particular,
when the average number of local contacts per node is between Dunbar’s number 150
(Dunbar, 1993; Hill and Dunbar, 2003) and Killworth’s estimate 290 (McCarty et al.,
2001; Bernard et al., 2001) for the average size of personal networks, the social delay
estimated by the analytical formula deviates from simulation results only by 2.7%. (See
the curve corresponding to 160 local contacts per node in Fig. 8.) Furthermore, the gain
in accuracy obtained by increasing the number of nodes become very marginal after the
number of local contacts per node is larger than 80. (Compare the curves corresponding
to 80, 160 and 320 local contacts per node in Fig. 8.) In summary, our analytical formula
derived for dense networks very well approximates the social delay curve when the average
number of local contacts per node is around the commonly accepted average sizes for
personal networks.
This result has some further ramifications. In our analytical model, we assume that
two individuals are local contacts of each other if the social separation between them is
smaller than our model parameter r. Based on our simulation results, we can relax this
analytically helpful but sociologically inaccurate assumption. It will be enough to assume
that an individual has only around 300 friends in her local social neighborhood even if
this neighborhood may contain more than 300 people. This relaxation can only create
a problem at the very last step of the social search chain, where our analytical model
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predicts that the target individual is connected to any message holder lying in her local
neighborhood. On the other hand, with the above relaxation on the model, the target
individual may not be connected to a message holder even if the two lie in local social
neighborhoods of each other. However, at this level of the targeted social search process,
the whole population is already thinned enough that the message will be very likely to
take at most several more steps than the delay predicted by our model before the final
delivery. 9
5. Model II: Nested Sequence of Small-worlds
Mainly motivated by Kleinberg’s results (Kleinberg, 2000a,b), an algorithmically small
social network is considered in the computer science community to be a network in which
the delay of social search grows no faster than logarithmically or poly-logarithmically with
the number of individuals in the network. In this part of the paper, we will show that our
basic model, Model I, can be extended to also account for this commonly used notion of
smallness.
Kleinberg used a rectangular grid on top of which random long-range connections are
added by means of distance dependent probability distributions to model social networks.
He showed that social networks become algorithmically searchable if and only if the probability of having a long-range connection between two individuals decay as a power-law
of their social distance, as measured on the grid, with exponent matching the dimension
of the grid. As Watts (2003) puts it, “the network achieves a kind of optimal balance
between the navigational convenience of the lattice and the distance-cutting power of
long-range shortcuts” with this particular choice of exponent for distance dependent
long-range contact formation probabilities.
We will now propose an extension of our basic model to provide an alternative explanation for the small-world phenomenon from an algorithmic point of view. The generic
name that we give to these extended network models is the generalized octopus model for
social network modeling.
To this end, we view the social space as a nested sequence of small-worlds SW 1 ⊃
SW 2 ⊃, · · · , ⊃ SW K in which the aim of each message holder, by using her long-range
and short-range connections, is to advance a message from a greater small-world spanning longer social distances to a smaller one spanning shorter social distances to deliver
the message to a target located in SW K . Long-range connections in each small-world
are formed uniformly at random within this world as in the original small-world model
(Watts and Strogatz, 1998). Therefore, unlike Kleinberg’s model, formation of long-range
connections within a small-world does not depend on an individual’s particular perception of distance, yet we can still find long-range connections at all scales of social distance
as the social search progresses from one small-world to another one. From this point of
view, our results indicate that the original Watts-Strogatz small-world model is indeed
enough to explain the logarithmically growing delay of social search.
The Chinese peasant farmer example provided by Watts (2003) puts the above discussion into a more concrete context. Suppose we, as individuals living in the United States,
are presented with a small-world challenge of finding a Chinese peasant farmer living in
9 For example, if the target is a stock broker in Boston, the message ought to be with individuals living
in Boston and working in related professions at the very last steps.
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a given rural area in China. At the initial steps of the search chain, we are confronted
with the problem of advancing the message from our small-worlds at the global scale to
a small-world of the next step message holder living, for example, in China. Once the
message is delivered to an individual living in China, the scale of the social search, all of a
sudden, reduces from the global scale to the scale of mainland China, and the small-world
problem confronted by the message holder now is to search her small-world in China to
advance the message to the next phase of the social search process in which the next
step message holder and the target lie in a smaller small-world. The social search process
progresses through a nested sequence of small-worlds in this manner until the message
is delivered to the Chinese peasant farmer in question.
To make these arguments mathematically precise, we only require a message holder
to have N , a random number with distribution Q(n), long-range connections formed
uniformly at random over all individuals lying in the disk centered around the target
individual with radius kr if the social distance between the message holder and the
target individual is in between (k −1)r and kr. A message holder uses these N long-range
connections while searching for the target individual lying in the small-world spanning
the social space between them. Other than this new long-range contact formation rule,
all the interpretations and assumptions given for the original octopus model in previous
sections hold for this generalized octopus model.
Following similar steps to those used above while deriving the delay of social search
for Model I, we obtain the following recursive formula:
Tk+1 = 1 + Tk ϕ(βk,k+1 ) +

k−1
X

Ti (ϕ(βi,k+1 ) − ϕ(βi+1,k+1 )),

(3)

i=1

for the delay of social search in Model II, where Tk is defined as in Section 3, ϕ(t) is the
probability generating function of the number of long-range connections per
and
 node,
(i−1)r
kr

cos
−cos
)
(
2
R
R
for rectangular network domains, by
βi,k is given by 1 − i−1
for
k
1−cos( kr
R )
i−1
10
spherical network domains and by 1 − k for circular network domains.
The details
of the derivation of the delay formula are presented in Appendix C.
To obtain the distribution of the delay of social search in Model II, we let pk (j), for
k ≥ 2, denote the probability that the delay of social search is equal to j when the
source-target social separation d is in [(k − 1)r, kr), i.e.,
pk (j) = P (T (d) = j) for d ∈ [(k − 1)r, kr).
We define p1 (j) for 0 < d < r similarly. As explained in Section 3, T (d) = 1 for 0 < d < r
and T (d) = 2 for r ≤ d < 2r, and therefore, p1 (j) and p2 (j) only contain a probability
mass of unity at j = 1 and j = 2, respectively. When k ≥ 3, repeating the same steps
used to derive the distribution of the delay of social search in Model I, the following
recursive solution for each j ∈ {2, 3, · · · , k} can be obtained:
10 Unlike Model I, we do not require a randomly formed long-range contact to be always outside of the
local neighborhood of a node in Model II to make the analytical formulas simpler. Otherwise, we will
need to consider situations in which a long-range contact of a node lies in the intersection of the local
neighborhood of this node and the relevant disks centered around the target node while calculating
βi,k ’s.
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Fig. 9. Delay of social search in Model II for different network sizes with N set to 1. Side lengths of a
rectangular network domain are increased 10 times, but the maximum delay increases only 1.5 times.

pk (j) = pk−1 (j − 1)ϕ(βk−1,k ) +

k−2
X

pi (j − 1) (ϕ(βi,k ) − ϕ(βi+1,k ))

(4)

i=1

where βi,k ’s are as given above.
The details of the derivation of the delay distribution are presented in Appendix D.
Even though these recursions cannot be reduced to a simpler form easily as in the delay
formula in the original octopus model, they can be solved very efficiently on a standard
personal computer today.
Fig. 9 showing the growth rate of the social search delay for different network sizes
should be intuition-confirming for researchers familiar with logarithmically growing social
search delays. We set N to 1 to generate this figure. We increase the side length of the
rectangular network domain 10 times from 100r to 1000r, but the maximum delay of
social search grows only 1.5 times from 9.17 steps to 13.82 steps. Note also that the delay
of social search under the generalized octopus model seems to exhibit self-similarity: two
graphs look similar to each other except for a change of scale in the social distance and
delay dimensions.
6. Discussion of Results
In this section, we discuss the implications of our analytical formulas, focusing on
three important facets of social search processes: (i) roles of short-range and long-range
contacts in social search, (ii) the effect of hubs on the delay of social search, and (iii) the
effect of node degree heterogeneity on the delay of social search.
6.1. Roles of Short-range and Long-range Contacts in Social Search
In Fig. 10, we plot the delay of social search predicted by our analytical formulas as
a function of source-target separation for spherical network domains with different sizes
and for different numbers of long-range connections per node. For other network domains,
the same conclusions continue to hold. If we start our discussion with the delay curves
depicted for Model I, top two figures in Fig. 10, we observe two regimes in the delay as
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Fig. 10. Delay of social search in both models as a function of source-target separation with various
numbers of long-range connections (LRCs) per node for a spherical network domain with radius R = 25r
π
(right figures). The unit of delay is the number of steps to complete the
(left figures) and R = 250r
π
search process.

a function of source-target separation. The first regime is the linear growth regime for
small source-target separations. When source and target nodes are socially close to each
other, long-range contacts cannot help to locate the target node since they overshoot the
target node with high probability. As a result, nodes tend to use their local contacts to
reach the target node as they come closer to it. This results in the linear increase of the
delay of social search for small source-target separations in Model I.
For Model II, on the other hand, we observe a logarithmic growth for the delay of social
search as a function of source-target separation. By considering Model II as a nested
sequence of small-worlds, each of which is modeled by Model I and spanning decreasing
social distances, this result can be interpreted as a blending of the delay curves of Model
I for different network sizes in a way that leads to a logarithmic growth of the delay in
Model II. It is also important to note that the logarithm function log(x) grows almost
linearly for small values of its argument x, and therefore there is still a linear growth
region in the delay curves of Model II for small values of the social distance between
source and target individuals, but this linear growth region is much more restricted
when compared with the linear growth region of the delay curves of Model I.
As the social separation between source and target nodes become larger, the delay
saturates to a constant number in Model I. Saturation of the delay to a constant arises
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because long-range connections can better serve as bridges connecting socially distant
regions of the network when the source-target separation is large. In this large social
separation regime, the message can readily enter to the close vicinity of the target node
at the initial steps of the social search by means of long-range contacts. (See also Fig. 7.)
However, once the message is in this small vicinity of the target node, the linear growth
regime emerges again in Model I, and the message hops through local contacts before it
is delivered to the target node.
In Model II, on the other hand, the delay of social search continues to increase gradually
with increasing source-target separation, but the rate of this increase becomes smaller
and smaller as the source becomes socially more and more distant from the target. This
can be easily seen by recalling that the derivative of the logarithm function log(x) is equal
to x1 . Therefore, for all practical purposes, even though it is more prominent in Model I,
the delay of social search in Model II can also be considered to be the same for all large
social separations between source and target individuals. The delay of social search for
maximally separated source and target individuals in Model II is always smaller than
that in Model I due to the availability of the long-range contacts at all scales of social
distance in Model II.
As an analogy, one can visualize the roles of long-range and short-range contacts in
social search by considering them as two knobs for tuning to a desired radio channel.
The first knob (long-range contacts) provides a coarse level granularity to tune in the
radio channel. Once the coarse level granularity is accomplished, fine tuning is achieved
by the second knob (short-range contacts).
Our observations are mostly consistent with empirical qualitative findings in previous small-world experiments. For example, Travers and Milgram (1969) observed that
“Chains which converge on the target principally by using geographic information reach
his hometown or surrounding areas readily, but once there often circulate before entering the target’s circle of acquaintances.” Dodds et al. (2003) reports that “On the one
hand, all targets may in fact be reachable from initial senders in only a few steps, with
surprisingly little variants across targets in different countries and professions. On the
other hand, ...”
Our theory is also consistent with small-world experiments statistically. In Fig. 11, we
compare the distributions of the delay of social search predicted by Model I in Eq. (2) and
by Model II in Eq. (4) with the one obtained by using data from Travers and Milgram
(1969). For a rectangular network domain with R = 32r, d = 15r and N = 5, Model I
yields an average delay around 6.14, whereas it is around 6.55 in Milgram’s experiment
(Travers and Milgram, 1969). Some further empirical evidence in favor of Model I is also
provided in Appendix E. For a rectangular network domain with R = 28r, d = 13r and
N = 1, Model II yields an average delay around 6.36. Moreover, the delay distributions
statistically resemble each other: the standard chi-square test (with six bins) for discrete
distributions produces a P-value around 0.53 for Model I and 0.63 for Model II, which
compares well with the results reported by Watts et al. (2002). 11 A larger P-value
11 Sample

selection bias, low participation rates and chain attrition rates (Kleinfeld, 2002; Schenettler,
2009a,b) lead to underestimated values for the delay of social search in empirical studies. On the other
hand, the fact that individuals do not always remember and choose their best contacts to reach the
target (McCarty et al., 2001; Killworth et al., 2006; Bell et al., 2007) causes the delay numbers to be
overestimated in empirical studies, and therefore the net effect of these conflicting forces are undetermined. Hence, we do not consider the chain attrition rates in the analysis above. If it is taken to be 0.25

28

Distribution of the Delay of Social Search (Model I)

Number of Chains with Delay T(d)

12
10

Empirical Data
Analytical Distribution

8
6
4
2
0
1

2

3

4

5
6
7
8
9
Delay of Social Search T(d)

10

11

12

13

Distribution of the Delay of Social Search (Model II)

Number of Chains with Delay T(d)

12
10

Empirical Data
Analytical Distribution

8
6
4
2
0
1

2

3

4

5
6
7
8
9
Delay of Social Search T(d)

10

11

12

13

Fig. 11. Distributions of the delay of social search obtained by using the proposed models and Travers
and Milgram (1969) data for the 42 completed chains that originated in Nebraska. 24 completed chains
originated in Boston were excluded to keep the source-target separation in the models constant. Model
I parameters are R = 32r, d = 15r and N = 5 for a rectangular network domain. Model II parameters
are R = 28r, d = 13r and N = 1 for a rectangular network domain.

means a better fit between the analytical distribution and the empirical distribution,
hence Model II produces analytical delay distributions closer to empirical ones.
Dodds et al. (2003) reports that geographical distance is one of the frequently used
social dimensions along which individuals measure social distance in a typical small-world
experiment. That is, geographical distance is one type of social categorization frequently
as in Watts et al. (2002), we can obtain a P-value of 0.22 for Model I and 0.56 for Model II with R and
d set to 45r and 22r, respectively, in both models, different from the R (and d) values set to 32r (15r)
and 28r (13r) above due to attrition.
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used for measuring social similarity. Therefore, if we assume that individuals primarily
use geographical information to forward messages, which is a reasonable assumption for
a typical small-world experiment in the light of the results reported by Dodds et al.
(2003), the choice of the network domain means that we approximate the United States
as a rectangular network domain, and the choice of source-target separation, by ignoring
the possible edge effects, means that source and target nodes are located at the center
and at the edge of the network domain, respectively.
In reality, people usually use multiple social dimensions to measure social similarity
among themselves, and therefore associating only geographical meaning to our model
parameters is not the most precise way of interpreting the choice of model parameters.
It should also be noted that our results are purely analytical, and the recursive solution
for the distributions of the social search delay in Eq. (2) and Eq. (4) can be computed in
seconds using an ordinary computer. On the other hand, the model proposed by Watts
et al. (2002) requires running simulations to obtain the distribution of the social search
delay, with possibly long simulation run times for large networks.
In summary, both of our models produce qualitatively and quantitatively convincing
results when compared to empirical small-world studies. However, Model II is more favorable than Model I due to its ability to produce analytical delay distributions fitting
better to the empirical distributions and logarithmically growing delay values. Therefore,
we focus our attention on Model II for the rest of the paper, and provide corresponding
figures for Model I only in appendices as supplementary data. We believe that combining our models with distance dependent long-range formation probabilities (Kleinberg,
2000a,b) will further improve the matches observed between analytical and empirical
results.
6.2. The Effect of Hubs on the Delay of Social Search
Second, we analyze the effects of hubs on the delay of social search. As shown by
Barabási (2002), many real-life networks including social networks (e.g., movie actors)
exhibit an “80/20 rule”: many nodes in these networks have small numbers of links, but
there are small numbers of nodes having many links. These highly connected nodes are
called hubs of the network. Adamic et al. (2001) showed that hubs can be important
for minimizing the delay of social search. However, their model assumes that nodes
use the number of friends of their friends as the next step message holder selection
criterion. This is in contrast to what Dodds et al. (2003) found in their experiments:
“Participants relatively rarely nominated an acquaintance primarily because he or she
had many friends (Table 2, “Friends”), and individuals in successful chains were far
less likely than those in incomplete chains to send messages to hubs (1.6 versus 8.2%)
(Table S6).” As a result, highly connected hubs seem to have limited relevance to the
global small-world experiment. However, one can still imagine that the existence of highly
connected individuals in social networks should help reducing the delay since once a
message reaches one of them, even if unintentionally, it is very likely that among many
of her contacts, one of the friends of the hub is close to the target node. Therefore,
the importance of the role played by hub-like individuals in reducing the delay of social
search still remains an open research problem if the social search criteria for selecting
intermediaries are social dimensions that are different than the number of friends of an
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individual.
To this end, we generated two types of networks for spherical network domains with
various sizes under both models. In the first type, the number of long-range connections
per node, N , is drawn from a power-law distribution so that there are small numbers
of hubs with large numbers of long-range ties connecting socially distant regions in the
network. The first network type generated in this manner is a variation of the scale-free
networks of Barabási (2002). 12 In our models, nodes have both local short-range contacts
and random long-range connections, whereas, the concept of local friends is missing in
Barabási (2002). We set the decay exponent of the power-law to 2 in the first network
type.
In the second type, N is set to deterministic numbers. Since the expected number of
long-range connections per node is infinite in the first network type, one can expect that
the delay of social search for the first network type must be smaller than the delay of
social search for the second network type, for any number of long-range connections per
node. However, our results in Fig. 12 are again quite surprising, and illustrate the flaw
in this intuition.
The delay of social search for power-law networks under both models becomes smaller
than that for networks with N = 2 but greater than that for networks with N = 4. These
results, together with findings of Dodds et al. (2003), show that hubs neither have high
relevance to the social search nor can their existence significantly reduce the length of
social search chains connecting individuals. The main reason behind this finding is that
it becomes very unlikely to hit a hub when individuals use other social dimensions, such
12 In previous studies, it has been observed that even though node degree distributions in real social
networks may have heavy tails, they still exhibit quite severe cutoffs (Bernard et al., 1991; Kossinets
and Watts, 2006; Rapoport, 1963). As a result, these distributions are never scale-free at all scales. The
fundamental reason behind this behavior is that maintaining social relationships is costly, and therefore
people cannot have an infinite number friends (Amaral et al., 2000). Our models are flexible enough that
scale-free distributions for the number of long-range connections can be easily replaced with any right
skewed node degree distribution by calculating its probability generating function, and then the same
analysis in this section can be repeated for those right skewed distributions.
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as geography, occupation and education for selecting intermediaries in a typical social
search process.
Finally, it should be noted that these conclusions depend critically on the empirically
supported assumption that individuals in a typical small-world experiment relatively
rarely nominate an acquaintance as a next step message holder because she has many
friends (Dodds et al., 2003). Our results show that this behavior, although perhaps irrational, suppresses the effects of hubs in targeted search processes. On the other hand,
their effects are magnified if individuals nominate the next step message holders solely
based on the numbers of friends of their friends (Adamic et al., 2001). In the middle
ground between these two extreme ends, we can envision a large spectrum of human
decision-making processes for choosing next step message holders in targeted search processes. As a result, even though our results and the results of Adamic et al. (2001) are
representative of the impacts of the hubs at the two extreme ends, further research is
needed to precisely determine the effects of hubs if individuals mix between social dimensions like geography, profession and education, and the numbers of friends of their
friends while choosing next step message holders.
6.3. The Effect of Node Degree Heterogeneity on the Delay of Social Search
Finally, our previous analysis on the effect of hubs on social search leads us to an
equally important and somewhat less precise question: What is the effect of network
heterogeneity on the delay of social search? We quantify the “degree” of heterogeneity
existing in a society by the variance of the distribution of the connectedness, and analyze
this point by studying simple but intuitive network models in which the numbers of longrange connections per node exhibit large variances. We will show that the distribution
of the number of long-range connections over individuals is as important as the average
number of long-range connections per individual in terms of the determination of the
delay of social search.
Following Burt (1992), we can associate three kinds of capital to individuals in a social
network. The first one is the financial capital such as cash in hand, reserves in the bank
and lines of credit. The second one is the human capital exhibited by individuals’ natural
qualities (e.g., charm, health and intelligence) combined with other acquired skills. The
third one is the social capital: who is connected to whom. The first two types of capital
are related to individuals’ local properties, whereas the social capital is related to the
social network structure. One measure of the social capital possessed by an individual
is the number of friends (with non-overlapping social circles) of this individual. The
more non-ovelapping friends you have, the more channels opening up to a diverse set
of opportunities located in different parts of the network you have. Or, the bigger the
size of the personal network you have, the more likely you are to hear a useful bit of
information aired in the network.
As Burt (1992) puts it, “You have friends, colleagues, and more general contacts
through whom you receive opportunities to use your financial and human capital. I refer
to opportunities in a broad sense, but I certainly mean to include the obvious examples
of job promotions, participation in significant projects, influential access to important
decisions, and so on.” From this perspective, our discussion in this part of the paper can
also be related to the concept of social capital as measured by the number of long-range
32

Lorenz Curves
Cumulative Percentage of Total Social Capital

1
0.9

1 LRC w.p. 1

0.8

5 LRCs w.p. 0.2

0.7

10 LRCs w.p. 0.1

0.6

20 LRCs w.p. 0.05

0.5
0.4
0.3
0.2
0.1
0
0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
Cumulative Percentage of Individuals from Poorest to Richest

1

Fig. 13. Lorenz curves for different values of n. For each n, the number of long-range connections (LRCs)
1
1
, or to 0 w.p. 1 − n
.
is equal to n with probability (w.p.) n

connections per individual, and, more specifically, to the effects of variance in social
capital on the delay of social search.
We generate networks by keeping the mean number of long-range connections per
node constant, but increasing the variance of the distribution from which the number of
long-range connections per node is drawn. In particular, we let the number of long-range
connections per node be equal to either n with probability n1 , or 0 with probability 1 − n1 .
We analyze the delay of social search for different values of n: n = 1, 5, 10 and 20. The
n = 1 case can be considered as corresponding to the situation in which the total existing
social capital in the network is evenly distributed among all individuals. The large n case
can be considered as corresponding to the situation in which the total existing social
capital in the network is concentrated on a few hub-like individuals.
One way to visualize and to quantify the degree of heterogeneity among individuals for
different values of n is to draw the corresponding Lorenz curves. Lorenz curves showing
the variation in social capital for different values of n are shown in Fig. 13. As seen
in this figure, the Lorenz curve drawn for n = 1 is the line of perfect homogeneity. As
n increases, the Lorenz curves are shifted to the right, and the heterogeneity among
individuals increases, approaching the perfect inhomogeneity case. In particular, Gini
coefficients are equal to 0, 0.8, 0.9 and 0.95 for n = 1, 5, 10 and 20, respectively.
We plot the curves showing the effect of node degree heterogeneity on the delay of
social search for spherical network domains in Fig. 14. The same conclusions continue to
hold for other network domains. As these figures clearly show, the delay of social search
is minimized when all the nodes have the same degree. As node degree becomes more
varied, the delay starts to increase. The adverse effects of node degree heterogeneity on
the growth behavior of the social search delay becomes more prominent for small network
sizes.
The reason for this phenomenon is similar to that behind the effect of hubs on the
delay of social search. When the total existing social capital (measured by the number of
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Fig. 14. Effect of node degree heterogeneity on the delay of social search for spherical network domains
(left figure) and R = 250r
(right figure). Each node has either n long-range
with radius R = r 25r
π
π
1
1
, or 0 LRC w.p. 1 − n
. The unit of delay is the number of
connections (LRCs) with probability (w.p.) n
steps to complete the search process.

long-range connections per individual) in a network is concentrated on fewer and fewer
individuals, it becomes less and less likely for a message to hit one of these individuals
at each step during its journey from source to target node. Since it usually takes a small
number of intermediaries to connect source and target nodes for small network sizes, the
overall probability of hitting one such individual with large social capital remains small
for the entire end-to-end path. As a result, we see an almost linear increase in the delay
as a function of source-target separation for small networks with large variance in node
degrees.
On the other hand, as the network size increases, it becomes more probable to have
at least one individual with large social capital as a relay. Once the message reaches one
such individual, it is likely to be close to the target node at the next step through one
of her large number of friends. As a result, large network sizes relieve the negative effect
of network heterogeneity to some extent, and we start to observe a sub-linear growth for
the delay of social search again as a function of source-target separation.
7. Conclusions
We have studied the lengths of social search chains needed to connect any two individuals in a social network by means of a targeted search process (i.e., the delay of social
search) as a function of the social separation between them. We have proposed a unified
analytical framework involving two related models in which social networks are modeled
as small-world random geometric graphs, and have obtained analytical solutions for the
delay of social search as well as its distributions for both models. The first model is
referred to as the octopus model, and the second model is referred to as the generalized
octopus model.
In our network models, each individual has both local short-range connections and
random long-range connections. Local contacts are formed according to a threshold rule
in which individuals A and B are declared to be local contacts of each other if their social
separation is small enough. Long-range contacts of an individual are formed uniformly at
random over other individuals. These long-range connections can be regarded as bridges
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connecting socially distant regions in a network. Our models allow the number of longrange connections per individual to be drawn from any given distribution including scalefree distributions. Therefore, they can be considered to capture important properties
of both small-world networks of Watts and Strogatz (1998) and scale-free networks of
Barabási (2002).
We have constructed our networks on three different network domains (rectangular,
spherical and circular) to examine robustness of our results against the effect of network
geometry on the delay. We have also compared our findings with empirical small-world
experiments, and have observed both qualitative and quantitative matches between our
results and those of previous small-world experiments.
We have also performed agent-based simulations on large computer clusters to illustrate
our analytical expressions. Simulation results indicate that when the number of local
contacts per individual is in between Dunbar’s number 150 (Dunbar, 1993; Hill and
Dunbar, 2003) and Killworth’s estimate 290 (McCarty et al., 2001; Bernard et al., 2001)
for the average size of personal networks, the social delay estimated by our analytical
formulas deviates at most 2.7% from simulation results. The computational gains earned
by analytical expressions are tremendous. Some simulations can take up to one week to
complete on clusters consisting of 200 CPUs, whereas the analytical formulas take only
several seconds to compute on an ordinary personal computer, i.e., a more than 2 × 106
fold computational gain.
Our analytical formulas help us to quantify some hidden dynamics of social search. To
start with, they indicate that the delay of social search first increases linearly for small
values of source-target social separation, and then it saturates to a constant value for large
values of source-target social separation. This happens because nodes tend to use longrange contacts (short-range contacts) when the message is far away from (close to) the
target node. These results are consistent with empirical findings of Travers and Milgram
(1969) and Dodds et al. (2003) qualitatively, as well as with the conclusions that can be
drawn based on the bounds obtained by Kleinberg (2000a,b). We have also compared
the analytical distributions of the delay of social search predicted by our models and the
empirical distribution obtained by Travers and Milgram (1969), and have observed good
statistical matches between analytical and empirical distributions.
Finally, we have studied the effect of hubs and node degree heterogeneity on the delay
of social search. Contrary to our intuition and some previous results (Adamic et al.,
2001), our results show that hubs have limited impact in reducing the delay of social
search. The main reason for this result is that individuals rarely nominate their friends
as next step message holders because their friends have many friends in a typical social
search experiment (Dodds et al., 2003). Similarly, node degree heterogeneity adversely
affects the delay of social search.
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Appendix A.
We first derive the formula for P ((m − 1)r ≤ ρ(M1 , Xt ) < mr) and 1 ≤ m ≤ k − 1.
The message after the first step will be located at an intermediate message holder whose
social separation from the target node is smaller than mr but greater than (m − 1)r if
and only if none of source’s long-range contacts is socially closer than (m − 1)r to the
target node, and the source node has at least one long-range contact lying in between
the disks centered at Xt with radii (m − 1)r and mr (i.e., the gray area in Fig. A.1).
A given long-range contact of the source node lies in between the disks centered at Xt
with radii (m − 1)r and mr with probability
αm =

πr2 (2m − 1)
.
R2 − πr2

A given long-range contact of the source node lies outside of the disk centered at Xt with
radius mr with probability
βm+1 = 1 −

πr2 m2
.
R2 − πr2

We then have
∞ X
n
X

 
n i n−i
Q(n)
α β
P ((m − 1)r ≤ ρ(M1 , Xt ) < mr) =
i m m+1
n=1 i=1

n

∞
X
αm
n
−1
=
Q(n)βm+1
1+
βm+1
n=1
=

∞
X

Q(n) (βm+1 + αm )n −

n=1

∞
X

n
Q(n)βm+1

n=1

= ϕ (βm+1 + αm ) − ϕ (βm+1 ) .
Note also that
πr2 m2
πr2 (2m − 1)
+
R2 − πr2
R2 − πr2
2
2
πr (m − 1)
=1−
R2 − πr2
= βm .

βm+1 + αm = 1 −

Finally, we have P ((m − 1)r ≤ ρ(M1 , Xt ) < mr) = ϕ(βm ) − ϕ(βm+1 ).
To obtain P ((k − 1)r ≤ ρ(M1 , Xt ) < kr), we first realize that the message after the
first step is located at an intermediate message holder whose social separation from the
target node is in between (k − 1)r and kr if and only if all of the long-range contacts
of the source node have social separation from the target node larger than (k − 1)r. By
repeating steps similar to those above, we obtain
P ((k − 1)r ≤ ρ(M1 , Xt ) < kr) = ϕ(βk ).
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kr ≤ d < (k + 1)r
r

Xt
Xs
mr

(m − 1)r

Fig. A.1. Graphical representation of the derivation of P ((m − 1)r ≤ ρ(M1 , Xt ) < mr).

Appendix B.
We define the probability vector p~k for k ≥ 2, which corresponds to the probability
distribution of the delay of social search when the social search starts at a source node
with social separation from the target node in [(k − 1)r, kr), as
p~k = [pk (0), pk (1), pk (2), · · · , pk (k), pk (k + 1), · · ·].
Some immediate results for k ≥ 2 are
pk (0) = 0
pk (1) = 0
and
pk (j) = 0 for j ≥ k + 1.
For k = 0 and k = 1, we define p~0 and p~1 as
p0 (j) = 1{j=0} or p~0 = [1, 0, 0, 0, · · · , 0, · · ·]
and
p1 (j) = 1{j=1} or p~1 = [0, 1, 0, 0, · · · , 0, · · ·].
It also directly follows that p2 (j) = 1{j=2} or p~2 = [0, 0, 1, 0, · · · , 0, · · ·]. For k ≥ 3, we
write pk (j), j ∈ {2, 3, · · · , k}, as
pk (j) = pk−1 (j − 1)P ((k − 2)r ≤ ρ(M1 , Xt ) < (k − 1)r)
+

k−2
X

pi (j − 1)P ((i − 1)r ≤ ρ(M1 , Xt ) < ir).

i=1

As in Appendix A, we can calculate P ((i − 1)r ≤ ρ(M1 , Xt ) < ir) as
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P ((i − 1)r ≤ ρ(M1 , Xt ) < ir) = ϕ(βi ) − ϕ(βi+1 )
and P ((k − 2)r ≤ ρ(M1 , Xt ) < (k − 1)r) as
P ((k − 2)r ≤ ρ(M1 , Xt ) < (k − 1)r) = ϕ(βk−1 ),
which completes the derivation of the distribution of the delay of social search in Model
I.
Appendix C.
To calculate Tk+1 in Model II, we use the same first-step analysis used to calculate
Tk+1 in Model I. That is, we first look at where the message can be located after the
first step, and then consider how long it takes on the average to reach the target from
this point onward. For k ≥ 2, this approach leads to
Tk+1 = 1 + Tk P ((k − 1)r ≤ ρ(M1 , Xt ) < kr) +

k−1
X

Ti P ((i − 1)r ≤ ρ(M1 , Xt ) < ir).

i=1

For a source individual with social distance to the target in the range [kr, (k + 1)r), N
long-range contacts are formed uniformly at random over the individuals lying in the
disk centered around the target with radius (k + 1)r in Model II, and therefore we can
obtain the above probabilities as
P ((i − 1)r ≤ ρ(M1 , Xt ) < ir) = ϕ(βi,k+1 ) − ϕ(βi+1,k+1 )
and
P ((k − 1)r ≤ ρ(M1 , Xt ) < kr) = ϕ(βk,k+1 ).
The calculations for obtaining the above probabilities are essentially the same as those
in Appendix A. Hence, we conclude the proof without repeating them here.
Appendix D.
To derive the distribution of the delay of social search in Model II, we first define
the probability vector p~k = [pk (0), pk (1), pk (2), · · · , pk (k), pk (k + 1), · · ·] for k ≥ 2 as in
Appendix B. Then, it follows that pk (0) = 0, pk (1) = 0 and pk (j) = 0 for j ≥ k + 1,
and therefore p2 (j) = 1{j=2} . For k = 0 and k = 1, we define p~0 and ~p1 such that
p0 (j) = 1{j=0} and p1 (j) = 1{j=1} .
For k ≥ 3, we write pk (j), j ∈ {2, 3, · · · , k}, as
pk (j) = pk−1 (j − 1)P ((k − 2)r ≤ ρ(M1 , Xt ) < (k − 1)r)
+

k−2
X

pi (j − 1)P ((i − 1)r ≤ ρ(M1 , Xt ) < ir).

i=1

Calculations for obtaining probabilities P ((k − 2)r ≤ ρ(M1 , Xt ) < (k − 1)r) and P ((i −
1)r ≤ ρ(M1 , Xt ) < ir) are essentially the same as those in Appendix A, the end results
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are shown in Appendix C, and therefore the proof is concluded without repeating them
here.
Appendix E.
One common problem with the empirical small-world experiments is the missing data
and very low chain completion rates (Kleinfeld, 2002). Therefore, on the one hand, if 6
is the correct number for the lengths of acquaintance chains connecting individuals, any
sound theoretical model should predict the magic number 6 for a reasonable choice of
model parameters, which is the case for our models as explained in Section 6, and on
the other hand, any such model should also conform well with empirical results when
the missing data is taken into consideration by ignoring the accuracy of individuals
remembering and choosing their best contacts to reach the target (McCarty et al., 2001;
Killworth et al., 2006; Bell et al., 2007). This is what we investigate next.
Until the very recent publication of Goel et al. (2009), there has not been an advanced
statistical technique to account for the missing data in empirical small-world experiments.
Their findings predict longer acquaintance chains connecting source and target nodes on
the globe, whose mean lengths can be as much as 49 (See Table 3 of Goel et al. (2009).),
when the empirical data are corrected by considering chains not completed. As shown
in Fig. 10, our Model I can also predict similar numbers for the delay of social search
for reasonable choices of model parameters. Below, we performed a simple robustness
check of our analytical results by estimating the r parameter in Model I, and obtained
surprisingly very close estimates for r when it was calculated by using two different
independent estimates of Goel et al. (2009).
Goel et al. (2009) estimate the mean delay of the social search in the United States to
be 11.8 by using the data of Travers and Milgram (1969). They also estimate the mean
delay of the social search worldwide to be 41.5 by using the data of Dodds et al. (2003).
In both of these estimates, homogenous chain attrition rate is assumed to account for the
missing data. We approximate the United States as a rectangular network domain, and
the Earth as a spherical network domain. Since the area of the United States is equal to
9, 826, 630 [km2 ], we set the network side length to RUS = 3, 134 [km]. The radius of the
Earth is, on the other hand, equal to REarth = 6, 371 [km].
Assuming one long-range connection per node and that individuals mainly use geographical information to forward messages, the delay of social search saturates to 41.5
when REarth = 280rπEarth , and it saturates to 11.8 when RUS = 45rUS . After simple
calculations, rEarth = 71.5 [km] and rUS = 69.6 [km]. Together with our agent-based
simulation results, this means that having approximately 150 friends in a region with radius 70 [km] around individuals and one long-range connection per person justifies mean
delay estimates in Goel et al. (2009).
When similar calculations are repeated for 5 long-range connections per node, we
obtained REarth = 620rπEarth and RUS = 97rUS , which means rEarth = 32.3 [km] and
rUS = 32.3 [km]. When there are 10 long-range connections per node, we have REarth =
875rEarth
and RUS = 137rUS , which means rEarth = 22.9 [km] and rUS = 22.9 [km]. For 20
π
long-range connections per node, we have REarth = 1240rπEarth and RUS = 193rUS , which
means rEarth = 16.1 [km] and rUS = 16.2 [km]. And finally for 50 long-range connections
per node, we have REarth = 1960rπEarth and RUS = 305rUS , which means rEarth = 10.2 [km]
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Table E.1
Summary of estimated values and confidence intervals (CI) for r obtained by using two different data
sets (Travers and Milgram, 1969; Dodds et al., 2003), and Goel et al. (2009) estimates.
Travers and Milgram (1969) Data
and Goel et al. (2009) Estimates
Number of
Long-range
Connections

Dodds et al. (2003) Data
and Goel et al. (2009) Estimates

Mean Delay
(95% CI)

rUS in [km]
(95% CI)

Mean Delay
(95% CI)

rEarth in [km]
(95% CI)

N =1

11.8
(8.5 − 15)

69.6
(48.2 − 116)

41.5
(20 − 68)

71.5
(33.9 − 222)

N =5

11.8
(8.5 − 15)

32.3
(21.9 − 56)

41.5
(20 − 68)

32.3
(15.2 − 100)

N = 10

11.8
(8.5 − 15)

22.9
(15.4 − 36.7)

41.5
(20 − 68)

22.9
(10.8 − 71.5)

N = 20

11.8
(8.5 − 15)

16.2
(11 − 28.2)

41.5
(20 − 68)

16.1
(7.6 − 50)

N = 50

11.8
(8.5 − 15)

10.3
(7 − 17.9)

41.5
(20 − 68)

10.2
(4.8 − 31.8)

and rUS = 10.3 [km]. It should also be noted that 95% confidence intervals for the mean
delay estimates in Goel et al. (2009) are quite large, and therefore these surprisingly close
estimates must be interpreted with caution by considering corresponding 95% confidence
intervals on the r parameter in our model. These results are summarized in Table E.1. As
this topic takes further study and more empirical data to improve confidence intervals,
these results provide a useful, and somewhat surprising, starting point.
Appendix F.
This appendix provides corresponding data for the effect of hubs on the delay of social
search for Model I in Fig. F.1. In this case, the results for Model I should also be compared
and contrasted with other relevant recent findings (Fraigniaud and Giakkoupis, 2009)
indicating that the effect of power-law degree distributions on the social search delay can
be significant. Our observations above are correct for finite size networks. On the other
hand, the number of nodes and the network size grow large in the work by Fraigniaud
and Giakkoupis (2009), where they start to harvest the gains from power-law degree
distributions in the asymptotically large network regime. In fact, delay curves under
Model I in Fig. 12 also indicate that the social search delay of the power-law network
approaches to that of the network with four long-range connections per node as the
network size increases. By continuing to increase network sizes, we can arrive the regime
where the delay of social search in the power-law network is smaller than that in the
network with four long-range connections per node, which is consistent with the results
reported by Fraigniaud and Giakkoupis (2009). However, for any finite sized network,
the power-law network having an infinite average number of long-range connections per
node will not perform any better, in terms of the delay of social search, than networks
with finite average numbers of long-range connections per node.
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Fig. F.1. Delay of social search for scale-free networks and the networks with fixed numbers of long-range
(left figure) and
connections (LRCs) per node for spherical network domains with radius R = 25r
π
(right figure). The unit of delay is the number of steps to complete the search process.
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Appendix G.
This appendix provides corresponding data for the effect of node degree heterogeneity
on the delay of social search for Model I in Fig. G.1.
Spherical Network Domain with Radius R = 25r/π (Model I)
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