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Abstract—Network utility maximization has been widely used
to model resource allocation and network architectures. But in
practice often it cannot be solved optimally due to complexity
reasons. Thus motivated, we address the following two questions
in this paper: can suboptimal utility maximization maintain queue
stability? Can under-optimization of utility objective function in fact
lead to benefits to other network design objectives? We show that
a resource allocation that is suboptimal with respect to a utility
maximization formulation still maintains the maximum flow-level
stability when the utility gap is sufficiently small and the information
delay is bounded, and can still provide a guaranteed size of stability
region otherwise. Utility-suboptimal rate allocation can also enhance
other network performance metrics, e.g., it may increase network
throughput and reduce link saturation. Quantifying these intuitions,
this paper provides a theoretical support for turning attention from
optimal but complex solutions of network optimization to those that
are simple even though suboptimal.

I. I NTRODUCTION

The framework of Network Utility Maximization (NUM) has
been very extensively studied over the last decade since [1].
Formulating many resource allocation problems as maximization
of an increasing and concave utility function over a convex
constraint set, a large number of publications have developed
iterative, distributed algorithms that converge to the optimum.

Achieving optimality is clearly desirable for two reasons. Not
only does this attain the benchmark of the highest value of
network utility, it also guarantees flow-level stochastic stability.
The number of flows varies over time as they are randomly
generated by users and served by the network. This system can
be viewed as a queuing system where the service rate depends
on the resource allocation (e.g., rate control) policy employed
by the network. For convex NUM with Markov arrival and zero
information delay (i.e. perfect queue-length information), it has
been shown that for all rate allocation policies maximizingα-fair
utilities with α > 0, flow-level stochastic stability can be achieved
if and only if the traffic intensity lies within the rate region, see,
e.g., [2], [3], [4], [5]. In other words, rate region in theα-fair
utility maximization problem is also the maximum stability region
under arrival and departure dynamics.

Utility-optimality and flow-level stability are strong benefits
of optimizing NUM. However, in practice it is often prohibitive
to solve NUM optimally, due to computational complexity and
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information delay. There are many situations where only subopti-
mal solutions to the utility maximization problem are realistically
computable given the constraints on protocols and timescale: First,
rate allocation algorithms require certain convergence time to
compute the optimal rate allocations. As a result, practical rate
allocations are subject to a positive random time delay. In addition,
if the network configuration (e.g., the number of active users)
changes faster than the convergence time, the rate allocations
will never be optimal. Second, solving some NUM problems
for rate allocation may require solving non-convex problems
even if the resulting feasible rate region is convex. For example,
when the feasible rate region of a network is obtained by time-
sharing among different subsets of users, a non-convex multi-
user scheduling problem still needs to be solved in order to find
the exact rate region achieved by time-sharing [6]. Due to these
reasons, optimal rate allocations might be prohibitive in practice.

The gap between elegant theory and useful practice thus lead
us to the following question: between optimality and simplicity,
which one should we pick in solving NUM? Driven by the
practical need for simple yet suboptimal solutions, we allow
suboptimal utility maximization, and then quantify the effects
of information delay and utility-gap on flow-level stability, and
on other important network performance metrics such as total
throughput and link saturation.

In [7], the authors show that for a class of rate allocation
algorithms based on the so-called dual solutions, the optimal
stability region can be achieved even if the algorithm does not
converge to the optimal rate allocation at any time. Similar
observations have also been made in switching [8] and scheduling
[10] problems. In this paper, we take a different approach. We
characterize the capability of a resource allocation algorithm by
two features: (1) the gap between its utility; and (2) the optimal
utility and the time delay of the queue length information. We
study stability as a function of both the utility gap and the
information delay. Our results apply to a class of general NUM
formulations, in which the flow-level queuing model are not first-
order Markov, thus making our proof technique of independent
interest to general flow level queueing model. Intuitively, one
would think that the maximum stability region may be retained if
the utility gap is small and the time delay is bounded, while only
a reduced stability region can be achieved when the utility gap
becomes large. This is indeed true. In Section III, we show that
when information delay is uniformly bounded by a constant and
the ratio of the utility gap (caused by a suboptimal rate allocation
policy) to the maximum utility approaches zero as queue length
tends to infinity, the maximum stability region can be retained.
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However, when the utility gap is in proportion to the maximum
utility, only a reduced stability region can be achieved. In this case,
We can still provide a lower bound for the achievable stability
region under rate allocation policies satisfying the information
delay and the utility gap conditions. These results characterize the
stability of a broad class of suboptimal rate allocation policies.

On the other hand, when information delay is bounded, since
suboptimal rate allocations with a small enough utility gap is
capable of achieving the maximum stability region, we investigate
the potentialbenefitsof allowing such a utility gap, i.e., the
upside of under-optimizing utility objectives. It is clear that by
deliberately under-optimizing a utility, we can achieve network
performance improvement in other metrics. What remains unclear
is precisely how much improvement we can possibly achieve
by under-optimizing the utility with a given allowable gap. We
formulate the potential performance improvement as a function
of given utility gap, and derive a first-order approximation for
these tradeoff curves based on local sensitivity (shadow price)
analysis. This formulation generalizes that in [11], which focuses
on how network performance can be affected by the choice ofα-
fair utility and assumes that optimality always holds. Our result
not only illustrates the potential benefits of under-optimizing a
utility, but also quantitatively characterizes thetradeoff between
sacrificing utility value and improving other network performance
metrics, e.g. the total throughput and link saturation. Our analysis
can be easily extended beyond the class ofα-fair utility.

The key results of this paper are summarized as follows:
• For general utility functions satisfying certain assumptions,

we find a sufficient condition for flow-level stability of
networks operating under suboptimal rate-allocation policies.
When the utility gap is sufficiently small and the information
delay is upper bounded by a constant, maximum stability
region can be achieved and is shown to be equal to the
feasible rate region, i.e. a network is stable if the average
traffic load at each link is less than its capacity.

• When the utility gap of suboptimal rate allocations is in
proportion to the maximum utility and the information delay
is bounded, we show that the achievable stability region can
be strictly smaller than the feasible rate region. We further
obtain a lower bound for the achievable stability region in
this case.

• We formulate and analyze an expected Lyapunov function (of
the queue-length) and its first order derivative, with respect to
the utility gap and information delay introduced in this paper.
Such a new technique is necessary here because our flow-
level queuing model with random information delay does
not allow a first-order Markov representation. This approach
extends the flow-level stability analysis beyond the first-order
Markov queuing model used in our previous work [13].

• We consider the impact of the utility gap on overall network
performance. Since each utility function is designated for a
particular objective, we show that allowing a utility gap gives
us freedom to improve other network performance metrics,
such as total throughput and maximum link saturation. Thus
we formulate and analysis the tradeoff between the utility
gap and the two network performance metrics, by employing
a sensitivity analysis of the utility maximization problem.
Close-form solutions for the gradient of the tradeoff curves

are obtained.
• The results in this paper give a new perspective to look at

suboptimal solutions of the utility maximization problem.
We show that suboptimal rate-allocation policies may not
always be inferior in performance. More precisely, by under-
optimizing a utility and allowing a certain optimization gap,
we can still retain the maximum flow-level stability and
obtain network performance improvements in other metrics.

The remaining of the paper are organized as follows: In Section
II, we introduce the class of utility functions considered in this
paper and define the utility gap for suboptimal rate allocations.
Two stability results are stated next: in Section III.A, a sufficient
condition on utility gap and information delay for achieving the
maximum flow-level stability is provided. In Section III.B, when
the utility gap of suboptimal rate allocations is proportion to the
maximum utility, we show that the achievable stability region can
be strictly smaller, and we further obtain a lower bound for all
achievable stability regions. In Section IV, we analyze the tradeoff
between the utility gap and two network performance metrics:
total throughput and link saturation. Results based on sensitivity
analysis are derived to measure the benefits of under-optimizing
α-fair utility. Simulation results are provided at the end of section
III and IV respectively. Proofs of all theorems are collected in the
Appendix.

Throughout this paper, we use the following notations: Vectors
are denoted in small letter, e.g.,x, with their ith component
denoted byxi. Matrices are denoted by capitalized letters, e.g.,
A, with Aij denoting the{i, j}th component. Vector inequalities
denoted byx º y are considered component-wise. We useD(x)
to denote a diagonal matrix whose diagonal elements are the
corresponding components from vectorx. Subscripts(·)T denotes
the matrix transpose.P(M) is the probability of an eventM. We
useR to denote a set of vectors anďR for its interior.

II. U TILITY MAXIMIZATION AND GAP

Consider a communication network shared by a set of data
flows, which belong toN distinctive flow classes. We assume
that flows of classi arrive to the network according to a Poisson
process with rateλi, and each flow of classi brings a file for
transfer whose size is exponentially distributed with mean1

µi
. A

flow is considered to have left the network when its file transfer
is completed. Letxi(t) denote the number of flows of class
i that remain in the system at timet. We refer to the vector
x(t) = [x1(t), . . . , xN (t)] as the network state. The problem of
network rate allocation is to determine the total rate allocated to
class-i flows in statex(t), denoted byφi(t). Rateφi(t) is equally
shared by all class-i flows, each assigned a rateφi(t)/xi(t). We
refer to the vectorφ(t) = [φ1(t), . . . , φN (t)] as the rate allocation
in statex. The allocation vectorφ(t) is constrained to lie in a set
R ⊂ RN

+ . The setR may represent varying physical, topological,
technological, and economic constraints of the network under
consideration. A rate allocationφ(t) is feasible ifφ(t) ∈ R, which
means that the network can use some resource allocation policy
to support the rate vectorφ(t). In this paper, we only require the
setR to be convex, closed and bounded, which holds in many
settings, e.g., [3], [6].

Various network rate control policies can be derived as solving
some utility maximization problem with different utility functions,
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i.e.

φopt(x(t)) = arg max
φ∈R

∑

i:xi(t)≥1

xi(t)Ui(
φi

xi(t)
)

whereUi is a utility function for flow classi. In this paper, we
assume that the functionUi is continuous and twice differentiable
on (0, +∞). In addition, we assume the utility functions satisfy
the following conditions:

(a) U(z) ≥ 0 ∀z andU(0) = 0, or U(z) ≤ 0 ∀z.
(b) U(z) is concave and monotonically increasing.
(c) limz→0 U

′
(z) = ∞.

(d) There exists a positive constants, s.t. zU
′′

(z)

U ′ (z)
≥ −s, ∀z.

Assumptions (a) and (b) are commonly used in the literature [5].
Assumption (c) can be interpreted as one that prevents starvation,
since it implies that slope of the utility function increases to
infinity as the rate of the flow class approaches zero. Condition
(d) requires that the utility function does not have sharp changes.
One example of such utility functions satisfying assumptions (a-d)
is a class of so-calledα-fair utility functions [12], defined by

Ui(z) =
{

z1−α

1−α , α > 0 and α 6= 1
log z, α = 1

(1)

where α is a positive constant. It is easy to verify that the
assumptions (a-d) are satisfied withs = α. Parameterα ≥ 0
models the level of fairness, which includes several special cases
such as proportional fairness and max-min fairness. For example,
maximizing the total utility corresponds to maximizing weighted
throughput asα → 0, weighted proportional fairness asα = 1,
minimum potential delay asα = 2 and max-min fairness as
α →∞.

If the optimal rate allocation policyφopt(x(t)) that maximizes
problem (1) with anα-fair utility is implemented at each time
t, it has been shown in [2], [5], [4] that such rate allocation
achieves the maximum stability region (i.e. the interior of the
feasible rate regionR). In this paper, we consider a more general
scenario where rate allocations are not optimal and thus could
possibly reduce network stability and performance. This work is
motivated by the following two issues in practical networks: First,
all practical rate allocation policies are subject to a positive delay
due to the time requirement for gathering network information
and for algorithm convergence. In other words, the practical rate
allocation vectorφ(t) can at best correspond to the optimal rate
allocationφopt(x̂(t)) for some vector̂x(t), where eacĥxi(t) is
equal toxi(t−τi(t)) for a certain information delayτi(t). In other
words,x̂(t) represents the network state “observed” by a practical
rate allocation policy at timet. Second, due to computational
overhead, even given certain information delay, a practical rate
allocation policy may still not be able to compute the exact
φopt(x̂(t)). In other words, there may exist a utility gap due
to the suboptimality of the rate allocation policy. We quantify
the suboptimality of a practical rate allocation policiesφ(t) with
respect tôx(t) by a utility gap as follows

∆(x̂(t)) =
∑

i:x̂i≥1

x̂i(t)Ui

(
φopt,i(x̂i(t))

x̂i(t)

)

−
∑

i:x̂i≥1

x̂i(t)Ui

(
φi(t)
x̂i(t)

)
(2)

The gap∆(x̂(t)) measures the difference between suboptimal
rate allocations and the optimal allocation, caused only by the
imperfect computation of the rate allocation algorithm. Given
certain conditions on the utility gap∆(x̂(t)) and the information
delay processτ(t), in section III, we will characterize the stability
region of networks with an arbitrary suboptimal rate allocation
policy. In section IV, we will formulate and analyze the tradeoff
between utility gap and two network performance metrics.

III. U TILITY GAP, INFORMATION DELAY AND STABILITY

We first investigate how stability will be affected by utility gap
∆(x̂(t)) and information delayτ(t). Consider a network where
class-i flows arrive as a Poisson process of intensityλi ≥ 0 and
have i.i.d. exponential file sizes of mean1/µi. Let ρi = λi/µi

be the traffic intensity of class-i flows. This is the traffic load
generated by class-i flows per unit time. Due to the information
delay, the rate allocation policyφ(t) now depends on previous
network states at timet− τi(t), for i = 1, . . . , N . Thus, the usual
method of flow-level stability analysis in [2], [5], which require
a first-order Markov model of the queue-length process, are
insufficient. In this paper, we consider the queue-length process
x(t) and prove stability by evaluating an expected Lyapunov drift.
Let h > 0 be a small time interval. The evolution of theith queue
is described by the following equation:

xi(t + h) = [xi(t) + ai(t, h)− di(t, h)]+, (3)

where ai(t, h) is the number of flows arriving to flow classi
during timet to t+h anddi(t, h) is the number of departure flows.
We say the network is stable under a given rate allocation policy
φ(t) if there exists a positive non-decaying functionf(·) with
limz→∞ f(z) = ∞, such that the queue-length process satisfies

lim sup
T→∞

1
T

∫ T

0

E

[
N∑

i=1

f(xi(t))

]
dt < ∞. (4)

If the feasible rate regionR is compact and convex, a necessary
stability condition has been given in [2], [5], [4]: The traffic
intensity vector must belong to the feasible rate region (ρ ∈ Ř).
Furthermore, it has also been shown that allα-fair rate allocations
with arbitraryα > 0 maximize the flow-level stability region, i.e.
assigning ratesφopt(x) achieves the maximum stability region,
which is equal to the interior ofR. In other words,ρ ∈ Ř is a
sufficient condition for stability withφopt(x) as the optimal rate
allocation policy.

In practice, when only suboptimal solutions are computable, a
positive utility gap∆(x̂(t)) exists and a information delayτ(t)
has to be considered. In the next section, we will derive a sufficient
condition for achieving maximum stability. When the condition is
not satisfied, we prove that the achievable stability region may be
strictly smaller than the feasible rate region. The main results on
stability are stated in Theorem 1 and 2.

A. A Sufficient Condition for Maximum Stability

Theorem 1:For an arbitrary suboptimal rate allocation policy
φ(t), if the information delayτ(t) is uniformly bounded by a
constantΩ > 0 and the order of the utility gap caused by the
imperfectness of rate allocation algorithm is less than the order
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of the optimal utility when the number of active flows grows large,
i.e.,

lim sup
maxi x̂i(t)→∞

∆(x̂(t))∣∣∣∑i:x̂i(t)≥1 x̂i(t)Ui(
φopt,i(x̂(t))

x̂i(t)
)
∣∣∣

= 0, (5)

then the network is stable if the traffic conditionρ ∈ Ř is satisfied,
i.e., the maximum stability region can be obtained.

Remark 1: If both the information delayτ(t) and the utility gap
∆(x̂(t)) are upper bounded by constants for all network states,
the maximum stability region can be achieved. This is simply a
special case of Theorem 1 and can be easily proved by verifying
utility gap condition (5). The statement holds for all fair utility
functions, including theα-fair utilities with α > 0.

Remark 2:Theorem 1 shows that for achieving the maximum
stability region, it is not necessary to solve the optimal solution
to the utility optimization problem (1) and to require perfect
information on the network statesx(t). Thus, in practice, subop-
timal rate allocation policies that may only require a much lower
computational complexity or operate on a larger time-scale than
that of the optimal policies could still stabilize the network, as
long as the utility gap and delay conditions (5) are satisfied. The
sufficient condition in Theorem 1 thus characterizes a large class
of suboptimal rate allocation policies that retain the maximum
network stability.

B. A Lower Bound on Achievable Stability Region

When the condition (5) in Theorem 1 is not satisfied and the
utility gap ∆(x̂(t)) is on the same order as that of the optimal
utility, the achievable stability region could be smaller than the
feasible rate region, even if the delayτ(t) is zero .

Proposition 1: There exists a suboptimal rate allocation policy
φ(t) such that the utility gap is on the same order as the order
of the optimal utility and the information delay is zero, i.e., for
some constantη ∈ (0, 1),

lim sup
maxi x̂i→∞

∆(x̂(t))∣∣∣∑N
i=1 x̂i(t)Ui(

φopt,i(x̂(t))
x̂i(t)

)
∣∣∣
≤ η, (6)

but the achievable stability region is strictly smaller thanR, even
if the rate vectorφ(t) is Pareto-optimal (i.e.φ(x) lies on the
boundary of the feasible rate region).

Proposition 1 implies that if the utility gap is large, there exists a
suboptimal rate allocation policy whose achievable stability region
is strictly smaller than the interior of the feasible rate regionR,
regardless of the information delay. Raised from this example, a
challenge is to answer the question: what is the minimum stability
region that a suboptimal rate allocation policy can achieve given
that condition (6) is satisfied?

In the next theorem, we show that(1 − η)
1

|1−s|R is a lower
bound of all achievable stability regions, if the ratio of the utility
gap and the optimal utility is asymptotically bounded by a constant
η < 1 as the number of active flows grows large. This lower bound
is tight in the sense that there exists a suboptimal rate allocation
policy whose stability region is exactly(1− η)

1
|1−s|R.

Theorem 2:For an arbitrary suboptimal rate allocation policy
φ(t), if the information delay is uniformly bounded by a constant

and the order of the utility gap∆(x̂(t)) is the same as that of the
optimal utility, i.e.,

lim sup
maxi x̂i(t)→∞

∆(x(t))∣∣∣∑N
i=1 x̂i(t)Ui(

φopt,i(x̂(t))
x̂i(t)

)
∣∣∣
≤ η, (7)

then the achievable stability region is lower bounded by(1 −
η)

1
|1−s| Ř. There also exists a suboptimal rate allocation policy

satisfying (7) whose stability region is exactly(1−η)
1

|1−s| Ř, i.e.,
the lower bound is tight.

Remark 3:Theorem 2 provides a lower bound for achievable
stability regions. Of course, under condition (7), there might still
exist certain suboptimal rate allocation policies that are capable
of achieving the maximum stability. However, the lower bound
in Theorem 2 is tight in the sense that there exists a suboptimal
rate allocation policy with zero information delay and its stability
region is exactly(1 − η)

1
|1−s|R. Proposition 1 and Theorem 2

together characterize the stability of a broad class of suboptimal
rate allocation policies.

C. Numerical Examples

Fig. 1. A ring network with ten users and ten flow classes.

Consider a ring network withN = 10 flow classes andL = 10
unit-capacity links as shown in Fig.1. Flow classi is initiated by
user i and containsxi(t) ≥ 0 active flows at timet. Let R be
the shortest-distance routing matrix for this ring network. For an
α-fair utility function with α = 1 (i.e. a logarithmic utility), we
compute the optimal rate allocation policyφopt(x(t)) ∀t and then
perturb it randomly to construct a set of suboptimal rate allocation
φ(t), such that the resulting information delay and utility gap are
constants:

τ0 = τi(t) and ∆0 = ∆(x̂(t)), ∀t. (8)

According to Remark 1, since both utility gap and information
delay are constants, the suboptimal rate allocation policyφ(t)
constructed above will achieve the maximum stability region that
equals to the interior of the feasible rate regionR = {φ ∈ RN

+ :
Rφ ≤ 1, φ º 0}.

Figure 2 illustrates flow-level stability of the the network
under different suboptimal rate allocation policies for(∆0, τ0) =
{(0, 0), (5, 0), (0, 2), (5, 2)} respectively, by plotting the average
total queue length vs. traffic load. In this simulation, we assume
that the flow arrival rates for all flow classes are equal, i.e.ρi = ρ0

for i = 1, . . . , 10. For ρ0 ∈ [0, 1
3 ), we haveρ = ρ0 · 1 ∈ R,
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which implies that the expected queue-length should remain finite.
Figure 2 also shows that the average queue-length of a suboptimal
policy φ(t) approaches that of the optimal rate allocation policy,
when utility gap and information delay decrease.
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Fig. 2. This figure plots the average total queue-length of the ring network for
four different rate allocation policies. It is shown that the three suboptimal rate
allocation policies with constant utility gap and information delay still stabilize the
queue for traffic intensityρ0 < 1

3
, although their delay performances measured by

the average queue length are worse compared to that of the optimal rate allocation
policy with (∆0, τ0) = (0, 0).

IV. U TILITY GAP AND NETWORK PERFORMANCE

Section III showed that when the utility gap is small enough,
flow-level stability remains unaffected for uniformly bounded
delays. Therefore, a suboptimal rate allocation policy that under-
optimizes a certain utility still achieves the maximum stability
region. On the other hand, since each utility function is designated
to capture one particular network objective, allowing a non-zero
utility gap (or, equivalently, under-optimizing the utility) gives
us freedom to potentially improve other network performance
objectives, such as total throughput and maximum link saturation
discussed in this section. More precisely, if we let the information
delay to be zero, there exists a tradeoff between utility gap and the
maximum network performance improvement we can potentially
achieve. In this section we first provide a formulation of this
tradeoff. Then we develop a quantitative approximation of the
tradeoff curve based on local sensitivity analysis, assuming the
utility gap is small. To obtain close-form solutions, we focus
on α-fair utility functions in this section, although our result
can be extended to all concave utility function. Our approach is
different from [11], which is restricted to a throughput-fairness
tradeoff for optimal solutions only. Instead, in this section, we
addresses the following question pertaining tosuboptimality: by
under-optimizing an utility with gap∆, what is the maximum
performance improvement we can possibly achieve?

We focus on the following model for wireline networks, which
is an important special case of the model described in section III.
Consider a network ofL links, indexed byl, each with a finite
link capacitycl. It is shared byN flow classes. Again we useφi

to denote the total data rate of class-i flows. Then the feasible
rate regions are defined byR = {φ : Rφ ¹ c, φ º 0}, wherec is
the vector of link capacities andR is theL×N routing matrix:
Rli = 1 if class-i flows uses linkl and 0 otherwise. At each state
x, the optimal rate allocation is obtained by solving problem (1)
with α-fair utility, i.e.,

max
φ

N∑

i=1

xα
i

φ1−α
i

1− α
(9)

s.t. Rφ ¹ c, φ º 0

Let φopt be the optimal rate allocation that solves the maxi-
mization problem (9). Any suboptimal rate allocationφ 6= φopt

only achieves a utility value less than the maximum utility. We
say a rate allocationφ under-optimizes theα-fair utility by a gap
∆ if

∆ = Uopt −
N∑

i=1

xα
i

φ1−α
i

1− α
(10)

where Uopt =
∑N

i=1 xα
i φ1−α

opt,i/(1 − α) is the optimal utility
achieved by rate allocationφopt. Since theα-fair utility is des-
ignated for achieving fairness, under-optimizing theα-fair utility
with a gap∆ relaxes the maximization problem (9). Thus it gives
freedom to system designers to potentially improve other network
performance objectives, such as total throughput and maximum
link saturation. However, it is unclear how much performance
improvement we can achieve by under-optimizing theα-fair utility
with a given allowable gap. For example, if we prepare to sacrifice
5% of the utility, how much is the throughput improvement we
could expect in return? In the next section, we formulate this type
of tradeoff functions and provide a local sensitivity analysis based
on examining the Karush-Kuhn-Tucker (KKT) conditions at the
optimum allocation.

A. Utility Gap and Total Throughput

First we consider the tradeoff between utility gap and total
throughput. For a rate allocation policyφ, total throughputT is
simply defined as the sum-rate of all flow classes:

T =
N∑

i=1

φi. (11)

We are interested in characterizing the tradeoff between the
utility gap and the maximum total throughput. More precisely, we
compute the maximum total throughput that can be achieved by
under-optimizing the utility with a designated gap. Thus maximum
total throughputT is formulated as a function of the utility gap
∆. With some abuse of notation, we refer to this tradeoff function
as T (∆), which is defined as the maximized objective value of
the following optimization problem:

max
φ

N∑

i=1

φi (12)

s.t. Rφ ¹ c, φ º 0
N∑

i=1

xα
i

φ1−α
i

1− α
≥ Uopt −∆
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Thus, the utility gap∆ is the input and the functionT (∆)
gives the maximum possible total throughput under the utility
gap constraint.

Remark 4:For the tradeoff function defined by (12), it is
easy to see that increasing utility gap relaxes the constraint
set of the optimization problem, and leads to a higher optimal
objective value. Maximum total throughputT (∆), defined by the
optimization in (12), is a monotonically increasing function of the
utility gap ∆.

Since theα-fair utility functions are concave and the total
throughput is linear, we conclude that the maximization problem
(12) is convex. Thus we can numerically solve it and compute
the maximum-throughput-versus-utility tradeoff curve using any
convex optimization solvers. Furthermore, according to the results
in section III, a suboptimal rate allocation policy with small
enough utility gap can still retain the maximum stability region.
When the utility gap is small, we can quantitatively approximate
the maximum-throughput-versus-utility tradeoff function using its
first order expansion:

T − T0 =
[

dT

d∆

∣∣∣
∆=0

]
∆ + o(∆) (13)

whereT0 =
∑N

i=1 φopt,i is the total throughput at∆ = 0.
In the context of convex optimization, the first order derivative

dT/d∆, also known as shadow price, can be obtained by a local
sensitivity analysis, if we make the assumption that the active
constraint set in the problem (12) is unchanged when the gap∆
is perturbed locally. Further, we assume that the routing matrixR
consists only of ‘bottleneck’ links. These two conditions guarantee
that the tradeoff functionT (∆) is continuous and differentiable
at a given∆. These local sensitive analysis can provide a good
approximation of the maximum-throughput-versus-utility tradeoff,
when theα-fair utility is slightly under-optimized.

Theorem 3:The maximum-throughput-versus-utility tradeoff
function T (∆) has the following first order gradient (shadow
price) at∆ = 0:

dT

d∆

∣∣∣
∆=0

= −
1T ·A ·

(
xα

φα
opt

)

(
xα

φα
opt

)T

·A ·
(

xα

φα
opt

) , (14)

where A = D−1 − D−1RT
(
RD−1RT

)−1
RD−1 and D =

α · diag
{

[φ−α−1
opt,1 ; . . . ; φ−α−1

opt,N ]
}

is a diagonal matrix. The vector

division and powerxα/φα
opt are component-wise.

B. Utility Gap and Maximum Link Saturation

In this section, we consider the maximal link saturation as a
network performance metric, defined by

Z = max
l∈L

∑
i Rilφi

cl
. (15)

By under-optimizing theα-fair utility, it is possible to reduce the
maximal link saturation and then balance the network traffic over
all links. Moreover, reducingZ could potentially minimize the
occurrence of ‘bottleneck’ links in the network, and also make
the network more robust to link capacity fluctuation and traffic
bursts.

We characterize the optimal tradeoff between the utility gap
and the maximum link saturation, i.e. we compute the minimum
Z that can be achieve by under-optimizing theα-fair utility with
a designated gap. This tradeoff functionZ(∆) can be formulated
as follows

Z(∆) = min
φ

max
l∈L

∑
s Rilφi

cl
(16)

subject to Rφ ¹ c, φ º 0
N∑

i=1

xα
i

φ1−α
i

1− α
≥ Uopt −∆

Remark 5:For the tradeoff function defined by (16), it is easy
to see that increasing utility gap relaxes the constraint set of the
optimization problem, and leads to a smaller optimal objective
value. Thus maximum link saturationZ is a monotonically
decreasing function of the utility gap∆. Furthermore, it is easy
to verify that the optimization problem (16) is convex. The
saturation-gap tradeoff can be numerically computed.

Now we conduct a local sensitivity analysis for the saturation-
gap tradeoff defined by optimization problem (16). Again, we
make the assumption that the active constraint set in the problem
(12) is unchanged when the gapδ is perturbed locally. The main
result is summarized in the next theorem. Its proof is very similar
to that of Theorem 3. We denoteZ0 as the link saturation for
∆ = 0.

Theorem 4:When the utility gap is small, the saturation-
utility tradeoff function can be approximated using its first order
expansion:

Z − Z0 =
[

dZ

d∆

∣∣∣
∆=0

]
∆ + o(∆). (17)

The first order derivative (shadow price) of the saturation-utility
tradeoff function is given by

dZ

d∆

∣∣∣
∆=0

= − 1

cT (RD−1RT )−1
c
, (18)

where D = α·diag
{

[xα
1 φ−α−1

opt,1 , . . . , xα
Nφ−α−1

opt,N ]
}

is a diagonal
matrix.

C. Numerical Examples

In this section, we plot the two tradeoff curves and their first-
order approximations obtained in Section IV.A and Section IV.B,
for the ring network described in Section III.C. Since all links
have unit capacity, the feasible rate region is given byR = {φ :
Rφ ≤ 1, φ º 0}, where R is the routing matrix for the ring
network. Letxi denote the number of active flows for sourcei.
We can solve the two convex optimization problems (12) and (16)
for an arbitrary utility gap∆ to obtain the exact tradeoff curves
T (∆) andZ(∆), which are plotted in Figure 3 and Figure 4 using
solid lines. In both figures, we assume that the number of active
flows arexi = 10 ∀i. A proportional fairness utility function
corresponding toα = 1 is considered.

When the utility gap∆ is small, the maximum-throughput-
versus-utility and the saturation-gap tradeoff curves can be ap-
proximated by their first order expansions given by (13) and
(17), respectively. Using the close form solutions in Theorem 3
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and Theorem 4, we compute the first order gradients as follows
dT
d∆

∣∣∣
∆=0

= 0.414 and dZ
d∆

∣∣∣
∆=0

= −0.010. Thus the two tradeoff
curves can be approximated by

T (∆) ≈ T (0) + 0.414∆ (19)

T (∆) ≈ Z(0)− 0.01∆ (20)

In Figure 3 and Figure 4, we also plot the corresponding linear
approximations for the maximum-throughput-versus-gap and the
saturation-gap tradeoff curves in dashed line.
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Figure 4 shows that the saturation-gap tradeoff defined in
Section IV.B can be well approximated by its first order ex-
pansion, given by the closed-form expressions in Theorem 4,
while such an approximation is accurate for the throughput-gap
tradeoff only when the utility gap is small. The two tradeoff
curves allow us to predict how much performance improvement
we can possibly achieve by under-optimizing the utility with a
designated small utility gap. For example, if we under-optimize
the utility by 1%, i.e. ∆ = 1% |Uopt| = 0.312, it is clear
from equation (19) that a maximum total throughput increase of
T − T0 = +0.129 (equivalently+2.52%T0) could be expected
in return at the optimum. This result not only illustrates the
potential benefits of under-optimizing anα-fair utility, but also
quantitatively characterizes the tradeoff between sacrificing utility
value and achieving network performance improvement. Suppose
the utility of the ring network is under-optimized by1%. The local
sensitive analysis results are summarized as follows: throughput
is enhanced by2.52% (T − T0 = +0.129) and link saturation
reduced by0.31% (Z − Z0 = −0.0031). Whether this particular
tradeoff is worth making or not depends on operator’s preference,
but it is important to provide the choices of tradeoff through the
results like those in this section.

V. CONCLUDING REMARKS

Suboptimal resource allocation with a utility gap is simply
an inevitable phenomenon in real networking. Fortunately, it
may still be able to maintain stability region and even enhance
other network performance metrics. Intuition on stability and
utility–versus-throughput and utility-versus-saturation tradeoff are
quantified with closed-form expressions in this paper. There are
still open questions to the study of suboptimal solutions to network
optimization, e.g., degradation on fairness due to utility gap and
global sensitivity analysis, before we fully understand “how bad
is suboptimal rate allocation”.

APPENDIX: PROOFS

A. Properties of the Utility Function Satisfying Definition 1.

Lemma 1: If U(·) is a utility function satisfying Assumptions
(a-d), thenU

′
(a) ≥ (

a
b

)−s
U
′
(b) for all a ≥ b > 0. Further, if the

utility function is negative, thenU(a) ≤ (
a
b

)−|1−s|
U(b). Other-

wise, if the utility function is positive,U(a) ≥ (
a
b

)|1−s|
U(b).

Proof: From Assumption (c), we haveU
”(z)

U ′ (z)
≥ − s

z . Choose
a ≥ b > 0 and integrate both side of the inequality fromb to a.
We obtainU

′
(a) ≥ (

a
b

)−s
U
′
(b). If the utility function is negative

(i.e. case 2 in Assumption (a)), we fixb in this inequality and
integrate it froma = b to a = +∞, i.e.

bsU
′
(b)

∫ +∞

b

1
ys

dy ≤ U(∞)− U(b) ≤ −U(b) (21)

whereU(∞) exists because the utility function is monotonically
increasing and upper bounded by zero as in Assumption (a). This
implies that the integration on the left hand side also exists and

thuss > 1. We can derive−U
′
(b)

U(b) ≤ s−1
b . Integrating it again, we

obtainU(a) ≤ (
a
b

)1−s
U(b), which is the desired result. Similarly,

when the utility function is positive, we consider the integral of
U
′
(a) ≥ (

a
b

)s
U
′
(b) from b = 0 to b = a and derive the result in

Lemma 1.

B. Proof of Theorem 1.

Proof: To prove stability under the rate allocation policyφ(t),
we consider the following Lyapunov function

V (x(t)) =
N∑

i=1

xi(t)∑
n=1

U
′
i

(cρi

n

)
. (22)

where c > 0 is a proper constant defined later in the proof.
Since the rate-allocation depends on the history of past states,
previous methods in [2], [5] for analyzing flow-level stability are
insufficient. In the following proof, we will analyze the expected
Lyapunov functionW (t) = E[V (x(t))] and obtain an expression
for the drift of the functionW (t)∗. Then, the flow-level stability
(4) can be proven by deriving an upper bound for the drift

lim
h→0

W (t + h)−W (t)
h

=
N∑

i=1

lim
h→0

E




xi(t+h)∑
n=1

U
′
i

(cρi

n

)
−

xi(t)∑
n=1

U
′
i

(cρi

n

)



h
.(23)

In order to move the limit (ash → 0) inside the expectation above,
we make the use of the Dominated Convergence Theorem. Recall
that x(t + h) = [x(t) + a(t, h)− d(t, h)]+. Because both arrival
rate λi and departure rateµiφi(t) can be upper bounded by a
constantω > 0, using a simple sample-path argument [7], we can
easily show that, for anyh > 0,

−Y1 ≤ xi(t + h)− xi(t) ≤ Y2, (24)

∗A similar problem with feedback delay is treated in [10] although the model
there does not involve any flow-level dynamics.
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whereY1 andY2 are some Poisson random variables with mean
ωh and independent ofx(t) andφ(t). Then, for eachi andh < 1,
we can upper bound the expectation in (23) by

1
h
E




xi(t+h)∑
n=1

U
′
i

(cρi

n

)
−

xi(t)∑
n=1

U
′
i

(cρi

n

)



≤ 1
h
E

[ Y2∑
n=1

U
′
i

(
cρi

xi(t) + n

)]

≤ 1
h
E

[ Y2∑
n=1

U
′
i

(
cρi

xi(t) + Y2

)]

≤ 1
h
E

[ Y2∑
n=1

(xi(t) + Y2)
s
U
′
i

(cρi

1

)]

≤ 1
h
E

[
xs

i (t)Y2 (1 + Y2)
s
U
′
i (cρi)

]

≤ U
′
i (cρi)

∞∑
n=1

ωn(1 + n)s

(n− 1)!
E [xs

i (t)] ,

where the third step uses the inequalityU
′
(a) ≥ (

a
b

)−s
U
′
(b)

(for a = cρi and b = cρi

xi(t)+Y2
) proven in Lemma 1. Sincexi(t)

is also bounded by a Poisson random variable with meanωt, it
is easy to verify that

∑∞
n=1

ωn(1+n)s

(n−1)! E [xs
i (t)] < ∞, for all t.

It then provides an upper bound for the expectation in (23) that
is needed for the Dominated Convergence Theorem to hold. To
obtain a lower bound for the expectation in (23), we have

1
h
E




xi(t+h)∑
n=1

U
′
i

(cρi

n

)
−

xi(t)∑
n=1

U
′
i

(cρi

n

)



≥ − 1
h
E




min(Y1,xi(t))−1∑
n=0

U
′
i

(
cρi

xi(t)− n

)


≥ − 1
h
E




min(Y1,xi(t))−1∑
n=0

U
′
i

(
cρi

xi(t)

)


≥ − 1
h
E

[
Y1x

s
i (t)U

′
i

(cρi

1

)]

≥ −U
′
i (cρi)

∞∑
n=1

ωn

(n− 1)!
E [xs

i (t)] .

Since
∑∞

n=1
ωn

(n−1)!E [xs
i (t)] < ∞ for all t, this provides the lower

bound needed for the Dominated Convergence Theorem to hold.
Thus, we can move the limit (ash → 0) inside the expectation
in (23). Let Ft = σ {x(u), u ≤ t} denote theσ-field generated
by the history up to timet. We derive an explicit expression for
Ẇ (t) as shown in equation (25). Next, in order to boundẆ (t)
under the utility gap and the information delay conditions (5), we
first prove the following lemma, which can be used to provide an
upper bound on last term in (25).

Lemma 2:Consider any traffic intensityρ ∈ Ř and constant
C > 0. If the suboptimal rate allocationφ(t) satisfies the utility
gap condition in (5), there exists positive constantsγ > 0 and
ε > 0 such that for all|r| < C and for any network state satisfying

maxi x̂i(t) > γ, the following inequality holds:
∑

i:x̂i(t)≥1 ρi(1 + ε)3U
′
i

(
(1+ε)4ρi

x̂i(t)

)
− φi(t)U

′
i

(
(1+ε)4ρi

x̂i(t)+r

)

≤ 0. (28)

Proof: Under the traffic conditionρ ∈ Ř, there existε ≥ 0
and δ ≥ 0 such that rate vector(1 + ε)4(1 − δ)−

1
|1−s| ρ satisfies

the feasible rate constraints, i.e.

(1 + ε)4(1− δ)−
1

|1−s| ρ ∈ R (29)

According to the utility gap condition in (5), we can conclude
that for anyδ ≥ 0, there exists a positiveγ1 such that for allx(t)
satisfyingmaxi x̂i(t) > γ1,

∆(x̂(t)) ≤ δ

∣∣∣∣∣∣
∑

i:x̂i(t)≥1

x̂i(t)Ui(
φopt,i(x̂(t))

x̂i(t)
)

∣∣∣∣∣∣
. (30)

To remove the absolute value on the right hand side of (30), we
first assume the utility function to be non-negative. Letu ∈ R be
an arbitrary rate vector andδ0 = (1− δ)

1
|1−s| . In view of (2) we

obtain the following inequalities, for allmaxi x̂i(t) > γ1,

0 = ∆(x̂(t)) +
∑

i:x̂(t)≥1

x̂i(t)Ui

(
φi(t)
x̂i(t)

)

−
∑

i:x̂(t)≥1

x̂i(t)Ui

(
φopt,i(x̂i(t))

x̂i(t)

)

≤
∑

i:x̂(t)≥1

x̂i(t)Ui

(
φi(t)
x̂i(t)

)
− (1− δ)x̂i(t)Ui

(
φopt,ix̂i(t)

x̂i(t)

)

≤
∑

i:x̂(t)≥1

x̂i(t)Ui

(
φi(t)
x̂i(t)

)
− (1− δ)x̂i(t)Ui

(
ui

x̂i(t)

)

≤
∑

i:x̂(t)≥1

x̂i(t)Ui

(
φi(t)
x̂i(t)

)
− x̂i(t)Ui

(
δ0ui

x̂i(t)

)

≤
∑

i:x̂(t)≥1

[φi(t)− δ0ui]U
′
i

(
δ0ui

x̂i(t)

)

where the third step follows directly from Lemma 1 by letting
a = ui and b = δ0ui, and the last step holds since the utility
function Ui(·) is concave. Choosingu = (1+ε)4

δ0
ρ, we derive

∑

i:x̂(t)≥1

U
′
i

(
(1 + ε)4ρi

x̂i(t)

) [
(1 + ε)4ρi − φi(t)

] ≤ 0. (31)

When the optimal utility value in (30) is negative, using the same
proof technique and choosingδ0 = (1 + δ)−

1
|1−s| , we can show

that the inequality (31) is also satisfied. Note that (31) is almost
the same as (28), except for a constantr in the denominator.
Toward this end, we make use of the monotonicity ofU

′
i (·) and

the inequalityU
′
(a) ≥ (

a
b

)−s
U
′
(b) (for a ≥ b > 0) proven in

Lemma 1. For|r| < C, we get a chain of inequalities in equation
(26), where the fifth step is from (51) and in the third step,Ks

is a proper constant depending onC, such that both
(
1 + C

z

)s ≤
1 + KsC

z and
(
1− C

z

)s ≥ 1 − KsC
z hold for all z ≥ 1. Since

the feasible rate regionR is bounded, we haveφi(t) ≤ ψ for
someψ > 0. Then, it is easy to show that each term in the last



9

Ẇ (t) = lim
h→0

W (t + h)−W (t)
h

= lim
h→0

E [E[V (x(t + h))|Ft]− V (x(t))]
h

=
N∑

i=1

E

[
+∞∑
n=1

lim
h→0

P(ai(t, h)− di(t, h) = n|Ft)
h

n∑

k=1

U
′
i

(
cρi

xi(t) + k

)

−
xi(t)∑
n=1

lim
h→0

P(ai(t, h)− di(t, h) = −n|Ft)
h

0∑

k=−n+1

U
′
i

(
cρi

xi(t) + k

)


=
N∑

i=1

E
[
λiU

′
i

(
cρi

xi(t) + 1

)
− µiφi(t)U

′
i

(
cρi

xi(t)

)
1{xi(t)≥1}

]
(25)

∑

i:x̂(t)≥1

ρi(1 + ε)3U
′
i

(
(1 + ε)4ρi

x̂i(t)

)
− φi(t)U

′
i

(
(1 + ε)4ρi

x̂i(t) + r

)

≤
∑

i:x̂i≤C

ρi(1 + ε)3U
′
i

(ρi

C

)
+

∑

i:x̂i(t)>C

{
ρi(1 + ε)3U

′
i

(
(1 + ε)4ρi

x̂i(t)

)
− φi(t)U

′
i

(
(1 + ε)4ρi

x̂i(t)− C

)}

≤
∑

i:x̂i≤C

ρi(1 + ε)3U
′
i

(ρi

C

)
+

∑

i:x̂i(t)>C

{
ρi(1 + ε)3U

′
i

(
(1 + ε)4ρi

x̂i(t)

)
− φi(t)

(
1− C

x̂i(t)

)s

U
′
i

(
(1 + ε)4ρi

x̂i(t)

)}

≤
∑

i:x̂i≤C

ρi(1 + ε)3U
′
i

(ρi

C

)
+

∑

i:x̂i(t)>C

{
ρi(1 + ε)3U

′
i

(
(1 + ε)4ρi

x̂i(t)

)
− φi(t)

(
1− KsC

x̂i(t)

)
U
′
i

(
(1 + ε)4ρi

x̂i(t)

)}

≤
∑

i:x̂i≤C

ρi(1 + ε)3U
′
i

(ρi

C

)
+

∑

i:x̂i(t)>C

{[
ρi(1 + ε)3 +

φi(t)KsC

x̂i(t)

]
U
′
i

(
(1 + ε)4ρi

x̂i(t)

)
− φi(t)U

′
i

(
(1 + ε)4ρi

x̂i(t)

)}

≤
∑

i:x̂i≤C

ρi(1 + ε)3U
′
i

(ρi

C

)
+

∑

i:x̂i(t)>C

{[
ρi(1 + ε)3 +

φi(t)KsC

x̂i(t)

]
U
′
i

(
(1 + ε)4ρi

x̂i(t)

)
− ρi(1 + ε)4U

′
i

(
(1 + ε)4ρi

x̂i(t)

)}

=
∑

i:x̂i≤C

ρi(1 + ε)3U
′
i

(ρi

C

)
+

∑

i:x̂i(t)>C

{[
φi(t)KsC

x̂i(t)
− ερi(1 + ε)3

]
U
′
i

(
(1 + ε)4ρi

x̂i(t)

)}
(26)

Ẇ (t) =
N∑

i=1

E
[
λiU

′
i

(
cρi

xi(t) + 1

)
− µiφi(t)U

′
i

(
cρi

xi(t)

)
1{xi(t)≥1}

]

≤ A1 +
∑

i:xi(t)≥1

E
[
λiU

′
i

(
cρi

xi(t) + 1

)
− µiφi(t)U

′
i

(
cρi

xi(t)

)]

≤ A1 + A2 +
∑

i:xi(t)≥1

E
[
λi

(
1 +

1
xi(t)

)s

U
′
i

(
cρi

xi(t)

)
1{x(t)∈Gc} − µiφi(t)U

′
i

(
cρi

xi(t)

)
1Et1{maxi x̂i(t)>ξ−2C}

]

≤ A1 + A2 +
∑

i:xi(t)≥1

E
[
λi

(
1 +

Ks

xi(t)

)
U
′
i

(
cρi

xi(t)

)
1{x(t)∈Gc}

]
− (1 + ε)3

∑

i:x̂i(t)≥1

E
[
λiU

′
i

(
cρi

x̂i(t)

)
1Et1{maxi x̂i(t)>ξ−2C}

]

≤ A1 + A2 +
∑

i:xi(t)≥1

E
[
λi

(
1 +

ε

2

)
U
′
i

(
cρi

xi(t)

)
1{x(t)∈Gc}

]
− (1 + ε)3

∑

i:x̂i(t)≥1

E
[
λiU

′
i

(
cρi

x̂i(t)

)
1Et1{maxi x̂i(t)>ξ−2C}

]
(27)
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summation in (26) can be upper bounded, i.e.
[
φi(t)KsC

x̂i(t)
− ερi(1 + ε)3

]
U
′
i

(
(1 + ε)4ρi

x̂i(t)

)

≤ sup
1≤x̂i(t)≤ ψKsC

ερi(1+ε)3

ψKsC

x̂i(t)
U
′
i

(
(1 + ε)4ρi

x̂i(t)

)

≤ ψKsCU
′
i

(
ερ2

i (1 + ε)7

ψKsC

)
, ∀i (32)

Combining (32) and Assumption (c) of the utility function in
section II, we conclude (26)→ −∞ as maxi x̂i(t) → +∞.
This means that there exists a constantγ > γ1, such that for
maxi x̂i(t) > γ, we have (26)≤ 0. This completes the proof of
the lemma.

Now we choosec = (1 + ε)4 in the Lyapunov function (22)
and use Lemma 2 to provide an upper bound for the expected
drift Ẇ (t). From the last part of the proof of Lemma 2, we can
also conclude that there exists a constantγ2 > 0, such that for
maxi x̂i(t) > γ2 we have

∑
i:x̂i(t)≥1

(
KsC
x̂i(t)

− ε
2

)
U
′
i

(
cρi

x̂i(t)

)
≤

0. So if we chooseξ = max{γ, γ2} + 2C (which implies
maxi x̂i(t) > max{γ, γ2} when maxi xi(t) > ξ and ||x(t) −
x̂(t)||1 < 2C), then we can construct a bounded region,
denoted byG = {x(t) : maxi xi(t) ≤ ξ}, within which∑N

i=1 λiU
′
i

(
cρi

xi(t)+1

)
≤ A2 < ∞ is bounded for allx(t) ∈ G.

Further, we define another constantA1 =
∑N

i=1 λiU
′
i (cρi).

Define the eventEt = {||x(t − u) − x(t − Ω)||1 < C, ∀u ∈
[0,Ω]}, i.e. it is the event that the maximum change of network
state within timet−Ω to t is bounded byC. Since the information
delay is bounded byτ(t) < Ω, eventEt implies that

||x(t)− x̂(t)||1 ≤ ||x(t)− x(t− Ω)||1 + ||x̂(t)− x(t− Ω)||1
< 2C. (37)

If maxi x̂i(t) > ξ−2C, the conditions in Lemma 2 are all satisfied
under eventEt. Then, we can bound the expected driftẆ (t) by
the equation (27), where the third inequality is direct from Lemma
2. To bound (27), we need to prove the following inequality.

Lemma 3:For sufficiently largeC > 0 and A3 > 0, the last
term in (27) can be bounded by

2A3 +
∑

i:x̂i(t)≥1

E
[
λiU

′
i

(
cρi

x̂i(t)

)
1Et1{maxi x̂i(t)>ξ−2C}

]

≥ 1
(1 + ε)2

∑

i:xi(t)≥1

E
[
λiU

′
i

(
cρi

xi(t)

)
1{x(t)∈Gc}

]
. (38)

Proof: The main idea here is that, whenC is large,P(Et) is
close to 1. However, the difficult part in proving (38) is that the
three product terms inside the expectation on the left hand side are
dependent. To handle this, we introduce the network statexΩ(t) =
x(t−Ω) at timet−Ω as an auxiliary variable and bound both sides
of (38) with respect toxΩ(t), respectively. First, we prove a chain
of inequalities in equation (34), where the third inequality uses the
fact thatx̂ > ξ−2C ≥ γ2 whenmaxi xΩ

i (t) > ξ−C and eventEt

occurs. To allow the summation to change from{i : xΩ
i (t) ≥ 1}

to {i : x̂i(t) ≥ 1} in step 2 above, we define a positive constant
A3, which upper bounds the terms corresponding tox̂i(t) = 0,

i.e.
∑

i:xΩ
i (t)≥1 E

[
λiU

′
i

(
cρi

xΩ
i (t)

)
1{x̂i(t)=0}

]
< A3. The constant

A3 exists because
∑

i:xΩ
i (t)≥1

E
[
λiU

′
i

(
cρi

xΩ
i (t)

)
1{x̂i(t)=0}

]

≤
∑

i:xΩ
i (t)≥1

E
[
λi

∣∣xΩ
i (t)

∣∣s U
′
i

(cρi

1

)
1{x̂i(t)=0}

]

=
∑

i:xΩ
i (t)≥1

E
[
λi

∣∣x̂i(t)− xΩ
i (t)

∣∣s U
′
i

(cρi

1

)
1{x̂i(t)=0}

]

< +∞, (39)

where
∣∣x̂i(t)− xΩ

i (t)
∣∣ can be bounded by a Poisson random

variable with meanωΩ. Then, inequality (34) establishes a lower
bound on the left hand side of (38). To derive an upper bound for
the right hand side of (38), we prove a chain of inequalities in
(33) using the same argument as above. The first term in (33) can
be bounded by equation (33). Recall thatxΩ

i (t) = xi(t − Ω).
Given Ft−Ω, |xi(t) − xΩ

i (t)| can be bounded by a Poisson-
distributed random variableY with meanωΩ, because the arrival
and departure rates are both bounded byω > 0. Thus the
following limit exists:

lim
C→∞

E
[(

1 +
∣∣xi(t)− xΩ

i (t)
∣∣)s

1Et

∣∣Ft−Ω

]

≤ E [(1 + Y)s] < ∞. (40)

This implies that for fixeds ≥ 0, we can pick a sufficiently
largeC > 0 such thatE

[(
1 +

∣∣xi(t)− xΩ
i (t)

∣∣)s
1Ec

t

∣∣Ft−Ω

] ≤ ε
2 .

Plugging this result into (35), we obtain
∑

i:xi(t)≥1

E
[
λiU

′
i

(
cρi

xi(t)

)
1Ec

t
1{maxi xi(t)>ξ}

]

≤ 2A3 +
∑

i:xΩ
i (t)≥1

E
[

ε

2
λiU

′
i

(
cρi

xΩ
i (t)

)
1{maxi xΩ

i (t)>ξ−C}

]
.

(41)

We can prove a chain of inequalities in (36), which further result
in

∑

i:xΩ
i (t)≥1

E
[

ε

2
λiU

′
i

(
cρi

xΩ
i (t)

)
1{maxi xΩ

i (t)>ξ−C}

]

≤ ε

2− ε

∑

i:xΩ
i (t)≥1

E
[
λiU

′
i

(
cρi

xΩ
i (t)

)
1Et1{maxi xΩ

i (t)>ξ−C}

]
.

(43)

For ε < 1
2 , we combing (33), (41), and (43), and derive upper

bound for the right hand side of (38), as in (42). The inequality
(38) is immediate from (34) and (42).

From (27) and Lemma 3, we derive an upper bound for the
expected driftẆ (t):

Ẇ (t)

≤ A1 + A2 + 2A3 − ε

2

∑

i:xi(t)≥1

E
[
λiU

′
i

(
cρi

xi(t)

)
1{x(t)∈Gc}

]

≤ A1 + 2A2 + 2A3 − ε

2

∑

i:xi(t)≥1

E
[
λiU

′
i

(
cρi

xi(t)

)]
. (44)
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∑

i:xi(t)≥1

E
[
λiU

′
i

(
cρi

xi(t)

)
1{maxi xi(t)>ξ}

]

=
∑

i:xi(t)≥1

E
[
λiU

′
i

(
cρi

xi(t)

)
1Ec

t
1{maxi xi(t)>ξ} + λiU

′
i

(
cρi

xi(t)

)
1Et

1{maxi xi(t)>ξ}

]

≤ A3 +
∑

i:xi(t)≥1

E
[
λiU

′
i

(
cρi

xi(t)

)
1Ec

t
1{maxi xi(t)>ξ}

]
+

∑

i:xΩ
i (t)≥1

E
[(

1 +
KsC

xΩ
i (t)

)
λiU

′
i

(
cρi

xΩ
i (t)

)
1Et

1{maxi xΩ
i (t)>ξ−C}

]

≤ A3 +
∑

i:xi(t)≥1

E
[
λiU

′
i

(
cρi

xi(t)

)
1Ec

t
1{maxi xi(t)>ξ}

]
+

∑

i:xΩ
i (t)≥1

E
[(

1 +
ε

2

)
λiU

′
i

(
cρi

xΩ
i (t)

)
1Et

1{maxi xΩ
i (t)>ξ−C}

]
(33)

∑

i:xΩ
i (t)≥1

E
[
λiU

′
i

(
cρi

xΩ
i (t)

)
1Et

1{maxi xΩ
i (t)>ξ−C}

]

=
∑

i:xΩ
i (t)≥1

E
[
λiU

′
i

(
cρi

xΩ
i (t)

)
1Et1{x̂i(t)<xΩ

i (t),maxi xΩ
i (t)>ξ−C} + λiU

′
i

(
cρi

xΩ
i (t)

)
1Et1{x̂i(t)≥xΩ

i (t),maxi xΩ
i (t)>ξ−C}

]

≤ A3 +
∑

i:x̂i(t)≥1

E
[
λi

(
xΩ

i (t)
x̂i(t)

)s

U
′
i

(
cρi

x̂i(t)

)
1Et1{x̂i(t)<xΩ

i (t),maxi xΩ
i (t)>ξ−C} + λiU

′
i

(
cρi

x̂i(t)

)
1Et1{x̂i(t)≥xΩ

i (t),maxi xΩ
i (t)>ξ−C}

]

≤ A3 +
∑

i:x̂i(t)≥1

E
[
λi

(
1 +

KsC

x̂i(t)

)
U
′
i

(
cρi

x̂i(t)

)
1Et1{x̂i(t)<xΩ

i (t),maxi xΩ
i (t)>ξ−C} + λiU

′
i

(
cρi

x̂i(t)

)
1Et1{x̂i(t)≥xΩ

i (t),maxi xΩ
i (t)>ξ−C}

]

≤ A3 +
∑

i:x̂i(t)≥1

E
[
λi

(
1 +

KsC

x̂i(t)

)
U
′
i

(
cρi

x̂i(t)

)
1Et1{maxi xΩ

i (t)>ξ−C}

]

≤ A3 +
∑

i:x̂i(t)≥1

E
[
λi

(
1 +

ε

2

)
U
′
i

(
cρi

x̂i(t)

)
1Et1{maxi xΩ

i (t)>ξ−C}

]

≤ A3 +
∑

i:x̂i(t)≥1

E
[
λi

(
1 +

ε

2

)
U
′
i

(
cρi

x̂i(t)

)
1Et1{maxi x̂i(t)>ξ−2C}

]
(34)

∑

i:xi(t)≥1

E
[
λiU

′
i

(
cρi

xi(t)

)
1Ec

t
1{maxi xi(t)>ξ}

]

=
∑

i:xi(t)≥1

E
[
λiU

′
i

(
cρi

xi(t)

)
1Ec

t
1{xΩ

i (t)<xi(t)}1{maxi xi(t)>ξ} + λiU
′
i

(
cρi

xi(t)

)
1Ec

t
1{xΩ

i (t)≥xi(t)}1{maxi xi(t)>ξ}

]

≤ A3 +
∑

i:xΩ
i (t)≥1

E
[
λi

(
xi(t)
xΩ

i (t)

)s

U
′
i

(
cρi

xΩ
i (t)

)
1Ec

t
1{maxi xi(t)>ξ}1{xΩ

i (t)<xi(t)} + λiU
′
i

(
cρi

xΩ
i (t)

)
1Ec

t
1{maxi xi(t)>ξ}1{xΩ

i (t)≥xi(t)}

]

≤ A3 +
∑

i:xΩ
i (t)≥1

E
[
λi

(
1 +

∣∣∣∣
xi(t)− xΩ

i (t)
xΩ

i (t)

∣∣∣∣
)s

U
′
i

(
cρi

xΩ
i (t)

)
1Ec

t
1{maxi xi(t)>ξ}

]

≤ A3 +
∑

i:xΩ
i (t)≥1

E
[
λiU

′
i

(
cρi

xΩ
i (t)

)
1{maxi xΩ

i (t)>ξ−C}E
[(

1 +
∣∣xi(t)− xΩ

i (t)
∣∣)s

1Ec
t

∣∣Ft−Ω

]]
(35)

∑

i:xΩ
i (t)≥1

E
[

ε

2
λiU

′
i

(
cρi

xΩ
i (t)

)
1{maxi xΩ

i (t)>ξ−C}

]

=
∑

i:xΩ
i (t)≥1

E
[

ε

2
λiU

′
i

(
cρi

xΩ
i (t)

)
1Ec

t
1{maxi xΩ

i (t)>ξ−C} +
ε

2
λiU

′
i

(
cρi

xΩ
i (t)

)
1Et1{maxi xΩ

i (t)>ξ−C}

]

=
∑

i:xΩ
i (t)≥1

E
[

ε

2
λiU

′
i

(
cρi

xΩ
i (t)

)
1{maxi xΩ

i (t)>ξ−C}E
[
1Ec

t

∣∣Ft−Ω

]
+

ε

2
λiU

′
i

(
cρi

xΩ
i (t)

)
1Et1{maxi xΩ

i (t)>ξ−C}

]

≤
∑

i:xΩ
i (t)≥1

E
[
ε2

4
λiU

′
i

(
cρi

xΩ
i (t)

)
1{maxi xΩ

i (t)>ξ−C} +
ε

2
λiU

′
i

(
cρi

xΩ
i (t)

)
1Et1{maxi xΩ

i (t)>ξ−C}

]
. (36)
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∑

i:xi(t)≥1

E
[
λiU

′
i

(
cρi

xi(t)

)
1{maxi xi(t)>ξ}

]
≤ 2A3 +

(
1 +

ε

2
+

ε

2− ε

) ∑

i:xΩ
i (t)≥1

E
[
λiU

′
i

(
cρi

xΩ
i (t)

)
1Et1{maxi xΩ

i (t)>ξ−C}

]
,

≤ 2A3 + (1 + ε)2
∑

i:xΩ
i (t)≥1

E
[
λiU

′
i

(
cρi

xΩ
i (t)

)
1Et

1{maxi xΩ
i (t)>ξ−C}

]
. (42)

Hence, by rearranging the terms and integrating (44) fromt = 0
to t = T , we obtain

lim sup
T→∞

1
T

∫ T

t=0

E


 ∑

i:xi(t)≥1

λiU
′
i

(
cρi

xi(t)

)
 dt

≤ lim sup
T→∞

2W (0)
Tε

+
2A1 + 4A2 + 4A3

ε

=
2A1 + 4A2 + 4A3

ε
(45)

Since functionU
′
i (·) is a non-negative and non-decreasing func-

tion and lim
z→∞

U
′
i

(
1
z

)
= ∞, equation (45) implies the stability

of the network, as claimed in the definition of flow-level stability
definition (4). The case whenUi(·) is negative can be shown
analogously.

C. Proof of Proposition 1.

Proof: To prove that the network is unstable when the
information delay is zero and the utility gap is on the same order
as that of the optimal utility (6), we construct a counter-example,
in which the expected total queue-length grows unbounded as time
t increases. Consider a network with two classes of flows and a
feasible rate region depicted in Figure 5. For anα-fair utility

A

B

2

1

C

Fig. 5. The feasible rate region under consideration.

with α = 1/2, let φopt(x(t)) denote the optimal rate allocation
for statex(t) at timet. We define a suboptimal rate allocation by

φ(t) =





φopt(x(t)), if φopt(x(t)) does not lie on ÂB
φA, otherwise, if x1(t) > x2(t)
φB , otherwise, if x1(t) ≤ x2(t)

(46)

whereÂB denotes the boundary of the rate region between points
A and B, andφA and φB are the optimal rate vectors at points
A and B respectively. To prove Proposition 1, we notice that
∆(x(t)) = 0 for all φopt(x(t)) ∈ ÂB. It can be shown that the
utility gap is on the same order as the optimal utility, i.e.

lim sup
maxi xi(t)→∞

∆(x(t))∣∣∣∑N
i=1 xi(t)Ui(

φopt,i(t)
xi(t)

)
∣∣∣

= 1− lim inf
maxi xi(t)→∞

√
x1(t)φ1(t) +

√
x2(t)φ2(t)√

x1(t)φopt,1(t) +
√

x2(t)φopt,2(t)

≤ 1− lim inf
maxi xi(t)→∞

√
x1(t)φB,1 +

√
x2(t)φA,2√

x1(t)φA,1 +
√

x2(t)φB,2

≤ 1−min

(√
φB,1

φA,1
,

√
φA,2

φB,2

)

where the second step holds becauseφB,1 ≤ φ1(t) ≤ φA,1 and
φA,2 ≤ φ2(t) ≤ φB,2 for any rate vectorφ(t) that lies onÂB.
Hence, the rate allocation policyφ(t) satisfies condition (6) as
claimed.

Next, we choose a pointC as the middle point of lineAB
and show that for small enoughε > 0, the network is unstable
under traffic intensityρ = (1 + ε)φC ∈ Ř. Consider a Lyapunov
function defined by the weighted sum queue-length

V (x) = µ−1
1 w1x1 + µ−1

2 w2x2 (47)

where w1 = φB,2 − φA,2 and w2 = φA,1 − φB,1 are two
positive constants. Then, formulating the expected Lyapunov
function W (t) = E [V (x(t))] as in Theorem 1, we can show
that the expected drift is strictly above zero for traffic intensity
ρ = (1 + ε)φC ∈ R with a small enoughε > 0, i.e.

Ẇ (t) = E

[
2∑

i=1

λi

µi
wi − wiφi(t)

]

= ε(w1φC,1 + w2φC,2) + E [w1(φC,1 − φ1(t))]
+E [w2(φC,2 − φ2(t))]

≥ ε(w1φC,1 + w2φC,2) > 0

where the third inequality holds since the suboptimal rate allo-
cationφ(t) always lies below the straight lineAB, whose slope
is −w1

w2
. Thus, for the choice of Lyapunov function (47) and the

traffic intensityρ = (1 + ε)φC ∈ R, the expected driftẆ (t) is
strictly above zero by a constantε(w1φC,1+w2φC,2). This implies
that the network is unstable, sincelim

t→∞
W (t) = ∞ ast →∞.

D. Proof of Theorem 2.

Proof: We use the same proof technique as in Theorem 1,
and show that whenever the traffic conditionρ ∈ (1−η)

1
|1−s| Ř is

satisfied, the network is stable under the suboptimal rate allocation
policy φ(t) satisfying (7). Consider the the same Lyapunov func-
tion V (x) =

∑N
i=1

∑xi

n=1 U
′
i

(
cρi

n

)
as in the proof of Theorem

1. For the expected Lyapunov functionW (t) = E[V (x(t))], we
derive exactly the same drifṫW (t) as in (25). Next, to bounḋW
under the utility gap condition (7), we prove the following lemma,
which is similar to Lemma 3 in the proof of Theorem 1.

Lemma 4:Consider any traffic intensityρ ∈ (1−η)
1

|1−s| Ř and
constantC > 0. If the suboptimal rate allocationφ(t) satisfies the
utility gap condition in (7), there exists positive constantsγ > 0
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and ε > 0 such that for all|r| < C and for any network state
satisfyingmaxi x̂i(t) > γ, the following inequality holds:

∑
i:x̂i(t)≥1 ρi(1 + ε)3U

′
i

(
(1+ε)4ρi

x̂i(t)

)
− φi(t)U

′
i

(
(1+ε)4ρi

x̂i(t)+r

)

≤ 0. (48)

Proof: Under the traffic intensityρ ∈ (1 − η)
1

|1−s| Ř, there
exist ε ≥ 0 and δ ≥ 0 such that rate vector(1 + ε)4[1 − (1 +
δ)η]−

1
|1−s| ρ satisfies the feasible rate constraints, i.e.

(1 + ε)4[1− (1 + δ)η]−
1

|1−s| ρ ∈ R (49)

According to the utility gap condition in (7), we can conclude
that for anyδ ≥ 0, there exists a positiveγ1 such that for allx(t)
satisfyingmaxi x̂i(t) > γ1,

∆(x̂(t)) ≤ η(1 + δ)

∣∣∣∣∣∣
∑

i:x̂i(t)≥1

x̂i(t)Ui(
φopt,i(x̂(t))

x̂i(t)
)

∣∣∣∣∣∣
. (50)

To remove the absolute value on the right hand side of (50), we
first assume that the utility function is non-negative. Letu ∈ R
be an arbitrary rate vector andδ0 = [1−(1+δ)η]

1
|1−s| . In view of

(2) we obtain the following inequalities, for allmaxi x̂i(t) > γ1,

0 =
∑

i:x̂i(t)≥1

x̂i(t)Ui(
φi(t)
x̂i(t)

) + ∆(x̂(t))

−
∑

i:x̂i(t)≥1

x̂i(t)Ui(
φopt,i(x̂i(t))

x̂i(t)
)

≤
∑

i:x̂i(t)≥1

x̂i(t)Ui(
φi(t)
x̂i(t)

)− [1− (1 + δ)η]x̂i(t)Ui(
φopt,ix̂i(t)

x̂i(t)
)

≤
∑

i:x̂i(t)≥1

x̂i(t)Ui(
φi(t)
x̂i(t)

)− [1− (1 + δ)η]x̂i(t)Ui(
ui

x̂i(t)
)

≤
∑

i:x̂i(t)≥1

x̂i(t)Ui(
φi(t)
x̂i(t)

)− x̂i(t)Ui(
δ0ui

x̂i(t)
)

≤
∑

i:x̂i(t)≥1

[φi(t)− δ0ui] U
′
i (

δ0ui

x̂i(t)
)

where the third step follows directly from Lemma 1 by letting
a = ui and b = δ0ui, and the last step holds since the utility
function Ui(·) is concave. Choosingu = (1+ε)4

δ0
ρ, we derive

∑

i:x̂i(t)≥1

U
′
i

(
(1 + ε)4ρi

x̂i(t)

) [
(1 + ε)4ρi − φi(t)

] ≤ 0. (51)

When the optimal utility value in (50) is negative, using the same
proof technique and choosingδ0 = (1 + (1 + δ)η)−

1
|1−s| , we can

show that the inequality (51) is also satisfied. The rest of proof
follows directly from the proof of Lemma 2. We make use of the
monotonicity ofU

′
i (·) and the inequalityU

′
(a) ≥ (

a
b

)−s
U
′
(b)

(for a ≥ b > 0). For any|r| < C, we get

∑

i:x̂i(t)≥1

ρi(1 + ε)3U
′
i

(
(1 + ε)4ρi

x̂i(t)

)
− φi(t)U

′
i

(
(1 + ε)4ρi

x̂i(t) + r

)

≤
∑

i:x̂i(t)≥1

ρi(1 + ε)3U
′
i

(ρi

C

)

+
∑

i:x̂i(t)≥1

[
φi(t)KsC

x̂i(t)
− ερi(1 + ε)3

]
U
′
i

(
(1 + ε)4ρi

x̂i(t)

)
.(52)

Due to Assumption (c) of the utility function in section II, we
conclude (52)→ −∞ as maxi x̂i(t) → +∞. This means that
there exists a constantγ > γ1, such that formaxi x̂i(t) > γ, we
have (52)≤ 0. This completes the proof of the lemma.

Now we choosec = (1 + ε)4 in the Lyapunov function and
use Lemma 3 to provide an upper bound for the expected drift
Ẇ (t). The rest of the derivation is exactly the same as the proof
of Theorem 1 and thus will not be elaborated here. To conclude,
we obtain

lim sup
T→∞

1
T

∫ T

t=0

E


 ∑

i:xi(t)≥1

λiU
′
i

(
cρi

xi(t)

)
 dt

≤ 2A1 + 4A2 + 4A3

ε

Because functionU
′
i (·) is a non-negative and non-decreasing

function and lim
z→∞

U
′
i

(
1
z

)
= ∞, the last equation above

implies the stability of the network under the traffic intensity
ρ ∈ (1−η)

1
|1−s|R. The case whenUi(·) is negative can be shown

analogously.

E. Proof of Theorem 3.

Proof: As the first step, we form the Lagrangian for the
optimization problem (12) as

L(φ, p, q) =
N∑

i=1

φi + pT (c−Rφ) + q(V (φ) + ∆− Uopt)

whereV (φ) =
∑N

i=1 xα
i φ1−α

i /(1−α) is the achievable utility of a
rate allocationφ. Vectorp and scalarq are Lagrangian multipliers
for the two constraints in (12) respectively. At the optimal point
of (12), the KKT conditions for optimality are given by

Rφ = c, V (φ) = Uopt −∆ (53)

RT p− q
dV (φ)

dφ
− d(

∑N
i=1 φi)
dφ

= 0 (54)

From the implicit function theorem, variablesφ, p and q can be
viewed as implicit functions of∆, which is uniquely defined by
the KKT conditions (53) and (54). We define a vectory = [φ; p; q]
and a residual

G(y, ∆) =




RT p− q dV (φ)
dφ − 1

Rφ− c
Uopt −∆− V (φ)


 (55)

where 1 is a N × 1 vector consisting of all one’s. Then the
KKT conditions can be rewritten asG(y, ∆) = 0. The first order
derivative of the residualG(y, ∆) can be obtained as follows

∂G

∂y
=




qD RT −dV (φ)T

dφ

R 0 0
−dV (φ)

dφ 0 0


 =

(
qD R̂T

R̂ 0

)
(56)
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and ∂G
∂∆ =

(
0 0 −1

)T
, whereR̂ = [R;−dV (φ)/dφ] is an

extended routing matrix andD is a diagonal matrix of the form

D = α · diag
{
[φ−α−1

1 ; . . . ;φ−α−1
N ]

}
(57)

Let e = [0, 0, . . . , 1]T . From the implicit function theorem, we
obtain

dy
d∆ = −

(
∂G

∂y

)−1
∂G

∂∆

=
(

qD R̂T

R̂ 0

)−1 (
0
e

)

=

(
D−1R̂T

(
R̂D−1R̂T

)−1

e

∗

)
(58)

This implies

∂T
∂∆ =

d
(∑N

i=1 φi

)

dφ
· dφ

d∆
= 1T D−1R̂T

(
R̂D−1R̂T

)−1

e

Moreover, considering (56), we obtain
(
R̂D−1R̂T

)−1

= HT ·K ·H (59)

whereK andH are axillary matrices given by

H =

(
I 0

−
(

xα

φα

)T

D−1RT
(
RD−1RT

)−1 1

)
(60)

and

K =

( (
RD−1RT

)−1 0
0 1

( xα

φα )T ·A−1·( xα

φα )

)
(61)

where the vector division and powerxα/φα are component-wise.
The matrixA is defined as shown in Theorem 3. Plugging the
expression forR̂ and performing some matrix manipulation, we
derive the desired result.

F. Proof of Theorem 4.

Proof: we first notice that optimization problem (16) can be
rewritten as

Z(∆) = min
φ

Z (62)

s.t. Rφ ¹ Zc, φ º 0
N∑

i=1

xα
i

φ1−α
i

1− α
≥ Uopt −∆

Its Lagrangian is then given by

L(φ,Z, p, q) = Z + pT (Rφ− Zc) + q(Uopt − V (φ)−∆)

At the optimal point of (62), the KKT conditions for optimality
are given by

Rφ = Zc, V (φ) = Uopt −∆ (63)

RT p− q
dV (φ)

dφ
− d(

∑N
i=1 φi)
dφ

= 0, pT c = 1 (64)

From the implicit function theorem, variablesφ, Z, p and q can
be viewed as implicit functions of∆, which is uniquely defined

by the KKT conditions (63) and (64). We define a vectory =
[φ; p; q; Z] and a residual

G(y, ∆) =




RT p− q dV (φ)
dφ

Rφ− Zc
Uopt −∆− V (φ)

1− pT c


 (65)

Then the KKT conditions (63) and (64) are equivalent to
G(y, ∆) = 0. From the implicit function theorem, we have

dZ
d∆ = −

(
∂G

∂y

)−1
∂G

∂∆
, (66)

Plugging ∂G
∂y and ∂G

∂∆ into above and performing some matrix
manipulations, we can derive the result in Theorem 4.
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