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Abstract—Network utility maximization has been widely used information delay. There are many situations where only subopti-
to model resource allocation and network architectures. But in  mal solutions to the utility maximization problem are realistically
practice often it cannot be solved optimally due to complexity qmnpytable given the constraints on protocols and timescale: First,

reasons. Thus motivated, we address the following two questions t locati lqorith . tai i ¢
in this paper: can suboptimal utility maximization maintain queue rate aflocation aigorithms requiré certain convergence tme (o

stability? Can under-optimization of utility objective function in fact ~compute the optimal rate allocations. As a result, practical rate
lead to benefits to other network design objectives? We show that allocations are subject to a positive random time delay. In addition,
a resource allocation that is suboptimal with respect to a utility if the network configuration (e.g., the number of active users)
maximization formulation still maintains the maximum flow-level changes faster than the convergence time, the rate allocations

stability when the utility gap is sufficiently small and the information . . .
delay is bounded, and can still provide a guaranteed size of stability will never be optimal. Second, solving some NUM problems

region otherwise. Utility-suboptimal rate allocation can also enhance for rate allocation may require solving non-convex problems
other network performance metrics, e.g., it may increase network even if the resulting feasible rate region is convex. For example,
throughput and reduce link saturation. Quantifying these intuitions, when the feasible rate region of a network is obtained by time-
this paper provides a theoretical support for turning attention from — gharing among different subsets of users, a non-convex multi-
optlm_al but complex solutions o_f network optimization to those that user scheduling problem still needs to be solved in order to find
are simple even though suboptimal. . ; ) ;

the exact rate region achieved by time-sharing [6]. Due to these
reasons, optimal rate allocations might be prohibitive in practice.

The gap between elegant theory and useful practice thus lead
us to the following question: between optimality and simplicity,

The framework of Network Utility Maximization (NUM) has which one should we pick in solving NUM? Driven by the
been very extensively studied over the last decade since [dfactical need for simple yet suboptimal solutions, we allow
Formulating many resource allocation problems as maximizatigboptimal utility maximization, and then quantify the effects
of an increasing and concave utility function over a convex information delay and utility-gap on flow-level stability, and
constraint set, a large number of publications have developg§l other important network performance metrics such as total
iterative, distributed algorithms that converge to the optimum. throughput and link saturation.

Achieving optimality is clearly desirable for two reasons. Not In [7], the authors show that for a class of rate allocation
only does this attain the benchmark of the highest value gligorithms based on the so-called dual solutions, the optimal
network utility, it also guarantees flow-level stochastic stabilitgtability region can be achieved even if the algorithm does not
The number of flows varies over time as they are randomépnverge to the optimal rate allocation at any time. Similar
generated by users and served by the network. This system gBgervations have also been made in switching [8] and scheduling
be viewed as a queuing system where the service rate depgnd$ problems. In this paper, we take a different approach. We
on the resource allocation (e.g., rate control) policy employge#aracterize the capability of a resource allocation algorithm by
by the network. For convex NUM with Markov arrival and zerqwo features: (1) the gap between its utility; and (2) the optimal
information delay (i.e. perfect queue-length information), it hagility and the time delay of the queue length information. We
been shown that for all rate allocation policies maximizindair  study stability as a function of both the utility gap and the
utilities with o > 0, flow-level stochastic stability can be achieveghformation delay. Our results apply to a class of general NUM
if and only if the traffic intensity lies within the rate region, seeformulations, in which the flow-level queuing model are not first-
e.g., [2], [3], [4], [5]. In other words, rate region in the-fair order Markov, thus making our proof technique of independent
utility maximization problem is also the maximum stability regiofnterest to general flow level queueing model. Intuitively, one
under arrival and departure dynamics. would think that the maximum stability region may be retained if

Utility-optimality and flow-level stability are strong benefitsthe utility gap is small and the time delay is bounded, while only
of optimizing NUM. However, in practice it is often prohibitivea reduced stability region can be achieved when the utility gap
to solve NUM optimally, due to computational complexity anthecomes large. This is indeed true. In Section IIl, we show that

when information delay is uniformly bounded by a constant and

_This work has been in part supported by the National Science Foundpe ratio of the utility gap (caused by a suboptimal rate allocation
tion through awards CCF-0448012, CNS-0430487, CNS-0519880, CCF-0635202, h . i h | h
CNS-0720570, CNS-0721484, and ONR YIP award N00014-07-1-0864. An earPliCY) t0 the maximum utility approaches zero as queue lengt

version of this paper has appeared in IEEE Infocom 2008. tends to infinity, the maximum stability region can be retained.

I. INTRODUCTION



However, when the utility gap is in proportion to the maximum  are obtained.
utility, only a reduced stability region can be achieved. In this case,» The results in this paper give a new perspective to look at
We can still provide a lower bound for the achievable stability = suboptimal solutions of the utility maximization problem.
region under rate allocation policies satisfying the information We show that suboptimal rate-allocation policies may not
delay and the utility gap conditions. These results characterize the always be inferior in performance. More precisely, by under-
stability of a broad class of suboptimal rate allocation policies. optimizing a utility and allowing a certain optimization gap,
On the other hand, when information delay is bounded, since we can still retain the maximum flow-level stability and
suboptimal rate allocations with a small enough utility gap is obtain network performance improvements in other metrics.
capable of achieving the maximum stability region, we investigate The remaining of the paper are organized as follows: In Section
the potentialbenefitsof allowing such a utility gap, i.e., the |, we introduce the class of utility functions considered in this
upside of under-optimizing utility objectives. It is clear that byaper and define the utility gap for suboptimal rate allocations.
deliberately under-optimizing a utility, we can achieve networkwo stability results are stated next: in Section A, a sufficient
performance improvement in other metrics. What remains uncleshdition on utility gap and information delay for achieving the
is precisely how much improvement we can possibly achievgaximum flow-level stability is provided. In Section 11l.B, when
by under-optimizing the utility with a given allowable gap. Wehe utility gap of suboptimal rate allocations is proportion to the
formulate the potential performance improvement as a functigfaximum utility, we show that the achievable stability region can
of given utility gap, and derive a first-order approximation fope strictly smaller, and we further obtain a lower bound for all
these tradeoff curves based on local sensitivity (shadow prieghievable stability regions. In Section 1V, we analyze the tradeoff
analysis. This formulation generalizes that in [11], which focus@gtween the utility gap and two network performance metrics:
on how network performance can be affected by the choiae-of total throughput and link saturation. Results based on sensitivity
fair utility and assumes that optimality always holds. Our resuhalysis are derived to measure the benefits of under-optimizing
not only illustrates the potential benefits of under-optimizing @-fair utility. Simulation results are provided at the end of section
utility, but also quantitatively characterizes tiradeoff between |11 and IV respectively. Proofs of all theorems are collected in the
sacrificing utility value and improving other network performancgppendix.
metrics, e.g. the total throughput and link saturation. Our analysisThroughout this paper, we use the following notations: Vectors
can be easily extended beyond the class-Gir utility. are denoted in small letter, e.ge, with their ith component
The key results of this paper are summarized as follows:  denoted byz;. Matrices are denoted by capitalized letters, e.g.,
« For general utility functions satisfying certain assumptions!, with A4;; denoting the{i, j}th component. Vector inequalities
we find a sufficient condition for flow-level stability of denoted byxr = y are considered component-wise. We u3gr)
networks operating under suboptimal rate-allocation policiei® denote a diagonal matrix whose diagonal elements are the
When the utility gap is sufficiently small and the informatiortorresponding components from vectorSubscriptg-)” denotes
delay is upper bounded by a constant, maximum stabilitie matrix transposé?(M) is the probability of an everivl. We
region can be achieved and is shown to be equal to theeR to denote a set of vectors afil for its interior.
feasible rate region, i.e. a network is stable if the average
traffic load at each link is less than its capacity. Il. UTILITY MAXIMIZATION AND GAP
« When the utility gap of suboptimal rate allocations is in Consider a communication network shared by a set of data
proportion to the maximum utility and the information delaylows, which belong toN distinctive flow classes. We assume
is bounded, we show that the achievable stability region c¢hmat flows of class arrive to the network according to a Poisson
be strictly smaller than the feasible rate region. We furth@rocess with rate\;, and each flow of class brings a file for
obtain a lower bound for the achievable stability region itransfer whose size is exponentially distributed with m%‘anA
this case. flow is considered to have left the network when its file transfer
» We formulate and analyze an expected Lyapunov function (sf completed. Letz;(¢t) denote the number of flows of class
the queue-length) and its first order derivative, with respecttcthat remain in the system at time We refer to the vector
the utility gap and information delay introduced in this papes:(t) = [z1(¢),...,zx(t)] as the network state. The problem of
Such a new technique is necessary here because our flagtwork rate allocation is to determine the total rate allocated to
level queuing model with random information delay doeslass: flows in statex(t), denoted byp;(t). Rateg;(t) is equally
not allow a first-order Markov representation. This approadhared by all class{flows, each assigned a rate(t)/x;(t). We
extends the flow-level stability analysis beyond the first-ordegfer to the vectop(t) = [¢1(¢), ..., ¢n(t)] as the rate allocation
Markov queuing model used in our previous work [13]. in statex. The allocation vecto(t) is constrained to lie in a set
« We consider the impact of the utility gap on overall networlR c Rf. The setR may represent varying physical, topological,
performance. Since each utility function is designated fortachnological, and economic constraints of the network under
particular objective, we show that allowing a utility gap givesonsideration. A rate allocatiaf(t) is feasible if¢(¢) € R, which
us freedom to improve other network performance metricsieans that the network can use some resource allocation policy
such as total throughput and maximum link saturation. Thus support the rate vecta#(t). In this paper, we only require the
we formulate and analysis the tradeoff between the utiliget R to be convex, closed and bounded, which holds in many
gap and the two network performance metrics, by employirsgttings, e.g., [3], [6].
a sensitivity analysis of the utility maximization problem. Various network rate control policies can be derived as solving
Close-form solutions for the gradient of the tradeoff curvesome utility maximization problem with different utility functions,



ie. The gapA(Z(t)) measures the difference between suboptimal

b rate allocations and the optimal allocation, caused only by the
bopt (2(t)) = arg s Z xi(t)Ui(xi(t)) imperfect computation of the rate allocation algorithm. Given
iy (t)21 certain conditions on the utility gap(4(¢)) and the information

whereU; is a utility function for flow class. In this paper, we delay process(t), in section Ill, we will characterize the stability
assume that the functid; is continuous and twice differentiableregion of networks with an arbitrary suboptimal rate allocation
on (0,+00). In addition, we assume the utility functions satisfyolicy. In section 1V, we will formulate and analyze the tradeoff

the following conditions: between utility gap and two network performance metrics.
(@ U(z) >0VzandU(0) =0, orU(z) <0 Vz.
(b) U(z) is concave and monotonically increasing. I1l. UTILITY GAP, INFORMATION DELAY AND STABILITY

(€) lim. o U (2) = oo. v We first investigate how stability will be affected by utility gap

(d) There exists a positive constants.t. < S) > =5 Yz, A(#(t)) and information delay-(¢). Consider a network where
Assumptions (a) and (b) are commonly used In the literature [%lass: flows arrive as a Poisson process of intensify> 0 and
Assumption (c) can be interpreted as one that prevents starvatiggve i.i.d. exponential file sizes of meari;. Let p; = X\;/u;
since it implies that slope of the utility function increases tpe the traffic intensity of classflows. This is the traffic load
infinity as the rate of the flow class approaches zero. Conditiganerated by classflows per unit time. Due to the information
(d) requires that the utility function does not have sharp changgglay, the rate allocation policy(t) now depends on previous

One example of such utility functions satisfying assumptions (a-f¢twork states at time— 7,(t), for i = 1,..., N. Thus, the usual
is a class of so-called-fair utility functions [12], defined by =~ method of flow-level stability analysis in [2], [5], which require
Lo a first-order Markov model of the queue-length process, are
) A=, a>0and a#1 ) .. . )
Ui(z) = log(;: o=1 (1) insufficient. In this paper, we consider the queue-length process

z(t) and prove stability by evaluating an expected Lyapunov drift.
where « is a positive constant. It is easy to verify that theet 4 > 0 be a small time interval. The evolution of thid queue
assumptions (a-d) are satisfied with= «. Parameterr > 0 is described by the following equation:

models the level of fairness, which includes several special cases 4

such as proportional fairness and max-min fairness. For example, 2i(t +h) = [wi(t) + ai(t, h) — di(t, h)] ™, ®)

maximizing the total utility corresponds to maximizing weightedyhere o, (¢, 1) is the number of flows arriving to flow class
throughput asv — 0, weighted proportional faimess as= 1,  during timet to t-+h andd (¢, h) is the number of departure flows.
minimum potential delay as: = 2 and max-min fairness aswe say the network is stable under a given rate allocation policy
a — 0. ¢(t) if there exists a positive non-decaying functigi-) with

If the optimal rate allocation policy,, (z(t)) that maximizes iy, . f(z) = oo, such that the queue-length process satisfies
problem (1) with ana-fair utility is implemented at each time . N
t, it has been shown in [2], [5], [4] that such rate allocation . 1
achieves the maximum stability region (i.e. the interior of the h;nfolipf/o E [Z f(xi(t))] dt < oo. )
feasible rate regiofR). In this paper, we consider a more general ) _ ’__1
scenario where rate allocations are not optimal and thus cotfidhe feasible rate regiok is compact and convex, a necessary
possibly reduce network stability and performance. This work §ability condition has been given in [2], [5], [4]: The traffic
motivated by the following two issues in practical networks: First)tensity vector must belong to the feasible rate regjor (R).
all practical rate allocation policies are subject to a positive delfyrthermore, it has also been shown thatafair rate allocations
due to the time requirement for gathering network informatioffith arbitrarya > 0 maximize the flow-level stability region, i.e.
and for algorithm convergence. In other words, the practical rft@Signing rateg., () achieves the maximum stability region,
allocation vectorg(t) can at best correspond to the optimal rat¢/Nich is equal to the interior oR. In other words,p € R is a
allocation ¢, ((t)) for some vectori(t), where eachi;(t) is sufﬁmept conqmon for stability withp,p(«) as the optimal rate
equal toz; (t—;(t)) for a certain information delay;(t). In other allocation policy. _ .
words, &(t) represents the network state “observed” by a practicalln Practice, when only suboptimal solutions are computable, a
rate allocation policy at time. Second, due to computationalPositive utility gapA(z(t)) exists and a information delay(t)
overhead, even given certain information delay, a practical rdt@s to be considered. In the next section, we will derive a sufficient
allocation policy may still not be able to compute the exa@pndmgn.for achieving maximum stgblhty. Wher_1.the cqndmon is
bopt(2(1)). In other words, there may exist a utility gap dudot satisfied, we prove that the achlevablle stability region may be
to the suboptimality of the rate allocation policy. We quantif?tr'cﬂ_y smaller than_ the feasible rate region. The main results on
the suboptimality of a practical rate allocation policig) with ~ Stability are stated in Theorem 1 and 2.
respect taz(t) by a utility gap as follows

R R bopt.i(#3(t A. A Sufficient Condition for Maximum Stability
Aa0) = Y atou; (22Ol

= ) Theorem 1:For an arbitrary suboptimal rate allocation policy

¢(t), if the information delayr(t) is uniformly bounded by a
) (2) constantQ > 0 and the order of the utility gap caused by the
imperfectness of rate allocation algorithm is less than the order




of the optimal utility when the number of active flows grows largeand the order of the utility gap\(&(¢)) is the same as that of the

ie., optimal utility, i.e.,
. A(z(t A
lln}sup - (&( ))¢ CONDE 0, (5) lim sup < (m(ti) ) <, @)
maxi #1(6) =00 |37 21 LU (F25 ) maxi #i(t)—oo | B 50y & (Ui (%2 )

then the network is stable if the traffic conditipre R is satisfied, then the achievable stability region is lower bounded (iby—

i.e., the maximum stability region can be obtained. n)ﬁfz. There also exists a suboptimal rate allocation policy
Remark 1:If both the information delay (¢) and the utility gap satisfying (7) whose stability region is exactly— n)ulfs\fz, ie.,

A(#(t)) are upper bounded by constants for all network statdbge lower bound is tight.

the maximum stability region can be achieved. This is simply a Remark 3: Theorem 2 provides a lower bound for achievable

special case of Theorem 1 and can be easily proved by verifyig@bility regions. Of course, under condition (7), there might still

utility gap condition (5). The statement holds for all fair utilityexist certain suboptimal rate allocation policies that are capable

functions, including thex-fair utilities with oo > 0. of achieving the maximum stability. However, the lower bound
Remark 2:Theorem 1 shows that for achieving the maximunh Theorem 2 is tight in the sense that there exists a suboptimal

stability region, it is not necessary to solve the optimal solutigiate allocation policy with zero information delay and its stability

to the utility optimization problem (1) and to require perfecfegion is exactly(1 — n)ﬁR. Proposition 1 and Theorem 2

information on the network states(?). Thus, in practice, subop-together characterize the stability of a broad class of suboptimal
timal rate allocation policies that may only require a much lowggte allocation policies.

computational complexity or operate on a larger time-scale than
that of the optimal policies could still stabilize the network, as )
long as the utility gap and delay conditions (5) are satisfied. Tle Numerical Examples
sufficient condition in Theorem 1 thus characterizes a large class
of suboptimal rate allocation policies that retain the maximum
network stability.

B. A Lower Bound on Achievable Stability Region

When the condition (5) in Theorem 1 is not satisfied and the
utility gap A(Z(t)) is on the same order as that of the optimal
utility, the achievable stability region could be smaller than the
feasible rate region, even if the delayt) is zero .

Proposition 1: There exists a suboptimal rate allocation policy
¢(t) such that the utility gap is on the same order as the order
. . . . . . ig. 1.
of the optimal utility and the information delay is zero, i.e., for
some constang € (0,1),

A ring network with ten users and ten flow classes.

N Consider a ring network wittv' = 10 flow classes and. = 10
. A(2(t)) y - - A
lim sup ~ — <, (6) unit-capacity links as shown in Fig.1. Flow classs initiated by
max; #i—00 |5 .0 i“i(t)Ui(%’;’i”i(%('))) useri and containsr;(t) > 0 active flows at timet. Let R be
the shortest-distance routing matrix for this ring network. For an
: X . . . a-fair utility function with o = 1 (i.e. a logarithmic utility), we
g thedrate ;’fﬁto;¢(t).b'|s Pa;reto-qphmal (i.eg(x) lies on the compute the optimal rate allocation poligy, (z(¢)) V¢t and then
oundary of the feasible rate region). perturb it randomly to construct a set of suboptimal rate allocation

Proposition 1 implies that if the utility gap is large, there exists g¢), such that the resulting information delay and utility gap are
suboptimal rate allocation policy whose achievable stability regi@@nstants:

is strictly smaller than the interior of the feasible rate region .
regardless of the information delay. Raised from this example, a 7o = 7i(t) and Ag = A(&(t)), Vt. 8

cha_llenge is to answer the question: \_/vhat is.the minimu_m Stat.’“i&(:cording to Remark 1, since both utility gap and information
region thgt_ a subqpnmgl rate allocation policy can achieve 9VBRlay are constants, the suboptimal rate allocation palis)
that condition (6) is satisfied? constructed above will achieve the maximum stability region that

In the next theorem, we show thet —n)™<IR is a lower equals to the interior of the feasible rate regiin= {¢ € RY :
bound of all achievable stability regions, if the ratio of the ut|I|tyR¢ <1,¢ =0}

gap and the optimal utility i; asymptotically boundeq byaconstant,:iaure 2 illustrates flow-level stability of the the network

1 < 1 as the number of active flows grows large. This lower bounghqer different suboptimal rate allocation policies fax, 7o) =

is tight in the sense that there exists a suboptimal rate allocatl{)(@ 0),(5,0),(0,2), (5,2)} respectively, by plotting the average

policy whose stability region is exactiyt —n)™=TR. total queue length vs. traffic load. In this simulation, we assume
Theorem 2:For an arbitrary suboptimal rate allocation policythat the flow arrival rates for all flow classes are equalg;e= pg

¢(t), if the information delay is uniformly bounded by a constarfor ¢ = 1,...,10. For py € [0, %), we havep = pg-1 € R,

but the achievable stability region is strictly smaller tHaneven



which implies that the expected queue-length should remain finite. denote the total data rate of clasfiows. Then the feasible

Figure 2 also shows that the average queue-length of a suboptifi@@ regions are defined by = {¢ : Rp < ¢, ¢ = 0}, wherec is

policy ¢(¢) approaches that of the optimal rate allocation policyhe vector of link capacities andl is the . x N routing matrix:

when utility gap and information delay decrease. R;; = 1 if class4 flows uses linkk and 0 otherwise. At each state
x, the optimal rate allocation is obtained by solving problem (1)
with «-fair utility, i.e.,

ol
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Let ¢,,: be the optimal rate allocation that solves the maxi-
mization problem (9). Any suboptimal rate allocatign# ¢,
only achieves a utility value less than the maximum utility. We
say a rate allocatiop under-optimizes the-fair utility by a gap

Average Queue Length

150l A if
N ¢1—0{
100} A=U, — A A 10
P ) 1
504 i=1 -a
0 029 03 _0.51 _ 032 033 034 where UOPt = Zzli1 x?(bcl);taz (1 - O‘) is the optimal utility
Traffic Intensity p, achieved by rate allocation,,;. Since thea-fair utility is des-
P

ignated for achieving fairness, under-optimizing tadair utility
Fig. 2. This figure plots the average total queue-length of the ring network farith a gapA relaxes the maximization problem (9). Thus it gives
four different rate allocation policies. It is shown that the three suboptimal rafgaedom to system designers to potentially improve other network
allocation policies with constant utility gap and information delay still stabilize the L .
queue for traffic intensityo < 1, although their delay performances measured bp_erformanc_e objectives, SL_JCh as total throughput and maximum
the average queue length are worse compared to that of the optimal rate allocditok  saturation. However, it is unclear how much performance
policy with (Ao, 70) = (0,0). improvement we can achieve by under-optimizingdhfair utility
with a given allowable gap. For example, if we prepare to sacrifice
5% of the utility, how much is the throughput improvement we
could expect in return? In the next section, we formulate this type
of tradeoff functions and provide a local sensitivity analysis based

Section IIl showed that when the utility gap is small enoughy, examining the Karush-Kuhn-Tucker (KKT) conditions at the
flow-level stability remains unaffected for uniformly bou”de%ptimum allocation.

delays. Therefore, a suboptimal rate allocation policy that under-

optimizes a certain utility still achieves the maximum stability

region. On the other hand, since each utility function is designatgd Utility Gap and Total Throughput

to capture one particular network objective, allowing a non-zero . N

utility gap (or, equivalently, under-optimizing the utility) gives First we consider the tradeoff between utility gap and total
us freedom to potentially improve other network performandBroughput. For a rate allocation poligy total throughputl” is
objectives, such as total throughput and maximum link saturatigtiPly defined as the sum-rate of all flow classes:

discussed in this section. More precisely, if we let the information N

delay to be zero, there exists a tradeoff between utility gap and the T = Z oi. (11)
maximum network performance improvement we can potentially i=1

achieve. In this section we first prOVide a formulation of tthe are interested in Characterizing the tradeoff between the
tradeoff. Then we develop a quantitative approximation of thgility gap and the maximum total throughput. More precisely, we
tradeoff curve based on local sensitivity analysis, assuming &&mpute the maximum total throughput that can be achieved by
utility gap is small. To obtain close-form solutions, we focugnder-optimizing the utility with a designated gap. Thus maximum
on a-fair utility functions in this section, although our resuliotal throughput?” is formulated as a function of the utility gap
can be extended to all concave utility function. Our approach i with some abuse of notation, we refer to this tradeoff function

different from [11], which is restricted to a throughput-fairnesgs 7°(A), which is defined as the maximized objective value of
tradeoff for optimal solutions only. Instead, in this section, wehe following optimization problem:

addresses the following question pertainingstdoptimality by
under-optimizing an utility with gapA, what is the maximum Z
. . . max ®;
performance improvement we can possibly achieve?
We focus on the following model for wireline networks, which

IV. UTILITY GAP AND NETWORK PERFORMANCE

(12)

is an important special case of the model described in section IlI. N o
Consider a network of links, indexed byl, each with a finite qu L > Uppt — A
link capacityc;. It is shared byV flow classes. Again we usg = ‘l-a



Thus, the utility gapA is the input and the functiorf'(A) We characterize the optimal tradeoff between the utility gap
gives the maximum possible total throughput under the utilignd the maximum link saturation, i.e. we compute the minimum
gap constraint. Z that can be achieve by under-optimizing thdair utility with

Remark 4:For the tradeoff function defined by (12), it isa designated gap. This tradeoff functigitA) can be formulated
easy to see that increasing utility gap relaxes the constraés follows

set of the optimization problem, and leads to a higher optimal ) . Rugi
objective value. Maximum total throughp@i{A), defined by the Z(A) = min T (16)
opt.imization in (12), is a monotonically increasing function of the subject to Ro < ¢, ¢ = 0
utility gap A. N a

Since thea-fair utility functions are concave and the total qu ¢ > Uopt — A
throughput is linear, we conclude that the maximization problem P ‘l—a

(12) is COonvex. Thus we can num_e_ncally solve it and c_ompute Remark 5:For the tradeoff function defined by (16), it is easy
the maximum-throughput-versus-utility tradeoff curve using a

o : see that increasing utility gap relaxes the constraint set of the
convex optimization solvers. Furthermore, according to the resulfs. . . . L
. . ; . . . ptimization problem, and leads to a smaller optimal objective
in section Ill, a suboptimal rate allocation policy with smal

- . . ; o ._value. Thus maximum link saturatio@ is a monotonically
enough utility gap can still retain the maximum stability reg|ondecreasing function of the utility gag. Furthermore, it is easy
When the utility gap is small, we can quantitatively approximatte . L ) .
. - . .~ 1o verify that the optimization problem (16) is convex. The
the maximum-throughput-versus-utility tradeoff function using its . .
) Y Saturation-gap tradeoff can be numerically computed.
first order expansion: L : .
Now we conduct a local sensitivity analysis for the saturation
gap tradeoff defined by optimization problem (16). Again, we
dA la=0 make the assumption that the active constraint set in the problem
h N is th | th h (12) is unchanged when the gaps perturbed locally. The main
whereTy = >_,_, dope.; IS the total throughput ah = 0. result is summarized in the next theorem. Its proof is very similar

In the context of convex optimization, the first order derivativa that of Theorem 3. We denot, as the link saturation for
dT'/dA, also known as shadow price, can be obtained by a local_

sensitivity analysis, if we make the assumption that the active
constraint set in the problem (12) is unchanged when the/gap
is perturbed locally. Further, we assume that the routing magrix o
consists only of ‘bottleneck’ links. These two conditions guarantgé(pans'on'
that the tradeoff functiol’(A) is continuous and differentiable

at a givenA. These local sensitive analysis can provide a good
approximation of the maximum-throughput-versus-utility tradeo
when thea-fair utility is slightly under-optimized.

T T, - [dT ]A+0(A) (13)

Theorem 4:When the utility gap is small, the saturation-
utility tradeoff function can be approximated using its first order

iz
dA la=0

ﬂl’he first order derivative (shadow price) of the saturation-utility

_ - tradeoff function is given by
Theorem 3:The maximum-throughput-versus-utility tradeoff

Z—ZO:[ :|A+O(A). 17)

function T'(A) has the following first order gradient (shadow az - _ 1 — (18)
price) atA = 0: dAla=o ¢ (RD-1RT) "¢
dr 17. 4. (zT"“t) where D = a-diag{[x‘ll ;&7—11,.,.,3:%@5;;\}}} is a diagonal
NN T 7 , (14)  matrix.
( gpt) .A'((bgpt)
where A = D! — D-IRT (RDflRT)—lRDfl and D — C. Numerical Examples
a-diag {[6o07" 1655 ]t is a diagonal matrix. The vector I this section, we plot the two tradeoff curves and their first-
15 Popt. _

order approximations obtained in Section IV.A and Section IV.B,
for the ring network described in Section III.C. Since all links
have unit capacity, the feasible rate region is giverfby= {¢ :

division and power:®/¢g, are component-wise.

B. Utility Gap and Maximum Link Saturation Ro < 1,¢ = 0}, where R is the routing matrix for the ring
In this section, we consider the maximal link saturation asngtwork. Letz; denote the number of active flows for source
network performance metric, defined by We can solve the two convex optimization problems (12) and (16)
for an arbitrary utility gapA to obtain the exact tradeoff curves
7 — max M (15) T(A) andZ(A), which are plotted in Figure 3 and Figure 4 using
= G solid lines. In both figures, we assume that the number of active

By under-optimizing thex-fair utility, it is possible to reduce the flows arexz; = 10 Vi. A proportional fairness utility function
maximal link saturation and then balance the network traffic oveorresponding tex = 1 is considered.

all links. Moreover, reducingZ could potentially minimize the  When the utility gapA is small, the maximum-throughput-
occurrence of ‘bottleneck’ links in the network, and also makeersus-utility and the saturation-gap tradeoff curves can be ap-
the network more robust to link capacity fluctuation and traffisroximated by their first order expansions given by (13) and
bursts. (17), respectively. Using the close form solutions in Theorem 3



and Theorem 4, we compute the first order gradients as follows
APPENDIX: PROOFS

4z =0.414 and £ = —0.010. Thus the two tradeoff
cunves can be approximﬁ‘t@% by A. Properties of the Utility Function Satisfying Definition 1.
T(A) ~ T(0) + 0.414A (19) Lemma L:If U(-) is a utility function satisfying Assumptions

(a-d), thenU' (a) > (&) " U (b) for all a > b > 0. Further, if the
utility function is negative, thei/(a) < (%)_ll_s| U(b). Other-

In Figure 3 and Figure 4, we also plot the corresponding "r\ﬁ%re, if the utility function is positivel/(a) > (%)\1—(9\ Ub).
approximations for the maximum-throughput-versus-gap and the

. i % () ~ _ s
saturation-gap tradeoff curves in dashed line. Proof: From Assumption (9)’ we hav T (2 =z S Choose
a > b > 0 and integrate both side of the inequality frdnmo a.
We obtainU’ (a) > (2) " U’ (b). If the utility function is negative
: : : (i.e. case 2 in Assumption (a)), we fixin this inequality and

—— Tradeoff Curve Z(3)

[ integrate it froma = b t0 a = +o0, i.e.

T(A) ~ Z(0) — 0.01A (20

! +OO
bU’ (b) / %dy <U(o)-U®B) < -U®B)  (2)

Total Throughput T

whereU (o) exists because the utility function is monotonically
increasing and upper bounded by zero as in Assumption (a). This
implies that the integration on the left hand side also exists and

thuss > 1. We can deriv&% < 5;1. Integrating it again, we

Fig. 3. Throughput-Gap tradeoff curvéig. 4. Saturation-Gap tradeoff curveobtainU(a) < (2)'7* U(b), which is the desired result. Similarly,
and its first order approximation. and its first order approximation. when the utility function is positive, we consider the integral of
U'(a) > (2)°U'(b) from b =0 to b = a and derive the result in

Figure 4 shows that the saturation-gap tradeoff defined liemma 1. [ |

Section IV.B can be well approximated by its first order ex-

pansion, given by the closed-form expressions in Theorem 4,

while such an approximation is accurate for the throughput-gBp Proof of Theorem 1.

tradeoff only when the utility gap is small. The two tradeoff  proof: To prove stability under the rate allocation poligt),

curves allow us to predict how much performance improvemegk consider the following Lyapunov function

we can possibly achieve by under-optimizing the utility with a

designated small utility gap. For example, if we under-optimize N o@l) cpi

the utility by 1%, ie. A = 1% [Upp| = 0.312, it is clear Vi) = > U ( "

from equation (19) that a maximum total throughput increase of =1 n=1

T — Ty = +0.129 (equivalently +2.52%T}) could be expected Wherec > 0 is a proper constant defined later in the proof.

in return at the optimum. This result not only illustrates th&ince the rate-allocation depends on the history of past states,

potential benefits of under-optimizing anfair utility, but also Previous methods in [2], [5] for analyzing flow-level stability are

quantitatively characterizes the tradeoff between sacrificing utilijsufficient. In the following proof, we will analyze the expected

value and achieving network performance improvement. Suppds@punov functioni(t) = E[V (z(¢))] and obtain an expression

the utility of the ring network is under-optimized h§%. The local for the drift of the functioniV(¢)*. Then, the flow-level stability

sensitive analysis results are summarized as follows: throughf#k can be proven by deriving an upper bound for the drift

0 1 2 3 4 5
Utility Gap &

) : (22)

is enhanced by.52% (T — Tp = +0.129) and link saturation _ W(t+h)—W(t)
reduced by0.31% (Z — Z, = —0.0031). Whether this particular }Ll{% A
tradeoff is worth making or not depends on operator’s preference, 2i(t4+h) i)
but it is important to p.rowde .the choices of tradeoff through the E Z Ul (@) _ Z U, (@)
results like those in this section. = Nn - n
=2 pimy h (23)

V. CONCLUDING REMARKS i=1

Suboptimal resource allocation with a utility gap is simplyn order to move the limit (a8 — 0) inside the expectation above,

an inevitable phenomenon in real networking. Fortunately, € make the use of the Dominated Convergence Theorem. Recall
; . 0 ; thatz(t + h) = [x(t) +a(t, h) — d(t h)]". Because both arrival

may still be able to maintain stability region and even enhan J J
other network performance metrics. Intuition on stability antft€ A: and departure ratg;¢;(¢) can be upper bounded by a
utility—versus-throughput and utility-versus-saturation tradeoff af@nstant> > 0, using a simple sample-path argument [7], we can
quantified with closed-form expressions in this paper. There &@sily show that, for any > 0,
still open questions to the study of suboptimal solutions to network VL < @it +h) — x(t) < Vo, (24)
optimization, e.g., degradation on fairness due to utility gap and
QIObaI SehSItIVIty anaIyS|s_, before we fully understand “*how bad*A similar problem with feedback delay is treated in [10] although the model
is suboptimal rate allocation”. there does not involve any flow-level dynamics.



where), and)» are some Poisson random variables with meanax; Z;(¢) > +, the following inequality holds:
wh and independent af(¢) and¢(¢). Then, for each andh < 1, Y ' (e,
we can upper bound the expectation in (23) by Diaz1 Pl +€)°U; (%) - 0i()U; (ﬁ)

1 zi(tHh) i i) e <0. (28)
hE[ > u(T) - X (n)]

Proof: Under the traffic conditiorp € R, there existe > 0

< llE (& U cp; andé > 0 such that rate vectofl + €)*(1 — 6)_\1+s\p satisfies
~h 2—21 “\ai(t)+n the feasible rate constraints, i.e.
- V2 401 _ s\
1 / A (1+0)'(1-8) ™TpeR (29)
< -E Z U, (cm)
h =1 zi(t) + V2 According to the utility gap condition in (5), we can conclude
1 [ . that for anyd > 0, there exists a positive; such that for alk(¢)
<E Z:j (2:(t) + M)° U, (?)] satisfyingmax; & (t) > 71,
1 [ sy’ A A (bo t z(j(t))
< -E |zi(t 1 - (cp; A < (U (2222 )
< ZE [21(0)2 (1+22)" U (cpi)] (#(t)) < 6 ;x OU(EE)(30)
’ > w”(l + n)s s =
<U; (cpi) Y WE [ (8)], To remove the absolute value on the right hand side of (30), we
n=1 first assume the utility function to be nop-negative. ket R be
where the third step uses the inequalify(a) > (2) °U’(b) an arbitrary rate vector and = (1 — )™= In view of (2) we
(for a = cp; andb — — :;Ji%) proven in Lemma 1. Since;(t) obtain the following inequalities, for athax; 2;(t) > 1,
is also bounded by a Poisson random variable with med@rit R R bi(t)
is easy to verify thaty>?, “ I R [23(1)] < oo, forall . 0 =A() + > &)U (3C~~(t)>
It then provides an upper bound for the expectation in (23) that () >1 !
is needed for the Dominated Convergence Theorem to hold. To _ (U Gopt,i(Zi(1))
obtain a lower bound for the expectation in (23), we have '“(t)>1$l ! 24 (1)
2i(t+h) =i(1) (0 Sone.idi(1)
1 (epiy _ o (cpi < i;:tU(QSL()—1—5§3'th<°”’” )
| ()L () < & non (85) -0-omon (25
n=1 n=1 22 (t)>1
Mmin(V1,a: ()1 < Z o (D, <¢i(t)) Ao Y
1 / cpi = ()i | ( )& ()Us | -
>__F [ o Z;(t z;(t
- - R ¢i(t) X dou;
min (Y1, () —1 < Z (Ui | = = &)U | -
1 ’ Cp; oA xl(w xl(t)
> - ) Z Ui 22 (t)>1
h‘ n=0 xl(t) ’ 50’[“
| < 3 0o -l U] ()
1 1 (CP; . xz(t)
> ——E | V(O] (T)} B8 (0)>1
) S o where the third step follows directly from Lemma 1 by letting
> —U, (cps) Z ( 1)'E[xf(t)]. a = u; andb = ou;, and the last step holds since the utility
n — .
n=1

function U;(+) is concave. Choosing = %p, we derive
Since) ", ﬁE [3(¢)] < oo for all ¢, this provides the lower (14 e)p;
bound needed for the Dominated Convergence Theorem to hold. Z Ui (x(t)l
Thus, we can move the limit (as — 0) inside the expectation i@ (t)>1 ‘

in (23). Let 7, = o {x(u),u <t} denote theo-field generated \yhen the optimal utility value in (30) is negative, using the same
by the history up to time. We derive an explicit expression forproof technique and choosin = (1 + &) T+, we can show

W(t) as Sh‘?V,V” in equation ,(25)' Ne?<t, in order to _b,OLmdt) that the inequality (31) is also satisfied. Note that (31) is almost
under the utility gap and the information delay conditions (5), Whe same as (28), except for a constanin the denominator.

first prove the following Iemma, which can be used to provide &g\ A 4 this end, we make use of the monotonicitylgf-) and
upper bound on last term in (25). the inequalityU (a) > ()" U'(b) (for a > b > 0) proven in
Lemma 1. Foir| < C, we get a chain of inequalities in equation
(26), where the fifth step is from (51) and in the third stép,
Lemma 2:Consider any traffic intensitp € R and constant is a proper constant depending 6 such that both{1 + £)° <
C > 0. If the suboptimal rate allocation(t) satisfies the utility 1 + ch and (1 — %)S >1- K7C hold for all = > 1. Since
gap condition in (5), there exists positive constamts- 0 and the feasible rate regio® is bounded, we have;(t) < ¢ for
e > 0 such that for allr| < C and for any network state satisfyingsome« > 0. Then, it is easy to show that each term in the last

) [(1+e)'p; —ps(t)] <0.  (31)



i:Ii(t)Zl

W) = lim Wt+h) W) _ . EE[V(@(t+h)|F] - V@)
Yo z
zi(1)
_ ;—1 1y P(a;(t, h) — di}(Lt,h) = —n|F) kin+1Uil (xi(ffl k)}
S ot () -t (25 s
> oo (S5 -oont (55750
¢ S pitei () 8 {oteor () oo (2]
iy < i (t)>C
¢ e (B X oo () o0 1555 i (42
i < i1 (1)>C
S (E)e 3 foneoni(552) <o - ) (55)
iy < 2 (t)>C
< oo (g)e 3 {2 GG () e (N5}
< Zooeor(8)e 3 (oo 25 () oo (V)
-2 (1+0)°T; (%) +m (t)>c{ M;)“K)C —epi(1+ 6)3} U, <(1;:(62)4pi)} (26)
0 =5 ot () - (25 )
a3 po <> )

<A+ Ay + Z E
Bz (t)>1

<Ai+4:+ Y E

Bxg (t)>1 -

<Ai+4:+ > ElN
iz (t)>1 -

cpi

(1)

CpPi

>

X
( ) Liayegey — pidi(t ) 1e,1max, ii(t)>£20}:|

i
(

[ K o cp; cpi

(1 Ui( )1 .}—(14—6) [AU( )1 T ]
l’l(t) gjl( ) {z(t)ege} i ;>1 z(t) EH{ (t)>¢—2C}
e\ [ cps pi

A (1 + 5) Uz (xL( )) l{z(t)eg }:| (1 + 6)3 Z |:)‘ U (Il(t)) ]-Stl{maxt ii(t)>§—20}:| (27)

G () >1
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summation in (26) can be upper bounded, i.e. Aj exists because

QﬁL(t)KSC 3:| ’ (1 + 6)4Pi ’ Cp;
xl(t) xl(t) i:w@z(%>1 xiz(t)
VK,C ((1 + 6)4/%') - ' rcpi
< su = Ul = < P St cpi LN
raesuse a0\ w() < > E[uafOl'V (T) taw-o]
ep; (1+e€) it (t)>1
’ 2 1 7 ~ s . (CP;
< YK,OU, <€pl(K+C6)) , Vi (32) = Z E [N, |2:(t) — 2 (1) U; (%) 1{m(t):o}}
YK i:x$? () >1
Combining (32) and Assumption (c) of the utility function in < 400, (39)

section 1Il, we conclude (26) —oo as max; &;(t) — +oo. . o i
This means that there exists a constant>- ;, such that for where |i;(t) — 2’(t)| can be bounded by a Poisson random

max; #;(t) > v, we have (26% 0. This completes the proof of variable with meanu$2. Then, inequality (34) establishes a lower
the lemma. m bound on the left hand side of (38). To derive an upper bound for

Now we choose: — (1 + ¢)* in the Lyapunov function (22) the right hand side of (38), we prove a chain of inequalities in

: using the same argument as above. The first term in (33) can
and use Lemma 2 to provide an upper bound for the expec g’) ) -
drift W (t). From the last part of the proof of Lemma 2, we cal & bounded by equation (33). Recall thel(t) = z,(t — ).

i N0 . i
also conclude that there exists a constant> 0, such that for Iven Fi—q. |zi(t) i (t)] can be bounded by a P0|s_son

R K.C " eps distributed random variabl® with meanw(2, because the arrival
max; &;(t) > 2 we have) ;. > (T,f(t) - %) Ui \50

; A\ _S and departure rates are both bounded dpy> 0. Thus the
0. So if we choose§ = max{y,72} + 2C (which implies fq|iowing limit exists:

max; &;(t) > max{y,v2} when max; z;(¢t) > £ and ||z(¢) — .
#(t)]1 < 2C), then we can construct a bounded region, Jim E{(l—k‘mi(t)—x?(t)!) 1gt]}“t_9}

_ : s S , e . —00 .
degoted pyg = {z(t) max; z (t) &}, within which <E[1+Y)] < co. (40)
SN A (ﬁ) < A, < o is bounded for all(t) € G.

Further, we define another constati = Zfil )\iU,i/(cpZ-).

Define the event; = {||z(t — u) — z(t — Q)| < C,Vu €
[0,9Q]}, i.e. it is the event that the maximum change of netwo
state within timet— 2 to ¢ is bounded by Since the information Z E {A-U-’ ( cp; ) 161 (t)>£}}

delay is bounded by (t) < €2, eventE,; implies that x;(t)

This implies that for fixeds > 0, we can pick a sufficiently
largeC' > 0 such that® [ (1 + |z;(t) — 2$2(t)])" 1e | Fra] < §.
I]lD(Iugging this result into (35), we obtain

G () >1
|z (@) = 2(0)[[1 < [[o(t) — z(t = Q)[h +[|2() — x(t = )|l e[ cp;
< 2A E|=-\;U. 1 Q .
< 2C. (37) - 3 § Q%g:)>1 {2/\1[]1 (x?(i)) {max; z$ (t)>§—C}:|
If max; #;(t) > {~2C, the conditions in Lemma 2 are all satisfied - (41)
under event,;. Then, we can bound the expected dFift(¢) by hain of i lities in (36). which furth |
the equation (27), where the third inequality is direct from Lemmé{ve can prove a chain of inequalities in (36), which further result

2. To bound (27), we need to prove the following inequality. n

Lemma 3:For sufficiently largeC’ > 0 and A3 > 0, the last E {e)\iUf ( cpi ) 1, o, ]
term in (27) can be bounded by m%x 27 \af(p) ) Time (026
r [ CPi € / CPi
2A3 + Z E |:)‘le (Sﬁ(t)) 1£t1{maxi i:,;(t)>§20}:| < 9 _ ¢ Z E |:)\le (Q(t)) 15t1{max7; x?(t)>£—C}:| .
i (t)>1 ‘ B (t)>1 i
1 o cpi (43)
> E\NU (L) 1o | . (38
> X B () tewesn) - @9

For e < % we combing (33), (41), and (43), and derive upper

Proof: The main idea here is that, whehis large, P(&,) is boun'd for the'right hand side of (38), as in (42). The inequality
close to 1. However, the difficult part in proving (38) is that th&38) iS immediate from (34) and (42). .
three product terms inside the expectation on the left hand side are
dependent.' To handle this, we llntroduc.:e the network stae) ~ From (27) and Lemma 3, we derive an upper bound for the
x(t—) at timet—{ as an auxiliary variable and bound both S|deg,x ected driftW(t)'
of (38) with respect ta:*(¢), respectively. First, we prove a chain P ’
of inequalities in equation (34), where the third inequality uses the W(t)

iz (t)>1

fact that > £ —2C > v, whenmax; 2 (t) > ¢ —C and event, € o ep;

occurs. To allow the summation to change frdm =(t) > 1} AL+ A2 +245 -5 > E l:)‘iUi (xi(t)) 1{r(t)€9“}}
to {i : #;(t) > 1} in step 2 above, we define a positive constant i ()21

43, which upper bou/ndsC the terms correspondingzif) = 0, < A+ 245+ 244 — € Z E [MU; ( CPi )} . (44)
. > izom>1 B [/\iUi (xn—ﬂ(t)) 1{@.@):0}} < As. The constant (D1 i(t)
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cpi
Y EA; ( )1{max7.l<t>>£}}
iy (£)>1 [ zi(t)
i CPi
= Z |:)\ U ( C?t)) 18 ]-{max1 z; (t)>E&} + )‘ U ( (t)) 1St1{max1 wi(t)>§}:|
iy (t)>1 i i
K.C r( cpi
’ C i ) P
S 1% T P (0 AT P
iy (£)>1 ¢ i (1) >1 v
’ Cp; Cp;
< A3 + Z E |:AZUZ <l’[<)t)> lgfl{maxi I,i(t)>§}:| + Z E |:( ) A U <Z(t)) lgtl{maxi x?(t)>§C}:| (33)
By (t)>1 ! St (t)>1
’ C, i
Z E )‘1U7, Qp 15t1{maxiw9(t)>£—0}:|
2 (1) ‘
ix$?(t)>1
4 7 Pi
= E |:)\iUi < Cp(t)) Le, s, ()< (t),max; 22 (1)>¢—C} T Ai U; <x(t)) 16,16, (6)>29(t),max; a:?(t)>£C}]
iz (t)>1 v
/ Ccp; Cp;
< A3 + Z E ( ) <$f()t)) lgfl{ml(t)<xn(t) max; 2 (t)>¢—C} + )‘ U < z(t)) lgtl{i’i(t)ZI?(t),maxi z?(t)>EC}:|
i (H)>1 - ¢
[ u (P cpi
: ] 1g1 max; x + >‘ U ( > ]'Stl o 282 (t),max; I? t)>5—C}:|
<A+ ) EIN (1+33 )> (a:,(t)) &1 (o (1)< (1) max; 29 (1) >6-C) ) {2:(1) > (1) max; a(
2 () >1 -
k(1 C U (L) 161 0 }
< Az + Z i + .’13' ﬁz(t) &t H{max; z}(t)>¢(—C}
id(H)>1 -
E |\ (1 f) Di ) 161 o ]
< AB + Z 1( + 9 i (t) &t +{max; 2§} (t)>£—C}
id(H)>1 -
_ Nou (L (34)
- Lo, Lo, 5. (056
< As+ Z E |\ (1+2) (I (t)) & fmax; 2:(t)>¢ 20}}
’i::ii(t)zl -
Cp;
Z |:)\ U ( ?t)) 15f1{max,~,z7‘,(t)>f}:|
i (£)>1 T
= ) E {AiUi/ ( C%) Ler 1220 <o ()} Limaxs e T NiU; ( Z(t)) Lerlia0(t)2a; <t>}1{max1wl<t>>£}]
Bz (t)>1 i
[ (T s ’ CpP; ’ Cp;
<Az + Z DY (j;l((t))> U; <x9p(zt)) Lee Limax; 2 (0)>€} Lo (t) <o (1)) + AU (x?(t)) LeeLimax, 2: () >} L a2 (1) >z (1)}
e (1) >1 i i
[ zi(t) — 28 (¢ S epi
< A3 —+ Z E Ai (1 + (C)ﬂﬂ(t)()’) Uz (Z'Q(t)> ]-Stc]-{maxi :ci(t)>§}:|

iz (t)>1

< A; + Z E >\U

iz (t)>1

cpi

O 1o
20 F()]) 1

(35)

(3 )

) Limax; 2 () >e—c}E {(1 + |as(t)

> [ U ( Szp(z)> L{max; a9 <t)>sc}}
i:x?(t)>1 *
= Y E|AU () 1e1 o + /\U (Cp’ )15 1{mamg(t)>£_c}]
= 9 Ni%i ’JJQ(t) {max; z$*(t)>£—-C} s (t) + i@
xS (t)>1 - v
- U, cPi E |1ecc|F ]+ )\U cpi 1.1 Q —C:|
= Z E [=\U; 20 L{tmax, 22(t)>¢—C} [1ee| Fia 22(0) L {max; 29 (t)>¢—C}
P (t)>1 - v
< (L + AU (= ) Lo L a0 ] (36)
< Z E Z)\iUi <$?( )) 1ax, 22 (t)>6—C} 5 2(7) & lfmax; 2@ (t)>e—C}

St (t)>1
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CP; € € cp;
E E |\ U 1 < 2A. — E |\ U 1e, 1o 2
|: < (¢ )) {max; z; (f)>5}:| < 243+ < 5 T 5= 6) Z [ ( (lf)) &L {max; »L?(t)>£—C}:| ,

i ()>1 G (t)>1
2 Cpi
S 2A3 =+ (1 + E) |:)\ U ( Q (f,)) 15t1{maxl I?(t)>.fc}:| . (42)
i (t)>1 i
Hence, by rearranging the terms and integrating (44) ftom0 <1— liminf \/501 (t)¢B1 + \/1’2 ()¢,
tot = T, we obtain max; z;(t)—~o0 \/z1(t)pa1 + \/T2(t)PB 2
. I cpi <1— min ¢B1  [Paz
lljrpj;pf‘/t:OE Z )\U ( )> dt a1\ d52
Bz (t)>1
. 2W(0)  2A; + 44, + 445 where the second step holds becaysg < ¢;(t) < ¢A71/agd
< 1171pjolip + c daz < ¢a(t) < ¢po for any rate vectors(t) that lies onAB.
94y + 4Ay + 444 Hence, the rate allocation policy(t) satisfies condition (6) as
= (45) claimed.

‘ Next, we choose a poinf’ as the middle point of lineAB

Since functionU; (-) is a non-negative and non-decreasing fungng show that for small enough> 0, the network is unstable

tion and lim U, 1) — 0, equation (45) implies the stability under traffic intensityo = (1 + ¢)¢¢ € R. Consider a Lyapunov
z

of the network, as claimed in the definition of flow-level stabili t;unctlon defined by the weighted sum queue-length

definition (4). The case whel;(-) is negative can be shown V(x) = py twiey + py twaxs (47)

analogously.
9 Y where wy = ¢pa2 — ¢a2 and we = ¢a1 — ¢p1 are two

C. Proof of Proposition 1. positiye constants. Then, formu_lating the expected Lyapunov
P function W(t) = E[V(x(¢))] as in Theorem 1, we can show

Proof: To prove that the network is unstable when thg, ¢ the expected drift is strictly above zero for traffic intensity
information delay is zero and the utility gap is on the same ord/gr 1+ €)¢c € R with a small enough > 0, i.e.

as that of the optimal utility (6), we construct a counter-example,
in which the expected total queue-length grows unbounded as time 2 Ai
t increases. Consider a network with two classes of flows and a Z T wigi(t)
feasible rate region depicted in Figure 5. For afair utilit =1

Jon ep ? Y = c(wipe, + wadc2) + E[wi (o, — ¢ ()
+E [wa(pc,2 — d2(t))]

> e(wipc,1 + wadc,2) >0

where the third inequality holds since the suboptimal rate allo-
cation ¢(t) always lies below the straight lind B, whose slope

Wt =E

2 is —%. Thus, for the choice of Lyapunov function (47) and the
traffic intensityp = (1 + €)¢c € R, the expected drift¥ (¢) is
Fig. 5. The feasible rate region under consideration. strictly above zero by a constatitv; ¢c 1 +wadc 2). This implies

with o = 1/2, let ¢, (2(t)) denote the optimal rate allocationthat the network is unstable, Slndﬁn W(t) = oo ast — co. B
for statex(t) at timet. We define a suboptimal rate allocation by

Gopt (2(t)), if Popt(x(t)) does not lie on AB
o(t) = ba, otherwise, if z1(t) > wa(t) (46)
b8, otherwise, if 1 (t) < xa(t) Proof: We use the same proof technique as in Theorem 1,
and show that whenever the traffic conditiore (1 —n) ™= TR is
where AB denotes the boundary of the rate region between PoiRfstisfied, the network is stable under the suboptimal rate allocation
A and B, and¢, and¢p are the optimal rate vectors at pointgyolicy ¢(t) satlsfymg (7). Consider the the same Lyapunov func-
A and B respectively. To prove Proposition 1, we notice thgjgp V(z) = Zz D U U; (2*) as in the proof of Theorem
A(x(t)) = 0 for all gop((t)) € AB. It can be shown that the 1 For the expected Lyapun0\7 functioi (t) = E[V (z(t))], we
utility gap is on the same order as the optimal utility, i.e. derive exactly the same drifi’(¢) as in (25). Next, to boundi/’
A(z(t)) under the utility gap condition (7), we prove the following lemma,

hmsup Soma(l) which is similar to Lemma 3 in the proof of Theorem 1.
max; @; ( ‘Z i—1 l‘z l( gji('t) )’

=1— liminf \/1131 hut) + \/962(
max; z; (t)—o00 \/1’1 ¢opt 1(t) + \/xQ(

D. Proof of Theorem 2.

Lemma 4:Consider any traffic intensity € (1 fn)ﬁfz and
t)d2(t) constaniC' > 0. If the suboptimal rate allocatiogi(t) satisfies the
t)Popt,2(t) utility gap condition in (7), there exists positive constamts- 0
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and e > 0 such that for alllr| < C and for any network state < > pl+eiy; (&)

satisfyingmax; 2, (t) > -, the following inequality holds: iidq () >1 ¢
/ € ’ € i i t KSC ’ 1 + € 45,
Sty pill + U, <(1+T) b (U, (itt))fr) + Z [% —epi(1 +6)3] U, (%92)
S 0. (48) G () >1 ¢ v

Due to Assumption (c) of the utility function in section II, we
conclude (52> —oo as max; z;(t) — +oo. This means that
there exists a constant> ~;, such that formax; &;(t) > -, we
have (52K 0. This completes the proof of the lemma. [ ]

. . 1 -
~ Proof: Under the traffic intensity € (1 — 77)'1:"73: there  Now we choose: = (1 + ¢)* in the Lyapunov function and
existe > 0 and§ > 0 such that rate vectofl + €)*[1 — (1 + yse Lemma 3 to provide an upper bound for the expected drift

8)n]~ T p satisfies the feasible rate constraints, i.e. W (t). The rest of the derivation is exactly the same as the proof
1 of Theorem 1 and thus will not be elaborated here. To conclude,
L+ l—1+om T peRr (49) " we obtain
According to the utility gap condition in (7), we can conclude
that for anys > 0, there exists a positive; such that for all:(t) lim sup — 1 / Z AU ( cpi ) dt
satisfyingmax; #;(t) > 71, T—o0 0 Nimm>1 (t)
2A1 +4A5 +4A;3
opt,? L (t S
AG0) <u1+0)| Y aou @20 g0 e
i (1) 21 ' Because function/; () is a non-negative and non-decreasing
To remove the absolute value on the right hand side of (50), W& ction and lim U 1 — oo, the last equation above
first assume that the utility function is non- neglatlve ket R Z—00 Z o )
be an arbitrary rate vector ang — [1— (1+4)y] ™. In view of implies theitabmty of the network ynder the traffic intensity
(2) we obtain the following inequalities, for athax; &;(t) > v, P € (1—) TR The case whef/;(-) is negative can be shown
bi(t) analogously. [ ]
0 = X HOUGE) +AGE)
()21 ’ E. Proof of Theorem 3.
— Z (), L(M) Proof: As the first step, we form the Lagrangian for the
Bl #4(t) optimization problem (12) as
A ¢z( ) A ¢0ptﬁ%i(t) N
< (O U; (= -1-01+9 (OU(————=
< 2 SOUGE) =~ U= O OOV ) = 360+ 7 (e~ R) +4(V(6) + A~ o)
ilt)=2 i=1
A ¢z(t) U
< Y Wi (t)) [1— (1 +d)nlz(t )Ui(i_(t)) whereV (¢) = SN 22¢1~%/(1—a) is the achievable utility of a
i@ (¢)>1 ! ’ rate allocationy. Vectorp and scalag are Lagrangian multipliers
. ¢i(t) .  Bou; for the two constraints in (12) respectively. At the optimal point
= 4.,A.%>1%( Ui (j;z(t)) zi(t) 1(§;i(t)) of (12), the KKT conditions for optimality are given by
. Dot Ro=c, V(6)=Usp — A (53)
< X o) - Ul ) Vo a5 o)
i (6)>1 ! RTp—gq — =17 — (54)

where the third step follows directly from Lemma 1 by letting de do
a = u; andb = dyu;, and the last step holds since the utility"om the implicit function theorem, variablgs p andg can be
function U;(-) is concave. Choosing = (1+s) p, we derive viewed as implicit functions of\, which is uniquely defined by

the KKT conditions (53) and (54). We define a vecjor [¢; p; q]
Z Ul ( €)tp ) (40— )] <0.  (5) and a residual

()21 i(f) RTp—q%2 -1
When the optimal utility value in (50) is negative, using the same G(y,A) = Rp—c (55)
Uopt AR V(¢)

proof technique and choosirg = (1+ (1 + 6)n)_ﬁ, we can
show that the inequality (51) is also satisfied. The rest of proohere 1 is a N x 1 vector consisting of all one’s. Then the
follows directly from the proof of Lemma 2. We make use of th&KT conditions can be rewritten a5 (y, A) = 0. The first order
monotonicity of U; (-) and the inequalityl/ (a) > (4)~° U'(b) derivative of the residuati(y, A) can be obtained as follows

(for a > b > 0). For any|r| < C, we get oD BT V(@)

(A +e)'pi (1+e)tp 9G _ R 0 6”’ :(qp RT> (56)
3 e () e (55) A | da o i o
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T - . . .
and% =(0 0 —1),whereR = [R;—dV(¢)/d¢] is an by the KKT conditions (63) and (64). We define a vector=
extended routing matrix anfd is a diagonal matrix of the form [¢; p; ¢; Z] and a residual
. —a—1, L —a—1 av
D:a.dlag{[gbla Seees Na ]} (57) RTp—q%
Lete = [0,0,...,1]T. From the implicit function theorem, we Gy, A) = R —Zc (65)
obtain Uopt = A — V(9)
T
L 1—-p'ec
0G\ ~ 0G - .
j—g =— (8) A Then the KKT conditions (63) and (64) are equivalent to
4 A _ G(y,A) = 0. From the implicit function theorem, we have
_ (0 0 oG\ ' oG
R 0 e Z - _(Z) =, (66)
-1 dy OA
DTRT (RDTURT) e . . . .
= (58) Plugging % and 5% into above and performing some matrix
* manipulations, we can derive the result in Theorem 4. |
This implies
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