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Abstract

The electrohydrodynamic instability of a thin film of initially static viscoelastic polymer under a mask is studied via a linear analysis. The
conducting polymer film is separated from the mask by air. Under a normal electrical field, the initially flat polymer film self-assembles into
well organized micro scale patterns. The driving force for the instability is an electrostatic force exerted on the free charges accumulated at
the air—polymer interface. The electrical field is either applied externally or generated internally by the contact potentials at the interfaces
of different materials. The system is unconditionally unstable. The elasticity of the polymer is found to destabilize the system. When the
Deborah number is large enough, a resonant phenomenon appears as a result of the interaction between the two destabilizing mechanism
(the electrostatic force and the polymer elasticity). The resonance introduces two most unstable wave numbers, at which the growth rate of
the disturbance is unbounded. The two most unstable wave numbers bifurcate at a minimum Deborah number, below which no resonance is
found. The effects of the initial film thickness, the air gap thickness and the electrical properties of the conducting polymer on the instability
are also investigated.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction 130°C depending onits molecular weight. An electrical field,
which is either applied externally or induced internally by the
Lithographically induced self-assembly (LISf)-3], is contact potentials at the interfaces of different materials with

an electrohydrodynamic instability process, in which a thin different working functions, is built up between the mask
layer of melted polymer (usually PMMA) self-assemblesinto and the substrate. The electrostatic force exerted on the free
well organized pillar arrays that bridge the lower substrate mobile (or polarized) charges, which are accumulated at the
and the upper mask. In a typical LISA experimental setup, air—polymer interface, sets the interface into tension. The sys-
a thin layer of polymer is spin coated and dried onto a sub- tem becomes unstable subject to infinitesimal disturbances.
strate with a uniform film thickness around 100 riay, 1a). Under certain situations, the result of the instability is well
A lithographically manufactured mask is placed at a speci- organized and results in micrometer sized hexagonal pillar
fied distance (around 100 nm) above the substrate with an airarrays that connect the substrate and the miigk {c). Al-
gap (around 100 nm) in between the polymer and the maskthough the lateral sizes of the pillars are not exactly the same
(Fig. 1b). The spacing between the mask and the substratedue to imperfections in the experimental setup, they are ob-
is well controlled by spacers. The polymer is subsequently served to be closely distributed around a single wavelength
heated above its glass transition temperature, which is abouf1,3] and the pillars have steep walls. However under other
situations, no organized pattern is observed, and there are

- only random modulation patterns at the air—polymer inter-
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B constitutive equatiof@]. The Oldroyd-B model is one of
the simplest model capable of describing, at least qualita-
tively, the rheological behavior of dilute polymer solutions.
By ignoring the viscous contribution from the solution, it can
describe polymer melt flow. In our linear theory, we applied
the lubrication assumption, i.e. the horizontal length scale is
much larger than the vertical length scale. Under lubrication
assumption, the elastic normal stresses are neglected in our
linear theory due to the zero basic state solutions for the ve-
locity and stress fields. The model thus reduces to the linear
Jeffrey's model.
Ourlinear analysis shows that the polymer elasticity desta-
bilizes the system and it increases the growth rate of distur-
d bances. When the Deborah number is large enough, a res-
z X \LISA Pillar onant phenomenon appears as a result of the interaction of
© the electrostatic mode and the elastic mode. The resonance
introduces two most unstable wave numbers, approaching
Fig. 1. The diagram of LISA experimental setup. each of which from only one side the growth rate becomes
unbounded. The two wave numbers are observed to bifurcate
at a minimum Deborah number, below which growth rate is
There were some instability studies on the LISA prob- increased by the elasticity but no resonant phenomenon is
lem after its discovery due to its potential promising applica- observed. The resonance phenomenon can explain why in
tions in electrical, optical and bioengineering devipess]. some experiments only pillars with very uniform size and
According to these studies, the electrostatic force drives thewell organized patterns are observddl, but in others the
instability and the surface tension force stabilizes the sys- pillar size and patterns can be extremely irreg{8rWhen
tem. The air—polymer interface is always unstable subject to the Deborah number is smaller than the minimum required
infinitesimal disturbances with a wave number ranging from value for resonance, the system is unstable for wave numbers
zeroto an upper bound, which has a value usually smaller thandistributed in a certain continuous range and the growth rate
three (see the curve with a zero Deborah numbéiign 3). changes smoothly within that domain. Under this situation,
Outside the single unstable domain, the systemiis stable to disthe formed pillars can take an infinite number of sizes and
turbances with all other wave numbers. Within the unstable the resulting patterns are extremely irregular. This makes the
domain, the positive growth rate changes smoothly and thereLISA process useless for industrial applications. When the
is a most unstable wave number at which the positive growth Deborah number is larger than the minimum required value,
rate is at its maximum. But a question arises immediately, resonance appears. As a result, only pillars with one reso-
why in some experiments do the pillars have very uniform nant wave number are observed and the pillar patterns are
size and well organized structures under certain situations? Ifextremely regular.
the positive disturbance growth rate changes smoothly when
the wave number changes from zero to an upper bound, we
should always be able to find pillars with very different sizes. 2. Governing equations and boundary conditions
Or in another word, the resulting patterns should always be
non-uniform and have no organized structures. It is one of  We adopt a two-dimensional and one layer fluid model in
our purposes to address this issue in this paper. the following analysis. The motion of air is totally ignored.
The previous studiefgl-6] used some dielectric or leaky  Since the Reynolds number is very small, inertial effects are
dielectric models to describe the electrical part of the prob- also ignored. Scarpulla et al.’s recent blow-off tests show that
lem. They assumed the fluid motion to be Newtonian. The the flow of molecularly thin (a few nanometers thick) polymer
non-Newtonian effect of the polymer melt was totally ig- above a solid surface can still be described by the continuum
nored. In this paper we want to investigate the effects of theory with the use of an enhanced effective viscodif].
polymer elasticity on the instability. According to Pease and The governing equations for the incompressible flow are the

Russel's resultfs], slight electrical conductivity of the poly-  continuity equation and the Stokes equation:
mer can significantly increase the disturbance growth expo-

nent and reduces the fastest growing wavelength by a factorV - ¥ =0,

of 2—20. Since most polymers are conducting or weakly con-

ducting, we implement Fhe leaky dielectric modélS] to 0=-Vp+V-S, 1)
describe the electrical field part of the problem in a man- )

ner similar to Pease and Rusfgl. However we assume the  wherey is the velocity vector with a componeatin the x
fluid motion to be Non-Newtonian and obey the Oldroyd- direction and a componeant in thez direction Fig. 2). The
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Fig. 2. The configuration of a thin layer of viscoelastic polymer under a
mask. The polymer (region 1) is separated from the mask by air (region II).

pressure is denotguland Sis the stress tensor described by
the Oldroyd-B constitutive equatid8]:

DS
s+ (3; — (V)" -$-S- w)

=2m [@ +.2 (% —~(Vu)" -D-D- wﬂ )

where D= 3(Vu + Vu') is the rate of strain tensor. DID
is the substantive derivative; is the shear viscosity of the
fluid. A anda(@ are the relaxation time and the retardation
time, respectively.

We implement the Taylor—-Melcher leaky dielectrical
model [7,8]. The magnetic field is ignored. The electrical
fields in the polymer layer (with subscript I) and the air layer
(with subscript 1l) obey the Maxwell equations:

V - (ee0E)) =0,

VxE =0, (3a)
V- (e0Ey) =0,
V x E; =0, (3b)

whereE, andE), are the electrical fields, arsd ande are the
dielectric constants of the air and the polymer, respectively,
which are assumed to be constant. Ba)and(3b) can be
simplified into:

V3¢ =0, (4a)

V2 =0, (4b)

by introducing a potential functiog in each region with
El = -V¢ andE) = -V .

At the bottom wall ¢=0) we apply no-slip and no-
penetration boundary conditions:

u(0) = w(0) = 0. )

At the air—polymer interface we have a dynamic interface
condition:

oh oh
= — —, 6

o TMax ©)

whereh s the height of the disturbed interface away from its

w

initial position. Across the interface, the normal stresses are o1 (z) = —Ady + En(d — 2),

93
balanced:

(L~ pL+ 1)+ GlecolE - a)? — ecolk 1)1

hxx

——— =0, 7
+y(1+h§)3/2 "
wheren andt are the unit outside normal vector and the unit
tangential vector of the interface, respectivelis the surface
tension coefficient. ] denotes the “region Il-region I” jump
of the enclosed property across the interface. The tangential
stresses are also balanced across the interface:

- pl+Sl-n)-t+qE-t=0, ®)

whereq is the area charge density at the interface, which
is decided by a jump of the electrical field in the normal
direction at the interface:

9)

The charges at the interface are conserved and satisfy:

[esoE] -n =gq.

dq

ot

wherevVg is the surface gradient anrdis the electrical con-
ductivity.

At the polymer—substrate, air—polymer and mask-air in-
terfaces, we assume constant electrical potential jumps:

+u-Vsq=qn-(n-Vu+[—-0E-n], (10)

#1(0) = Ado, (11a)
o (h) = ¢i(h) + Adn, (11b)
du(d) = —Ada, (11c)

whereAg¢o, Agn and A¢g are potential jumps a&=0,z=h
andz=d, respectively. Their values are decided by the prop-
erties of the materials across the interface. In(Etja}(11c),

we assume that the substrate and the mask are grounded.

3. Basic state solutions

The basic state solutions of the fluid part are very sim-
ple. For an initially static liquid polymer layer with a flat
air—polymer interface, we have:

:ﬁ)zo’

<

Sex = 8p; =8, =0, (12)
whereS,,, S, andS.. are three components of the tensor S
The solutions to Eq(4a) and (4b), subject to boundary

conditions(11a}{11c), are:

¢1(z) = Ago — Eiz, (13)

(14)
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whereE, andE,, are the allowed constant electrical fields in the balance of the horizontal pressure gradient tgjrand
region | and region Il, respectively. At the polymer—substrate the shear stress gradient te?é@ﬁ in the horizontal momen-

interface, Eq(10) reduces to:
dq

i —0lE| - e;. (15)

Since the polymer is conducting; # 0 for the poly-

tum equation.

For the current problem, the experimentally observed
polymer structures due to the instability have a horizontal di-
mension ¢10wm) much larger than the vertical dimension
(~100 nm). Thus, we have the lubrication conditior> d.

mer. To avoid a continued accumulation of charges at the The characteristic scales above are used to normalize the

polymer—substrate interface, we must have:

E =0 (16)

governing equations and boundary conditions (hereafter, all
gquantities are dimensionless).
To obtain the linearized perturbation equations, as usual

A similar argument does not hold at the mask-air interface we decompose each quantftinto a basic state quantity

because air is not conducting asgl=0 holds. Substituting
Eqgs.(13), (14)and(16)into Eq.(11b)yields:
A¢
d—hg

whereA¢ = A¢o + A¢y, + Agy is the total electrical poten-
tial jump. As a result, we have:

E) = , (17)

and a perturbation quantity:

f=F+7 (22)
After substituting the decomposition of each of the un-

knowns into the governing equations and boundary condi-

tions and keeping only the linear terms of the perturbation

quantities and ignoring terms with(d/L)or smaller magni-
tude (sincel/L is a very small value), we obtain the linearized

¢ = Ago, (18) perturbation governing equations:
- A ou  ow
P = —Apa + —— ho(d 2) (19) w7 (23)
The air—polymer interfacial charge density is obtained by ap 3§xz
substituting Eqs(16) and(17)into Eq.(9): O=—r 1t 5 (24)
- £0A¢ _
= , 20 ap
9= T €O o--L, (25)
The pressure is obtained from the normal stress balance — _ o
condition(7): Se: 4 De 0Sxz = u + 6Dea_”, (26)
) ot 0z otz
. 1 Ap ) _
= —=&0 21 2
P=-3 <d—ho @D g _ 0. (27)
dz2
4. The linearized perturbation equations and i _0 (28)
solutions dz2 '

where De=ADU/L is the Deborah numbefll] and

From the governing equations and the basic state solu-s =3y, (1) is the ratio of the solvent viscosity to the shear

tions, we can identify the following characteristic scales:
for the horizontal lengthd for the vertical lengthU for the
horizontal velocity,W for the vertical velocity,A¢ for the
electrical field potentialA ¢/d for the electrical field strength,

coAg¢ld for the charge densityofd;’g2 for the pressure. From
the continuity equation, we haw#'~ Ud/L. Because of the

. .. LW
zero basic state velocities and shear stresses, the constitu- ot

tive Eq. (2) suggestssSy, ~ n1U/d, Syx ~ mU/L, S,; ~
n1W/d = n1 U/ L and the time scal& ~d/W = L/U. The

choosing of the scalg,, ~ n1U/L needs more detailed dis-
cussion after we derive the linearized perturbation equation _
and introduce the normal modes. The horizontal length scale—Sx; —
L ~ y¥243/2 /6912 A¢ is determined by the balance of the

electrostatic term and the surface tension term in the normalFOr electrical boundary conditions, & Ho, we have:

stress balance conditiof?). The horizontal velocity scale
U ~ goA¢?/Ln1 = 88/2A¢3/T}1y1/2d3/2 is determined by

viscosity.
For fluid part boundary conditions, we have:
u(0) = w(0) = 0. (29)
At the air—polymer interfacg =Hg, we have:
_ o
= —, (30)
_ 1 oy —
- — 4+ hy =0, 31
P T Ho oz 31
1 9 1 oh
n L1 oh = (32)
1-— Hy ox 1- HO)2 0x
g dpn _
— Tz 33
¢ 0z 0z 1 (33)
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dq 1 Jw 35, To further simplify the problem, we introduce a perturba-
%  1—Hooz 97 (34) tion stream functiory so that:

wheres=o1L/eoU is the dimensionless conductivity, which (. #) = (', —iay)). (39)
has a value ranging from @0 103 depending on the con- After substituting the normal modes (E€@8)) and the

dg_ctivity of the polymer under the actual experimental con- giraam function (Eq39)) into the dimensionless governing
dition. We also have: equations and boundary conditions and eliminating the pres-
sure (and after dropping all for simplicity), we obtain the

9(0)=0, (35) governing equations:
¢1(Ho) = g (Ho) = 7= . (36)  Se=0. (40)
— Ho
_ 1 — iDeac)Sy. = (1 — isD " 41
(1) = o. @37) (// i Deac) (1 — i8Deac)yr (42)
¢ =0, (42)

Since all coefficients in the governing equations and

boundary conditions are constant, the following normal mode ¢ =0, (43)
decomposition is adopted for each variable to transform the 5nd the boundary conditions:

system into a set of linear ordinary differential equations:

. ¥(0) = y'(0) =0, (44)
f = F(z) explalx — cr). (38)
- Y(Ho) = ch, (45)
where f(z) is the amplitude functiony is the wave number ) i« 3
normalized by 2/L andc is the modified growth rate, which ~ Sx.(Ho) — 1——Ho¢” (Ho) —ia®h =0, (46)
is a complex number. A positive imaginary partofepre- ' .
sents an unstable system, and a negative imaginary partof _¢ .y _ o Ho) + ' 0 47
represents a stable system. :(Ho) 1-Ho 1 (Ho) (1 — Hop)? ' (47)
To obtain Eq.(24), we assumed that the stress compo- , _
nentSy scales asj1U/L. In fact, if the constitutive equa- £¢1(Ho) — ¢y (Ho) = g. (48)
tion for the S component (Eq(2)) is normalized by all the ) i
S P _ (Ea2) - )}(/1)771(]2 iccg = —— ' (Ho) + s¢|(Ho), (49)
chosen scales, the dominant terms aié* S~ 1-Hy
2
and 271A(2)(3—‘Z‘> ~ %, which have a magnitude larger  ¢1(0) =0, (50)
thann1U/L when the Deborah number®@(1). If we choose
" SO U2 (1) o #1(Ho) = én(Ho) — h, (51)
the scale 06,4 to be% instead ofp1 U/L, the linearized 1- Hp
perturbation equation faf§,, becomes: o (1) =0. (52)
_ agxx . . . . .
S.. + De _o, To obtain the amplitude functions of the electrical potential

ot function, we can directly integrate Eqd42)and(43)by using
] o . ) 1 boundary condition$48), (50)}{52) to yield:

which has admissible solutior$s, = 0 oriac= 5. The so-
1

lution iac= 5 represents a stable mode that is not compat- 4 — < 1-Ho q— 1 h> z,

ible with other perturbation equations and boundary condi- Ho—e(Ho — 1) (1—Ho)(Ho—e(Ho—1))

tions and should be dropped. The only valid solutigh= 0 (53)

validates our assumption th&y has a magnitude much

smaller thanS,; under the lubrication conditioh > d. As

a result, for linear analysi~ n1U/L is a valid scaling oy = — (Lq

and the normal stresse&&y and S,; are negligible com- Ho — ¢(Ho — 1)

pared with the shear streS§g; in our linear theory due to e ) - 1) (54)

i i i + h)(z—1).

;ihe?dzero basic state solutions for the velocity and stress (1= Ho)(Ho — e(Ho — 1))
The shear stress is obtained by integrating @4q) subject
to boundary conditiong46) and(47):

—iaHo ( —iae . 3> ) iaHy(2Hy — 1)
Syz = + +ia® |h ) Z+
: <(1 — Ho)(Ho — e(Ho — 1) \ (1= Ho)2(Ho — e(Ho — 1)) (1~ Ho)(Ho — (Ho — 1))

ive(2Ho — 1) .3 o )
i ((1 T HoXHo (o —1) o )™ (55)
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The stream function is obtained by integration of E4l) Ny = (2a1bs + a1co — 2asb1 — ascy)a® De
after we substitute the solution of the shear stress into it and

2
use the boundary conditiga4). At positionz=Hop, we have: +ataz + b1+ e, (65)
1—iaD
W(Ho) = ia%(dlq + ash), (56) N = (a1b2 — azb1)e®De? + (@®ap + ab1)De — . (66)
— lxpeoc
Where The modified growth rate is a complex number:
5Hy — 3HS ¢ =cr+ic. (67)
al = )
6(1 — Ho)(Ho — &(Ho — 1)) A positive imaginary par¢, corresponds to an unstable sys-
tem. The real part of Eq63) yields:
58Hg’ — 3£Hg (2N Ni) =0 (69)
az = cr(ZNnier + Ni) =0.
6(1— Ho)*(Ho — e(Ho — 1))
1 12 For one solution (standing wave solution):
—Z?H3+ —2 . (57)
3 2(1— Hp)? cr=0, (69)
We also have we obtain
1—iaDec
W/(Ho) = i (B1q + fah). (58) —Nit & /N — 4NiNuy
1—iaDeéc = . (70)
2N
where
3 2 For another solution (traveling wave solution)
4 3HS - 2H? (58)
1= , N
2(1— Ho)(Ho — &(Ho — 1)) a=—s (72)
2Ny
P 3eHZ — 2¢H o?H? Ho we obtain
2

= — + .
2(1— HO)Z(HO - E(HO - 1)) 2 (1 — HO)2 _ \/NI + Nie + N C|2 _ 4NNy — N|2|
(60) CR== =+ /— (72
N \ 4Ny

Above solutions together with boundary conditig4s) and
(49) form an eigenvalue problem with the modified growth
ratec being the eigenvalue of the system, which obeys the

4th order complex algebra equation: 5. Results and discussions

(iaaz + (@®Deap — 1)c + iaDe 8¢2) From the solutions we find that there are several impor-
. 5 2 tant parameters and dimensionless groups (the dimension-
(b1 + 1 —ic(De by + De 1§ — 1)e + o" De 8c%) less polymer film thicknesido, the dielectric constant of the
—(icay + a?aiDe ¢)(ba + c2 — iaDe (b + 8¢2)c) = 0, polymere, the dimensionless conductivity of the polynser

the Deborah numbdde and dimensionless wave numbgr

(61) for the resultsFig. 3 plots the growth raterc; as a func-
where tion of wave number for different Deborah numbers for the
o2 caseHp=0.3,6=2,5=1000. The system is always unstable
b1, bg) = ———(B1, B2), 62a
(b1,b2) = (=5 (P o) (62a) ,;
and 0.02- /\
s(1 — Ho) / \\
C1=——7——FF v _
YT T Ho—e(Ho- 1) g 0.00—
S
> (62b) £ \
c2 = . -0.02 b
2= (1= Ho)(Ho — e(Ho — 1)) g — h
For polymer melt§ =0, Eq.(61) is further simplified into: ool T D.=10 \\
iN| + Njc —iNy 2= 0, (63) . ‘\“ ‘
0 1 2 3
where Wavenumber o
N = a(a1by + a1c2 — axb1 — azcy), (64) Fig. 3. The growth rate as a function of wave numbéor different Deborah

numberDe with Hp=0.3,6=2,s=1000,5 =0.
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0.02 8- ) \
- N\ 6 | Dg=0
0.00 H—=== ] | R D.=1
o \ o 4] f Al D,=1.4
& 0021 H , /| \ ——D,=1.68
© © 4 A
£ -0.04 = /J
2 z 0 N
G -0.06 $=0.001 S ]
------ s=1 ) »
-0.08 4 ~——- s=1000 4
s=1E+8
-0.10 T T | -6 T T T T |
0 1 2 3 0 1 2 3 4 5
Wavenumber o Wavenumber o
Fig. 4. The growth rate as a function of wave numiséar different dimen- Fig. 5. The growth rate as a function of wave numbéar different Deborah
sionless conductivitg with Hp=0.3,6 =2,De=10,5 =0. numberDe with Hp=0.5,¢=2,s=1000,5=0.
. 0 ;
with a most unstable wave number around 1.32. The uncon-
ditional instability at long wavelength is due to the nature -20
of the driving force (electrostatic force) and the stabilizing 40+
force (surface tension). If the initially flat interface is dis- S 60
turbed, the electrostatic suction force on the peak of the dis- 5 ol I
turbed interface is increased. The higher the peak rises, the B
stronger the suction force becomes. The electrostatic force g0y )
does not depend that much on the wavelength. However, at 1204/ / \
long wavelength, the surface tension is weak. The combined -140 f \/
result is an instability at long wavelength. When the wave- 0 ; : : p 10
length is decreased, the surface tension force stabilizes the Wavenumber a

system as expecteBig. 3also shows that the polymer elas- . .

ticity destabilizes the system. The growth rate increases with 79 8- The growth rate as a function of wave numbéor different modes
the Deborah number. The elasticity does not shift the most with De=1.4 andHo =0.5, £ =2, $=1000,6=0. Al curves approach an
dangerous wave nurr;ber y asymptotic value-0.7143 asx — oo.

Fig. 4 plots the growth ratexc; corresponding to differ- a plus and a negative signs, respectively. ghmode corre-

ent_dimengio_nless conductivitie_s for fixeld :.0'3'8 - 2 and sponds to Eq(71). All three modes approach an asymptotic
De=10. Similar to the Newtonian studg], increasing the value—0.7143 as — co.

conductivity by several orders of magnitude only slightly in- Fig. 7 plots the three modes ofg; for the caseHo=0.5
creases both the growth rate and the most dangerous wave _» o= 1 68 ands= 1000 Thegy., mode is always stable
number for a conducting polymer. The difference between a , t,hegl_ and theg, modes have resonancedt 1.924

perfefct dlglectrr:c polym_er _af1_nd aw?fakly conr?ugtlng k[:))_(l)_lyn;er and 2.004g;_ corresponds to a standing wave mode gnd
was found to have a significant effect on the instability for corresponds to a traveling wave mode.

the Newtonian casfs]. We assume that similar conclusion
holds for Non-Newtonian case, even thought in this paper we
only consider conducting polymers.

In Fig. 5, we increase the film thickness to 0.5 but keep
&£ =2ands=1000. When the Deborah numberis below 1.677,
the elasticity increases the growth ratgwithout shifting the
most dangerous wave number. But when the Deborah num-
ber is equal to or larger than 1.677, a resonant phenomenon
appears. The resonance corresponds to an infinitely large
growth rate. For the cagge=1.68, the resonance happens at i ‘
two wave numbera =1.924 and 2.004. The growth rate ap- 400 CN 9,
proaches infinity as the wave number approached.924 | i
from the left andx=2.004 from the right. In between, the 0 1 2 3
growth rate is negative and the system is stable. Wavenumber «

Fig. 6plots the growth ratec of the three differentmodes Fig. 7. The growth rate as a function of wave numiéor different modes
(Egs.(70)and(71)) for the casé¢do=0.5,6 =2,De=1.4 and with De= 2 andHo = 0.5,s = 2,5=1000,5 = 0. The inset shows thg _ and
s=1000. Thegy+ andgi— modes correspond to E(.0) with g2 modes near the right hand side resonance point.

200 -

23 24 25

o

2004

Growth rate ac,
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Fig. 10. The resonant wave numleas a function of Deborah numbbe
for differentHp ande (s=1000,8=0 for all cases). Curves with similar
marks (solid or open) have the sardg value: squareHp =0.4; triangle,

. Ho =0.5; diamondi =0.6. Solid marks correspond4e 2 and open marks
The resonance happens at wave numbers that are singulatyrespond ta = 3.6.

points of Eq(63) (zeroNy; ata #0). Ny, is always equal to
zero ate =0 (see Eq(66)). However,a =0 is not a singular

point because we hawg=0 ata =0. Ny is anegative value  aq 5 result, the standing wave modes H68) and(70) are

when the Deborah number is equal to zero am0. As a0 niy valid solutions. The same conclusion holds for all
a result, resonance phenomenon is impossible for the Cas,qes studied in this paper.

with azero Deborah number. Nevertheless, whenthe Deborah Fig. 10 plots the resonant wave numbers as a function

number is large enoughly may have zero value at one or - ¢ the pehorah number for different dimensionless polymer
two non-zero wave numbess which induces the resonance g, hickness and different dielectric constant of the poly-

phenomenorkig. 8 plotsNy; as a function of wave number

Fig. 8. Ny as a function of wave number for different Deborah number
Dewith Hp=0.5,6=2,5=1000,§ = 0.

cr # 0 corresponds teﬁ < 0, which meansg is imaginary.

mer. Resonance happens only when the Deborah number is

o forijifferent Deborah numbers with fixedo =0.5, £ =2 larger than a minimum value, above which the resonance
ands=1000. When the Deborah number is less than 1.677, wave number bifurcates into two branches, and below which

Nii is always negative and there is no resonance. When the, 4 resonance will happen. The two resonance wave num-
Deborah number is above 1.677,

0 © L it has two zero points in o quickly approach their asymptotic values as the Deborah
addition to the long wave limi¢ =0 (not a resonance point),  nmper increasesig. 10indicates that the resonance phe-
and the separation of the two zero points increases with thenomenon is very sensitive to the initial dimensionless film
Debprah number. thickness. A smaller dimensionless film thickness makes it
Fig. 9shows that for the cadéy =0.5,¢ = 2 ands= 1000, more difficult to achieve resonance and requires larger Deb-

2 . .
(N1 + Niter + Nui¢f)/ N is negative for all wave numbers -0 nymper to trigger the resonance. A slight change in the
smaller than 5, which means that the traveling wave solutions yimensionless film thickness from 0.4 to 0.5 decreases the

(Egs.(71)and(72)) are not valid for all the Deborah numbers .0 im resonance Deborah number by 10 and more than
considered if the wave number is smaller than 5. The reason isy, ples the difference between the two resonance wave num-
thatcg should be real because we already divided the compleX o \hen the dimensionless film thickness is larger than

eigenvalue into a real and an imaginary asicy +ic;. Both

i . 0.5, only a very small Deborah number is needed to induce
Cr andc; are real values. But the travelling wave solution

the resonance phenomenon. The difference between the two
resonant wave numbers also increases with the dimension-

0 e less film thicknessFig. 10 also shows that the resonance
; T — phenomenon is not sensitive to the dielectric constant of the
~20004 T EI - polymer. The dielectric constant has a large effect on the res-
. ’ onance wave numbers when the dimensionless film thickness
§ 0 is small. When the dimensionless film thicknésis equal
z ——D,=0 to 0.5 and 0.6, the difference between the curee (with
z 60007 (T ge:-gs solid marks) and the curve=3.6 (with open marks) is so
T 8000 _____ D=2 small that the two curves almost overlap. A noticeable dif-
/o ference is observed only at the beginning of the bifurcation
10000 i . whenHg is decreased to 0.4. But the difference disappears
0 1 2 3 4 5 quickly as the two wave numbers approach their asymptotic

Wavenumber o

Fig. 9. C% (in Eqg.(71)) as a function of wave numbeifor different Deborah
numberDe with Hp=0.5,6 =2,s=1000,5 =0.

vales when the Deborah number is increased. From the defi-
nition of Ny, we notice that the conductivity of the polymer
shas no effect on the resonance.
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For a typical experimental system setup with the PMMA of the polymer but not sensitive to the electrical properties of
polymer being used, we have the following estimations for the the polymer layer.
magnitude of the physical parametets: 10-' m,A¢ ~ 1V,
¥ ~0.03N/my1 ~ 100 Passo=8.85x 10-12C2/N m. Sub-
sequently, we can calculate the horizontal length scale References
L= y1’2d3’2/sé/2A¢ ~2x108%m and the velocity scale
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