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We have investigated theorectically the elastic and yield
behaviors of strongly flocculated colloids by first examining
the yield forces between two particles within the framework
of Derjaguin–Landau–Verwey–Overbeck (DLVO) interac-
tions. Under highly attractive conditions, i.e., in the absence
of the secondary minimum in the DLVO potential, the ra-
dial (tensile) motion between particles is nonelastic because
of the lack of an inflection point in the DLVO potential.
However, the lateral (shear) motion is shown to be elastic
up to a distanceymax, providing a mechanism for the ob-
served elasticity in colloidal gels. Ifr0 and s0 are, respec-
tively, the closest center-to-center and surface-to-surface
distances between two particles,

ymax ~ (1 2 0.5az2)(s0r0)1/2

wherez is the zeta potential of the particles anda a defined
constant. Moreover, the yield force between two particles is
much smaller in the lateral direction than in the radial
direction. These results suggest that yielding of a particu-
late network is likely to occur through the lateral move-
ments between particles. The yield strain can be approxi-
mated as that at which all the bonds in a certain direction
have a perpendicular displacement >ymax, resulting in

eyield 5
ymax

r0
~ (1 2 0.5az2)Ss0

r0
D1/2

The shear modulus of the network,G*, can be deduced by
combining the elastic constant of the lateral movement with
the existing elastic theory of a particulate network. The
yield stress can be approximated as

syield ≈ G*eyield ~ (1 2 1.5az2)
A

24s0
3/2

1

Rd23/2

whereA is the Hamaker constant andR the particle radius.
These predictions are shown to compare favorably with
existing experiments.

I. Introduction

ONE of the potential benefits of colloidal processing is its
utility in fabrication of complex-shaped ceramics.1–9 Be-

cause of their high rigidity at low shear, flocculated suspen-
sions have become more important for forming and shap-
ing.9–14High rigidity often translates to poor flowability under
shear,4,5 and high flowability at high shear rate often is accom-
panied by creep.4,5To circumvent these problems, current tech-

nology uses polymers as gelling agent to provide proper rhe-
ological properties for forming.6–8 Using polymers as forming
aids, however, has the disadvantage of decreased packing den-
sities6–8and problems associated with polymer burnout. Recent
experiments on suspensions of boehmite-coated silicon nitride
have revealed that such suspensions have a remarkable capa-
bility for green-state deformation,3,4 suggesting the possibility
of forming ceramics without the use of polymers as done in
clay-based systems.

If forming and shaping are to be successful, the suspension
must possess proper ridigity (solidlike) at low shear rates and
reasonable flowability (liquidlike) at high shear rates. Experi-
ments have shown that the suspension rheology can be manipu-
lated by varying the short-range interparticle forces,3–5,9–12,15,16

the pH,15,16 the zeta potential,16,17and the particle size.11,15–19

However, a thorough understanding of the solidlike-to-
liquidlike transition upon shear remains lacking. It is essential
to understand the solid-to-liquid transition under shear to ex-
plore the feasibility of forming and shaping ceramics without
excessive use of polymers.

Many experiments have examined such transitions by mea-
suring the shear yield stress11,15–22or the compressive yield
stress.12,18,20Both stresses have been shown to increase as a
power law of particle concentration with an exponent identical
to that of the storage modulus.20 Another way to characterize
the yield behavior of a suspension is to do constant-strain mea-
surements with a dynamic rheometer.23–27With respect to the
strain amplitudee, the storage modulusG8 and the loss modu-
lus G9 are measured, whereG8 is proportional to the shear
modulus of the particulate network andG9 proportional to the
suspension viscosity. If the concentration is high enough, a
flocculated suspension may exhibit as many as three distinctive
regimes in such measurements, as schematically shown in Fig.
1. At low e, the solid regime occurs, (regime I), whereG8 is
more-or-less constant with respect toe andG8 > G9. At inter-
mediatee, the solid-to-liquid transition occurs (regime II),
whereG8 decreases sharply whileG9 undergoes a maximum.
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Fig. 1. Schematic of the storage modulus,G8, and loss modulus,G9,
versus the strain amplitude,e, for a flocullated suspension measured
by a rheometer. Region I is the solid regime whereG8 > G9. Region
II is the solid–liquid transition region whereG8 decreases sharply
andG9 undergoes a maximum. Region III is the liquid region where
G8 < G9.
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At high e, the liquid regime occurs (regime III), whereG9 > G8.
The yield strain,eyield, is defined as the strain amplitude at
which G8 andG9 cross and the yield stress issyield ~ G8eyield.
Quantitatively,syield may be somewhat different from the shear
yield stress measured in the constant-stress mode or the com-
pressive yield stress obtained in consolidation experiments.
Moreoever,eyield exhibits a marked dependence on particle
size. Suspensions of smaller particles usually exhibit a larger
eyield than suspensions of larger particles. For example,eyield of
small boehmite23,24,28and silica24 particles of∼10 nm in size is
∼10%, whereas theeyield of alumina particles of∼400 nm in
size is <1%.28 Figures 2 and 3 show measuredG8 and G9
versuse for a boehmite gel of 4.5 vol% (10 nm in size) at pH
3.5 with 0.244M KCl (from Ref. 23) and for an alumina sus-
pension of 35 vol% (400 nm in size) at pH 8.5 (from Ref. 28),
respectively. The boehmite gel exhibits a sizable solid regime
with the solid-to-liquid transition occurring ateyield ≈ 13%. In
contrast, the alumina suspension exhibits a much smaller solid
regime witheyield ≈ 0.5%. Besides its particle-size dependence,
suspensioneyield also depends on the adsorbed-layer thickness
when there is an adsorbed layer on the particle surface. For
example, when the alumina particles are adsorbed with a sur-
factant layer,eyield can be increased to as high as 20%.29 Poly-
styrene spheres known to have an adsorbed layer on the particle
surface and polystyrene spheres of∼200 nm in size also can
exhibit a sizable solid regime witheyield ≈ 10%.18,30 The ex-
isting models explain the yielding in terms of radial movements
between particles.31–33If a short-range repulsion energy33 or an
electrostatic repulsion energy is considered,31,32 eyield is esti-
mated using the inflection point of the interparticle interaction
energy in the radial direction31,32or using a characteristic dis-
tance beyond which the interaction energy is larger than a
certain value.33 eyield values obtained by such analyses are typi-
cally <1%,18,33unable to explain the largeeyield value observed
in the boehmite,23,24,28 silica,24 polystyrene,18,30 and coated-
alumina29 systems.

The concentration dependence ofG8 in the solid regime has
been studied extensively.18,20–30,34G8 has been shown to in-
crease as a power law of concentration in the absence of ex-
tensive particulate restructuring.18,20–26 When the particulate
network is treated as a spring network, the power-law depen-
dence ofG8 directly results from the fractal structure of the
clusters that pack to form the network.23 These results are
useful in that they help establish the correlation between the
rheological properties and the structure of an aggregated net-
work. Although much progress has been made in understand-
ing the structural dependence of the elastic property in the solid
regime, the mechanism for the elastic response has been largely
overlooked. The yielding of a network is basically a transition
from an elastic solid state to a liquid state. That the existing

yield models31–33 cannot explain the large yield strains ob-
served in the boehmite,23,24,28 silica,24 polystyrene,18,30 and
coated-alumina29 systems by considering radial movements in-
dicates that other types of movements also should be examined.
In this paper, we theoretically investigate the elastic and yield
behaviors of strongly aggregated particulate networks by con-
sidering lateral movements within the framework of the Der-
jaquin-Landau-Verwey-Overbeek (DLVO) interactions.

II. Theory

(1) Interparticle Forces
The interparticle DLVO interaction energy can be written

as35

V(s) = VR(s) + U(s) (1)

whereVR(s) andU(s) are the interparticle repulsion energy and
attraction energy, respectively, ands the surface-to-surface dis-
tance along the center-to-center line between the particles.U(s)
can be approximated as

U(s) = −
A

6F 2R2

s2 + 4Rs
+

2R2

s2 + 4Rs+ 4R2

+ ln S s2 + 4Rs

s2 + 4Rs+ 4R2DG (2)

whereR is the radius of the particles andA the Hamaker con-
stant. The Hamaker constant with water as the medium can be
calculated using the Tabor–Winterton approximation:36

A =
3

4
kBTS« − «w

« + «w
D2

+
3

16

hv

21/2

~n2 − nw
2 !2

~n2 + nw
2 !3/2

(3)

where« and «w are the static dielectric constants of the par-
ticles and water, respectively, n and nw the indexes of refrac-
tion of the particles and water, respectively, andv the relax-
ation frequency of the dielectric function. Fors << R, VR(s) at
constant potentials can be approximate as37

VR~s! = 2p«0«wRz2 ln~1 + e−ks! (4)

wherez is the zeta potential of the particles,«0 4 8.85 × 10−12

C2zJ−1zm−1, k the inverse of the screening length in the Debye–
Hückel approximation; i.e.,

k2 = ~e2/«0«wkBT!(nizi
2 (5)

wherekB is the Boltzmann constant,T the temperature, andni
andzi the number density and charge of theith species ions in
the solution.

Strong aggregation occurs when the electrostatic repulsion

Fig. 2. Storage modulus,G8, and loss modulus,G9, versus the strain
amplitude,e, of a 4.5 vol% boehmite gel with 0.244M KCl, redrawn
from Ref. 23. Arrow marks the yield strain,∼13%, as defined in the
text. Size of the boehmite particles is∼10 nm.23

Fig. 3. Storage modulus,G8, and loss modulus,G9, versus the strain
amplitude,e, for a flocculated alumina suspension of 35 vol% at pH
8.5, redrawn from Ref. 28. Yield strain, as marked by the arrow, is
<0.5%, much smaller than that of the boehmite gel.
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between particles is absent or much reduced. This can happen
when a nonpolar solvent is used or when the pH of an aqueous
suspension is near the isoelectric point (IEP) and/or when a
large amount of electrolyte is added to the aqueous suspension.
Under such conditions, the interparticle interaction is domi-
nated by the van der Waals attraction. As an example, we show
the DLVO V(s) versuss in Figs. 4 and 5 for alumina particles
of 10 and 200 nm in size, respectively.VR(s) has been calcu-
lated using Eq. (4). The electrolyte concentration has been
taken as 0.25M, which corresponds tok 4 1.6 × 109 m−1. Also,
A 4 4.5 × 10−20 J for alumina has been obtained using Eq. (3)
with v 4 2 × 1016 rad/s, and values of« andn taken from Ref.
38. At such a high electrolyte concentration, the DLVO inter-
action is mainly attractive, and only the primary minimum is
present. All of the DLVO curves in Figs. 4 and 5 show no
inflection points. The lack of an inflection point in the DLVO
V(s) is related to the absence of a secondary minimum and can
be understood as follows. Fors << 2R, the leading term in the
van der Waals attraction energy has the following form:

U~s! ≈ −
AR

12s
(6)

Therefore,U(s) approaches 1/s as s approaches zero. On the
other hand,VR(s), as depicted in Eq. (4), approaches a constant
when s approaches zero. Hence, the slope dU(s)/ds becomes
steeper ass approaches 0, resulting in no inflection point near
the primary minimum ats 4 0. Because there is no inflection
point near the primary minimum, when the secondary mini-
mum is absent, the DLVOV(s) simply has no inflection point.
The secondary minimum in a strongly flocculated suspension is
absent in the DLVOV(s). Thus, the observed elastic behavior
in flocculated suspensions cannot be attributed simply to the
radial movements between particles. We consider below the
lateral movements between particles to explain the elastic be-
havior of strongly aggregated networks. As we have argued
above, the present consideration is particularly important when
the DLVO V(s) has no secondary minimum.

(a) z = 0: Let us first consider the case wherez 4 0.
We use Eq. (6) as the form of the attraction energy for the ease
of discussion. As shown numerically below, this approximation
is quite adequate for the present considerations where we are
mainly dealing with small separations. Meanwhile, many ex-
periments have revealed that an adsorption layer of ions or
water can occur on the surface of particles10,11,15,16,39in aque-
ous suspensions. The closest surface-to-surface distance,s0,
may be finite because of the adsorption layer around the par-
ticles. Letr 4 s + 2R be the center-to-center distance between
two particles. Similarly, letr0 4 s0 + 2R be the closest center-
to-center distance between two particles. A finites0 is impor-
tant in that it weakens the bonds (or the spring constant) be-
tween particles so that particle rearrangement can occur more
easily under shear. Let the initial center-to-center line between

the pair be in thex direction, as depicted in Fig. 6(a). The
attractive force between two particles in thex direction is

Fx
0 = −

­U~s!

­s

ds

dx
≈ −

AR

12s2
(7)

where the 0 superscript inFx denotes thatz 4 0. At z 4 0, the
DLVO V(s) has no inflection point in the radial direction.F0

x is
maximized ats0, i.e.,

Fx,max
0 ≈ −

AR

12s0
2

(8)

As an example, −F0
x versuss for alumina particles of 200 nm

in radius is shown in Fig. 7(a). As −F0
x decreases with increas-

ing s, no finitestaticradial displacement can be generated with
a static radial applied force, that is, no elasticity. When the
static radial applied force is <|F0

x,max|, the displacement is sim-
ply zero. When the static radial applied force is >|F0

x,max|, the

Fig. 4. DLVO interaction energy for alumina particles ofR4 10 nm
at variousz with an electrolyte concentration of 0.25M. Note that all
the curves lack an inflection point.

Fig. 5. DLVO interaction energy for alumina particles ofR 4 200
nm at variousz with an electrolyte concentration of 0.25M. Note that
all the curves lack an inflection point.

Fig. 6. (a) Schematic of the coordinates of a two-particle system with
r0 and s0 denoting the center-to-center and surface-to-surface dis-
tances, respectively. (b) Schematic of the coordinates after the particle
to the right moves in they direction a distancey. New center-to-center
and surface-to-surface distances becomer ands, respectively.
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two particles continue to move away from each other, because
the restoring force at anyx > s0 is smaller than the applied
force; i.e., the displacement is notstatic, but increases with
time. The lack of elasticity in the radial direction is related to
the lack of an inflection point in the DLVO interaction energies
under attractive conditions, as illustrated in Figs. 4 and 5. This
makes the DLVO interactions different from atomic interac-
tions, such as the Lennard–Jones potential.40 The existence of
an inflection point in the atomic interactions permits tensile
elasticity in ordinary solids.

Although the yield behavior of a particulate network often is
explained as a result of overcoming the radial force depicted in
Eq. (8),15,16the radial movement alone cannot explain the elas-
tic behavior exhibited by suspensions of small boehmite, small
silica, polystyrene, and coated-alumina particles. The lack of
elasticity in the DLVO V(s) in the radial direction under
strongly attractive conditions, i.e., in the absence of a second-
ary minimum in the DLVO potential, suggests that lateral
forces may be important for elastic and yield behaviors of
strongly flocculated suspensions.

Alternatively, if we consider the sliding of one particle rela-
tive to another in the lateral,y, direction, as schematically
shown in Fig. 6(b), the attractive force is

Fy
0 = −

­U~s!

­s

ds

dy
≈ −

AR

12s2

y

~r 0
2 + y2!1/2

(9)

where the 0 superscript inFy denotes thatz 4 0. Comparing Eqs.
(7) and (9),|F0

y| < |F0
x| by a factor ofy/(r 0

2 + y2)1/2. At smally,
Eq. (9) is reduced to

Fy
0 ≈ −

­U~s!

­s

1

r0
y ≈ −

AR

12s2

y

r0

(10)

Clearly, −F0
y increases with increasingy at smally, indicating

that the sliding of one particle relative to another in they
direction is elastic at smally. The elastic constantK for y
displacements is, therefore,

K0 ≈
­U~s!

­s

1

r0
≈

A

24s0
2

(11)

where the 0 subscript inK denotes thatz 4 0. Because there
is no elasticity in the radial direction atz 4 0, the elastic
behavior of a particulate network is mainly the result of the
elastic response in the lateral direction. Moreover,F0

y can be
rewritten as

Fy
0 ≈ −

AR

12s0
2r0

y

@1 + y2/~2r0s0!#2
(12)

The termy/[1 + y2/(2r0s0)]2 has a maximum at

ymax
0 = S2

3D1/2

~r0s0!1/2 (13)

where the 0 superscript inymax denotes thatz 4 0. Therefore,
−F0

y has a maximum aty0
max, as shown in Fig. 7(b)), and

Fy,max
0 ≈ −

AR

12s0
2

9

16

ymax
0

r0
≈ −

9

16

ymax
0

r0
≈ −

9

16
K0ymax

0 (14)

Equation (13) is derived using Eq. (6) as the form of the at-
traction energy, and it is quite accurate in predictingy0

max. For
R 4 200 nm ands0 4 0.6 nm, Eq. (13) givesy0

max 4 12.6 nm,
which agrees extremely well with what is shown in Fig. 7(b),
which has been obtained numerically using Eq. (2) as the form
of attraction energy. The reason is that the present analysis
mainly deals with small separations where the attraction energy
can be adequately represented by Eq. (6). For an applied lateral
force less than −F0

y,max, a static lateral displacement can be
generated, and particles retract to the original separation once
the force is released. If the force is larger than −F0

y,max, how-
ever, particles continue to move away from each other, result-
ing in yielding. Comparing Eqs. (8) and (14), the ratioF0

y,max/
F0

x,max is

Fy,max
0

Fx,max
0 =

9

16

ymax
0

r0
=

9

16S2

3D1/2Ss0

r0
D1/2

(15)

Becauses0 << r0, −F0
y,max<< −F0

x,max. It is much easier to break
up two particles by applying a lateral force than by applying a
radial force. Because of its capability for elastic response and
its reduced yield force, the lateral movement, rather than the
tensile movement, is responsible for network rearrangement.

(b) z Þ 0: For z Þ 0, the restoring force in the radial
direction,Fx, becomes

Fx~z! = −
­U~s!

­s

ds

dx
≈ −

AR

12s2 + 2p«0«wRz2
ke−ks

1 + e−ks
(16)

Figure 7(a) shows that, withz Þ 0, there continues to be no
inflection point in the radial direction when the DLVOV(s) has
no secondary minimum and|−Fx| continues to decrease mono-
tonically. With a defined as

a ≡ S2p«0«wk
e−ks

0

1 + e−ks
0
DYS A

12s0
2D (17)

the maximum of the radial restoring force ats0, can be ex-
pressed as

Fig. 7. (a) −Fx versusx whereFx is the restoring force in the radial direction between two particles with variousz. (b) −Fy versusy whereFy is
the restoring force in the lateral directiony between two particles with variousz. Both Fx andFy were obtained numerically from the full DLVO
interaction energy using Eq. (2) as the form of attraction energy for alumina particles ofR 4 200 nm ands0 4 0.6 nm withk 4 1.4 × 109 m−1.
Note that −Fx decreases monotonically asx increases, whereas −Fy exhibits a maximum at an intermediatey = ymax. Note thatymax decreases as
z increases.
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Fx,max~z! = −
AR

12s0
2 ~1 − az2! = Fx,max

0 ~1 − az2! (18)

The restoring force,Fy, in the lateral direction,y, becomes

Fy~z! = −
­U~s!

­s

ds

dy
≈ S−

AR

12s2 + 2p«0«wRz2
ke−ks

1 + e−ksD y

r0

(19)

Again, at smally, the lateral movements are elastic, and the
lateral restoring force is lower than that of the radial direction
by a factory/r0. The elastic constant at smally can be written
as

K~z! =
A

24s0
2 ~1 − az2! = K0~1 − az2! (20)

and the restoring force in they direction as

Fy~z! ≈
A

24s0
2 ~1 − az2!

y

@1 + y2/2~1 − az2!r0s0#
2 (21)

The maximum restoring force,Fy,max(z), occurs at

ymax~z! = S2

3D1/2

~1 − az2!1/2~s0r0!1/2 (22)

Fy,max(z) can be expressed as

Fy,max~z! ≈ −
9

16
K~z!ymax~z!

≈ −
9

16

A

24s0
2 ~1 − az2!3/2S2

3D1/2

~r0s0!1/2 (23)

For small,az2,

ymax~z! ≈ ymax
0 S1 −

1

2
az2D (24)

Fy,max~z! ≈ Fy,max
0 S1 −

3

2
az2D (25)

and the ratio

Fy,max~z!

Fx,max~z!
=

9

16S2

3D1/2S1 −
1

2
az2DSs0

r0
D1/2

(26)

Equation (24) predicts thatymax decreases linearly withz2. To
determine how reliable the approximation is, we have plotted
the ymax obtained numerically using the complete DLVO po-
tential versusz2 in Fig. 8. Indeed,ymax(z) decreases linearly

with z2, indicating that Eq. (24) is a good approximation
for ymax(z). We also have plotted the numerically obtained
−Fy,max(z) versusz2 in Fig. 9. Indeed, −Fy,max(z) also decreases
linearly with z2

(2) Yield Strain and Yield Stress
Given the individual spring constant, the viscoelastic prop-

erties of a spring network can be related to the individual spring
constantK if the structure of the network is known. When the
network is formed by fractal clusters, the modulus of the net-
work can be related toK, the particle volume fractionf, and
the particle radiusR as23

Knet ~ K
1

Rd−2fm (27)

wherem 4 (d + X)/(d − D) with d as the Euclidean dimension
and D and X the fractal dimensions of the clusters and the
backbone of the clusters, respectively.23 Similar scaling ex-
pressions also have been obtained by Brown41 and de Rooijet
al.33 Experimentally, the exponentm ranges from 3 to 5, de-
pending on the suspension conditions.18,21,23,24Under most ge-
lation conditions,X ≈ 1.23 Thus, an exponent ofm 4 3, 4, or
5, corresponds to a fractal dimension ofD 4 1.7, 2.0, or 2.2,
respectively, which agrees with the results obtained from light-
scattering experiments. With the two-particle elastic constants
for lateral motion depicted in Eqs. (11) and (20) as the indi-
vidual spring constants,G8 of the whole network can be ob-
tained by combining Eqs. (11), (20), and (27). For,z Þ 0

G8~z! ≈
A

24s0
2~1 − az2!

1

Rd−2fm (28)

For z 4 0, the storage modulus reduces to

G80 ≈ S A

24s0
2D 1

Rd−2fm (29)

where the 0 subscript denotesz 4 0 and

G8~z! = G80~1 − az2! (30)

The yielding or the solid-to-liquid transition of the network
involves extensive breakdown of the network. The solid-to-
liquid transition corresponds to a state when the particle pairs,
with their center-to-center lines lying in thex direction, dis-
place a distance equal toymax in the y direction. This is a
justifiable approximation under shear conditions for moderate
to higher concentrations. The breakdown of bonds in a certain
direction under shear conditions has been shown in the experi-
ment of Ackerson and Clark,42 where three-dimensional col-

Fig. 8. ymax(z) versusz2 for the alumina particles ofR4 200 nm and
s0 4 0.6 m with k 4 1.4 × 109 m−1zymax(z) is where −Fy exhibits a
maximum, as shown in Fig. 7(b), and was obtained numerically from
the full DLVO interaction energy with Eq. (2) as the form of attraction
energy.ymax(z) decreases linearly withz2, as predicted by Eq. (24).
Meanwhile,ymax(z40) also agrees very well with Eq. (13).

Fig. 9. −Fy,max(z) versusz2 for the alumina particles ofR 4 200 nm
ands0 4 0.6 nm withk 4 1.4 × 109 m−1. −Fy,max(z) is the maximum
in −Fy as shown in Fig. 7(b) and was obtained numerically from the
full DLVO interaction energy with Eq. (2) as the form of attraction
energy. Note that −Fy,max(z) decreases linearly withz2, as predicted by
Eq. (25) and that −Fy,max(z40) agrees very well with Eq. (23).
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loidal crystals have been observed to break down to layers of
two-dimensional crystals at the onset of the solid-to-liquid tran-
sition under shear. Within this approximation, once they dis-
placement is >ymax, the particle pairs break apart, and the par-
ticles can slide relatively to each other in they direction. The
yield strain of the network can be approximated as the ratio
ymax/r0. Becauseymax << r, the yield strain can be approxi-
mated as

eyield~z! ≈
ymax~z!

r0
≈ S2

3D1/2S1 −
1

2
az2DSs0

r0
D1/2

(31)

and, forz 4 0,

eyield
0 ≈

ymax
0

r0
≈ S2

3D1/2Ss0

r0
D1/2

(32)

where the 0 superscript denotes thatz 4 0, and,

eyield~z! = eyield
0 S1 −

1

2
az2D (33)

The yield stress of the network can be approximated as

syield~z! ≈ G8~z!eyield~z! (34)

Thus, the suspension yield stress can be expressed as

syield~z! ~ S1 −
3

2
az2D A

24s0
3/2

1

Rd−3/2fm (35)

For z 4 0, the suspension yield stress reduces to

syield
0 ~

A

s0
3/2

1

Rd−3/2fm (36)

where the 0 superscript insyield denotes thatz 4 0, and,

syield~z! = syield
0 S1 −

3

2
az2D (37)

III. Comparison with Experiments

The network yield stress depicted in Eq. (37) can be readily
compared to the experimental yield stress of concentrated,
strongly flocculated suspensions measured by Leonget al.16

and Avramidis and Turian17 using a vane-tool method. The
prediction that the network yield stress decreases linearly with
the square of the zeta potential agrees very well with the ex-
perimental observations.16,17

Experiments on flocculated suspensions generally have
shown thatsyield increases as a power law with respect to
particle concentration with the exponentm ranging from 3 to 5.
Using Eqs. (28) and (29), this implies a fractal dimension
1.75 < D < 2.2, which agrees with the fractal dimensions of
colloidal aggregates commonly found under fast-aggregation
conditions43–46 or slow-aggregation conditions.23,24,47– 49

For allz, syield follows a (1/Rd−3/2) dependence. Withd 4 3,
Eqs. (35) and (36) predict thatsyield decreases as a power
law of particle size; i.e.,syield ~ a−3/2, wherea 4 2R is the
particle size. In most experiments,syield has been fitted to a
power law ofa−2. In the experiments of Leonget al.,15 sy,max~
a−2.05 has been obtained from the slope of the log–log plot of
sy,max/f4 versusa, wheresy,max is the maximum shear yield
stress at the IEP. However, the data are quite scattered, and the
slope has a range from −1.2 to −4.2.15 The present exponent,
−3/2, falls within this range. In the experiments of Buscall and
co-workers18,20 on polystyrene spheres,sy ~ a−2 has been es-
tablished by collapsingsya2 versusf onto one curve, wheresy
is the shear yield stress. To compare with thea−3/2 dependence
predicted by the present theory, we have replotted the data of
Buscall and co-workers18,20 assya3/2 versusf in Fig. 10. For
all particle sizes,sya3/2 versusf collapses onto one power-law
curve, indicating that the shear yield stress can be well fitted to

ana−3/2 dependence. Meanwhile, in their consolidation studies
of zirconia and alumina, Milleret al.50 also have analyzed the
particle-size dependence of their compressive yield stressPy by
plotting Pya2 versusf. They have shown thatPya2 versusf
falls on one curve for both zirconia and alumina but thatPya2

versusf does not follow a power-law or exponential depen-
dence onf. Py should be closely related tosy. To compare the
compressive yield stress with the presenta−3/2 dependence, we
have replotted the data from Ref. 50 asPya3/2 versusf in Fig.
11. Also shown in Fig. 11 are the data points for alumina taken
from Refs. 5 and 51. For both zirconia and alumina of various
sizes,Pya3/2 versusf also falls on one curve, indicating thatPy
can be fitted with ana−3/2 dependence as well.

Equation (36) predicts forz 4 0 that syield decreases as a
power law of the adsorbed-layer thickness with an exponent of
−3/2. A quantitative comparison of Eq. (36) can be made with
the recent experiments of Leonget al.16 on zirconia particles
adsorbed with different adsorbing species,16 which show that
the maximumsyield at the IEP decreases as the length of the
adsorbing species increases. The lowering of the maximum
syield at z 4 0 by the adsorbed layer cannot be accounted for
by the change in the Hamaker constant because of the adsorbed
layer alone, i.e., the void52 effect.16 Furthermore, Leonget al.16

have suggested that the finite maximumsyield without added
adsorbing species is due to an adsorbed water layer on the
particle surface. Assuming that there is an adsorbed water layer
between the added adsorbed molecules and the particle surface
and that the added adsorbed-layer thickness is the average of
the maximum and minimum lengths of the adsorbing mol-
ecules,16 designateddave, the closest surface-to-surface inter-
particle distance then iss0 4 2(dave+ d), whered is the width
of the possible adsorbed water layer. We have plottedsyield
versuss0 in Fig. 12.syield follows as0

−3/2 power law whend is
fitted to be 3.0 Å, which agrees with the known size of a water
molecule.53,54 Meanwhile, using their numerical fitting algo-
rithm, Leonget al.16 obtained an exponent of 1.27 (which gives
2.35 Å for the water-layer thickness16), close to the present
prediction for the exponent of −3/2 (which gives 3.0 Å for the
water-layer thickness). The inverse of the exponent corre-
sponds to the parametern in Ref. 16. Thus, the −3/2 power-law
dependence ofsyield on the closest separation,s0, predicted by
Eq. (36), also seems quite reasonable.

The experiment of Buscall and co-workers18,20 on floccu-
lated latex suspensions has shown that the power law ofsyield
has the same exponent,m ≈ 4.0, as that of the shear modulus
with respect to particle concentration, supporting the present
hypothesis thateyield is independent of the particle concentra-
tion. Thateyield is independent of particle concentration is fur-

Fig. 10. sy(a/aref)
3/2 versus volume fraction of flocculated polysty-

rene suspensions, wheresy is the shear yield stress, anda andaref the
particle diameter and the reference particle diameter, respectively.
Data were taken from Refs. 18 and 20. That all the data points collapse
on a single line indicates thatsy can be well fitted to thea−3/2 power-
law dependence, as predicted by the present theory.
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ther supported by the direct measurements ofeyield on the
boehmite gels. Figure 13 showseyield of the boehmite gels
versus concentration taken from the experiments described in
Ref. 23, whereeyield is defined as the strain whereG8 andG9
cross.eyield fluctuates about a mean value of 13% as particle
concentration increases, further supporting thateyield is inde-
pendent of particle concentration.

Equations (31) and (32) can be used to estimate the yield
strains for the boehmite gel and the alumina suspension shown
in Figs. 2 and 3. The zeta potential for boehmite at pH 3.5
is ∼60 mV (Ref. 27) and that for alumina at pH 8.5 is∼25
mV (Ref. 28). If we use Eq. (31) withs0 4 6.0 Å, we obtain
eyield 4 12.6% for the boehmite gels and 2.4% for the alumina
suspension, which compare well with the experimental values,
13% for the boehmite gel and 0.5% for the alumina suspension,
as shown in Figs. 13 and 3, respectively. Meanwhile, in recent
experiments of Cannell and Zukoski55 on flocculated alumina
(AKP-15, Alcoa, Pittsburgh, PA) suspensions,eyield 4 0.3%
has been obtained at pH 9 for the lowest concentration, where
the suspension continues to exhibit a linear viscoelastic behav-
ior at small strains. At pH 9, the zeta potential of alumina is
approximately zero. Using Eq. (32) withs0 4 6.0 Å and 2R 4
1.3 mm, we obtaineyield 4 1% for the AKP-15 suspensions at
pH 9, which also compares reasonably with the experimental
value of 0.3%.

IV. Discussion

It is worth differentiating the suspension yield strain dis-
cussed in this paper from the limit of linearity that has been
studied.23,24,30The limit of linearity is termed critical strain in
Ref. 30. In a strain-controlled rheology test, the limit of lin-
earity marks the onset of nonlinearity in the solid regime above
whichG8 starts to deviate from a constant value while the yield
strain marks the onset of the solid-to-liquid transition at which
G8 and G9 cross. In a vane-tool strain-rate-controlled experi-
ment, the strain being proportional to time, the solidlike phase
corresponds to a regime where the measured stress increases
linearly with time. In a vane-tool experiment, the limit of lin-
earity would manifest itself as a characteristic time beyond
which the measured stress no longer increases linearly with
time and the yield strain at another characteristic time beyond
which the measured suspension stress becomes more-or-less
independent of time. In the strain-controlled experiments,G9 ~
e−1 when the suspension is well in the liquid regime.56,57 Be-
causeG9 >> G8 in the liquid regime, thee−1 dependence ofG9
implies a constant stress in the liquid regime. Thus, the notion
that yielding occurs when the suspension stress becomes con-
stant from a vane-tool experiment is consistent with the present
criterion that yielding occurs as the suspension undergoes a
solid-to-liquid transition.

Extensive breakage of the bonds is required for the suspen-
sion to flow. Yielding should occur when the suspension strain
approaches the two-particle yield strain. Hence, the suspension
yield strain is not very sensitive to the change in particle con-
centration. Unlike the yield strain, the limit of linearity in-
volves far less breakage of the bonds. How the first few bonds
break depends on the structure of the network.23,24Thus, unlike
the yield stain, the limit of linearity exhibits a concentration
dependence. It generally decreases with an increasing particle
concentration.23,24,30Although the limit of linearity may vary
with concentration, it should not exceed the two-particle yield
strain. Therefore, the highest limit of linearity measured at low
concentrations should approach the two-particle yield strain
and be about the same as the suspension yield strain. Indeed, in
the boehmite gels, the highest limit of linearity was measured
at ∼12%,23,24 very close to the mean value of the yield strain,
13%, shown in Fig. 13.

Many researchers have deduced the suspension yield stress

Fig. 11. Py(a/aref)
3/2 versus volume fraction of flocculated zirconia and alumina suspen-

sions, wherePy is the compressive yield stress, anda andaref the particle diameter and the
reference particle diameter, respectively. Data were taken from Refs. 5, 50, and 51. For both
zirconia and alumina, all the data points collapse on a single line, indicating thatPy can be
well fitted to thea−3/2 power-law dependence, as predicted by the present theory.

Fig. 12. Maximum shear yield stress versuss0,
wheres0 4 2(dave+ d), the maximum shear yield
stress is the yield stress at the IEP,dave the av-
erage of the maximum and minimum conforma-
tion lengths of the adsorbed molecules taken
from Ref. 16, andd the width of the water layer
between the particle surface and the adsorbed
molecules, as suggested by Ref. 16, withd 4 3.0
Å, that agrees with the known molecular size of
water. Least-squares fit gives a slope −1.5, in
agreement with the present prediction.

Fig. 13. Yield strain versus concentration for boehmite gels where
the yield strain is defined as the strain amplitude at whichG8 andG9
cross. See Ref. 23 for the experimental details of the boehmite gels.
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and yield strain in terms of the radial (tensile) two-particle
yield strain by considering a short-range repulsion33 or an ex-
ponentially decaying potential.32 We consider a short-range
repulsion, such as the one provided by an adsorbed layer, to
find out if a short-range repulsion or an exponentially decaying
potential alter our conclusion for the elastic and yield behavior.
The short-range repulsion typically provides a very small elas-
tic region in the radial direction. In the analysis of de Rooijet
al.,33 the two-particle yield strain,Cf, has been deduced by
taking the interparticle interaction as the sum of the van der
Waals attraction and the steric repulsion due to the adsorbed
layer. They have deduced an equilibrium interparticle separa-
tion athc 4 7.82 nm and an inflection point athcl 4 7.85 nm
when the adsorbed layer thickness is 3.85 nm.Cf can be esti-
mated as (hcl − hc)/(2R + hc) ~ 0.08%, which is negligibly
small. Although the authors used another quantity (hc2 − hc)/
(2R + hc), wherehc2 is the separation at which the interparticle
interaction energy becomes 3kBT/2, to estimateCf, the obtained
Cf ~ 1.3% is too small to account for the observed high limit
of linearity in this system.33 As discussed above, the highest
limit of linearity measured at low concentrations should be
upper bounded by the two-particle yield strain. The experimen-
tal highest limit of linearity measured for this system is
∼14%,30 much larger than theCf ≈ 1.3% proposed by these
authors. The value ofhc, is very close to twice the adsorbed-
layer thickness. If one considers the lateral movements instead
and approximateshc ass0, the two-particle lateral (shear) yield
strain can be estimated by (2/3)1/2[hc/(2R + hc)]1/2, as depicted
in Eq. (32), and the obtained two-particle yield strain is∼11%,
more comparable to the experimental highest limit of linearity,
14%. Therefore, even with a short-range repulsion, the conclu-
sion that the lateral movements between the particles dominate
the elastic and yield behaviors of a flocculated suspension re-
mains valid.

In general, there can be two minima with an exponentially
decaying potential, such as the electrostatic repulsion energy
depicted in Eq. (4). There is no inflection point associated with
the primary minimum ats40. Therefore, as we have discussed
in Section II, as long as the secondary minimum is absent, the
consideration of an exponentially decaying potential does not
alter our conclusion that the lateral movements dominate the
elastic and yield behaviors of a strongly flocculated suspen-
sion. The yield strain and the yield stress decrease linearly with
the square of the zeta potential, with a finite zeta potential.
There is ample evidence for the yield stress in the existing
experiments.16,17 If the ionic concentration is not high enough
and/or the surface potential is not low enough, the interparticle
interaction energy may have a secondary minimum. There can
be two inflection points for radial movements around the sec-
ondary minimum, one for elongation and one for compression.
The radial movements indeed can be elastic around the sec-
ondary minimum. However, the movements in the lateral di-
rection continue to provide a lower two-particle yield force
than in the radial direction. It can be readily shown from Eqs.
(9) and (19) thatFy ≈ Fxy/r0. The yield force in the lateral
directions is slightly less than that in the radial direction by a
factory/r0. Thus, the lateral movements continue to be impor-
tant even when the secondary minimum of the DLVO potential
is present. The presence of a secondary minimum in the DLVO
potential would not only greatly reduce the yield stress but also
greatly increase the yield strain. We will examine, in a future
publication, the yield strain and yield stress of weakly floccu-
lated suspensions, where the influence of the secondary mini-
mum is important. Meanwhile, the prediction that the yield
strain decreases with an increasing zeta potential, as shown in
Eq. (31), is valid only when the electrolyte concentration is low
ands0 is small. At higher electrolyte concentrations or largers0,
the yield strain may behave differently. For example, in Ref.
55, the yield strains of flocculated alumina suspensions with
1M ammonium cloride have been shown to increase with an
increasing zeta potential. In a future publication, we also will

extend the examination to high electrolyte concentrations and
larges0.

V. Conclusions

We have theoretically examined the yield behavior of
strongly flocculated suspensions based on the DLVO interac-
tions. The DLVO interactions lack an inflection point under
strongly attractive conditions, i.e., in the absence of a second-
ary minimum. As a result, there is no elastic response if the
force is applied along the center-to-center direction between
two particles. Hence, the radial movements, although com-
monly thought of as the yield mechanism of a network,16 can-
not account for the elastic behavior exhibited by colloidal gels.
On the other hand, when the force is applied perpendicular to
the center-to-center direction, particles can move elastically,
and the yield force for such perpendicular motion is smaller
than that of the radial motion by a factor of

S1 −
1

2
az2DSs0

r0
D1/2

as shown in Eq. (26). Because of the elastic response observed
in colloidal gels and the ease of particles to move in the direc-
tion perpendicular to the center-to-center line, yielding of a
network should be largely facilitated by lateral motions, which
agrees with the shear melting experiment of colloidal crys-
tals.42

Furthermore, we show that the lateral motion can remain
elastic up to a distance

ymax ≈ S2

3D1/2S1 −
1

2
az2D~s0r0!1/2

beyond which yielding takes place. We approximate that the
yielding of a particulate network occurs when the perpendicu-
lar displacements of all the bonds in a certain direction reach
ymax. Thus, the yield strain is

eyield = ymax/r0 ~ S1 −
1

2
az2DSs0

r0
D1/2

The assumption that the yield strain is independent of particle
concentration seems to agree with direct yield-strain measure-
ments on boehmite gels, as shown in Fig. 13, as well as sur-
factant-coated alumina suspensions.29 Furthermore, a concen-
tration-independent yield strain implies that the yield stress
should have the same exponent as the shear modulus as a
power-law function of the concentration, which is in agreement
with the experiments.18,20

The yield stress of a particulate network can be expressed as
Eqs. (35) and (36) with the lateral yield force (Eqs. (14) and
(23)) between individual particles as the yield force of the
individual springs of a spring network and a previous theory for
the elasticity of spring networks.23 The prediction that yield
stress decreases linearly with the square of the zeta potential
has been observed in many experiments.16,17 That the yield
stress increases as a power law of particle concentration with
the same exponentm as the shear modulus also agrees with
experiments. Also, that the shear yield stress and the compres-
sive yield stressPy decrease as a power law of particle diameter
with an exponent of −3/2 also agrees well with the results on
polystyrene,18,20 zirconia,50 and alumina,5,50,51 and it falls
within the uncertainty of the experiments of Leonget al.15

Finally, yield stress also decreases as a power law of the ad-
sorbed layer thickness with an exponent of −3/2, which also is
in good agreement with the experimental value of 1.27.16
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