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Coordinated Action in a Network
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Example: Task Assignment

Computation Tasks: T'={0,1,2}
Processors: X, Y, and Z

X" ~did, Unif({0,1,2})

N What are the required rates R and
Y Ro?

XTL
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Example: Task Assignment

Computation Tasks: T'={0,1,2}
Processors: X, Y, and Z

X" ~idid, Unif({0,1,2})
Achievable Rates:

M € {1,...,2nFy

Describe X™:
>/Y |My| = 3"
X" n
. Ro Use codebook of Y™ sequences:
: n
7, M| ~ (3)
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Example: Task Assignment

Computation Tasks: T' = {0, 1,2}
Processors: X, Y, and Z

X" ~did, Unif({0,1,2})

M € {1,...,2nFy
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Achievable Rates:

Using rate-distortion-like notation:
Ry > I(X;Y) = logy(3/2),
where

sl ={ ¢ V7

y==x

O =

9
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Example: Task Assignment

Computation Tasks: T'={0,1,2}
Processors: X, Y, and Z

X" ~did, Unif({0,1,2})

M € {1,...,2nFy

N n
R Y

X?L
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[N

Ry

Achievable Rates:

Using rate-distortion-like notation:

Ry =2 I(X;Y) = logy(3/2),
where

ol = {

)

Y F
, Y=

O ol
8 8

However,
Ry > I(X,Y;Z) = logy 3
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Example: Task Assignment

Ry

Computation Tasks: T'={0,1,2}
Processors: X, Y, and Z .
X" ~did, Unif({0,1,2}) .

Achievable Rates:

Restrict the support of Y and Z:

M, e {1,.., 201 Y e {0,1},
\R yr Z e {1,2}.
Xn
2 Ry > I(X;Y)=logy3—2/3,
Zn Ry > I(X;Z)=log,3—2/3.
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Example: Task Assignment

Computation Tasks: T' = {0, 1,2} "
Processors: X, Y, and Z o
X" ~idid, Unif({0,1,2}) .

Achievable Rates:

First send X to both,
> _ . e L
. where X = X with probability N
M€l 2" R; = 0.04 bits.

N y”r

R p(zlz =1)

R
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Example: Task Assignment

Computation Tasks: T' = {0, 1,2} "
Processors: X, Y, and Z
X" ~idid, Unif({0,1,2}) .

Achievable Rates:

First send X to both,
where X = X with probability %

M € {1,...,2nFy

. yn R; = 0.04 bits.

R X X
XxXn Y ¢ {X—].,X},
Z € {X+1,X}.

R > I(X;X,Y)=logy3—log, ¢,
Ry > I(X;X,Z)=logy3—logy .
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Broadcast Source Coding

R
X ~ ’LZd, po(l’) o
Desired Coordingation: po(y, z|z). ;
Zn
Histogram: n
Hxnynzn(a,bye) £ Y 1(Xi=a,Y;=b7 = o).

i=1
Requirement:
E||Hxnyn zo(2,y,2) — po(z,y,2)||l 7y — 0.

Achievable Rates:

R > I(X:Y.U),
Ry > I(X;Z,U),
Ri+Ry, > I(X;Y,U)+I1(X;2,U)+1(Y; Z|X,U).
for some U.
[Zhang, Berger 95], [Cover, Permuter 07]
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Relay Source Coding

X,Y ~iid,po(x,y). o - Ry 7z,
Desired Coordingation: po(z|z,y).
Achievable Rates:

Ry = I(X;U,VI[Y),

Ry, > I(X;U)+I(Y,V;Z|U).

for some U and V satisfying the Markovity,

Y — X — UV,
X - UVY - Z
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A Stronger Form of Coordination

Desired Distribution: po(z,y, z)

Jointly Typical Coordination

E||HXn,Yn,Zn(SC,Z/,Z)—PO(JU’Z/’Z)HTV — 0.

Jointly Random Coordination

n
n n n . . .
p(CC Y, 2 )_ | |p0(xzaylazl) - 0
i=1 TV
4
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Two Nodes

Ry
X'Il » YTL

Jointly Random Coordination (for po(x,y)):

R > C(X;Y)= Xm(}nyI(X,Y;U).

[Wyner 75], [Cuff 08]
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Football Receiver Routes

@ Drag

Paul Cuff (Stanford University) Coordination via Communication



Zero-Sum Repeated Game

Payoff Matrix: II

Defense Game Value =5

o
o

ONTWW>>NW > X
NATWA>NTAT >
SO OO O O O OO
SO OO OO O O O
SO OO OOy O O
SO O OOy Oy O O
SO O OO OO OO
O OO OO OO O O
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Zero-Sum Repeated Game

Payoff Matrix: II

Defense Game Value =5

o
o

TFY

) T =

S o=

i = {

R > C(X;Y) =log,y3.

ONTWW>>NW > X
NATWA>NTAT >
SO OO O O O OO
SO OO OO O O O
SO OO OOy O O
SO O OOy Oy O O
SO O OO OO OO
O OO OO OO O O
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Zero-Sum Repeated Game

Payoff for ith iteration: II(x;,y;, 2;)

Assume opponent plays optimally.
Expected payoff: ©; = min, I [H(Xi,Y,-, 2)| X1, Yz_l].

Message:
M e {1,. 2"3}

pla™,m,y") = p Hpmmw Ly p(yilm, 2y
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Zero-Sum Repeated Game

Payoff for ith iteration: II(x;,y;, 2;)

Assume opponent plays optimally.
Expected payoff: ©; = min, I [H(Xi,Y,-, 2)| X1, Yz_l].

Message:
M e {1,. 2"3}

pla™,m,y") = p Hpmmw Ly p(yilm, 2y

XZ_M_}/; ’ Xi_l,Yi_l
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Zero-Sum Repeated Game Converse

Xi - M- }/; ’ Xi_l, Yi—l
©; =min F [I1(X;,Y;, z)[ X1, Y]
z

Suppose for some n,

1 n
P
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Zero-Sum Repeated Game Converse

Xi - M- }/; ’ Xi_l, Yi—l
©; =min F [I1(X;,Y;, z)[ X1, Y]
z

Suppose for some n,
1 n
Fados

H(M)
I(X™, Y™ M)

nR

n
= > I(X, Y MIXTL Y

= nl(Xg,Yi; M|IXE-L Yy K- K,
where K ~ Unif({1,...,n}).
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Zero-Sum Repeated Game Converse

Xi - M- }/; ’ Xi_l, Yi—l
©; = min F [I1(X;,Y;, z)[ X1, Y]
z

Suppose for some n,
EQr > .

nR H(M)

I(X™, Y™ M)

(A\VANAYS

> I(X, Y MIXT Y
=1

= nl(Xg, Yie; MIXEL vy E-1 ),

where K ~ Unif({1,...,n}).
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Zero-Sum Repeated Game Converse

Xi - M- }/; ’ Xi_l, Yi—l
©; = min F [I1(X;,Y;, z)[ X1, Y]
z

Suppose for some n,

Emin E [I(Xk, Y, 2) X5 L YR K] > O
z
nR H(M)

>
> (X", Y™ M)

= > I(X, Y MIXTLY'
=1
= nl(Xg, Yie; MIXE=1 YK=L K

where K ~ Unif({1,...,n}).
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Zero-Sum Repeated Game Converse

Xi - M- }/; ’ Xi_l, Yi—l
©; = min F [I1(X;,Y;, z)[ X1, Y]
z

Suppose for some n,

Emin E [I(Xk, Y, 2) X5 L YR K] > O
z
nR H(M)

>
> (X", Y™ M)

= > I(X;, Y MIXTL Y
=1

= nl(Xg, Y, MIXE-1 vE-T K,

where K ~ Unif({1,...,n}).
Let W & {XE-1 yK-1 K}
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Zero-Sum Repeated Game Converse

To achieve an average score V.
R > I(X,Y;M|W)
for some X, Y, M, and W that satisfy,

X - M-Y|W,

and

Emin E[II(X,Y, z)|W] > ¥.
z
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Zero-Sum Repeated Game Converse

Ro = {(R,¥):3X,Y such that
R>C(X;Y)
min FII(X,Y, 2) > U}.
z

7/
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Summary

@ Jointly Typical Coordination

e R Ry

X"

Zn

@ Jointly Random Coordination
» R>C(X;Y)
» Zero-Sum Repeated Game Converse
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