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Abstract—In this paper, some existing inner bounds of mul-
tiple description problem are investigated. We prove that the
El Gamal-Cover region [1] is a subset of the Zhang-Berger
(ZB) region [7]. Furthermore, the Venkataramani-Kramer-Goyal
region [8] is equivalent to the Zhang-Berger region.

I. INTRODUCTION

Multiple description (MD) is a source-coding problem with
one encoder and a variety of decoders. The encoder generates
multiple descriptions of a source sequence. Each decoder
receives a different subset of the descriptions. Figure 1 shows
an MD problem with three decoders. Decoder 1 receives
the upper branch of the message and estimates the source
to achieve distortion D; and Decoder 2 receives the lower
branch of the encoded message and estimates the source
with distortion constraint Do, while decoder 0 receives both
descriptions to reach a distortion Dy. El Gamal and Cover
provided an inner bound on the rate region for this problem
[1]. The E1 Gamal-Cover (EGC) inner bound has been shown
to be optimal for many important special cases of multiple
descriptions. Ahlswede showed that in the case of no excess
rate, i.e., R1+Rs = R(Dy), the EGC bound is tight [4]. Equitz
and Cover, and Rimoldi proved that in the case of successive
refinement where Dy = oo, the EGC bound is tight [2], [3].
Ozarow proved that for a Gaussian source with squared error
distoriton [5] the EGC bound is the rate region. Recently,
Fu and Yeung proved that the EGC bound is tight when
Decoder 1 or Decoder 2 performs a lossless reconstruction
of a deterministic function of the source [6].

However, in [7], Zhang and Berger developed a new inner
bound and used it to show that the EGC region is not optimal
in general. For a particular binary example, the Zhang-Berger
region contains points outside the EGC region. But it is
not known if the Zhang-Berger (ZB) region strictly includes
the EGC region. In [8], Venkataramani, Kramer, and Goyal
combined techniques from both inner bounds and developed a
new region. The Venkataramani-Kramer-Goyal (VKG) region
includes both the ZB region and the EGC region. They noted
in the paper that it is not known if the VKG region strictly
includes the ZB region. The main contribution of this paper is
showing that the ZB region includes all proposed regions for
the multiple description problem.
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Decoder 1 > (X{l, Dl)
M,
X’n
—>| Encoder Decoder 0 > (X, Do)
M,
Decoder 2 —> (Xg, D2)
Fig. 1. The multiple description problem with three decoders.

A. Problem setup and notations

Notation: Captital letter X denotes a random variable and
small letter = denotes the corresponding realization or con-
stant. Calligraphic letter X’ denotes the alphabet of X and | X|
denotes the cardinality of the alphabet. The subscripts in joint
distributions are omitted. For example pxy (z,y) is written
as p(z,y). We use X L Y to indicate that X and Y are
independent, and X — Y — Z to indicate that X and Z are
conditionally independent given Y.

Let X € X be an iid source and d;(z,%;), Z; € X;
for 7 = 0,1,2, be three distortion measures. The distortion
between two sequences is defined as the average distortion

oy L ¢ L
dj(z", &) = ~ > dj(zi,3:), j=0,1,2 1)
i=1

A (271 2nR2 ) multiple description code consists of

1) One encoder: the encoder assigns two indices m(z™) €
[1 : 27F1) and my(2™) € [1 : 27F2) to each source
sequence " € X",

2) Three decoders: Decoder 1 assigns an estimate Z7 to
each index m;. Decoder 2 assigns an estimate £7 to
each index mq. Decoder 3 assigns an estimate £ to
each pair (mq, ma).

A rate pair (R;,R2) is said to be achievable for the

distortion triplet (D1, Dq, Do) if there exists a sequence of
(2nfr 2nF2 p) codes with average distortion

limsup B (d; (X", X)) < D; for j =0,1,2. )
n—00

The rate distortion region R(D1, Da, Dy) is the closure of
the set of achievable rate pairs (R;, Ry) for distortion triple
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II. THE EGC INNER BOUND

In the Shannon Theory Workshop 1979, El Gamal and
Cover presented an achievable region for the multiple descrip-
tion problem. Let us name the region EGC* since it differs
from the EGC region they published later.

Theorem 1 (Rrpgc- [9]) 4 rate pair (R1, Rs) is achievable
for multiple description for distortion triple (Dy, D1, D2) if
Ry > I(X;Uy),
Ry > I(X; Ua),
Ri+ Ry > I(X; U1, Us) + I(Ur; Uz);

3

Sfor some p(u1,uz|x) and deterministic functions ¢1, 2, d12
such that

E(di(X,¢1(U1)) < Dy

E(da(X, ¢2(Uz)) < Do

E(do(X, ¢12(U1,Uz)) < Dy.
The EGC region published in 1982 [1] states

Theorem 2 ( [1]) A rate pair (Ri,Rs) is achievable for
multiple descriptions for distortion triple (Do, D1, D2) if

R1 Z I(X;Xl),

“

Ry > I(X;X2), 4)
R+ Ry > I(X;Xo,Xl,XQ) —— I(Xl;XQ);
for some p(Zo, £1,Z2|x) such that
E(d;(X, X)) < D, for j=0,1,2 ©6)

Remarks: It is readily seen that the EGC region includes
the EGC* region. Both regions are not necessarily convex.
They can be convexified by introducing a time-sharing random
variables Q).

In the remainder of this section, we will prove that Rpgc =
Reacx.

Lemma 1 : For a given distribution p(x,y), there exist ran-
dom variables Y and W, and a deterministic function g
such that Y ~ p(y), W LY and (g(W,Y),Y) ~ p(z,y).
Furthermore, the cardinality of W need not be larger than
(1€l =Dy +1.

Proof: The idea is to use W to simulate a channel
from Y to X. Consider W ~ Uniform[0,1], Y ~ p(y) and
Y L W. Define g(w,y) = F)aly:y( w), where FX|1Y (w) =
infyer{Fx|y—y(z) > w}. Then (g(W,Y),Y) has the desired
distribution. The proof uses the fact that any distribution can
be generated from a uniform [0, 1] random variable.

If X € X and Y € Y, the function Fxjy—_()(-) has at
most (|X]| — 1)|Y| + 1 distinguished values. Arrange those
values in increasing order vy, ..,v,. Note that 0 < v; < 1,
V1 < i <n—1 and v, = 1. Construct the probability mass
function of a discrete random variable W in the following
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A R

Ry

I(X; X1|X5) + I(Xy; X2)

Fig. 2. A corner point in the EGC region with a fixed distribution.

way:
p(W:vl) = V1, (7)
p(W=v)=v,—v;-1,2<i<mn
Then (g(W,Y),Y) has the desired distribution. |
Theorem 3 Rggcr = Reae.
Proof: Fix a distribution in the EGC
region p(x)p(21, E2, Zo|x). Decompose it as

p(z|21, 22, 20)p(21, £2, £o).

Lemma 1 indicates that there exist random variables
W, X 1,X2) and a deterministic function g such that W L
(Xl,Xg) and (Xl,Xg,Xo) ~ p(:l]l,fllg,fllo) where Xo =

g(W, X1,X2) The quadruplet (W, X1, X2, Xo) we just con-
struct induces a conditional distribution p(w|&1, &2, Zo)-

Define the quintuplet (X, X1, Xo, Xo, W) according to the
distribution

(:1:|:i17 :i2a "io)p(:ila :i2a :i’O) (w|:i17 :i'27 :%0)

In this way, we have shown that there exist random variables

(X, X1,X2,X0,W) such that

L (X07X1A7 X%,X) ~ p(i07i17£271’)7

o« W1 (Xy,Xo),
o« X - (X(),Xl,XQ) W,
« Xo= (W X1, X2) for some deterministic function g.
o E(dj(X,X;)) <Dy, for j=0,1,2,
where the last property comes from the fact that

(&0, £1, L2, ) is a valid distribution in the EGC region. We
check one corner point (Ri, Re) (shown in Fig. 2) in the
EGC region under the fixed distribution:

Ry = I(X; X5),
Ry + Ry = I(X; X1, Xo, Xo) + I(X1; Xa),

Let us first show that this corner point falls in Rggc=.

®
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Define U; = (X’l,W), Uy = X It is easy to show
that (X, Ui, Us) satisfies the distortion constraints by using
the fact that E(d;(X, X;)) < D; for j = 0,1,2 and
Xo = g(W, X1,X2) Thus (X, U1,U2) defines a vahd joint
distribution for the EGC* region.

Consider the corner point (R}, R}) in EGC*:

Ry = I(X;Uy)
= I(X; Xs)
:R2

©)

R} + R, =1(X; U, Us) + I(Uz; Us)
I(X; W, X1, Xo) + I(X1, W; Xo)
I(X, VV,Xl,XQ,X()) + I(Xl, W;XQ)
(
(

e |

=

I X; VV, Xl, XQ,XO) + I(Xl;Xg)
I(X; X1, X, Xo) + I(X; W|X1, Xo, XO)
+I(X1; Xs)
OI(X; X1, X, Xo) +1(X15 Xa)
:Rl + R27
where (a) follows the fact Xy = g(W, X1,X2) (b) follows
because W L (Xl,Xg) (c) is because X — (Xl,XQ,Xo)
w.
The other corner point can be proved using similar argu-

ments. Thus Regc € Reac+. Therefore Regec = Rego+ -
|

(10)

III. THE ZB INNER BOUND

Zhang and Berger [7] improved on the EGC* achievable
scheme with a different approach. They introduced a new
variable Uy. Its purpose, however, is not to send a message,
built on the first two messages M; and Ms, to Encoder 0.
Instead, Uy is used to coordinate the two messages, so that
part of them will be identical. This redundancy can actually
improve overall efficiency.

The achieveability scheme developed by Zhang and Berger
[7] gives the following rate region

Theorem 4 (Rzp [7]) : A rate pair (R1, R2) is achievable
Sfor multiple descriptions for distortion triple (Do, D1, D2) if
Ry >I(X; Uy, Un),
Ry >I(X; Uy, Us),
R1 + Ry 2I(X; Uy, Uy, Usz) + I(Up; X)
+ I(Uy; Ua|Up);

and  deterministic  functions

an

for some p(UO,UhUgIZL’)

@1, G2, P12 such that
E(dl(X’ ¢1(U07U1)) <D;
E(d2(X, ¢2(Uo, U2)) < Do
E(dO(X’ ¢12(U03 U17 UQ)) < DO

Remarks: The above region is convex.

(12)
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Theorem 5 Rggc € Rzs.

Proof: Set Uy = () in the ZB region, we get the EGC*
region. Theorem 3 proved that the EGC* region is equal to
the EGC region. Thus the ZB region includes EGC region.
Furthermore, since the ZB region is convex, the convexifica-
tion of the EGC region still falls within the ZB region. Thus
Recc € Rzs. u

Venkataramani, Kramer, and Goyal recently developed the
following rate region, which can be viewed as a combination
of the ZB region and the EGC region.

Theorem 6 (Ry kg, [8]) 4 rate pair (R1, Ry) is achievable
for multiple description for distortion triple (Dy, D1, D2) if

Rl ZI(X7X17U)3
R2 EI(X;XQ,U),

Ri+ Ry > I(X;U, X1, X2, Xo) + I(U; X) (13)
+I(X1; Xo|U);
for some p(u,i1,Za,Zo|T) such that
E(do(X, Xo)) < D,
E(di(X, X1)) < Dy, (14)

E(dy(X, X3)) < Ds.

Remark: The above region is convex. And Regcc € Rvka,
Rz € Rvkce [8]. We include the proof here for com-
pleteness. First, by setting U = (), the region becomes the
EGC region. Second, for any (Uo, Ul,AUg) in the ZB region,
S?t U = Uo, X1 = ¢1(U0,U1), X2 = ¢2(U0,U2) and
Xo = ¢12(Uo, Up, U2).

I(X;X1,U) = I(X; ¢1(Us, U1), Up)
< I(X;Uy, Uy),
I(X; X5, U) < I(X; Uy, Us), (15)
I(X; XX, Xo) < I(X;Up, Uy, Uy),
I(X1; Xo|Uo) < I(Uy; Us|Up),

Thus Rz C Rvka.

Due to the results of Section II, it may not be a surprise that
extending the ZB scheme with a final message to Encoder 0
is not necessary. We proved this in the next theorem.

Theorem 7 RZB = RVKG~

Proof: Note that we only need to prove Rvkg C
Rzg. Following the same steps as the proof for Theorem 3,
we can show that for any distribution p(u,Z¢, 1,22, x)
from the VKG region., there exist random variables
(U, Xo, X1, X2, X, W) such that
. (U, X, Xy, %5, X) ~
« W1 (U, XI,XZ)
« X (U, X(),Xl,Xg) w
o Xo=g(W,U, X1, Xg) for some deterministic function g
e E(d;j(X,X;)) < Dj, for j =0,1,2.

We check one corner point (R;, Rz) in the VKG region under

p(uaimjl’:%% .'L')
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the fixed distribution:
Ry = I(X; X5, U),
Ry + Ry = I(X; U, XoX1, X2) + I(U; X)
+ I(Xy; Xo|U).
We prove in the following tha}t this corner poin:[ falls in Rzg.
Set Uy = U, Uy = (X1,W), Us = X, in the ZB

region. (X, Uy, U1, Us) satiAsfy the distortion constrains due
to the fact that E(d;(X,X;)) < D; for j = 0,1,2 and

‘A

Xo = g(W, U, X'l,X2). Thus (X, Uy, Uy, Us) defines a valid
joint distribution for the ZB region. Consider the corner point
(R}, R) in ZB under this distribution:

5 =I(X;Uo, Us)
=R,
I+ Ry =I(X; Uy, U1, Us) + I(Up; X) + I(Uy; Ua|Up)

(16)

an

=I(X;U,W, X1, Xo) + I(U; X) + I(X1, W; X5|U)

(i)

I(X;U,W, X1, Xa, Xo) + I(U; X)
+ I(X1, W; X,|U)
O1(x;U,W, X1, Xs, Ro) + I(U; X)
+I(X1; Xo|U)
=I(X;U, X1, X2, Xo) + I(X; W|U, X, Xo, Xo)
+I(U; X) + I(X1; X,|U)
©

SI(X;U, X1, Xa, Xo) + I(U; X) + I(X1; X |U)
=R; + Ry,
(18)

where (a) follows the fact Xy = g(W, X1, X5); (b) fol-
lows because W L (U, Xl,Xg); (c) is because X —
(U, X1, X0, Xo) — W .
The other corner point can be proved using similar argu-
ments. Thus Rvkg € Rzg. Therefore Ryvkg = Rzi -
|

IV. CONCLUSION

In this paper, we proved that the inner bound developed
by El Gamal and Cover at the Shannon Theory Workshop is
equal to the one they published in 1982. As a consequence
the Zhang-Berger region includes the El Gamal-Cover region.
We also proved that the Zhang-Berger region is equal to the
recent region shown by Venkataramani, Kramer, and Goyal.
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